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Introduction of Gromov-Witten theory

GW theory: curve counting theory.

Given p1 ‰ p2 P R2, there is a unique line ! Ă R2 passing
through p1, p2.

Given p1 ‰ p2 P P2, there is a unique (complex projective)
line ! Ă P2 passing through p1, p2.

Given 5 points in general position (any 3 points are not
collinear) in P2, how many smooth conics pass through
these 5 points?
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Introduction of Gromov-Witten theory

A general degree 2 homogeneous polynomials in X0,X1,X2

is of the form
a0X

2
0 ` a1X

2
1 ` a2X

2
2 ` a3X0X1 ` a4X1X2 ` a5X0X2.

The space of degree 2 nonzero homogeneous polynomials
(modulo a global constant) can be identified with
P5 “ tra0 : a1 : a2 : a3 : a4 : a5su.
The space of smooth conics in P2 can be view as an open
subset U in P5
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Introduction of Gromov-Witten theory

The condition of passing through a given point
corresponds to a hyperplane in P5. Since the 5 points are
assumed to be in general position, the intersection of five
such hyperplanes gives us a unique point.

The points in P5zU correspond to line pairs and double
lines, and no such configuration can pass through 5
points, unless three of the points are collinear. ùñ There
is a unique smooth conic passing these 5 points.
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Introduction of Gromov-Witten theory

Using similar method, one can count plane cubics passing
through 9 points, or more generally, plane curves of degree d
passing through dpd ` 3q{2 points; in each case the answer is
1.

Another direction: Count degree d rational curves.

Genus formula for nodal plane curves: g “ pd´1qpd´2q
2 ´ δ,

where δ is the number of nodes.

Each node is a condition of codimension 1 and so we
should consider the number of degree d rational curves
passing through dpd ` 3q{2 ´ δ “ 3d ´ 1 points.
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Introduction of Gromov-Witten theory

Kontsevich’s formula: Let Nd be the number of rational
curves of degree d passing through 3d ´ 1 general points in the
plane. Then the following recursive relation holds:

Nd `
ÿ

d1`d2“d,d1,d2ě1

p3d ´ 4q!
p3d1 ´ 1q!p3d ´ 3d1 ´ 3q!

d3
1Nd1Nd2d2

“
ÿ

d1`d2“d,d1,d2ě1

p3d ´ 4q!
p3d1 ´ 2q!p3d ´ 3d1 ´ 2q!

d2
1Nd1d

2
2Nd2

Initial condition: N1 “ 1.

Method: Use Gromov-Witten invariants: Count maps
f : C Ñ X from algebraic curve C to a certain target space X .
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Introduction of crepant transformation

Consider a birational map φ : X´ !!" X` between two
orbifolds X˘. The map φ is called crepant (or K´equivalent)
if there exists an orbifold rX and birational morphisms
f : rX Ñ X´, g : rX Ñ X´ making the following diagram
commute, such that f ˚pKX´q “ g˚pKX` q. Here KX˘ is the
canonical bundle of X˘.

rX
f

!!!!
!!
!!
!!
!

g

""
""

""
""

""
"

X´ !!" X`,
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An example

Example

Let X` “ KP2 “ TotpOP2p´3q Ñ P2q,X´ “ rC3{Z3s. Let

b1 “

»

–
1
0
1

fi

fl , b2 “

»

–
0
1
1

fi

fl , b3 “

»

–
´1
´1
1

fi

fl , b4 “

»

–
0
0
1

fi

fl .

Let Σ` be the fan consisting of 3-dimensional cones generated
by tb1, b2, b4u, tb1, b3, b4u, tb2, b3, b4u. Let Σ´ be the fan
consisting of the 3-dimensional cone generated by tb1, b2, b3u.
Then X` “ X pΣ`q,X´ “ X pΣ´q
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An example

1−3

II I

Figure: The secondary fan of KP2
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An example

Let

rb4 “

»

–
0
0
3

fi

fl .

Let rΣ be the stacky fan consisting of 3-dimensional cones
generated by tb1, b2,rb4u, tb1, b3,rb4u, tb2, b3,rb4u. Then
rX “ X prΣq.

Today’s goal: study the relationship between GWpX`q and
GWpX´q.
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Introduction of crepant transformation

Let φ : X´ !!" X` be a crepant transformation. Roughly
speaking, the Crepant Transformation Conjecture asserts that
GWpX´q is “equivalent” to GWpX`q.

Originally introduced by Y. Ruan: QH˚
CRpX´q – QH˚

CRpX`q,
QH˚

CRpX˘q quantum cohomology.

Bryan-Graber: FX´
0 “ F

X`
0 under change of variables and

analytic continuation; generalization to higher genus
Gromov-Witten potential FX˘

g .

