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Beilinson conjecture

I X : smooth projective variety over Q
I L(hi (X ), s) : L-function for M = hi (X )

I H i
M(X ,Q(j)) := (K2j−i (X )⊗Q)(j) : motivic cohomology

Then, H i
M(X ,Q(j)) ' CHj(X , 2j − i)⊗Q

I H i
M(X ,Q(j))Z : integral part (image from integral model)

I H i
D(X ,R(j)) : Deligne cohomology

I rD : H i
M(X ,Q(j))→ H i

D(X ,R(j)) : regulator map

I For i > j
2 + 1, we have an exact sequence

0→ H i
B(X/R,R(j))→ H i

dR(XR)/F j → H i+1
D (X ,R(j))→ 0

I Define Di ,j := detQH
i
dR(X )/F j ⊗ detQH

i
B(X/R,Q(j))∨



Beilinson conjecture

Beilinson Conjecture:

Assume n > i
2 + 1. Then

1. rD ⊗ R : H i+1
M (X ,Q(n))Z ⊗ R→ H i+1

D (X ,R(n))
is an isomorphism.

2. rD(detQH
i+1
M (X ,Q(n))Z) = L(hi (X ), n)Di ,n in

detRH
i+1
D (X ,R(n)).

Remark: We can refine the conjecture for pure motives.

Remark: For the application to Tamagawa number conjecture, we
need explicit computation of regulators.



Regulators for Rankin-Selberg products

Notations:

I k, ` ≥ 0, N ≥ 1 : integers satisfying k ≤ `
I Y = Y (N)/Q : modular curve of full level N-structure

I π : E → Y : universal elliptic curve

I E k := E ×Y · · · ×Y E
πk→ Y : k-fold fiber product

I X = X (N)/Q : compactified modular curve

I X∞ := X (N) \ Y (N) : cusps

I π̄ : E → X : universal generalized elliptic curve

I E
k

:= E ×X · · · ×X E
π̄k→ X : k-fold fiber product

(This is not smooth if k ≥ 2)

I Ê k : Néron model of E k over X

I E
k
→ E

k
: Deligne’s desingularization (smooth projective)



Regulators for Rankin-Selberg products

Beilinson’s Eisenstein symbol:

I Eisk : Q[(Z/NZ)2]0 → Hk+1
M (E k ,Q(k + 1))εk

: Eisenstein symbol

I εk : sign character for the symmetric group Σk+1 acting on
E k ⊂ E k+1

I Beilinson calculated the realization of Eisenstein symbol

EiskD(β) := rD(Eisk(β)) ∈ Hk+1
D (E k ,R(k + 1))

for β ∈ Q[(Z/NZ)2]0 and showed that this element is
represented by Eisenstein series.



Regulators for Rankin-Selberg products

Fix an integer j satisfying 0 ≤ j ≤ k ≤ `.
Put k ′ := k − j and `′ := `− j .

E k(C) =
∐

(Z/NZ)×

Γ(N)\H × Ck/Z2k 3 [(τ ; z1, . . . , zk)]

Consider the following morphisms:

I p : E k ′+j+`′ → E k ′+`′ ,
(τ ; u, t, v) 7→ (τ ; u, v)

I ∆ : E k ′+j+`′ → E k ′+2j+`′ ,
(τ ; u, t, v) 7→ (τ ; u, t, t, v)

I i : E k ′+2j+`′ = E k+` → E k × E `,
(τ ; u, t, t ′, v) 7→ ((τ ; u, t), (τ ; t ′, v))



Regulators for Rankin-Selberg products

Then we have the following maps:

Hk ′+`′+1
M (E k ′+`′ ,Q(k ′ + `′ + 1))εk′+`′

p∗−→ Hk ′+`′+1
M (E k ′+j+`′ ,Q(k ′ + `′ + 1))εk′+j+`′

∆∗−→ Hk+`+1
M (E k+`,Q(k + `− j + 1))εk+`

i∗−→ Hk+`+3
M (E k × E `,Q(k + `− j + 2))(εk ,ε`)

For β ∈ Q[(Z/NZ)2]0, define

Eisk,`,j(β) := i∗ ◦∆∗ ◦ p∗(Eisk
′+`′(β)),

Eisk,`,jD (β) := rD(Eisk,`,j(β)).



Regulators for Rankin-Selberg products

Setting:

I f ∈ Sk+2(Γ1(Nf ), χf )new, g ∈ S`+2(Γ1(Ng ), χg )new

: normalized eigenforms

I Put N := lcm(Nf ,Ng ) and χ := χ−1
f · χ

−1
g

I g∗(τ) :=
∑∞

n=1 an(g)e2πinτ , where an(g) is the n-th Fourier
coefficient of g .

I ωf := (2πi)k+1 f (τ)dτ ∧ dz1 ∧ · · · ∧ dzk
ωg∗ := (2πi)`+1 g∗(τ)dτ ∧ dzk+1 ∧ · · · ∧ dzk+`

Theorem:

〈Eisk,`,jD (βχ), ωf ∧ωg∗〉 = (2πi)−(k+`−2j)Ck,`,j ·L(f ⊗g , k+`− j +2)



Regulators for Rankin-Selberg products

Theorem:

〈Eisk,`,jD (βχ), ωf ∧ωg∗〉 = (2πi)−(k+`−2j)Ck,`,j ·L(f ⊗g , k+`− j +2)

where

I Ck,`,j = (±1)× (k + `− j + 1)!× (k−j)!(`−j)!
(k+`−2j)!

