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We consider a multiscale dynamical system of the form

#

dXε
t “ cpXε

t , Y
η
t qdt`

?
εσpXε

t , Y
η
t qdW

1
t

dY η
t “ 1

ηfpX
ε
t , Y

η
t qdt`

1?
η τpX

ε
t , Y

η
t qdW

2
t

X is called the slow process and Y the fast process as under the
timescale s “ t{η for Y , one has

#

dXε
t “ cpXε

t , Y
η
t qdt`

?
εσpXε

t , Y
η
t qdW

1
t

dY η
s “ fpXε

s , Y
η
s qds` τpXε

s , Y
η
s qdW 2

s
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Let LY pxq “ fpx, ¨qBy `
1
2τ

2px, ¨qB2y be the generator of Y .

Under an appropriate recurrence condition on f , LY pxq admits
an invariant measure µ.

Define the function c̄ as

c̄pxq “

ż

R
cpx, yqµpdyq

and the homogenization process X̄ as the solution to the ODE

X̄t “ x`

ż t

0
c̄pX̄sqds



Problem formulation and motivation 6

We are interested in the fluctuation process

F εt “
Xε
t ´ X̄t
?
ε

,

where X̄ is the homogenization process of Xε as ε, η Ó 0.

Theorem (Spiliopoulos – 2014)

The process tF εt : t P r0, 1su converges weakly in C pr0, 1sq to a
centered Ornstein-Uhlenbeck process.
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We are interested in deriving rates for the convergence of F εt to
a Gaussian distribution.

For this purpose, we will use second order Poincaré inequalities.
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From now on, let H “ L2
`

r0, 1s;R2
˘

.

A classical result in the Stein-Malliavin litterature states

Theorem (Nourdin, Peccati – 2009)

Let F P D1,2 be a centered random variable. Then,

dW pF,N p0, 1qq ď

c

E
´

ˇ

ˇ1´ xDF,´DL´1F yH
∣∣2¯

“

b

Var
`

xDF,´DL´1F yH
˘

This result is very practical for random variables F with known
finite chaos decompositions, but less tractable in general.
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We know how to compute Malliavin derivatives of SDE’s but
not their image by L´1.

The Gaussian Poincaré inequality states that, for any F P D1,2,

Var pF q ď E
´

‖DF‖2H
¯

This inequality can be applied to F “
@

DF,´DL´1F
D

H
to get

a bound involving only the operator D.
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This is the object of the following theorem.

Theorem (Nourdin, Peccati, Reinert – 2009)

Let F P D2,4 with E pF q “ µ and VarpF q “ σ2. Assume that
N „ N pµ, σ2q. Then,

dW pF,Nq ď

?
10

2σ2
E
´

‖DF‖4H
¯

1
4 E

´∥∥D2F b1 D
2F

∥∥2
Hb2

¯
1
4

Note that the above bound only involves D (and D2).
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A simple example: let tWt : t P r0, 1su be a standard Brownian
motion. Then,

DWt “ 1r0,ts and D2Wt “ 0,

so that

dW pWt,N p0, tqq ď

?
10

2t

?
t E

´

‖0b1 0‖2L2pr0,1s2q

¯
1
4
“ 0

Remark
For normal convergence, first Malliavin derivatives converge to
constants and second Malliavin derivatives converge to zero.



Methodology and main results

q



Methodology and main results 14

Recall that our fluctuation process is given by

F εt “
Xε
t ´ X̄t
?
ε

Let us introduce F̃ εt defined by

F̃ εt “
σt

a

Var pF εt q
rF εt ´ E pF εt qs ,

where σ2t is the variance of the limiting Gaussian distribution.
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Let Nt „ N
`

0, σ2t
˘

. We can then write

dW pF
ε
t , Ntq ď dW

´

F εt , F̃
ε
t

¯

` dW

´

F̃ εt , Nt

¯

We have

dW

´

F εt , F̃
ε
t

¯

ď E
´
ˇ

ˇ

ˇ
F εt ´ F̃

ε
t

∣∣∣¯
ď E p|F εt |q

ˇ

ˇ

ˇ

ˇ

ˇ

1´
σt

a

Var pF εt q

∣∣∣∣∣` σt
a

Var pF εt q
|E pF εt q|
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Using the “Poincaré” bound for dW