Coates-Ruan, Coates-Iritani-Tseng, Iritani: Further
refinement and generalizations.
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Introduction of crepant transformation

The Crepant Transformation Conjecture has been further
generalized by considering higher genus Gromov-Witten
invariants, open Gromov-Witten invariants, relative
Gromov-Witten invariants, and so on.
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Genus zero case

Genus zero case

rC3{Z3s: Bryan-Graber-Pandharipande
Pp1, 3, 4, 4q: Boissiere-Mann-Perroni

Some cases of ADE -singularity: Perroni
3-dimensional flags modulo an involution: Gillam

Singular symplectic flops: Chen-Li-Zhang-Zhao,
Chen-Li-Li-Zhao
Ordinary flops: Lee-Lin-Qu-Wang, Lee-Lin-Wang,
Iwao-Lee-Lin-Wang

Toric DM stacks, complete intersections in Toric DM

stacks: Coates, Coates-Corti-Iritani-Tseng,
Coates-Iritani-Tseng (examples), Coates-Iritani-Jiang
(complete intersections in Toric DM stacks),
Coates-Iritani-Jiang-Segal (Fourier-Mukai transformation)
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Genus zero case

rSym2
P2s: Wise

Variation of GIT quotient: Gonzalez-Woodward

Birational projective Calabi-Yau manifolds: McLean

Open GW of rC3{Z2s: Cavalieri-Ross
Open GW of rC3{Zn`2s, rC3{Z2 ˆ Z2s: Brini-Cavalieri
Open GW of toric CY 3-orbifolds: H. Ke-J. Zhou
(effective brane), S. Yu (ineffective, outer-inner brane)

.................
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Higer genus case

Higer genus case

rC2{Zns and C ˆ rC2{Zns: J. Zhou
rC3{A4s, rC3{pZ2 ˆ Z2qs: Bryan-Gholampour

Some surface singularities: X. Hu

Polyhedral singularity: Bryan-Gholampour

Toric CY 3-orbifolds with An´singularities:
Brini-Cavalieri-Ross (open GW of rC3{Zns), Ross
Relative GW of P1 ˆ rC2{Zns: Z. Zhou-Z
rC3{Z3s: Coates-Iritani, Lho-Pandharipande
Compact toric orbifolds: Coates-Iritani

................
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Today’s topic

Today’s topic: All genus open-closed Crepant
Transformation Conjecture for toric Calabi-Yau 3-orbifolds.

Strategy: Use the Remodeling Conjecture: All genus
open-closed mirror symmetry for toric CY 3-folds/3-orbifolds.

When two toric Calabi-Yau 3-orbifolds X´ and X` are
related by a crepant transformation, they correspond to
two local charts on the B-model moduli space.

Then use the analyticity of the B-model.
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A-model

X a toric CY 3-fold/3-orbifold.

L Ă X a certain Lagrangian (Aganagic-Vafa brane) in X

Consider the open Gromov-Witten potential F pX ,Lq
g ,n of

pX ,Lq.

Open Gromov-Witten invariants: Count maps f : C Ñ X ,
where C is a genus g bordered Riemann surface with n

boundary circles such that f (boundary circles)Ă L.
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A-model

fÝÑ pX ,Lq
C “

m1

m2

m3

m!

R1

R2

Rn
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B-model

Q: Higher genus B-model?

Eynard-Orantin 07: Topological recursion on spectral
curves ùñ ωg ,n symmetric n-form.

Bouchard-Klemm-Marino-Pasquetti 07, 08: Apply
topological recursion to the mirror curve of a toric CY
3-orbifold ùñ higher genus B-model.
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B-model

Let C “ tHpX ,Y q “ 0u Ă pC˚q2 be the mirror curve of
X .

Critical (ramification) points Pα of the map C Ñ C˚ given
by pX ,Y q ÞÑ X : dX “ 0.

X “ e´x , Y “ e´y .

Near each ramification point Pα, use local coordinates:

x “ x0 ` ζ2α, y “ y0 `
8ÿ

i“1

hαi ζ
i
α.

Near each ramification point, denote p̄:

ζαpp̄q “ ´ζαppq.
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The initial data of the topological recursion

The initial data of the topological recursion is given by
ω0,1,ω0,2.

ω0,1 “ ydx .
Let the compactified mirror curve C to be of genus g. Ai , Bi

are basis of H1pC̄ ;Cq:
Ai X Bj “ δij , Ai X Aj “ 0, Bi X Bj “ 0.