I (±1) = (−1)(k−`)(`−j+1)+ (`−j)(`−j+1)
2

+ (k−j−2)(k−j−1)
2

+ j(j−1)
2

I

βχ(x , y) =

{
1
N

∑
a∈Z/NZ χ(a)e

2πiax
N if y=0

0 if y 6= 0

Then βχ ∈ Q(ζN)[(Z/NZ)2]0 (need to extend coefficients).

Remark: (i) Similar result is also obtained by recent work of
Kings-Loeffler-Zerbes and (unpublished work of) Scholl.
(ii) k = ` = 0 : Baba-Sreekantan and Bertolini-Darmon-Rotger.



Residues

Consider the localization sequence for (Ê k ,E k):

0→ Hk+1
M (Ê k ,Q(k + 1))εk → Hk+1

M (E k ,Q(k + 1))εk
Resk→ Fk

N → 0

where Fk
N ' H0

M(X∞,Q(0)) ' Q[X∞] is defined by

Fk
N :=

{
f : GL2(Z/NZ)→ Q

∣∣∣∣ f (g ·
(
a b
0 ±1

)
) = (±1)k f (g)

}
.

Define ωk
N : Q[(Z/NZ)2]0 → Fk

N by

ωk
N(β)(g) = Nk

∑
x=(x1,x2)∈(Z/NZ)2

β(g ·t x)Bk+2(
〈x2

N

〉
).

Theorem (Schappacher-Scholl):

Resk ◦ Eisk = Ck · ωk
N with Ck = k+1

(k+2)! .



Residues

Z k := Ê k \ E k = Gk
m ×X X∞ (Ê k : Néron model of E k over X )

Uk,` := Ê k × Ê ` \ Z k × Z `

i ′ : E k+` → Uk,`: canonical closed immersion

i ′∗ : Hk+`+1
M (E k+`,Q(k+`−j+1))→ Hk+`+3

M (Uk,`,Q(k+`−j+2))

We have a localization sequence:

Hk+`+3
M (Ê k × Ê `,Q(k + `− j + 2))(εk ,ε`)

−→ Hk+`+3
M (Uk,`,Q(k + `− j + 2))(εk ,ε`)

Resk,`,j−→ Hk+`
M (Z k × Z `,Q(k + `− j))(εk ,ε`)

Hk+`
M (Z k × Z `,Q(k + `))(εk ,ε`) can be identified with Fk

N ⊗F `N .

Theorem:

1. Resk,`,j ◦ Eisk,`,j = 0 except for j = 0.

2. Resk,`,0 ◦ Eisk,`,0(β) = Ck · C` · ωk
N(β)⊗ ω`N(β).



Vertical and horizontal cycles for j = 0

i1cusp : Z k × E ` ↪→ Uk,`

i2cusp : E k × Z ` ↪→ Uk,`

Hk+`+1
M (Z k × E `,Q(k + `+ 1))

i1cusp,∗→ Hk+`+3
M (Uk,`,Q(k + `+ 2))

Hk+`+1
M (E k × Z `,Q(k + `+ 1))

i2cusp,∗→ Hk+`+3
M (Uk,`,Q(k + `+ 2))

For c ∈ X∞: cusp, π̂−1
k (c) ' Gk

m. Then we have a canonical
generator ηc ∈ Hk

M(π̂−1
k (c),Q(k)) ' Q.

Also we have an element Eis`(β) ∈ H`+1
M (E `,Q(`+ 1)). Then,

ηc ∪ Eis`(β) ∈ Hk+`+1
M (Z k × E `,Q(k + `+ 1))

and
Resk,`,0(i1cusp,∗(ηc ∪ Eis`(β))) = {c} ⊗ C` · ω`N(β).

Since ω`N is surjective (Beilinson), there exists a linear combination
ξβ of i1cusp,∗(ηc1 ∪ Eis`(β1)) and i2cusp,∗(Eis

k(β2) ∪ ηc2) such that

Resk,`,0(ξβ) = Ck · C` · ωk
N(β)⊗ ω`N(β).



Generalized Beilinson-Flach elements

Define the generalized Beilinson-Flach element by

BFk,`,j(β) :=

{
Eisk,`,j(β) if j 6= 0,

Eisk,`,0(β)− ξβ if j = 0.

Theorem:

BFk,`,j(β) ∈ Im [Hk+`+3
M (Ê k × Ê `,Q(k + `− j + 2))(εk ,ε`)

→ Hk+`+3
M (Uk,`,Q(k + `− j + 2))(εk ,ε`)]

Remark: For Beilinson conjecture, we still need to show

Hk+`+3
M (Ê k × Ê `,Q(k + `− j + 2))(εk ,ε`)

' Hk+`+3
M (E

k
× E

`
,Q(k + `− j + 2))(εk ,ε`)

and the integrality of the elements.
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