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Monotonehagrangiansubmanif.MS
'
22

(X.co) :

symplecticmanifoldlihagrangiansubmanif.tl
(Oh) introducedmonotonehagrangiansubmanifoldsde.ve/opedhagrangiar.FIoertheoyformonotonehagrangiansubmanifolds.co
Twogrouphomomorphis.ms
w : 石川

,
L) > R ( symplecticare.ci)

µ : 파 (X . L) > 조 (Maslov Index)

Definitionl.is calledmonotoneifFcsos.tw(f) = ciypforallp.EE(X .ㄴ)

e.gs .
- - - -

ㅡㅡ .

Montene non-monotone



2Classific.ation ProblemS 22

Question Classifyalll.agrangiansubmanifoldsoflX.co)
Almostimpossible.to Attack (blctherearetoomanyhagrangiansubm.SId)
Better Question ClassifyallmeaningfulsubmanifoldsoflX.co) inLFT.CI

assifyallmonotonehagrangiantoriup.co Hamilton ion iscopy
• Constructmonotonehagrangiantorithatarenotrelate.cl by Hamiltonian iscopy
H : I0 . i] ✗ ✗ > R

→ dH ( o ) = w (M
. 이

→ 입 is a flow of X시 ( a Hamilton ion iscopy)

.

- >

.

" Int L
'

-
-

i
En L

Hamiltonian iscopy (이 Hamiltonian iscopy (X)



3
Classific.ation Problems 22

e.g> (EP!as)

Every smoothsimpledosedcurvebiseotingthearea.siHamibnianisotopiotoagre.at circle

e.g> (CP? as) . 元呼二 {다]E ¢13 : 1Z야凡仁 1제 }

(Chekanalconstructedamonotonehag.torus which is not Hamiltonianisotopi.to兀呼
(Vienna) constructedcsmanymonotonehag.tori which are not Hamiltonian isotoPie

to each other
.

(P
'
≈ Fl ( i i 2)

In thistalkwegeneralizett.is Story to flagvar.

Question

Are There Infinitymany distinctmonotonehag.tori inFl( i.2, ◦ ◦ ◦. N- 1 ;N) ?



Main Read 422

Tteorp)

Everymonotoneflagmanifoldhlli.2.ee ◦ .가1 ;N) (n≥6) admitsinfinite.ly many
monotoneh.granyan tori that are not Hamiltonian isotoPie to each other,



5Construction of LagrangiantrusFibrations.com Flag ManiS이이 22

NoglobalHamiltoniantorussymmetryonflagmflds.TN2l (1.2i이가1 ;N) effectve (N := dimahlG.2.oo.int ;n))

Should Make aChoice (→ makeastoryevenmoreinterest.ing)
• choosedatafordeterminingaNewtonokounk.ae body

Newton

Okounkovbody~Toricdegenerations.ir
Complete) integrablesyste.ms

✓

Lagrangantorus
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String Polytop.es 22

• Representation theory
( Berenste.in Zelevinsky.li#elmann)introducedstringpolytopes

• Newton Okounkovbod.es

(Karen) showedthateverystringpolytopeis.cn Newton Okounkovbodyofflagvariet.es .
•

Toricdegenerationslcalde.ro
.
Anderson) > toricdeg.offlagvarassooiatedtoeachstringpolytr.pe

{9thteaiafamilyofalgebraicvarietes.ae ≈Fl (t.2.in- 1 :n)
장 - Toricvarietyass.to

• Complete) integrablesyste.ms
A. > 장(Ruan.NishinouNoharaueda.Haradakave.tn)

토 in Eric> Complete) integrablesystemIFd.2.ooo.mn :n) >

st.ALagrangiantorus.is/ooatedateachpointoftheinterior of



TChoice for String Holytopes 22

Want to produceacombinatonidgadgettosudyflagmanif.co/ds .

