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1. Motivation 22

Mirror symmetry studies duality between symplectic and complexgeometry
Analogy . Fourier transform . Laplace transform
G. How can we construct amirrorpair ?

Mirror
'""

sygpleoti.ge#gmPexa-em.X:CYI :CY

↳B uae5. Lag

Beyond CY, makes sense ofmirror symmetry by replacing Ñby ( I. W :X > E)
mirror

IX. W) : Landau- Ginzburg model( Auroux) ( X
: Fano

→ XID
W : -1-000 's disk potentialc- HEX

,

-Kx)

Our main interest of today's talk is W:$ > ① (disk potential)



2.D.is/cPotentialFunctions- 322
Ideaof Gromov Witten Floer theory ( Lagrangian Floer theory)
c.-5 > fundamental groups

• l

s
'

e >

×

{ ce :(S ' . e) > IX. xo) } ← Too gigantic to understand
it , IX. Xo) = { ce :(S ' , e) > IX.%) } ~ homotopy

(X.co) : symplectic manifold . L : Lagrangian submanifold .

I ×
E
>
, I < * }I 2

.

Choose an almost complex structure Jon X .

* y is required to be J- holomorphic ( dqoj = Jody) 1- top'd constraints



L : ahagrangiantoruso-CX.co) 422
• Choose an almost complex structure Jon X .

• Fix @ ETLIX.LI (top'd constraint)

f p ×
6
> iii. < } ~MCR) :=| ,

, J-holom .

D- Stablemap compactification
e- cé⇐> t TIX.LI

115
"9=-1

e.gs/X=QPt--S?w--si-s(X.L)=ILp.S2-P>
L : equator Fix @ (⇒ Intersect • once)
I 1
' '

UGH / got)=e" : OES!aElD%|pg↳R• I • • I • 1- a- 2-
I 1

! ! >

LB 5- p h ① a



b-

P X 22

f •
Zo 6

>
- i < }U' (B) '

=\ ,
, J-holom .

~

• evo :Mi(B) > L ( q → Goto) )
• vir.dimpllicpl-dimyzh-fh.CM -3+1 e.g> qczj-e.io

Z - a

1- a- 2-
0 a

Assumption
non-constant holomorphic disks bounded by Loflllaslovindex SO

Open Gromov Witten invariants 1
,

1
,

I 1

Mp := thedegreeofevo :MiCp) > L • , • • , •

I 1

! !

Np -1-0 only i-µ(P=2 LB 5- p h

dimplhcpl-dimph.2M.PK/0Np=1Ms3p-- I



L > L : trivial linebundle
.
D: a-tat.CI#-oonnec-ciononL 622

Themoduli of #at - connections serveasamimorchart .

Take a basis ① > Zo

TELL)=T↳(F) =L
"

-210 , , @2. • • • . On> (Oi : oriented loop)

{ P : flat - connections on L } ~ = @*F9 Mopti )
(Zi := holy CO;) C- ①* ( i= 1. 2. • • o.nl) MP.ph

To define the disk potentialofh ,
• Mo

.@ (1) :=(eVo)*[Miff)] • ME
@ (1) :=holp(of) . Mo.p(1) .

• M%n= I holp Capt . Mo
.@ (1) =
I holpcopt.np.TL]

B :µfD=2 > B :µfD=2

assumptionDefinition ( Disk potential)
I

mp .zÑWhite . -22 .

" :Zn) :=
p :µp,=z

Wh :(①*)^ > ①



e.g > (✗= Ep! Wes) . L=(equator)
>
22

• Is(X .
L) = 7L - {B. F- B)

⇒ Np = I & Ms:@ = 1
.

• -14 (L) = I. lap> ⇒ -2 := holp 12ft c- ①
*

• Wot) = Mp . -2% + nszpzrd 's
?
= z + Iz

l l
l l

l l
✗ V , X X

, X

2ps , I

! !

L B 5- P h

Difficulty of computation of disk potentials
• Classification of holom .

disks

• Computation of open Gromov - Witten invariants



Disk potentials for tonicmanifolds orbifolds 822

Tna (X2? W) : SymplecticTorio mtd
freeF- orbit is a Lagrangian torus .
e.g> §

as .

( Cho - 0h) Fano toric case

( Disk potential) = (Giventeal- Honi -Vafa potential ')

( FuKaya - Oh- Ohta- Ono ,
Woodward

.
Cho - Poddar . • • • I

construct LFT and define disk potentials for arb . apt toricmflds orbit.

