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Introduction

m Given p; # po € R?, there is a unique line ¢/ = R? passing
through p1, po.

m Given p; # po € P?, there is a unique (complex projective)
line ¢ = IP? passing through p1, po.

m Given 5 points in general position (any 3 points are not
collinear) in P?, how many smooth conics pass through
these 5 points?
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m A general degree 2 homogeneous polynomials in Xp, X1, X5
is of the form

30X02 + 31X12 + 32X22 + a3 Xp X1 + as X1 X5 + ag Xp Xs.

m The space of degree 2 nonzero homogeneous polynomials
(modulo a global constant) can be identified with
P> ={[ag:a1:ax:a3:a4:as]}.

m The space of smooth conics in P? can be view as an open
subset U in P°

Introduction
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m The condition of passing through a given point

corresponds to a hyperplane in P°. Since the 5 points are
assumed to be in general position, the intersection of five
such hyperplanes gives us a unique point.

Introduction

m The points in P°\ U correspond to line pairs and double
lines, and no such configuration can pass through 5
points, unless three of the points are collinear. = There
IS a unique smooth conic passing these 5 points.
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B through 9 points, or more generally, plane curves of degree d
Introduction passing through d(d + 3)/2 points; in each case the answer is

1.

Another direction: Count degree d rational curves.

(d-1)(d-2) _ ¢

m Genus formula for nodal plane curves: g = > ,
where 0 is the number of nodes.

m Each node is a condition of codimension 1 and so we
should consider the number of degree d rational curves
passing through d(d + 3)/2 — § = 3d — 1 points.
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Introduction of Gromov-Witten theory

Kontsevich’s formula: Let N, be the number of rational
curves of degree d passing through 3d — 1 general points in the
plane. Then the following recursive relation holds:

(3d — 4)! ,
Na Z di Ng, Ng, d>
di+do=d,dy,do>1 (3dy — 1)1(3d — 3d; — 3)!

(3d — 4)! o
N d2N., d2N
d1+d2—;d1,d2>1 (3d1 - 2)'(3d — 3d1 — 2)] 1 "Vd Y2 Nd,

Initial condition: Ny = 1.
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Introduction of Gromov-Witten theory

Kontsevich’s formula: Let N, be the number of rational
curves of degree d passing through 3d — 1 general points in the
plane. Then the following recursive relation holds:

(3d — 4)! ,
Na Z di Ng, Ng, d>
di+do=d,dy,do>1 (3dy — 1)1(3d — 3d; — 3)!

(3d — 4)! o
N d2N., d2N
d1+d2—;d1,d2>1 (3d1 - 2)'(3d — 3d1 — 2)] 1 "Vd Y2 Nd,

Initial condition: Ny = 1.

Method: Use Gromov-Witten invariants: Count maps
f : C — X from algebraic curve C to a certain target space X.
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Conjocture Consider a birational map ¢ : X~ --+» X', between two
BRI orbifolds Xy The map ¢ is called crepant (or K—equivalent)
if there exists an orbifold X and birational morphisms
f:X— X g X — X making the following diagram
commute, such that f*(Kx_) = g*(Kx, ). Here Ky, is the

canonical bundle of X;.

X
/ X
X - X—l—a

Introduction
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Let >, be the fan consisting of 3-dimensional cones generated

by {bl, b, b4}, {bl, b3, b4}, {bz, b3, b4}. Let 2 _ be the fan
consisting of the 3-dimensional cone generated by {b;, by, b3}.

Then X_|_ = X<Z+),X_ = X(Z_)



An example

Crepant
Trans_forma—
Conﬁfcrlcure
b,
bz, %
Introduction
ﬁ‘ b) % b
0
63 )9; b? I
l: / 23] 1l I \/’)/
3 A P

Figure: The secondary fan of Kpo

O@“ 0»»,

3 by 24



An example

Crepant
;/\W%/M%e over 7
Conjecture ~
Z P \34

Zhengyu Zong Let

0
Introduction BZ; b4 _ O . @L’g)
) 3 v
L2, P

Let 3 be the stacky fan consisting of 3-dimensional cones
generated by {b1, by, b}, {by, b3, b}, {bs, b3, by}. Then
X = X(Z)
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w

Let 3 be the stacky fan consisting of 3-dimensional cones
generated by {b1, by, b}, {by, b3, b}, {bs, b3, by}. Then
X = X(Z)

Today’s goal: study the relationship between GW (X, ) and
GW(AX_).
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Conjecture Let ¢ : X --» X, be a crepant transformation. Roughly
e speaking, the Crepant Transformation Conjecture asserts that

GW(A_) is “equivalent” to GW(X, ).