G = SL(n.CI) ,

W ≈ sntheweylgroupof.ci
Fat Every permutationcanbeexpnesse.cl as aProduct of Simpletranspositionse.gs5= ( l 3 ) = ( 1 2) (2 3) (1 2) = ( 1 2 1 )

Close

(i) 入二 入,0 . t • • ◦ 十入n-ion-idom.inant weight
(Take N = o o o = Rm= 2 ⇒ monotoneflagvarie.ly)

(2) 9 =

areduc.edu/pressionofthelongestelement.Areducedexpressionofsrisanexp.ofsintemsofsimpletransp.co.thmin . length
Sin has a unique logest element

1 2 0 ° ° 가 1 N ) = ( 1 2 1 32 1 4 32 l o o o TH N-2 ° 0 ° 2 1 )( n n.io • • 2 1

The Cliffevent Choiceof iproducesdiffere.int Newton Okounkovbod.es for Theflag



wiringdiagr.ams Orientedwiringdiagr.ams 822

i. areduce.de/pressionoftheIongestG(i)Wiringdiagram
element of San ↓

GO.be) (k- 1.2.000 , 가1 )

orientedi-GMWiringdiagrame.gsN-4 e.g>야4

야 (1.2.1.3.2.1 ) 이- (2.1.3.2.3.1 ) 야 (1.2.1.3.2.1 )

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
• • • ◦ • • • • • • • • •

; ; ;2烋川脊馝 .'

옮
•嚴默鼈※2飇2 3

44 | N

此闕
•
1.1 €
• • • •

4 3 2 1 4 3 2 ,
4 3 2 1 4 3 2 1 4 3 2 1

G19.1 ) G19.2) G19.3 )
G(i) G1i에



9GIeizerpostnikoisdescr.ption for String Comes 22

e.g> i = (2.1.3.2.3.1) R야 R〈U.U2.43.44.45 , U6)

• • • •

. .※ 1 .

리 리
•

리 리

※ 鱗鱗: 鱗灐懶
<
•

• •

v1.4 ※ v1.4 ※ I i d I i d I i d
• • • • • • • •

4 3 2 1 4 3 2 1 4 3 2 1 4 3 2 1 4 3 2 1

G191.1 ) U520 데이지 리대2대3tU420 U2-1U420

• • • • • • • • • • • • • • • • • • • •

ii, ,臧艅 徐艅峽.lu
,

卜鰍傘 賤剖逾訓逾煎
(a) 리4 U4 U4

雍紂函 悧愈 雍救衿 雍救衿 雍救衿
• • • •

4 3 2 1 4 3 2 , 4 3 2 1 4 3 2 1 4 3 2 1

G191.3) 링≥ O U자리3t리420 U3t리420 U4≥O
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LtdMann'Stone String Pdytope 22

e.g> (= (2.1.3.2.3.1) The stringpolytopeisdefinedbyiiiiiiii.it
(String Core) n (X One)'

餞餞. ※ '
리2 u, e.g> i = (2.1.3.2.3.1)萩

(a) U4

1. , ※ V1 " ㅿi £1126isdefinedbyl.IT
• • v. • • v. • •

.lt//
• • V •

4 M 3 M2 X3 ' 4 M 3 M 2 M 1 4 M 3 N22 M 1 대 U2 U3 U4 U5 U6
1 1 1 1 ≥ ○

X2-리-U420 M- U2-U620 X3-U3-U520 i i i ≥ O

1 2 3 4 1 2 3 4 1 2 3 4 ≥ ○

• • ◦ • • • ◦ • • • ◦ • / '

, 이 ≥ ◦ String
1 1 1

)
' ≥ o une' '

1 ※ . .111 ※必出 • •
a.

i ≥ ◦

|
ㅢ -1 ≥ 一右

燕懶萩 + ix.

•
- 1 - 1 ≥ - A3

(a) U4 U4 -1 ≥ 一入.
X One

1.1 1€ 201 " t ≥ 一加

1.1 €
• • v. • • • • v. .lt ! ! t ≥ 一入.

4 M 3 N22 MI 4 M 3 M2 X3 I 4 M 3 N22 B 1

X2-U420 X3- U520 N- U6≥
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Monotonel_agrangianTor.in 제6.2.000i가1iN) 22

Ifwechooset-20.to ◦ + 20m
, thenamonotonehagrangiantorusocaers.at

( Boundedchambervar.co) ( unboundedchambervari.li

e.g> i. (2.1.3.2.3.1)iii.4Amonotonehagrangiantorusislocate.de?
1※; 1

U: = 리그= U3 = 0

米竊( U4 = U5 - U6 = 1 3

! "
• • •

4 M3 X22 X3 '

In sum.fi/Xfor2lU.2.oo..n-i;n ) . 보 보 보

For each Choice of i, there.es/istsamonotoneLagrangiantorusin2lU.2.oo..n-1in)

keyingredient.Maslovindexformulaforgradientd.sk . ( Y.CH - K. )
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The Numberof String Polytop.es 22