( Chan - Lau - Leung - Tseng1 Semi - Fano tonic case



e.g> (✗ =①P? cops) , L={[Xo :X, :X.IE/CP2:lxol--lxil-- local }
on

-12 (e
"
Xi ,ei02x)

17412 11212
ugg,, ,, , ,gy, , y , ,g ,

,
, ,, ,, , ,g,

,
, ,g ,
,
, ,, ,, ,y,,y

"
"

of
"
L

& ⑤ @a p ,
A} Bp

Pao
Koto 741=0 Kato

①
>

①
✗ ①

①

D2 4=(91-92) S
'

s
'

①
> ①

① ①

2 4=(91-92) S
'
✗

g
'

Wh (2-1.2-2,2-3)=-2 Mp;Z%
"
= Z , +2-2-1

I

f- 1.2.3 2-12-2



Disk potentials and toric degenerations '022
• Toric degenerations # =/ He} e- c- a Epl
( Nishino- Nohara-Ueda

.
Ruan) :

S3 1

It ,
NÉE Ho

i
-
- -

,

I
¥, ugh ¥0

→

④ ( Ht : Fano
'

i

,

Ho :(generalized) oonifold singularity
⇒ Wdisc = Wqtv ( resemble Fano toric case)

e.g > Gelfand - Zeitlin systems for partial flag var. (shtn.CI/p)X--Ll(1. 2�31

✓ ¥
I 1 I 1

i A-
a
:D :D

I I ④
l l l l



Still far from understanding generaltoricdeg .

"
22

Some examples not satisfying
• Partial #agvar.lotherthantype.lt/c)Gel-Sand-Zeitlin-oricdeg.o-partial #agvanoftype BID
•

Evenforpartial-lagvar.o-typeA.gov#imnsHj"

(Cho - k . - Lee - Park)I ↳
HE HE found sometoricdeg.no/- satisfying ④ .

v v

v v
0
"'

string polytopes .

O' O" ( Newton- Okounkov bodies
• Polygon spaces .ME

Need to enhance understanding beyond



133. Quadric hypersurfaces 22

•• Can = { [Xo :X, : . . . :xn+iIE ①PN" : 2%74-1×2 -17Gt + • • • + xñ+i=O }
O l

-

%
-

l 0
0min x,

[Koki K2 • • • Rn-11] y,
= 21074+122-1×32 + • • • + Xn%,

Onxn Inxn :

Intl
-

i

⇒ Gn=OG( i. In" ) = Gyp = %np = SO'"+%(ocsixocn))
(Ga := 50th-12 :o) .

G- = 50cm-12))

• Gacy
't
co- adjoint action Gacy :={ on-121km-121 skew- symm .matrices }

✗ c- og* GI={ADI ' : GE soon-121 } - can
→ OF : the co- adjoint orbit � --

O Xi
0T T

g*= of D= -40 ( hi > 01

U U O O
-G G -
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• Gelfand- Zeitlin systems on An 22

5012150131 50th-11)
50cm-1212 SO (N -111 I 50th) 2 • • • 250121

Qi ↳ g¥gn%→gn*+ . → got → • • • → age
I •

.

tintin -1m¥ II.+
•

n
> pin¥Ñ:= (TQ, ,

-0-2
,

• • °

.
In) :O, soon-121

A- c- 01 AH := the leading Cjxjl principal submatrix of A

( SpedAH)= { tiff . 0.0 .
. . :O } '

z O)

Eg , (A) := { ✗%
'
if -2>-3 on -2=2 & PFCAC

")zo

- I? if j=2&Pf(A'"1<0

Theorem (Thimm &Guillemin- Sternberg)
¥? is a completely integrable system (Gelfand- Zeitlin system)
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• Perculian properties of GZ systems 22

① The image is a polytope .(Gelfand - Zeitlin polytope)
(2) Every fiber is a smooth isotropic submfld
(4. Cho - k . - 0h) describes the G-Zfibersintermsof ladder diagrams
GI = 09-(1.0^+1) =Qn e.g > Cds -09-4.05)

• ¥116,91 = :D"× is a simplex .

§
de >_ Un >_ Un- i >_ • • • >_UzZ /Uil §

SI

s
'

§×s ' G.• The-siberovereveypec-on.is 4£
"

↳•
a Lagrangian torus .

p
. ← s

'

si

§
• Non - torus Lagaan occur only at sa Ts

quiEhecodimtwo stratum given by si
↳

U2
St →Uz V1Uz=0 S' Ugh



164. Disk potentials for quadrics 22

¥Ñ:= (¥, ,
¥2

,

• • °

.
In) : QP > 112? L :=(☒F)" (UFO . Ua= 1. • • • , Un=N- l)

(Guillemin- Sternberg) Iori generates a Ham .