Introduction

Originally introduced by Y. Ruan: QHfg (X_) = QHER (X4),
QHER (X+) quantum cohomology.

Bryan-Graber: FOX_ = FOX+ under change of variables and
analytic continuation; generalization to higher genus
Gromov-Witten potential F5*.

Coates-Ruan, Coates-Iritani-Tseng, lritani: Further
refinement and generalizations.
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Introduction

The Crepant Transformation Conjecture has been further
generalized by considering higher genus Gromov-Witten
invariants, open Gromov-Witten invariants, relative
Gromov-Witten invariants, and so on.
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m Some cases of ADE-singularity: Perroni
M
M

Introduction

3-dimensional flags modulo an involution: Gillam
Singular symplectic flops: Chen-Li-Zhang-Zhao,
Chen-Li-Li-Zhao

m Ordinary flops: Lee-Lin-Qu-Wang, Lee-Lin-Wang,
lwao-Lee-Lin-Wang

m Toric DM stacks, complete intersections in Toric DM
stacks: Coates, Coates-Corti-Iritani-Tseng,
Coates-Iritani-Tseng (examples), Coates-Iritani-Jiang
(complete intersections in Toric DM stacks),
Coates-Iritani-Jiang-Segal (Fourier-Mukai transformation)
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Variation of GIT quotient: Gonzalez-Woodward

Open GW of [C3/Z,]: Cavalieri-Ross
Open GW of [C3/Z,,»], [C3/Zy x Z>]: Brini-Cavalieri

Open GW of toric CY 3-orbifolds: H. Ke-J. Zhou
(effective brane), S. Yu (ineffective, outer-inner brane)

0
0
m Birational projective Calabi-Yau manifolds: McLean
0
0
0
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troduction m [C?/Z,] and C x [C?/Z,]: J. Zhou
m [C3/A4],[C3/(Zo x Zs)]: Bryan-Gholampour
m Some surface singularities: X. Hu
O
O

Polyhedral singularity: Bryan-Gholampour

Toric CY 3-orbifolds with A,—singularities:
Brini-Cavalieri-Ross (open GW of [C3/Z,]), Ross

m Relative GW of P! x [C?/Z,]: Z. Zhou-Z
m [C3/Z3]: Coates-Iritani, Lho-Pandharipande

m Compact toric orbifolds: Coates-Iritani
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Bl Today’s topic: All genus open-closed Crepant
Introduction Transformation Conjecture for toric Calabi-Yau 3-orbifolds.

Strategy: Use the Remodeling Conjecture: All genus
open-closed mirror symmetry for toric CY 3-folds/3-orbifolds.

m When two toric Calabi-Yau 3-orbifolds X and X, are
related by a crepant transformation, they correspond to
two local charts on the B-model moduli space.

m Then use the analyticity of the B-model.
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m X a toric CY 3-fold/3-orbifold.
m L c X a certain Lagrangian (Aganagic-Vafa brane) in X

Remodeling
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m Consider the open Gromov-Witten potential Fg(—,),(q’ﬁ) of
(&, L).

Open Gromov-Witten invariants: Count maps f : C — X,
where C is a genus g bordered Riemann surface with n
boundary circles such that f(boundary circles)c L.
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m Q: Higher genus B-model?
Remodeling . . .
Conjecture m Eynard-Orantin 07: Topological recursion on spectral

curves = wg , symmetric n-form.

m Bouchard-Klemm-Marino-Pasquetti 07, 08: Apply
topological recursion to the mirror curve of a toric CY
3-orbifold = higher genus B-model.
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B-model

Crepant
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tion mLet C={H(X,Y)=0}c (C*)* be the mirror curve of
Conjecture
Zhengyu Zong X

m Critical (ramification) points P, of the map C — C* given
Remodeling by (X7 Y) — X: dX = 0.