But for afixedn.thereareonlyfinitelymanychoic.esofreducedexpressionsofthe.to
ngest

element of Sn

⇒ There areonlyfinite.ly many string polytopest.toricdegenerationsfortelli.2.o.int ;N)
⇒ There areonlyfinitelymanymonotonehag.amSing from a stringpdytope.IT
its) Every pairofreducedexpressionsofthe.tongest element ofsnisndatedbyafinitesequenceofbraidmove.SC2-moves & 3 - moves)

(i) (2-moves) ( i j) < > (j i) ( i -j > i)
(ii) (3 -moves) (i i+1 i) < > (i i iii)

i 해

3-move.it. < > i

i i+ i
Facto

.

◦ T.ndeed.2-movedoesnotproduceanewstringpolytope.to .
• Not

Every Pain of distinctreducedexpressionsproducediferentpolytop.es
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Chester AIgebrasandToricdegenerat.ions 22

Question How canwemakeinfinitelymanydistinctmonotonehag.tori ?
(Gross Hackingkeelkontsevich.Fujto.orga)
Toricdegenerationsofcompactifie.cl A-dustervarietycanbedescibe.cl by
Fuck

GoncharovdualH-dustervaietyInourcase.dk
△ :

string Hope
> △!genendizedstringpolytopecomb.inataid (NewtonOKounkovbodiedmutatic.in

(Anderson
,
Haradakave.tn)

Product toricdegenerationsandcompletelyintegrablesyste.ms .

wethenobtainmonotonehagrang.im tori



14Mutat.ions 22

• Seed •

Mutationslqmutationdjty.yai.yn.ynio.fm) Mk15.13) = (j , B' ) (k= 1.2 ,
• . .in)

-

dustervar.frozenr.am jtyiyio.ynyii.fi
-

b. . 이 b. '

YE
'

ifjkB시 : : (skew-symmetric.bm.is
_ 秋二帑(HY5맵 ifjt-k.bg ≤ ◦

yjatyiibktifjtk.bg≥ ◦
• seedasaquive.ir B스 (bijmxne.gs

8. - bij ( ikorjk)
2
T
•

1 2 3

B = 1
-

ois b = {bijbikbkjlbikt.bg?O)2-1O-Ify2
• 3-210

. by (otherw.se)
Y3



15
3 movesandMutat.ions 22

01

e.g> ( = (1.2.3.1 . 2.1 ) V4 (i) = (1.2.3.
2.1.2) = 1

• • • • • • • • • • • • • • • •

러 i
L ^ ^

i
Z2

•래
A A U1 U2 ° •

L

L
'

Z4 ^ ^ Z5 z;
^

U2 °

Z3i. ^

램
L U3

i
Y ^ d zf

v4 아 ' Z5 U4
^

U5
°

.

Z6 U5t1 랑
U6 ° U6

• • • • • • • •
• • • • • • • •

M X2 X3 M X2 X3

Wi = 러ㄻㄻtㄻㄻ +2-3+2425 +2-5+26 V4(We) =zizizizitzizizitzizitzitzftzdtziz.li
.

l l t

tzmz.tt T
"
+ 슳 F3 1 2 3456 珹艸 + 註峙.it 옳, T

"

Z2Z5 1 O 1 0 -1 0 0

2-10 1 1 -10 '
艸十 숢 拌十

'

t
'
T
"
+ ㆊ주 ㅎ T시 30-10000 十戊 레레F

레짐 4 17 00ltmutation5010.IO0 ft

6000100Z.ezicttziHZE.tl
(Hi)

,
弓二 Zb

µ※
좨= E,

'

,
Z5 = Z5CH례5' 정 = 장 (1-1차)
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wirir.gl?iagramandQuiverMutations 22

e.g> 가4 fin.ie type (A3) → hasonlyfinitelymanyse.es
121321

212321 햠퉶o※ 123212

유
•

I. ☒ ⊕ 胚器
•

i
•

. ○
231231 312312 YEN
. . 嚴囊韆쌦읒 i.

• •

232123 321232

읏

•
.

ii.^
n

앙
i.

