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COMPLETE QUOTIENT BOOLEAN ALGEBRAS

AKIHIRO KANAMORI AND SAHARON SHELAH

ABSTRACT. For I a proper, countably complete ideal on the power set Z(X)
for some set X, can the quotient Boolean algebra %(X)/I be complete? We
first show that, if the cardinality of X is at least w3, then having complete-
ness implies the existence of an inner model with a measurable cardinal. A
well-known situation that entails completeness is when the ideal I is a (non-
trivial) ideal over a cardinal ¥ which is x*-saturated. The second author had
established the sharp result that it is consistent by forcing to have such an ideal
over Kk = w; relative to the existence of a Woodin cardinal. Augmenting his
proof by interlacing forcings that adjoin Boolean suprema, we establish, relative
to the same large cardinal hypothesis, the consistency of: 2%1 = w3 and there
is an ideal ideal I over w; such that % (w;)/I is complete. (The cardinality
assertion implies that there is no ideal over w; which is w;-saturated, and
so completeness of the Boolean algebra and saturation of the ideal has been
separated.)

For I a proper, countably complete ideal on Z(X) for some set X, can
the quotient Boolean algebra #(X)/I be complete? This question was raised
by Sikorski [Si] in 1949. By a simple projection argument as for measurable
cardinals, it can be assumed that X is an uncountable cardinal x , and that [ is
a k-complete ideal on Z (k) containing all singletons. In this paper we provide
consequences from and consistency results about completeness. Throughout,
will denote an uncountable cardinal, and by an ideal over x we shall mean a
proper, k-complete ideal on (k) containing all singletons.

If x is a measurable cardinal and I a prime ideal over k, then of course
P(x)/I is complete, being the two-element Boolean algebra. The following
theorem shows that completeness in itself has strong consistency strength:

Theorem A. If k > w3 and there is an ideal 1 over k such that P (k)/I is
complete, then there is an inner model with a measurable cardinal.

The restriction k > w3 is necessary for our proof.

There is a well-known situation in which completeness obtains. An ideal over
K is A-saturated iff whenever {X,|la < A} C #(k)—1, thereare a < f <A
such that X,NXs ¢ I. Smith-Tarski [ST] established that if an ideal I over x
is x*-saturated, then & (x)/I is complete. There are several consistency results
about the existence of such ideals; modifying a sharp one due to the second au-
thor, we establish the following result separating completeness from saturation.
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NS denotes the ideal over w; consisting of the nonstationary subsets; for an
ideal I over ¥ and A C k, I|A denotes {X C x|X N A4 € I}, the restriction
of I to A; finally, for S C w;, S denotes w; — S.

Theorem B. Suppose that k is a Woodin cardinal, CH holds, and S is a sta-
tionary, co-stationary subset of w,. Then there is a cardinal-preserving forcing
extension with no new reals satisfying: 2% = k, and I = NS|S is an ideal
over w; such that P(w,)/I is a complete Boolean algebra (and I is not w,-
saturated).

Of course, starting with a Woodin cardinal we can insure that CH also holds
by carrying out a preliminary extension. Also, the statement has the same force
if S is replaced by S, but the formulation is notationally convenient for the
proof. That the I in the resulting model cannot be w;-saturated follows from
the following well-known result of Ketonen [Ke]: If CH holds and there is an
w;-saturated ideal over w; then 2! = w, . Adding a further layer of complexity
to the proof of Theorem B, we also establish

Theorem C. Assume the hypotheses of Theorem B. Then there is a forcing ex-
tension with no new reals satisfying: 2°* = w3 = k, and I = NS|S is an
ideal over w, such that P(w,)/I is a complete Boolean algebra (and I is not
wy-saturated).

It follows from 1.1(a) below that I must be ws-saturated. This then con-
tributes to the theory of saturated ideals by establishing the relative consistency
of 2 = w;, 29 = w3, and the existence of an w;-saturated ideal over w; .

In §1 we derive some consequences of completeness and establish Theorem
A. In §2 we indicate the modifications necessary to a previous proof of the
second author to establish Theorem B. Finally in §3 we build on §2 to establish
Theorem C, providing iteration lemmas for iterated semiproper forcing with
mixed supports. The main mathematical advances in this paper are due to the
second author, based on speculations and prodding by the first.

