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Beilinson conjecture

v

X : smooth projective variety over
» L(h(X),s) : L-function for M = hi(X)
> H/"M(X,Q(j)) = (Ky-i(X) ® Q)Y : motivic cohomology
Then, H\,(X,Q(j)) ~ CH/(X,2j — i) @ Q
» Hi,(X,Q(j))z : integral part (image from integral model)
> Hi(X,RR(j)) : Deligne cohomology
> rp : Hi, (X, Q(j)) = HH(X,R(j)) : regulator map
> Fori> é + 1, we have an exact sequence
0 = HE (X, RU)) = Hig(Xe)/F/ = Hp (X, R(j)) — 0
> Define Djj := detgHig(X)/F/ @ detqoHj(X/r, Q())Y



Beilinson conjecture

Beilinson Conjecture:
Assume n > é + 1. Then
L rp@R: HENX,Q(n)z @R — H (X, R(n))
is an isomorphism.
2. rp(detgH)i (X, Q(n))z) = L(h(X), n)D; , in
detRH'“(X R(n)).

Remark: We can refine the conjecture for pure motives.

Remark: For the application to Tamagawa number conjecture, we
need explicit computation of regulators.



Regulators for Rankin-Selberg products

Notations:
> k,£ >0, N>1: integers satisfying k </
» Y = Y(N) g : modular curve of full level N-structure
» m: E — Y : universal elliptic curve
» EK:= Exy---xy EZS Y : k-fold fiber product
» X = X(N),q : compactified modular curve
» X :=X(N)\ Y(N) : cusps
» 7: E — X : universal generalized elliptic curve
= Exx---xx E % X : k-fold fiber product
This is not smooth if k > 2)
» EX . Néron model of EX over X

:k p—
»E E: Deligne's desingularization (smooth projective)

v
o m



Regulators for Rankin-Selberg products

Beilinson’s Eisenstein symbol:

> Eisk : Q(Z/NZ)?%]° — HITH(EX, Q(k + 1))
. Eisenstein symbol

> ¢4 : sign character for the symmetric group ¥ 41 acting on
Ek C Ek+1

» Beilinson calculated the realization of Eisenstein symbol
Eisi(8) := rp(Eisk(8)) € HEM(EX, R(k + 1))

for 8 € Q[(Z/NZ)?]° and showed that this element is
represented by Eisenstein series.



Regulators for Rankin-Selberg products

Fix an integer j satisfying 0 < j < k < /.
Put k' :=k—jand ¢/ :=1(—|.

EXC)= J] TIN\HxCY/Z* 5 [(r;z,...

(z/Nz)*
Consider the following morphisms:

> p: EK i+ Ek’+z’7
(t;u,t,v) = (T;u,v)

> A EKHY ) K2
(t;u,t,v) = (T;u,t, t,v)

> o EK U — phtl _ ERoo EE’
(r;u,t,t',v) = ((1;u,t), (7;t', v))



Regulators for Rankin-Selberg products

Then we have the following maps:
HﬁH,H(Ek/M/,Q(k’ 0 4 1))
Py HEFO (R QUK+ 0 1))
25 HIHHLERHE Q(k + € — j + 1))kt
Ly HIHES(ER < B QUk + € — j 4 2))(E0s0)
For 8 € Q[(Z/NZ)?]°, define
Eis“%(8) := i, o A, o p*(Eisk ¥ (8)),

Eisgé’j(ﬁ) = rp(Eis®*/ ().



Regulators for Rankin-Selberg products

Setting:

> € Skqa(Ta(Nr), x,)™™, g € Seq2(T1(Ng), xg)™™
: normalized eigenforms

> Put N := lem(Nr, Ng) and x = X7 - x5

> g% (1) =% an(g)e?™ ™, where a,(g) is the n-th Fourier
coefficient of g.