Conjecture - X — e—x, Y — e—y.

m Near each ramification point P,, use local coordinates:
o0
5 .
X=X0-|-Ca, y:y0+zhia<-év°
i=1

m Near each ramification point, denote p:

Ca(l_)) - _Ca(p)'



The initial data of the topological recursion

[ Srepant The initial data of the topological recursion is given by
tion
Conjecture CUO’]_, wO,Z |

Zhengyu Zong u CUO,]_ — de

Remodeling
Conjecture



The initial data of the topological recursion
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[ Srepant The initial data of the topological recursion is given by
tion
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are basis of H;(C;C):
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The initial data of the topological recursion

[ Srepant The initial data of the topological recursion is given by
tion
Conjecture CUO’]_, wO,Z |
Zhengyu Zong u CUO,]_ - 'de

Let the compactified mirror curve C to be of genus g. A;, B;
are basis of H;(C;C):
Remodeling

Conjecture | Ai M BJ = 5’]' Ai M AJ = 0, Bi M Bj = 0.
Fundamental differential of the second kind (a.k.a. Bergmann

kernel) wo2(p1, p2): symmetric 2-form on C x C. It is uniquely
characterized by

J wo2(p1, p2) = 0;
P1EA;

le d22
Z1 — 22)2

wo,2(p1, pP2) = ( + holomorphic  p; — p>.
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Eynard-Orantin’s topological recursion
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Confonture Eynard-Orantin construct symmetric forms wg , on C":
Zhengyu Zong m Initial data wo 1 = ydx, wo 2 as above;
m The recursive algorithm is:
s Wens1(Pos- - Po)

Sg w0,2(p07 )
- Z Resp—rp,, 2(y(p) — y(p))dx(p)

) (wg—l,n—I—Z(P, ba Pi, ... ,pn)

g
+ ) > Wh,a|+1(P, Pa)wWg—h, 8|+1(P, 58))-
h=0 AuB={1,...,n},(h,|A]),(g—h,|B|)#(0,0)

® Wy, IS a symmetric n-form on C".
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If we expand wg , under suitable local coordinate on the mirror

curve C, we obtain the open Gromov-Witten potential Fg(,),(q’ﬁ)

under the mirror map.
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Ko m When X = C3, open part: L. Chen, J. Zhou; closed part:
J Bouchard-Catuneanu-Marchal-Sutkowski, S. Zhu.

m When X is smooth: Eynard-Orantin.

m General semi-projective toric CY 3-orbifolds: Fang-Liu-Z.
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Conjecture m X=toric CY 3-orbifold. 3 C — Mp global family of

Zhengyu Zong mirror curves.

m M pg=B-model moduli space parameterizing the complex
structures of the mirror curve. 3 globally defined functions

Crepant X’-y on C
Jransforma- 1 divisor D < Mg such that for Vpe Mgy := Mg\D
Conjecture the fiber C,, is smooth.

= For Ype Mgy, (Cp,x |c,, ¥ |c,) is a spectral curve.
The mirror curve of X is defined over a local chart of the
B-model moduli space Mp.

m The moduli space Mg is constructed by the secondary fan
of X.
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m X, , X_ toric Calabi-Yau 3-orbifolds related by a crepant
transformation.

Crepant == The mirror curves of Xy are defined over two local
Ti f = .
e charts Ui of the B-model moduli space Mp.
Conjecture

m Want to use the B-model to study the Crepant
Transformation Conjecture for X', X_.
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X, = Tot(Op2(—3) — P?),X_ = [C3/Z3]. Mirror curves
Xe  X+Y+1+qrX3Y =0,
Crepant ) / / 13\,1—1
Transforma- X_ : qOI‘bX —|— Y —I— 1 —|— X Y = 0

tion
Conjecture

They are related by an analytic continuation and a change of
variables: X = goru X', Y = Y/, qLrL = g5

In the family C — Mg, we have Mg = P(1,3) and
Mpo =P(1,3)\{qLrr = 0, gLRL = — 35, LRL = O}

40 , 82; 4= 1o
/MB
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m The point gr,ry, = 0 is the large radius limit point. The
neighborhood of this point corresponds to GW(X,) under
mirror symmetry.
Crepant . . . .
Transforma: m The point gr,ry, = o is the orbifold point. The
Conjecture neighborhood of this point corresponds to GW(X_) under

mirror symmetry.

m The point grRr1, = —% is the conifold point.
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Conjecture C%

Zhengyu Zong § %;

Crepant
Transforma-
tion
Conjecture

(92,

Pconifold generic

[¢7%] Pt



Global mirror curve

Crepant
Transforma-
tion
Conjecture
Zhengyu Zong . L .

m Consider the families of mirror curves Cq, , Cq_
corresponding to X, X_. Here g, g_ are coordinates of
the two local charts U, , U_ of Mp.

