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Introduction



Single-cell RNA sequencing (scRNA-seq)

[Andrews et al., 2020] 2

https://www.nature.com/articles/s41596-020-00409-w


Spatial transcriptomics: gene expression in space

[Seurat tutorial] 3

https://satijalab.org/seurat/articles/spatial_vignette.html


Not only genes: other omics and multi-omics

• Measure other types of features (omics) rather than genes

• Measure several types of features simultaneously (multi-omics)

[Hu et al., 2018] 4

https://www.frontiersin.org/articles/10.3389/fcell.2018.00028/full


Massive data and numerous tools

• So many datasets and computational tools! Therefore, people want:
• A unified probabilistic model for interpreting single-cell and spatial data?

• An all-in-one simulator for comparing various computational tools?

[Zippa et al., 2021]
5

https://genomebiology.biomedcentral.com/articles/10.1186/s13059-021-02519-4


Challenges in modeling single-cell and spatial multi-omics

• High-dimensional: ∼ 104 genes; for other features the number can be even larger

• Correlation: complex correlation structures between features

• Diverse covariates: cell types, continuous trajectories, spatial space

• Multi-omics: different omics may follow different distributions

• Transparency: not a black box
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Our recent work: scDesign3
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scDesign3’s functionality
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Methods



Mathematical notations of input data

• Y = [Yij ] ∈ Rn×m: cell-by-feature matrix

• Yij : the measurement of feature j in cell i

• Y is often a count matrix (i.e., Y ∈ Nn×m)

• X = [x1, · · · , xn]T ∈ Rn×p: cell-by-state-covariate matrix, such as

• Cell type (p = 1 categorical variable)

• Cell pseudotime in p lineage trajectories (p continuous variables)

• 2-dimensional spatial coordinates (p = 2 continuous variables)

• Z ∈ Rn×q: cell-by-design-covariate matrix

• Z = [b, c]

• b = (b1, . . . , bn)
T has bi ∈ {1, · · · ,B} representing cell i ’s batch

• c = (c1, . . . , cn)
T has ci ∈ {1, · · · ,C} representing cell i ’s condition
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Modeling features’ marginal distributions

• First model the distribution of each feature j

• Use the generalized additive model for location, scale, and shape (GAMLSS)

[Stasinopoulos and Rigby, 2008]

• The regression model is:
Yij | xi , zi

ind∼ Fj(· | xi , zi ; µij , σij , pij)

θj(µij) = αj0 + αjbi + αjci + fjci (xi )

log(σij) = βj0 + βjbi + βjci + gjci (xi )

logit(pij) = γj0 + γjbi + γjci + hjci (xi )

, (1)

where θj(·) denotes feature j ’s specific link function µij , depending on Fj

• The fitted distribution is denoted as F̂j(· | xi , zi ), i = 1, . . . , n; j = 1, . . . ,m
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Choices of marginal distributions

Distribution PDF or PMF

Gaussian f (x) = 1
σ
√
2π
e−

1
2
( x−µ

σ
)2 ; x ∈ R

Bernoulli f (x) = µx(1− µ)1−x ; x ∈ {0, 1}
Poisson f (x) = µxe−µ

x! ; x ∈ {0, 1, 2, · · · }

Negative Binomial f (x) =
Γ(x+ 1

σ
)

Γ( 1
σ
)Γ(x+1)

(
1

1+σµ

) 1
σ
(
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)x
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Zero-inflated Poisson f (x) =

p + (1− p)e−µ; x = 0

(1− p)µxe−µ

x!
; x = 1, 2, 3, · · ·

Zero-inflated NB f (x) =
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−1
σ ; x = 0

(1− p)Γ(x + 1
σ )

Γ( 1σ )Γ(x + 1)

(
1

1 + σµ

) 1
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(

σµ
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)x

; x = 1, 2, 3, · · ·
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Functions of modeling cell states