•

321323

.LK

缸巡.
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New MonroeTrue 22

Pro

ducearieoonoonehagrangiantorusdifferentfromneofromstringpdy.pe
.

>

Exchange

,

1 2 3456
i

t.in
> ※ e2 1 -1

臍券 3 -1

4-1 1 1 - 1

아

°

5 1 - 1
5 °

6
6 1

123212

Mutationzizitzrzilitzii.Z5.zitzil.hr/a=ZiZ2Z3Z4tZ2Z3Z4tZ2Z3+Z3t쨔5-1Z5t 중 Wa =ZIzizdtzizitzitzizizbtzitzizbtzdtzizithtziz.it'

T
"十球 T" 1-2-54"tziziziz.TT/h+zI'zi'zE'T'2+z5'T'3+zIziT'2tZ5'TM+ITX2tzizizEThtzizETM-z.TT"

^

Superpotential .vtropicalizationA.ae
92939¢95A6 A099293949596 A099293949596 A099293949596

0 1 2 3456 01 2 3456 01 2 3456 01 2 3456
1 1 1 / M -1 - 1 1 1 1 M -1

1 1 1 쏘 -1 -1 - I l i X2 -1 -1 -1 - 1

1 1 X3 - 1 M2 -1 -1 - 1

1 X2 -1 -1 1 1 1 73 - 1

1 1 M - 1 1 ' 1121 - 1 -1

1 72 - )
/ A2 -1 -1

1 1 M - 1



18Infinite) Many Moretone Tri 22

If n≥ 6, then There are Infinitymany toricdGenerationsarisingfromquivermutationse.gs↑= ( 1 . 2. I.3.2.1 .4.3.2.1 . 5.4.3 .2.1 ) → △i .

→ There are Infinite)manymonotonehagrangiantori.su
estion How Can

wedistinguishthe.in?Indeed.noteveryoneisdifferentand Some of them are same

Question Aregivenpairofmonotonehag.tori same or diFeat .
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Country Invariant.es 22

Lemmatliashber.gl?oHerovich)SupposethatLandL'are Monroe ( 0
,A0 ×

.
xIf Land Lane Hamilton ianisotopic.that.is . (ㄴ) = L

'

,
then

D2 h'

n(L .
= n (L'

,있

Supposethattwomonotone.hn and L
'

are Hamiltonianisotop.ie .

⇒ Twod.sk potential We and WE are same (wptocoordmatechar.ge)
⇒ Newton polytopesdlofwilresp.NL/ofWi)areunimodularequiv.

, n (SL1mㅍ) ER3 ~ 1127
e.g>

.

△
→ W = Y.Y + Y.Y

→

•,
>

Thus.ifW.and@Yiarenotunimodularequiu.then Land L
'

aredifferent.But.d.sk
potential functionShe and We are not Knowin

of> (Y.
Cho K Lee Park) We is computed.fi is

"Close" to istd = (121321000 )

Lemma 秕 ≥ aomb
.



2014x6 Bad PeriodCity 22

Let as Control asymptot.io behavior of Partichar sequence ofmutationse.gs(n= 6) µ-M40M80M90M60M30M2 . µ껭µ

-

내
>

M
>

✓

M14

> > >

µ
14 µ

" µㆉ

grows linear) .



21

Meaning of Mulapliciu.es of Arms 22

> > >

MI4 M4 N4

MultipleCity

() Wall
using

a Newton polyt.pe

µ=2 와 욧

• • • ◦ • • µ= ☐

• ◦ 金
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Pivot Terms in PotentialS 22

• • • • • • • •

래 >
대 U2

µ
14

리2

램
U3

U4 M

U5
U5/
랑 Wi = Z3 + Z5t중 tWi

•

V6
• • •

• • • •

M X2 X3
M X2 X3

Wie = 刮一 Z5+랑 +Wiii i'

W alwayscontainszfwzentemevenafterperforw.ing any sequence ofmutat.ions.Applyingthemutationruletozfrozenia.weconclude
14 14-11

µ
" (Win1 contamszis.CH타) 毬汝 ontaihso-e.ie.

28t )( M28 (Win1 contamstis.CHZ4P ⇒ ai8ontainsoo.com.co.at.
:

The number of latlioeptsofdd.in ≥ 14n
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