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Sinai’s walk (random walks in random environments)

{wi,i€Z,Q}: wje(0,1),iid. rv.s

w.p. 1 — wj W.p. wj
L L & L L
i-2 i—1 i i+ 1 i+2

oi = wj/(1 —wj) : independent from random walks

Theorem (Sinai 1982)
If we assume that E [logoj] =0 and E[(Iog a,-)z] < o0,

then the distribution of {(Iog n)‘2Xn} converges
to some functional of random environments.

(Ultra-slow diffusive property)
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Brox’s diffusion on R

Random environment
W: the space of continuous functions W : R — R.
Q: the Wiener measure on W.
{W(x),x >0,Q} and {W(-x),x > 0} are
independent one-dimensional Brownian motions starting at 0.
e W ={W(x),x € R, Q}: a Brownian environment.

Diffusion process in Brownian environment

Given a Brownian environment, Brox considered
a diffusion process starting at 0 with generator

Towe 9 (w9
2° dx dx )’

e X(t, W): a diffusion process in a Brownian environment.
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Construction of X(t, W)

Q : the space of continuous paths w : [0, o) — R satisfying w(0) = 0.
w(t) : the value of a function w € Q at time t.

For a fixed W we consider a probability measure Py on  s.t.
{w(t),t > 0, Py} is a diffusion process with generator

1w 9 (g-wix 9
2% dx )’
A version of X(t, W)

B(t): a one-dimensional Brownian motion starting at 0.
L(t, x): alocal time of B(t) at x.

S(x) :f e dy: scale function.
0

t

A(t) = f e 2W(S'(B(s)) gg — fe‘zw(s_1(")L(t, x) dx: time change.
0 R

X(t, W) = ST(B(AT'(1))).
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Brox’s result

e Assume that (W, Q) and (2, Pw) are independent.
= The full distribution governing X(t) is # = Pw ® Q.

Theorem (Brox 1986)
The distribution of {(Iog t)‘2X(t)} converges to some functional of W.

Remark (Kawazu-Tamura-Tanaka 1989)
Sinai’s result can be derived from the diffusion case.

The notion of “a valley” plays an important role
in Brox’s diffuision and Sinai’s walk.
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Description of a Valley 1/2

T { W, 220}

+
M) m b+\u) C+N)//\
‘ —>

V')
WH(x) = W(x) - minyefoqW(y),x > 0.
ct(u) = inf{x >0: Wix) = u}.
V+(u) = Minyeo gt (u)] W(y).
b*(u) st W(b™(u)) = V*(u).
Mt (u) = maxye(o,b+(u)] W(Y)-
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Description of a Valley 2/2

(M\
' i; bw /\//r
Vi
Vi
b*(u)
b(u, W) = b_(u|; max{M*(u), (V*(u) + u)} < max{M~(u), (V- (u) + u)},

if max{M*(u), (V*(u)+ u)} > max{M~(u), (V" (u) + u)}.
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Random walks on a pre-Cantor set Fy

e L et us consider Brox-type diffusions on disconnected fractal set in R.

— “A Brownian motion on a disconnected fractal set”
constructed by scaled random walks.

Random walk on pre-Cantor set Fy (Triadic Cantor set)

¢ Consider one-dimensional simple random walks starting from the origin.

e Observe the random walks on Fp = denote by R,.

o o o
© © © O—6

-3 0 3 6 9 18

¢ Find suitable scale and time changes
to obtain a weak convergence to a stochastic process.
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Continuous time random walks on F

mg(x): pre-Cantor function s.t. mo(dx) := Xjcr, 6i(dx).

B(t) := w(t): Brownian motion starting at 0, {B(t),t >0, P}.
L(t,x): alocal time of B(t) at x.
Ao(t) := f L(t, x)mo(dx).
R
R(t) := B(A;(t)): continuous time R.W. on Fp.

1
mg(x) == Au_}ngo Emo(s”x): an infinitely extended selfsimilar measure.
(infinitely extended triadic Cantor function)
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Disconnected selfsimilar fractal sets in R

and their selfsimilar measures

Mapping r>1,¢ = (¢1,...,¢n): a family of r-similitudes on [0, 1].

Assumptions @1 (x) = x/r, on(x) = x/r+ (1 =1/r),
¢([0,1]) N ¢;([0,1]) = 0,i # j. (Open set condition)

— There exists a unique compact set C c [0,1] s.t.

For C, we set a selfsimilar measure s.t. m(C) = 1 and

=N Z m(g;'(A)) for any Borel set A c [0, 1].

Example The triadic Cantorset: r =3, N=2,
o1(x) = x/3, @2(x) = x/3 + 2/2, m: the triadic Cantor function.
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Unbounded cases

Bounded fractal set
Fo=1{0,1}, Fop1 = UM, @i(Fn), Fo = UZ o Fn,  C:= CI(Fs).