> wr = (2m)KLf(T)dT Adzg A - A dzi
wg = (2mi)H g*(T)dT Adzgs1 Ao+ A dziyy

Theorem:

(Eis™(By), wr Aiwge) = (2mi) " KH=) G i L(Fo g, k+0—j+2)



Regulators for Rankin-Selberg products
Theorem:
(Eiss™ (By), wr Aiwge) = (2mi) KH=) G i L(FR g, k+0—j+2)
where

> Gy = (1) x (k+ € —j+ 1) x LD

. L—j)(e—j+1) | (k—j—2)(k—j—1) , j(i—1
, (il) _ (_1)(k—€)(€—1+1)+( J)(2 J )+( J )2( J )+J(J2 )

| 4
2miax

1 _ .
_ NZan/NZ X(a)e w if y=0

Then B, € Q(¢n)[(Z/NZ)?]° (need to extend coefficients).

Remark: (i) Similar result is also obtained by recent work of
Kings-Loeffler-Zerbes and (unpublished work of) Scholl.
(i) k = ¢ =0 : Baba-Sreekantan and Bertolini-Darmon-Rotger.



Residues
Consider the localization sequence for (EX, EX):

A k
0 — HKFY(EX QK + 1)) — HKYEX Q(k + 1)) S Ff — 0

where Fx ~ HQ,(X>°, Q(0)) ~ Q[X*] is defined by
Fr = {f : GLo(Z/NZ) — Q ’ fg - <g f1>) = (jzl)kf(g)}.

Define wy, : Q[(Z/NZ)?]° — F¥ by
SKBNE) =N 30 Ble -t xBea((F ).

x=(x1,x2)€(Z/NZ)?
Theorem (Schappacher-Scholl):

Resk o Bisk = = Cg - wN with C, = (;fi_;)l



Residues
7k .= EK\ EK = Gk xx X>° (EX: Néron model of EX over X)
Ukt .= Ek x EX\ Zk x Z¢
i' « Ektt — UkL: canonical closed immersion
il H U ER Qe +0=j+1)) — HG 3 (U, Q(k+E-j+2))
We have a localization sequence:
Hit T3 (EX < EX QK + £ — j + 2))Et)

N Hﬂﬁ+3(Uk’€,Q(k Ty 2))(5k,se)

Res"S0 phebt( 26 s 28 QUk + £ — j))Ewe)
HiTH(ZF x Z°,Q(k + £))+<¢) can be identified with Ff © Fj;.
Theorem:

1. Resk% o Eisk*Y = 0 except for j = 0.
2. Reskt0o Eisk’é’o(ﬁ) =C -G 'WK/(B) ® Wﬁ/(ﬁ)-



Vertical and horizontal cycles for j =0

1. 7k ¢ Kt
/CUSP.Z x EY = U

2 . pk ¢ kit

lousp - EX x 2" = U
il
[}

HIFH(Z5 < EL Qk + £+ 1)) 3" HIFEB3 (UK Q(k + €+ 2))
i2ien
HITEHER x Z8,Q(k + £+ 1)) 3" HIFB3 (UK Qk + €+ 2))

For c € X°°: cusp, fr[l(c) ~ GX . Then we have a canonical

generator 1. € HX (7, (c), Q(k)) ~ Q.

Also we have an element Eis®(3) € Hﬁl(EZ,Q(E +1)). Then,
ne UEis’(8) € H 7 H(Z5 x E4 Q(k + £+ 1))

Res“0(Zyep (ne UEiS'(8))) = {c} @ G- wiy(B)-
Since wfv is surjective (Beilinson), there exists a linear combination
&5 of ity (e, UEIS'(B1)) and 2, . (Bis*(82) Une,) such that

Res“40(&5) = Ci - G - wi(B) @ wiy(B).

and



Generalized Beilinson-Flach elements

Define the generalized Beilinson-Flach element by

Eis®(13) if j #0,

KLj(ay .
BF“Y(pB) := {Eisk’g’o(ﬁ) —& ifj=0.

Theorem:
BFF(8) € Tm [HTF3(EXF x EX, Q(k + € — j + 2)) (=)
N H/’\‘/TZH(U/"Z,@(k iy _j + 2))(6;(,62)]

Remark: For Beilinson conjecture, we still need to show
Hj’\‘jl-£+3(Ek X Ef’(@(k + 00—+ 2))(8;(,8@)
o~ H/’\</Jlr6+3(E XE Qk+0—j+ 2))(6;(,5@)

and the integrality of the elements.
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