Covariate type Covariate form Function form1

Discrete cell type xi ∈ {1, · · · ,KC} fjci (xi ) = αjcixi

One lineage xi ∈ [0,∞) fjci (xi ) =
∑K

k=1 bjcik(xi )βjcik

p lineages xi = (xi1, · · · , xip)T ∈ [0,∞)p fjci (xi ) =
∑p

l=1

∑K
k=1 bjcikl(xil)βjci lk

Spatial location xi = (xi1, xi2)
T ∈ R2 fjci (xi ) = f GPjci

(xi1, xi2,K )

1For simplicity, we only show the form of fjci (·) because gjci (·) and hjci (·) have the same form.
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Modeling features’ joint distribution

• Denote cell i ’s measurements of the m features as: a random vector

Yi = (Yi1, . . . ,Yim)
T

• Denote the joint CDF as: F (· | xi , zi ) : Rm → [0, 1]

• Modeling the joint CDF is challenging; thus we use copula

• Denote the conditional copula as C (· | xi , zi ) : [0, 1]m → [0, 1]:

F (yi | xi , zi ) = C (F1(yi1 | xi , zi ), · · · ,Fm(yim | xi , zi ) | xi , zi ) ,

where yi = (yi1, . . . , yim)
T is a realization of Yi = (Yi1, . . . ,Yim)

T.

• The simplest choice is a Gaussian copula:

C (F1(yi1 | xi , zi ), · · · ,Fm(yim | xi , zi ) | xi , zi )
= Φm

(
Φ−1(F1(yi1 | xi , zi )), · · · ,Φ−1(Fm(yi1 | xi , zi )); R(xi , zi )

)
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From Gaussian copula to vine copula

• Since we often have m > n, Gaussian copula can be problematic

• One solution to model high-dimensional correlation is Vine copula [Czado et al.,

2009]

• “Decompose” a high-dimensional copula into a sequence of bivariate copulas

• A graph can describe it:
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The plug-in estimation of copula

• To estimate C (· | xi , zi ), we use the plug-in approach:

F̂1(· | xi , zi ), . . . , F̂m(· | xi , zi )

• If F̂j(· | xi , zi ) is a continuous distribution, each observed yij is transformed as:

uij = F̂j(yij | xi , zi )

• If F̂j(· | xi , zi ) is a discrete distribution, we use the distributional transformation

to make it “continuous”:

uij = vij F̂j(yij − 1 | xi , zi ) + (1− vij)F̂j(yij | xi , zi ) , yij = 1, 2, . . . ,

where vij ’s are sampled independently from Uniform[0, 1]

• uij = F̃j(yij | xi , zi ), where F̃j(· | xi , zi ) is the CDF of a continuous distribution

• Then C (· | xi , zi ) is estimated from u1, . . . ,un, where ui = (ui1, . . . , uim)
T
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Generating the synthetic data

• Goal: generate Y′ ∈ Rn′×m ( n′ synthetic cells and the same m features as Y)
• Given X′ ∈ Rn′×p and Z′ ∈ Nn′×q,

1. Sample a m-dimensional vector from the m-dimensional copula:

(Ui ′1, . . . ,Ui ′m)
T ∼ Ĉ (· | xi ′ , zi ′) , i ′ = 1, . . . , n′

2. Calculate the marginal distribution:

Yi ′j | xi ′ , zi ′ ∼ F̂j(· | xi ′ , zi ′) = Fj(· | xi ′ , zi ′ ; µ̂i ′j , σ̂i ′j , p̂i ′j) ,

where 
θ(µ̂i ′j) = α̂j0 + α̂jbi′ + α̂jci′ + f̂jci′ (xi ′) ,

log(σ̂i ′j) = β̂j0 + β̂jbi′ + β̂jci′ + ĝjci′ (xi ′) ,

logit(p̂i ′j) = γ̂j0 + γ̂jbi′ + γ̂jci′ + ĥjci′ (xi ′) .

3. Get (Yi ′1, . . . ,Yi ′m)
T by inverse CDF:

Yi ′j = F̂−1
j (Ui ′j | xi ′ , zi ′) , j = 1, . . . ,m
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Results



scDesign3 simulates continuous cell differentiation
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scDesign3 simulates brain spatial patterns
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scDesign3 simulates RNA and protein co-expression in blood cells
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Copula reveals biological differences between immune cell types

20
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