Crepant

Transforma-
tion
Conjecture



Global mirror curve

Crepant
Transforma-
tion
Conjecture
Zhengyu Zong . . .

m Consider the families of mirror curves Cq, , Cq_
corresponding to X, X_. Here g, g_ are coordinates of
the two local charts U, , U_ of Mp.

Crepant m Let w— be the Eynard-Orantin invariants on Cq, . Under

Transforma-
tion
Conjecture

+ L1)

mirror symmetry, wy, corresponds to F( =



Global mirror curve

Crepant
Transforma-
tion
Conjecture

Zhengyu Zong
m Consider the families of mirror curves Cq, , Cq_
corresponding to X, X_. Here g, g_ are coordinates of
the two local charts U, , U_ of Mp.
Gy m Let w— be the Eynard-Orantin invariants on Cq, . Under
i::]ns orma- ,E
o ecture mirror symmetry, wg, corresponds to F( 1)

m In general, wy , and wg are not related by analytic

continuation.



Global mirror curve

Crepant
Transforma-
tion
Conjecture

S m Consider the families of mirror curves Cg, , Cq
corresponding to X', X_. Here g.,qg_ are coordinates of
the two local charts U, , U_ of Mp.

Crepant m Let w— be the Eynard-Orantin invariants on Cq, . Under

Transforma-
tion
Conjecture

+ Fé’,ni,ﬁi) ]

mirror symmetry, wg , corresponds to

m In general, wy , and wg are not related by analytic

continuation.

m Need to introduce the symplectic transformation.



Symplectic transformation

Crepant
Transforma-
t_ion . . . .
Conjecture m Recall that wp 2(p1, p2) is uniquely determined by a choice
Zhengyu Zong of a system of A—cycles {Aj1,---, Ay} on C such that
J wo,2(p1, p2) = 0;
P1EA;

Crepant
Transforma-

tion
Conjecture



Symplectic transformation

Crepant

Transforma-

tion
Conjecture m Recall that wp 2(p1, p2) is uniquely determined by a choice
Zhengyu Zong of a system of A—cycles {A1,---, Ay} on C such that

J wo,2(p1, p2) = 0;
P1EA;

Crepant
Transforma-
tion S
Gonjeciure m Let wbiz(plij) on qu be determined by

{(At)1, -+, (A1)g}. Consider the analytic continuation of
wo2(p1, p2) (still denoted by wg,(p1, p2)) to Cq, . Then

wo2(p1, p2) is determined by the parallel transport of
{(A-)1, -+, (A-)g} (still denoted by {(A-)1,---,(A-)g})



Symplectic transformation

Crepant
Transforma-
tion
Conjecture

Zhengyu Zong

m In general, the Lagrangian subspace

Lo :={(A )1, - ,(Al)g) < Hi1(C,, ) is different from
S the Lagrangian subspace

Transforma-

1éz:jecture L+ L= <(A+)17 T (A+)g> - H]- (ECH)'



Symplectic transformation

Crepant
Transforma-
tion

Conjecture

Zhengyu Zong
m In general, the Lagrangian subspace
Lo :={(A )1, - ,(Al)g) < Hi1(C,, ) is different from

%{jﬁjf”otrma_ the Lagrangian subspace B
1éz:jecture L+ L= <(A+)17 T (A+)g> - Hl(CCH)

— In general, wy ,(p1, p2) is not equal to wy,(p1, p2).