Fundamental differential of the second kind (a.k.a. Bergmann
kernel) ω0,2pp1, p2q: symmetric 2-form on C̄ ˆ C̄ . It is uniquely
characterized by

ż

p1PAi

ω0,2pp1, p2q “ 0;

ω0,2pp1, p2q “
dz1dz2

pz1 ´ z2q2
` holomorphic p1 Ñ p2.
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Eynard-Orantin’s topological recursion

Eynard-Orantin construct symmetric forms ωg ,n on Cn:

Initial data ω0,1 “ ydx , ω0,2 as above;
The recursive algorithm is:

ωg,n`1pp0, . . . , pnq

“
ÿ

Pα

RespÑPα

şp
p̄
ω0,2pp0, ¨q

2pyppq ´ ypp̄qqdxppq

¨
´
ωg´1,n`2pp, p̄, p1, . . . , pnq

`
gÿ

h“0

ÿ

AYB“t1,...,nu,ph,|A|q,pg´h,|B|q‰p0,0q

ωh,|A|`1pp,"pAqωg´h,|B|`1pp̄,"pBq
¯
.

ωg ,n is a symmetric n-form on Cn.
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Remodeling Conjecture

Theorem (Remodeling Conjecture)

If we expand ωg ,n under suitable local coordinate on the mirror

curve C, we obtain the open Gromov-Witten potential F
pX ,Lq
g ,n

under the mirror map.
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Remodeling Conjecture

When X “ C3, open part: L. Chen, J. Zhou; closed part:
Bouchard-Catuneanu-Marchal-Su#lkowski, S. Zhu.

When X is smooth: Eynard-Orantin.

General semi-projective toric CY 3-orbifolds: Fang-Liu-Z.
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Global mirror curve

X=toric CY 3-orbifold. D C Ñ MB global family of

mirror curves.

MB=B-model moduli space parameterizing the complex
structures of the mirror curve. D globally defined functions
x , y on C.
D divisor D Ă MB such that for @p P MB,0 :“ MBzD
the fiber Cp is smooth.
ùñ For @p P MB,0, pCp , x |Cp , y |Cp q is a spectral curve.
The mirror curve of X is defined over a local chart of the
B-model moduli space MB .

The moduli space MB is constructed by the secondary fan

of X .
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Global mirror curve

X`,X´ toric Calabi-Yau 3-orbifolds related by a crepant
transformation.
ùñ The mirror curves of X˘ are defined over two local
charts U˘ of the B-model moduli space MB .

Want to use the B-model to study the Crepant
Transformation Conjecture for X`,X´.
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An example

Example

X` “ TotpOP2p´3q Ñ P2q,X´ “ rC3{Z3s. Mirror curves

X` : X ` Y ` 1 ` qLRLX
3Y´1 “ 0,

X´ : qorbX
1 ` Y 1 ` 1 ` X 13Y 1´1 “ 0.

They are related by an analytic continuation and a change of
variables: X “ qorbX

1,Y “ Y 1, qLRL “ q´3
orb.

In the family C Ñ MB , we have MB “ Pp1, 3q and
MB,0 “ Pp1, 3qztqLRL “ 0, qLRL “ ´ 1

27 , qLRL “ 8u
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An example

The point qLRL “ 0 is the large radius limit point. The
neighborhood of this point corresponds to GW(X`) under
mirror symmetry.

The point qLRL “ 8 is the orbifold point. The
neighborhood of this point corresponds to GW(X´) under
mirror symmetry.

The point qLRL “ ´ 1
27 is the conifold point.
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Global mirror curve

Consider the families of mirror curves Cq` ,Cq´

corresponding to X`,X´. Here q`, q´ are coordinates of
the two local charts U`,U´ of MB .

Let ω˘
g ,n be the Eynard-Orantin invariants on Cq˘ . Under

mirror symmetry, ω˘
g ,n corresponds to F

pX˘,L˘q
g ,n .

In general, ω`
g ,n and ω´

g ,n are not related by analytic
continuation.

Need to introduce the symplectic transformation.
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Symplectic transformation

Recall that ω0,2pp1, p2q is uniquely determined by a choice
of a system of A´cycles tA1, ¨ ¨ ¨ ,Agu on C such that

ż

p1PAi

ω0,2pp1, p2q “ 0;

Let ω˘
0,2pp1, p2q on Cq˘ be determined by

tpA˘q1, ¨ ¨ ¨ , pA˘qgu. Consider the analytic continuation of
ω´
0,2pp1, p2q (still denoted by ω´

0,2pp1, p2q) to Cq` . Then

ω´
0,2pp1, p2q is determined by the parallel transport of

tpA´q1, ¨ ¨ ¨ , pA´qgu (still denoted by tpA´q1, ¨ ¨ ¨ , pA´qgu)
to Cq` .
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Symplectic transformation

In general, the Lagrangian subspace
L´ :“ xpA´q1, ¨ ¨ ¨ , pA´qgy Ă H1pCq`q is different from
the Lagrangian subspace
L` :“ xpA`q1, ¨ ¨ ¨ , pA`qgy Ă H1pCq`q.
ùñ In general, ω´