´

F̃ εt , Nt

¯

, we get in total

dW pF
ε
t , Ntq ď E p|F εt |q

ˇ

ˇ

ˇ

ˇ

ˇ

1´
σt

a

Var pF εt q

∣∣∣∣∣` σt
a

Var pF εt q
|E pF εt q|

`

?
10

2εVar pF εt q
E
´

‖DXε
t ‖

4
H

¯
1
4 E

´∥∥D2Xε
t b1 D

2Xε
t

∥∥2
Hb2

¯
1
4
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Step 1: Convergence of the first two moments

We need to deal with |E pF εt q| and
ˇ

ˇVar pF εt q ´ σ
2
t

∣∣. We have

F εt “
1
?
ε

ˆ
ż t

0
cpXε

s , Y
η
s qds´

ż t

0
c̄pX̄sqds

˙

`

ż t

0
σpXε

s , Y
η
s qdW

1
s

As is, the quantity cpXε
s , Y

η
s q ´ c̄pX̄sq is hard to deal with.
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We can write

cpXε
s , Y

η
s q ´ c̄pX̄sq “ cpXε

s , Y
η
s q ´ c̄pX

ε
s q ` c̄pX

ε
s q ´ c̄pX̄sq

Taylor’s theorem implies that

c̄pXε
s q ´ c̄pX̄sq “ Bxc̄pX̄sqqpX

ε
s ´ X̄sq ` Λrc̄spXε

s , X̄sq

so that

c̄pXε
s q ´ c̄pX̄sq
?
ε

“ Bxc̄pX̄sqqF
ε
s `

Λrc̄spXε
s , X̄sq

?
ε
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Consider the Poisson partial differential equation

LY Φpx, yq “ cpx, yq ´ c̄pxq

with boundary condition

ż

R
Φp¨, yqµpdyq “ 0

Then,

cpXε
s , Y

η
s q ´ c̄pX

ε
s q “ LY ΦpXε

s , Y
η
s q

“ fpXε
s , Y

η
s qByΦpX

ε
s , Y

η
s q `

1

2
τ2pXε

s , Y
η
s qB

2
yΦpX

ε
s , Y

η
s q
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In total, we have the new representation

F εt “

ż t

0
Bxc̄pX̄sqF

ε
s ds`

1
?
ε

ż t

0
Λrc̄spXε

s , X̄sqds

`
η
?
ε
pΦpXε

t , Y
η
t q ´ ΦpXε

0 , Y
η
0 qq

´
η
?
ε

ż t

0

´

cpXε
s , Y

η
s qBxΦpXε

s , Y
η
s q `

ε

2
σpXε

s , Y
η
s q

2B2xΦpXε
s , Y

η
s q

¯

ds

`

ż t

0
p1´ ηBxΦpXε

s , Y
η
s qqσpX

ε
s , Y

η
s qdW

1
s

´

c

η

ε

ż t

0
Bx2ΦpXε

s , Y
η
s qτpX

ε
s , Y

η
s qdW

2
s
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Step 2: Convergence of the Malliavin derivatives

We need to estimate E
´

‖DXε
t ‖

4
H

¯

and

E
´∥∥D2Xε

t b1 D
2Xε

t

∥∥2
Hb2

¯

in terms of ε and η.

We will illustrate the main ideas for the first derivatives.
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We have

DW 1

r Xε
t “

?
εσ pXε

r , Y
η
r q

`

ż t

r

”

B1c pX
ε
s , Y

η
s qD

W 1

r Xε
s ` B2c pX

ε
s , Y

η
s qD

W 1

r Y η
s

ı

ds

`
?
ε

ż t

r

”

B1σ pX
ε
s , Y

η
s qD

W 1

r Xε
s ` B2σ pX

ε
s , Y

η
s qD

W 1

r Y η
s

ı

dW 1
s

DW 1

r Y η
t “

1

η

ż t

r

”

B1f pX
ε
s , Y

η
s qD

W 1

r Xε
s ` B2f pX

ε
s , Y

η
s qD

W 1

r Y η
s

ı

ds

`
1
?
η

ż t

r

”