Symplectic transformation

Crepant
Transforma- m Consider a 2g x 2g symplectic matrix M
Conjecture
Zhengyu Zong M]_]_ Ml2]
M =
[/\//21 Mo
where each Mj; is a g x g matrix. The matrics Mj; is
Crepant deﬁned by
Transforma—
Conjecture A+ — Ml]_A— + M12B_
B = MyA_+ MxB_,
where _ _ _ i}
(Ax) (Bx)
Ar = , Bi=
| (At)g | (Bi)g-_




Symplectic transformation

C t . .
Transforma- m Let (wy);,i =1,---,g be the holomorphic 1-form on C,,
tion .
: normalized b W) = ;i w_); = ;.
Conjecture y S(A+)J( —|—)I T S(A_)J( )I ly
Zhengyu Zong We also define the column vectors
(ws)1 (w-)1
Wy = : ’ W_ = :
Crepant w w_
Transforma- —( +)g— —( )g—
tion

Conjecture



Symplectic transformation

Crepant . .
Transforma- m Let (wy);,i =1,---,g be the holomorphic 1-form on C,,
tion .
: normalized b wi)i = 0 w_); = 0ji.
Conjecture - M S(A—l-)_/( -|-)I > S(A_)J( )I ]
Zhengyu Zong We also define the column vectors
(w4 )1 (w-)1
Wy = : 3 W— = :
Crepant w w_
Transforma- —( +)g— —( )g—
tion
Conjecture

m Define the g x g matrix 7 = (75) as 7j; = S(B_)j (w_);. Let

K= —/\/lsz(Mﬂ + 7'/\//12)_1



Symplectic transformation

Crepant . .
Transforma- m Let (wy);,i =1,---,g be the holomorphic 1-form on C,,
tion .
: normalized b wi)i = 0 w_); = 0ji.
Conjecture - M S(A—l-)_/( -|-)I > S(A_)J( )I ]
Zhengyu Zong We also define the column vectors
(w4 )1 (w-)1
Wy = : 3 W— = :
Crepant w w_
Transforma- —( +)g— —( )g—
tion
Conjecture

m Define the g x g matrix 7 = (75) as 7j; = S(B_)j (w_);. Let

K= —/\/lsz(Mﬂ + 7'/\//12)_1

m [hen we have

wi2(P1, P2) = w5 (p1, p2) + 21V —1w_(p1) " kw_(p2).



Graph sum formula

Crepant

Transforma- Applying the topological recursion, we obtain the following
tion

Conjecture theorem
The Eynard-Orantin invariants wé—i are related by an explicit
graph sum formula which is of the form

Crepant +

Transforma- W p ., + graph sums of

Conjecture k

{a gn/’(g7n)<(g7n)71=17”'79}'

Here t; ,--- ,t; Is the coordinates of the compactly supported

5

cohomology Heg (X_). The meaning of (g’,n’) < (g, n) is
that g’ < g or g” = g,n’ < n. The graph sum formula is
determined by the matrix k which is in turn determined by the
matrix M.



Crepant Transformation Conjecture

Crepant
Transforma-
tion

Conjectune Under mirror symmetry, the above theorem implies the Crepant
Zhengyu Zong TranSformation COnjeCtU re

Theorem (Crepant Transformation Conjecture)
)

gjsjgrma_ explicit graph sum formula which is of the form
tion
Conjecture X+t ot So— -
Fg(*,n ) Fg(r,n £ graph sums of

+ ot
The Gromov-Witten potentials Fg(f,(, 7 are related by an

X~ L .
0k FC 51l n) < (gom)i =1, g

The graph sum formula is determined by the matrix k which is
in turn determined by the matrix M.



Global mirror curve

Crepant
Transforma-
tion
Conjecture

Bl For Vp e Mg, consider the spectral curve (Cp,x |c,, ¥ Ic,)
and the compactification C,. Then wp is determined by a
choice of A—cycles of Cp.

Crepant

Transforma-

tion
Conjecture



Global mirror curve

Crepant
Transforma-
tion
Conjecture

Bl For Vp e Mg, consider the spectral curve (Cp,x |c,, ¥ Ic,)
and the compactification C,. Then wp is determined by a
choice of A—cycles of C_p.

Crepant m The choice of A, B—cycles has monodromies around the

E::_Sforma_ singular locus Mp ging = Mp\Mp o under the

conecture Gauss-Manin connection.



Global mirror curve

Crepant
Transforma-
tion
Conjecture

B  For Vp e Mg, consider the spectral curve (Cp,x [c,, ¥ |c,)
and the compactification C,. Then wp is determined by a
choice of A—cycles of Cp.