Unbounded fractal set
Fo=USo¢:"(Fn), Fn=¢(Fo), Fo = U2 Fn,  Ct:= Cl(F).
C := C*" U (-C™): unbounded dis-connected selfsimilar fractal set.

Unbounded selfsimilar measure
mt(A) = N"rTv(ya?(A)), A c|0,r"]
m~(A’) = —-m*(=A"), A’ c [-r",0]

me(x) = {

m*t(x), x>0

= )l

_ : infinitely extended selfsimilar measure.
m~(x), x<0.

1
me(x) = Wmc(r”x), X €R.

Random processes on Cantor sets 27 Jun., 2023 12/27



Scaled limit process of random walks

Theorem (T.-Tamura)
Scaled random walk on Fo, {R((rN)"t)} converges weakly

to a generalized diffusion process whose generator is given by % g m‘j(x) d%’(.

e B(t) denotes the generalized process above.

A version of Bg(t)

B(t): a one-dimensional Brownian motion starting at 0.
Ac(t) = fRL(t, x)dme(x).
Be(t) = B(AS'(1)).
. Lo 1
Semi-selfsimilarity: {B.(t),t > 0} 2 {r—nBc((rN)”t),t > 0},

where £ means the equality in distribution with respect to P.

Random processes on Cantor sets 27 Jun., 2023 13/27



Diffusion processes on disconnected fractal sets

Remark Fujita studied the growth order of eigenvalues of the generator
d_d (1987, 1990).

dmg dx

Remark Golmankhaneh et al. (2018)
Simulation studies on fractional equations of diffusions on Cantor sets

1
Simple random walks’ case: scaling property {r—nR([rZ”t])}

“Diffusion process” on the triadic Cantor set moves quickly.
(Super-diffusive property)

a-stable Lévy process {Y(t)}
Selfsimilarity of a-stable Lévy process:

(Y(t)= {%X(/l“t)} for any A > 0.

a = 2: diffusive (Brownian motion); a € (0, 2): super-diffusive.
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Brox’s diffusion on the Cantor set

Random environment

(W, Q): a Brownian environment..

me(x) = & mc(rx): an infinitely extended selfsimilar measure
We(x) := W(me(x)) is semi-selfsimilar s.t.

(Wa(x), x € R} 2 {%Wc(rzx),x e R},

where 2 means the equality in distribution with respect to Q.
Fixing W;, we consider a diffusion process starting from zero
whose generator is given by

1 d d
Lw, = Eexp{Wc(X)}dmC (exp{—Wc(X)}&).

e X(t, Wc): Brox diffusion process on C starting from zero.
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A version of X(t, W)

Bc(t): a Brownian motion on C.
X
S(x) = f el gy,
0

t
A(t)—fe‘2W°(S_1(X))L(t,x)dmc(x)—f e 2We(S7(Be(s))) g,
R 0

X(t, W) = ST (B:(A7'(1))).
The full distribution governing {X(t),t > 0} is P = Py, ® Q.
Theorem

1 n
Any finite-dimensional distribution of the process {,TnX(eN “),u>0,P.

converges as n — oo to the corresponding finite-dimensional distribution
of the process {bs(u), u > 0, Q}, where bs(u) = m3'(b(u, W)).
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Description of b,(u)

Wex)

W)

betwr = m (beuwr), *

be(u) = m;'(b(u, W)).

Remark
For Q-almost all environments, b.(u, W;) is uniquely determined
with a fixed u > 0.
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Scaling property

For n € Z, we set

;
W = 2 We(r2%).

Lemma For each n and W,,

{x(t, N”Wé”)),t > o} el {r;—nX((rN)Z”t, W,),t > 0}.

e To show the convergence in finite distributions
ran

{ 1 X(eN'),u > O,Pc} 12 (bo(u),u>0,Q),

we study limiting behavior of X (t, N"W,).

e For simplicity, we consider the case b(u, W) = b (u).
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Convergence theorem

Case (I) V*(u) + u> M*(u).
a(u) = a(u, W) :=sup{x < 0: W(x) = W(ct(u)}.

(a(u),b™(u),ct(u)): avalley of W containing 0 with the depth wu.

M+Iu)
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Case (1)

1 .
Xn(t, u, We) = rZ—HX(eN ut, Wy) — be(u, We).

Yn(t,u, W) :

X((rN)=27eN"vt, N"W,) — bg(u, W).

The scaling property implies that

llts

{Xn (t,u, W;), t >0} {Yn(t,u,W;),t>0}.

where £ means the equality in distribution with respect to .

e For a fixed u > 0 and W, the generator of Y(t, u, W;)

n"u

2(N)2" exp{N"(Ws(x + be(u)) - Wc(bc(u)))}drcrlrc

{exp{_N”(Wc(x + be(u)) - Wc(bc(u)))}dix} .

Ly=
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A property of scale function

Constant: € < min{bc, (c; — bc)}/2, Ilc:=ac—be, rc:=cc— be.