1. CONSEQUENCES OF COMPLETENESS

We first review the various concepts involved to affirm some notation: Let
I be an ideal over k. Then It = P(k) — I, the “positive measure” sets with
respect to /. Forany 4 C x, [4]; = {B C k|AAB € I}. The Boolean algebra
P(x)/I consists of the [A];’s with the set-theoretic operations modulated by
I:[A; V[Bl; =[AUB];, [Ali A[Bl: =[ANB]y, —[Al =[x - Al;, 01 =[2]s,
and 1; = [x];. The subscript I will be suppressed when clear from the context.
A Boolean algebra is complete iff least upper bounds exist for any collection of
its members. & is an antichain with respect to I iff &/ C I* yet whenever
A, B €&/ are distinct, ANB € I. Thus, I is A-saturated iff every antichain
with respect to I has cardinality < A. Also, & is a maximal antichain iff
V{[4]|4 € &} =1 yet whenever 4, B € & are distinct, [A]A[B]=0.

The first significant results bearing on Sikorski’s question were derived by
Solovay [So], who established the consistency, relative to the existence of a mea-
surable cardinal, of the existence of saturated ideals over accessible cardinals.
In passing, he in effect noted the following partial converse to the Smith-Tarski
result:
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1.1. Lemma. Suppose that I is an ideal over k such that P(k)/I is complete.
For any A, if I is not A-saturated, then 2* < 2% . In particular,

(a) I is 2*-saturated.

(b) If 2% < 2¥", then I is Kk*-saturated.

Proof. Let (A,la < A) enumerate (without repetitions) an antichain with re-
spect to I. Forany X C A, let ay = \/{[4a]la € X}. Then X # Y implies
that ay # ay . Hence, 2* < |P(x)/I| <2*. O

Kunen established that if there is a x*-saturated ideal over x, then x is
measurable in an inner model. In particular, as Solovay noted, 1.1(b) implies
that if there is an ideal I over x such that % (k)/I is complete, then V # L.
Kunen asked in the early 1970s whether completeness has strong consistency
strength, and Theorem A confirms this, at least if ¥ > ws.

With our ultimate goal the proof of Theorem A, we now fix an ideal I over x
such that Z(x)/I is complete for the rest of this section. We use the well-known
stratagem of considering % (x)/I — {0} as a notion of forcing with [X] < [Y]
iff X —Y eI, and we denote the corresponding forcing relation simply by I-.
Note that if (4,|a < y) enumerates without repetitions a maximal antichain
with respect to I, then it corresponds to a name t for an ordinal specified by:
[AJIFt=8 if a=§.

The following lemmata derive consequences of completeness using maximal
antichains.

1.2. Lemma. Suppose that y < k and t is a name such that \+ t € y. Then
there is a partition {B¢|E <y} of k such that: if By € I, then [Be]l-t=¢.

Proof. Let &/ be a maximal antichain with respect to I such that for any
A€ ,thereisa {4 <y such that [4] I+t =&, . By completeness, let 4; C k
for ¢ <y be such that [4;] = \/{[4]|{4 =&} . Then set By = Ay — U< 4¢ for
§ <7y, sothat [Bs] = [4;] by x-completeness. The B;’s are as required, once
they are slightly modified to constitute a partition of all of k. O

1.3. Lemma. Forcing with |+ preserves all cardinals < « .

Proof.. Tt suffices to show that if y < k isregular, < y,and IF t: § — y, then
IF3n < y(t“6 Cn). Foreach B < J, let (Bfl{ < y) satisfy 1.2 for 7(8). For
each a <« , set

Na =sup{é < yla € Bf and g <4},

so that n, < y by the regularity of y. Next, set E, = {a < k|, = n} for
n<y. ThenlJ,., Ey = k is a partition. Consequently, for any X € I* there is
an n <y such that E,NX € I'* by x-completeness and [E,NX]IFt“6 Cn. O

The proof of the following proposition is similar; it will not be needed in
the rest of the paper. The only early result about complete quotient Boolean
algebras other than the Smith-Tarski result, it appeared in terms of distributivity
properties in Pierce [P], which also contained a similar formulation of the easy
forcing fact that a notion of forcing adjoins a new function: A — A exactly
when it adjoins a new subset of 1.