0,2pp1, p2q is not equal to ω`
0,2pp1, p2q.
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Symplectic transformation

Consider a 2g ˆ 2g symplectic matrix M

M “
„
M11 M12

M21 M22



where each Mij is a g ˆ g matrix. The matrics Mij is
defined by

A` “ M11A´ ` M12B´

B` “ M21A´ ` M22B´,

where

A˘ “

»

—–
pA˘q1

...
pA˘qg

fi

ffifl , B˘ “

»

—–
pB˘q1

...
pB˘qg.

fi

ffifl
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Symplectic transformation

Let pω˘qi , i “ 1, ¨ ¨ ¨ , g be the holomorphic 1-form on Cq`

normalized by
ş

pA`qj
pω`qi “ δij ,

ş
pA´qj

pω´qi “ δij .

We also define the column vectors

ω` “

»

—–
pω`q1

...
pω`qg

fi

ffifl , ω´ “

»

—–
pω´q1

...
pω´qg

fi

ffifl

Define the g ˆ g matrix τ “ pτijq as τij “
ş

pB´qj
pω´qi . Let

κ :“ ´MT
12pMT

11 ` τMT
12q´1

Then we have

ω`
0,2pp1, p2q “ ω´

0,2pp1, p2q ` 2π
?

´1ω´pp1qTκω´pp2q.
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Graph sum formula

Applying the topological recursion, we obtain the following
theorem

Theorem

The Eynard-Orantin invariants ω˘
g ,n are related by an explicit

graph sum formula which is of the form

ω`
g ,n “ ω´

g ,n ` graph sums of

tBk
t´
i

ω´
g 1,n1 |pg 1, n1q ă pg , nq, i “ 1, ¨ ¨ ¨ , gu.

Here t´
1 , ¨ ¨ ¨ , t´

g is the coordinates of the compactly supported

cohomology H2
CR,cpX´q. The meaning of pg 1, n1q ă pg , nq is

that g 1 ă g or g 1 “ g , n1 ă n. The graph sum formula is

determined by the matrix κ which is in turn determined by the

matrix M.
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Crepant Transformation Conjecture

Under mirror symmetry, the above theorem implies the Crepant
Transformation Conjecture

Theorem (Crepant Transformation Conjecture)

The Gromov-Witten potentials F
pX˘,L˘q
g ,n are related by an

explicit graph sum formula which is of the form

F
pX`

,L`q
g ,n “ F

pX´
,L´q

g ,n ` graph sums of

tBk
t´
i

F
pX´,L´q
g 1,n1 |pg 1, n1q ă pg , nq, i “ 1, ¨ ¨ ¨ , gu.

The graph sum formula is determined by the matrix κ which is

in turn determined by the matrix M.
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Global mirror curve

For @p P MB,0, consider the spectral curve pCp , x |Cp , y |Cp q
and the compactification C̄p. Then ω0,2 is determined by a
choice of A´cycles of C̄p.

The choice of A,B´cycles has monodromies around the
singular locus MB,sing “ MBzMB,0 under the
Gauss-Manin connection.

ùñ ω0,2 is not globally defined over MB,0

ùñ ωg ,n is not globally defined over MB,0
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Global mirror curve

Solution to this problem: Introduce the anti-holomorphic

completion.

Fix a symplectic basis A1, ¨ ¨ ¨ ,Ag,B1, ¨ ¨ ¨ ,Bg P H1pCp ;Zq.
Let θ1, ¨ ¨ ¨ , θg be a basis of H0pCp,Ω1

Cp
q such that

ş
Ai
θj “ δij , τij “

ş
Bj
θi .

Define

Aipτq “ Ai ´
ř

jp
1

τ´τ
qijBjpτq,

Bipτq “ Bi ´
ř

j τijAj .

ùñ Ai pτq Ñ Ai when Imτ Ñ 8.
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Global mirror curve

Eynard-Orantin 07 ùñ Aipτq,Bi pτq are globally defined over
MB,0.
Let ω̃0,2 be defined by A1pτq, ¨ ¨ ¨ ,Agpτq
ùñ ω̃0,2 is globally defined over MB,0

ùñ ω̃g ,n is globally defined over MB,0 by topological
recursion. ω̃g ,n Ñ ωg ,n when Imτ Ñ 8.
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Crepant resolution conjecture: 2nd formulation

Let X`,X´ be a two toric Calabi-Yau 3-orbifolds related by a
crepant transformation.

ω̃g ,n|U´ ÝÝÝÝÑ ω̃g ,n|U`

MS

§§đhol. limit MS

§§đhol. limit

F
X´,L´
g ,n

CTCÝÝÝÝÑ F
X`,L`
g ,n

The way of taking the holomorphic limit is determined by the
matrix M.
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Thanks

Thank you!