2
So(x) = 2(rN)=" fx N Wely-+be)-We(be)) g f€1 =N IWely-+be)~We (b)) gy
eN”u 0 e
Proposition —00, X < e,
Sn(x) =3 0, xe(le,re),
00, X > re.
/ \;\
|
W
s
Vi
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A property of speed measure

X n €q n -1
mn(X) — f e_N {We(y+be)-We(be)) dmC . {f e—N {We(y-+be)-We(be)) dmc} .
0 —€1

—00, X < 6_,
0, xe(b,0),

Mn(x) = 1, xe(0,b%),

00 X > 6+.

Proposition

Mt

\ »
~- |\
bw ! biw By
W

|
ow) ; Ctu)
|
|
|
\/ ) :

N \\/
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Convergence theorem by Ogura

Bi-generalized diffusion processes introduced by Ogura (1989).

State space: Q := (I, rc).

We set a measure M, = m, o (S,)~".

Y,(t): the generalized diffusion process associated with (S, ).
Then, M,,(dx) converges vaguely to the delta measure on Q.
Z(t): the generalized diffusion process associated with (x, 6(dx)).

starting from a point in Q.

e Z(t) jumps to zero immediately at t = 0 and remains there for any t > 0.
e Ogura’s convergence theorem implies that for eachu>0and t > 0

lim P{IYa(t,u, We)l < €} = 1.
e Scaling property implies that for the e-neighborhood of the point b.(u)

1 n
P{EX(eN Yy e U} —1asn— co.
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Case (Il)

Case (I) VF(u) + u < M*(u).

7\

/

/
l)* . ctw /
‘[ u) /

/
'/ / ////
///i/////‘//// //

(S ——
<

\
Vi)

buw = byo(w
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Case (Il)

Set a = a(u) s.t. W(a) = M™(u).
at(u) =inf{x >a: W(x) = M*(u)

BT (u) = inf{x >0: W(x) = M"(u) - u},

B (u) = sup{x < 0: W(x) = M (u) — u}.

Using mc, we set ac, a; and S;.

a (u) = sup{x < 0: W(x) = MT(u)},

V* (w)
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Generator

Consider the process,
Za(t, u, W,) = X((rN)™2"eN"t, N"W,)
whose generator is given by
N"u
~ e d d
Lp=—— N"W, ~N"W}— .
n = gy PN Wel {exp{ o) dx}

« The scale function of the diffusion process Sp(x):

_ x o acte . -1
Sn(X) _ f eN We(y) dy . {f e—N We(y) dy} ,
0 ac—€2

where e is a constant satisfying e < min{ac, (84 — ac)}/2.

e The speed measure my(dx):

_ : D(N)2T [eete .
Mn(x) = e N"Wett) g . (ean)u f e N"We gy .

ac—€
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Convergence theorem for Case (ll)

For a fixed u > 0, we obtain

—00, X <ag, o X < B3

= 0 a, < X< ac —~ ’ _ e’
SaX) =3 1 L cqr @dMa(x)>{ 0, B <x < BT,

’ (074} X ac ’ 00 B+ < X

oo, al < x, ’ ¢ =7

as n — oo for Q-almost all W;.

= lim PO {X((rN)2"eM"", N"W,) <y} =0

n—oo

for any y € (aj,8;) and for almost all W,.

o X((rN)=27eN"v, N"W,,) starting from zero immediately hits 3. .
e We again consider the process starting from g7 .
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Appendix
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Scaling property 1/3

For n € Z, we set

wm = W W, (r®"x).

Lemma For each n and W,,
d 1
{x(t, N"wé”)),t > o} d {rz—nX((rN)Q”t, W), t > o}.

Outline of proof
e The scale function of X(t, N" Wé”))

2n

Sn(x) ::f exp{N”Wé")(y) dy = r;”f exp{We(u)}du = r—S(rZ” X).
0

e Time change function, A,(t) = An(t, Bc)

:f ' expl-2N"WA (S5 (Bo(s)))) s = f ' expl-2W(S7 (127Bo(5)) s
0 0
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Scaling property 2/3

e Semi-selfsimilarity of {B¢(t)}
(Be(t). t = 0) £ {L:Bo((rN)2"t), t > 0} =: {Bé”)(t),t > o}.

(83" (Bo(Aa" (1B} £ {85 (BY" (45" (1B ))}-

e Time change function

t
An(t.B) = f expl-2W(" (85" (28" (s)))) ds
0

_ f expl-2W(S7 (Bo((IN)"s))) s
0

_ (rI\;)ZHA((rN)Q”t,BC).
—  A't.B") = (/\1/)2n “(rN)2"t, Be).
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Scaling property 3/3

(5" (Be(Aq" (B} £ {87 (BY (A, (1.8 ))}-

s;1(B{" (A;"(t.B)))
= 87 (BullmA; (1, BL))
= ST BAT (NP o)

1
= E><((rN)2"t, W,).
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