1.4. Propesition. Suppose that 2 < k. Then forcing with |+ does not adjoin
any new functions: v — 2V .
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Proof. Suppose I+ t: v — 2. For each B < v, let (Bf|§ < 2Y) beasin 1.2
with its y = 2 and its T = 7(8). For each f:v — 2, let Ef= ﬂﬂ<y B';(ﬂ) .
Then U, E; =k is a partition. Consequently, for any X € I*, there is an f
such that E,N X € I* by k-completeness, and [E,NX]IFt=f. O

The connection with inner models of measurability is made through the well-
known concept of precipitous ideal, due to Jech and Prikry. For an ideal J over
4, if G is generic over V for the corresponding notion of forcing F(1)/J —
{0s}, then {X C A|[X] € G} is an ultrafilter on (1) NV, and for any class
A in the sense of V', the ultrapower of 4 with respect to this ultrafilter using
functions in *V' N V is called the generic ultrapower of A by G. In this
situation, if ¢ is a name for a function in 4N V', we denote by (i) the
name of the equivalence class of 1 in the ultrapower. J is precipitous iff for
any such G, the generic ultrapower of V' by G is well-founded. As Jech and
Prikry showed, if there is a precipitous ideal J over A, then A is measurable in
an inner model.

Before we turn to the proof of Theorem A, we establish a partial well-
foundedness result about generic ultrapowers. Continuing to work with our
fixed ideal I over x such that Z(k)/I — {0} is complete and the correspond-
ing notion for forcing I+, we first make an observation related to 1.2.

1.5. Lemma. Suppose that y < k and [X]IF i:x — y At € V. Then there is
an f:x —y such that [X] W (1) = (f); i.e. [X] forces that t+ and [ belong
to the same equivalence class in the generic ultrapower.

Proof. For any set x, let ¢, denote the constant function: x — {x}. We
first note that for any [Y] < [X], there isa [Z] < [Y] and a & < y such that
[Z]F (t) = (&) . (Thereisa [Y]<[Y] anda g: k — y suchthat [Y]IFt=%.
By x-completeness thereisa & < y suchthat Z = {i € Y|g(i) = ¢} € I'*. Thus,
[Z]IF () = (&) by definition of generic ultrapower.)

Using this, let &/ C Z(X) NIt be a maximal antichain in £ (X) N I*
such that for each 4 € &, there is a {4 < y with [4] IF (1) = (&,). By
completeness, let 4: C X for £ < y be such that [4:] = \/{[4]|€4 =&} . Then
as in the proof of 1.2, let B C X for & < y be such that [B:] = [4¢] and
{Be|¢ < y} is a partition of X . Finally, define f:x — y by f(i) = & iff
i €B; (and f(i)=0if i ¢ X). Then [X]IF (%) = (f) by definition of generic
ultrapower. O

This leads to

1.6. Proposition. If k is a successor cardinal, then |- “the generic ultrapower
of k is well-founded.”

Remark. 1t follows from the conclusion that e.g. x is inaccessible in L .

Proof. Suppose that ¥ = u*, and assume to the contrary that for some X €
I, [X] Ik “((ty)|n € w) is an infinite descending sequence with t, € ¥k NV
for n € w”. We can assume that [X]IF (tg) = (&) for some g € ¥k, and that
[X]IFVn € 0V < k(tx(E) < &0(E)) -

For each a < x, let e,: @+ 1 — u be an injection. Then let g, for
0 < n < w be names such that [X] IF V¢ < k(0,(&) = &g )(Ta(&))) . Thus,
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[X]IF6n: 6 — u. By 1.5, 1et f,: k — u for n € w be such that [X]IF (6,) =
(f,,). Next, define g,: k — k for 0 < n < w by: g,(i) is the unique B such
that f,(i) = eg¢)(B) if fu(i) isin the range of e, ), and = 0 otherwise. Then
for each n € w, [X]IF (t,) = (&,). Finally, if T, = {i € k|gn+1(i) < gn(i)}
for n € w, then [X] < [T,] by our assumption on [X] and the definition of
generic ultrapower. Hence, X N[, 7, is not empty, but any i in this set gives
rise to an infinite descending set of ordinals go(i) > g1(i) > g2(i)--- , which is
a contradiction. 0O

Turning to the proof of Theorem A, we need another ingredient. The Dodd-
Jensen Covering Theorem for their inner model K asserts that if there is no
inner model with a measurable cardinal, then for any uncountable set x of
ordinals there is a set y D x such that y € K and |y| = |x|. The definable
class K is extensionally preserved in all forcing extensions.