S '- action on 0% :-(¥154811
G- := an (oriented) S

'
- orbit → Ischl = 2<0 , . . . . . On> .

Zi := holp (Oni)

Theorem C-)
I

zn
+
%

zz
+

22
Wh (Z) =

zn, ,
+ • • • 1-

£3

z ,
-122-21-2-122

e.gs Gz What = zlz -1 ¥? +
£2
+2,2-2+22-2

2- i

¥ ¥ ¥044
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Global ⇒ Locals ⇒ Global' 22

•
S2

sa s?
• •

S2

Global Q2 09-(104,00-112,05) Partial flag varieties
I £ I £
Local -1*52 -1*5,7*5013) TTKCQY.TT/irClR7.T*UcnI.T*0cn)
* t f f

Global
'

onn Polygon spaces ?
( Lau- Zheng in progress )



18
5. Further directions ( In progress) 22

• Isotropic flag varieties & Gelfand- Zeitlin systems
symplectic building blocks includes -1*50 (m) .

-1*5? -1*411127 .

• • .

-1*5 -1*5013)

52 SO(3)
•

1) ? ? 3n÷¥ A
Weoc = ÷y + 2.Ya+ Yaya Weoc = yiya-Y.gs -1¥ 1- %Y3
-1*5 ↳ OGG,É=C2z ¥5043)↳ OGG.IE ) -
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• (w/ Lan- Zheng) Disk potentials for polygon spaces .

22

( Hausmann - Knutson) Gr(2.0^11/-2 Tum =Mf ( Polygon space)
( Kapovich- Hillson) Tty : Mz > IR

"? ( Bending system)
(Bontoc) Local models -1*5

.
-1*5013)

5
>

<
" I f- ¥5'

-
-

,

-

- £8 - ? 95013)
,

<
I > 7€ a

gag
•gets

'
:= Im#*

SOLD
a Ysl , EMF

Example
e.g.> N= 2 ,

n' = ( i. i. 1. 1. e)
.
Mf =dP5 .

2

Walk =/Kit +
" I

gag
1-
"2

04 x ,
+
x!↳ (% -1 ?
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Sketch of proof (If time permits) 22

4) Effective disk classes (Nishino- Nohara- Ueda
.
Ruan)

¥ stingy %i -11
, <

#tonic
.

It , run> Ho
×

He :=Vl2xox, + kid -1-11×5-1 . . . -1km:D Tonic deg . of completely int. system
L : monotone & It , : minimal Chem #22 → x) HI

Y←y F- [9] . 9 intersects leheinv . imageof)
aface >_ codim 2 ( otherthan

⇒ The Maslovindexofp >_ 4Ho Io
I Zn

zz
1-

£2
⇒ Whcz) =

zn
1-

zn, ,
1- • • • 1-

£3

z ,
+ kZ2 -12-12-2



21
(2) Lie theoretical LGmirror of Cdn 22

( Pech - Rietsch - Williams) derive a LG mirror of An
sGH can)
g

Jac ( I. W)
CiU : AH can) → GH(An) s

' critical values of W .

→ GHCan)=¥GHxCQn) %

(3) Structure of monotone Fukaya category
Whiz, =

'
+
Z"
+ • • • +

£3
+

£2
+ kzz -122-2 has a critical pt .

Zn Zn- e -22 2- i

⇒ (LP) is a non- zero object in Fukccdn) := ¥ Fuka(Gn) .

(Sheridan) (LP ) split- gen . Luk×(X.co) for some X .

Wethen

f k=2 when n=2

I b.= 0 on 2 when N >_ 3



22(4) Disk correspondence btw pre- quotient & quotient . 22

Lemma Cdn Cm >_3)

Nice) -_ MY'cp) #U:'(pi
-
> Milf)×s'IMi(f-153×5

⇒ k=2

i*
1-1 § > ☒÷ ±

.
☒÷

As'

P P f f -1s
'

(¥3 generates a Hamiltonian action)

Theorem C-)
I

zn
+
£"

zz
+

£2
Wh (2) =

zn, ,
1- • • • 1-

£3

z ,
-122-21-2-122



Thank You ¥9.0