B1τ pX
ε
s , Y

η
s qD

W 1

r Xε
s ` B2τ pX

ε
s , Y

η
s qD

W 1

r Y η
s

ı

dW 2
s
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We can write

E
ˆ

sup
rďsďt

ˇ

ˇ

ˇ
DW 1

r Xε
s

∣∣∣2p˙
ď C

˜

εp ` p1` εpq

«

ż t

r
E
ˆ

sup
rďuďs

ˇ

ˇ

ˇ
DW 1

r Xε
u

∣∣∣2p˙ ds
` E

ˆ
ż t

r

ˇ

ˇ

ˇ
DW 1

r Y η
s

∣∣∣2p ds˙ff¸
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The Itô formula implies

E
ˆ

ˇ

ˇ

ˇ
DW 1

r Y η
t

∣∣∣2p˙ “ 2p

η
E
ˆ
ż t

r

´

DW 1

r Y η
s

¯2p´1 ”

B1f pX
ε
s , Y

η
s qD

W 1

r Xε
s

` B2f pX
ε
s , Y

η
s qD

W 1

r Y η
s

ı

ds

˙

`
2pp2p´ 1q

η
E
ˆ
ż t

r

´

DW 1

r Y η
s

¯2p´2 ”

B1τ pX
ε
s , Y

η
s qD

W 1

r Xε
s

` B2τ pX
ε
s , Y

η
s qD

W 1

r Y η
s

ı2
ds

˙
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Applying Young’s inequality for products yields

E
ˆ

ˇ

ˇ

ˇ
DW 1

r Y η
t

∣∣∣2p˙ ď 1

η
E

˜

ż t

r

„

|B1f pX
ε
s , Y

η
s q|

` 2p2p´ 1q |B1τ pX
ε
s , Y

η
s q|

2



ˇ

ˇ

ˇ
DW 1

r Xε
s

∣∣∣2p ds¸

`
1

η
E

˜

ż t

r

«

2pB2f pX
ε
s , Y

η
s q ` p2p´ 1q |B1f pX

ε
s , Y

η
s q|

` p2p´ 1qp2p´ 2q |B1τ pX
ε
s , Y

η
s q|

2

` 2pp2p´ 1q |B2τ pX
ε
s , Y

η
s q|

2

ff

ˇ

ˇ

ˇ
DW 1

r Y η
s

∣∣∣2p ds¸
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The recurrence relation states

sup
x,yPR

!”

4B2f ` 3 |B1f |` 6 |B1τ |2 ` 12 |B2τ |2
ı

px, yq
)

ď ´K ă 0

Essentially, it requires B2f to be sufficiently negative.

We also have the following boundedness assumption

sup
x,yPR

!”

|B1f | ` 6|B1τ |
2
ı

px, yq
)

ăM
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We hence get

E
ˆ

ˇ

ˇ

ˇ
DW 1

r Y η
t

∣∣∣2p˙ ď M

η
E

˜

ż t

r

ˇ

ˇ

ˇ
DW 1

r Xε
s

∣∣∣2p ds¸

´
K

η
E

˜

ż t

r

ˇ

ˇ

ˇ
DW 1

r Y η
s

∣∣∣2p ds¸,
so that

E

˜

ż t

r

ˇ

ˇ

ˇ
DW 1

r Y η
s

∣∣∣2p ds¸ ď M

K
E

˜

ż t

r

ˇ

ˇ

ˇ
DW 1

r Xε
s

∣∣∣2p ds¸
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This yields

E
ˆ

sup
rďsďt

ˇ

ˇ

ˇ
DW 1

r Xε
s

∣∣∣2p˙
ď C

˜

εp ` p1` εpq

ż t

r
E
ˆ

sup
rďuďs

ˇ

ˇ

ˇ
DW 1

r Xε
u

∣∣∣2p˙ ds¸

By Grönwall’s lemma, this implies

E
ˆ

sup
rďsďt

ˇ

ˇ

ˇ
DW 1

r Xε
s

∣∣∣2p˙ ď Cεp



Methodology and main results 29

Assuming that η “ ηpεq Ñ 0 as εÑ 0 such that

lim
εÓ0

c

ε

η
“ γ P p0,8s,

we obtain the following quantitative result.

Theorem (B., Spiliopoulos – 2023)
Let the above assumptions and notation prevail. Then, for any
ζ ą 0,

sup
tPp0,T s

dW pF
ε
t , Ntq À

d

?
ε`

?
η `

ˆ

η

ε
´

1

γ2

˙

`
η1´ζ
?
ε
`

a

η3

ε
`

a

η5

ε2



Thank you!
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