Crepant m The choice of A, B—cycles has monodromies around the

Transforma- .

o singular locus Mp ging = Mp\Mp o under the

Conjecture

Gauss-Manin connection.

m — w2 is not globally defined over Mp g



Global mirror curve

Crepant
Transforma-
tion
Conjecture

B  For Vp e Mg, consider the spectral curve (Cp,x [c,, ¥ |c,)
and the compactification C,. Then wp is determined by a
choice of A—cycles of Cp.

Crepant m The choice of A, B—cycles has monodromies around the

Transforma- .

o singular locus Mp ging = Mp\Mp o under the

Conjecture

Gauss-Manin connection.
B — wp 2 is not globally defined over Mg g

B — Wy, Is not globally defined over Mg g



Global mirror curve

Crepant
Transforma-
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Conjecture

Zhengyu Zong m Solution to this problem: Introduce the anti-holomorphic
completion.
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Global mirror curve

Crepant
Transforma-
tion
Conjecture
Zhengyu Zong m Solution to this problem: Introduce the anti-holomorphic
completion.
m Fix a symplectic basis A, -+ ,Aq,B1,--- ,Bg € Hl(EP;Z).
) Let 61, - , 0, be a basis of HO(CP,Qé ) such that
repant p

Transforma- L — A e — .
SA,- 0 = 0ij, Tij = SBJ- 0;.

tion
Conjecture



Global mirror curve

Crepant
Transforma-
tion
Conjecture
Zhengyu Zong m Solution to this problem: Introduce the anti-holomorphic
completion.
m Fix a symplectic basis A, -+ ,Aq,B1,--- ,Bg € Hl(EP;Z).
e Let 61,--- , 04 be a basis of HO(CP,Qép) such that
Transforma- C— .. o — .
tion SA, 9./ T 5’./77-’./ T SBJ 0"
Conjecture

Define

m Ai(1) = Al — Xi(2)iBi(7),
| B,'(T) = B,' —ZJ-T,'J'AJ'.



Global mirror curve

Crepant

Transforma-
tion
Conjecture
Zhengyu Zong m Solution to this problem: Introduce the anti-holomorphic
completion.
m Fix a symplectic basis Ay, -+, Ag, By, -+, By € H1(Cp; Z).
e Let 61,--- , 04 be a basis of HO(CP,Qép) such that
Transforma- L — .. o — .
tion SA, 9./ o 5’./77-’./ o SBJ 0"
Conjecture

Define
m Ai(7) = Al = X(55)iBi(7),
m Bi(7) = Bj — X TjA;-

— A;(7) —> A; when Im7 — 0.



Global mirror curve
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Zhengyu Zong

Eynard-Orantin 07 = A;(7), B;(7) are globally defined over
M.

Crepant
Transforma-
tion
Conjecture



Global mirror curve

Crepant
Transforma-
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Conjecture

Zhengyu Zong

Eynard-Orantin 07 = A;(7), B;(7) are globally defined over

M.
ClrepET Let &2 be defined by Ai(7), -, Ag(7)
Transforma-

Conjecture



Global mirror curve

Crepant
Transforma-
tion
Conjecture

Zhengyu Zong

Eynard-Orantin 07 = A;(7), B;(7) are globally defined over
Mp.o.

Crasen: Let &2 be defined by Ai(7), -, Ag(7)

ransforma: = (g2 is globally defined over Mp g

tion
Conjecture



Global mirror curve

Crepant
Transforma-
tion
Conjecture
Zhengyu Zong
Eynard-Orantin 07 = A;(7), B;(7) are globally defined over
Mp.o.
Crepant Let &2 be defined by Ai(7), -, Ag(7)
Transf - ~ . .
Transforma = Wo,2 is globally defined over Mg g
Conjecture

== Wg p is globally defined over Mg by topological
recursion. Wy n — Wg p When Im7 — 0.



Crepant resolution conjecture: 2nd formulation

Crepant
Transforma-
tion
Conjecture

Sl et X, X be a two toric Calabi-Yau 3-orbifolds related by a
crepant transformation.

Wg,n|U_ > Wg.n|Uy
Crepant
ransforma- MSlhol. limit MSlhol. limit
Conjecture

xX_,L_ CTC X4, L
Pt < Ry

The way of taking the holomorphic limit is determined by the
matrix M.
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Zhengyu Zong

Crepant
Transforma-
tion
Conjecture

Thanks

Thank youl