Proof of Theorem A. We take k > ws3. Assume to the contrary that there is
no inner model with a measurable cardinal. Suppose briefly that G is generic
for P(k)/I — {0}. Then K" = K"I6l and (since forcing does not create
inner models of measurability) the conclusion of the Covering Theorem holds
in V[G]. Since ¥ > w3 and w; and w, are preserved by the forcing by 1.3,
this implies in particular: whenever x is a size w; set of ordinals in V[G],
there is a y € V of size w; such that y O x. (Note that the preservation
of w, is needed here.) Recalling a previous remark about maximal antichains
corresponding to names for ordinals, this in turn translates in a straightforward
manner to the following assertion in the ground model:

Whenever (&, |a < w;) is a sequence of maximal antichains
(%) with respect to I, forany X € It thereisa Y € Z(X)Nn It
such that for any a < w,, {4 € A4|ANY € ['}| < w,.

We now derive a contradiction by using this to show that I must be pre-
cipitous. Suppose then that [X] IF “((1,)|n € w) is an infinite descending
sequence in the generic ultrapower”. For each n € w, let %, be a maximal
antichain with respect to I such that whenever 4 € %, thereisan fi:x — V
such that [4] I+ T, = f,;“. Let Y € #(X) NIt satisfy (x) for (&4 |n € w)
and for each n € w let (47| < w;) enumerate {4 € #4[4NY € I*}. Set
Bf = (A} = Upee A7) NY and B, = Uy, B, and define f, on B, by:

o =Ugco, f,,A‘ |Bf . It is easily seen that for n € w, [B,]=[Y] by maximality
of &, and k-completeness. Hence (), B, # @, again by x-completeness. But
for any i in this set, fo(i) > fi(i) > --- which is a contradiction. O

Properties of the sort (x) were first investigated in Baumgartner-Taylor [BT],
then in Foreman-Magidor-Shelah [FMS], by Woodin, and extensively in Gitik-
Shelah [GS]. A positive answer to the following question would strengthen 1.6
and eliminate the condition x¥ > w; from Theorem A.

1.7. Question. If x is a successor cardinal and I is an ideal over x such that
P(x)/I is complete, is I precipitous?
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2. SEPARATING COMPLETENESS FROM SATURATION

We next turn to the proof of Theorem B. We shall build on the proof of the
following result of Shelah [Sh4, XVI, Theorem 2.4], which we first describe.

2.1. Theorem. Suppose that x satisfies (x)2, (see [Sh4, XVI, 2.2)), eg isa
Woodin cardinal, and S is a stationary, co-stationary subset of w, . Then there
is a forcing extension with no new reals satisfying: k = w, and NS|S is an
ideal over w; which is w,-saturated.

This result weakened the large cardinal hypotheses of previous results drawing
the same conclusion, and was an outgrowth of Foreman-Magidor-Shelah [FMS].
It was established using concepts and techniques of the second author that we
quickly review:

Suppose that (P, <) is a poset for forcing, A is regular with #(P) C H,, and
N is countable with (N, €) < (H;, €). Then g € P is (N, P)-generic iff for
any P-name 7 € N foran ordinal, g -1 € N . Refining this, g € P is (N, P)-
semigeneric iff for any P-name t € N for a countable ordinal, g I+ ¥ € N.
(pnln € w) is a P-generic sequence for N iff p,,; < p, € N for each n and
whenever D is a dense set for P with D € N, there is an n such that p, € D.

(P, <) is semiproper iff for any regular A such that &(P) C H,, there is
a closed unbounded subset of [H;]<“' consisting of N such that (N, €) <
(H,, €) satisfying: for any p € N, there isa g < p such that g is (N, P)-
semigeneric. For S a stationary subset of w;, (P, <) is S-closed iff for any
regular A such that %(P) C H,, countable N with (N, €) < (H;, €) and
Nnw, €S, and P-generic sequence (p,|n € w) for N, thereisa g < p, for
every n € w. Semiproper is {X;}-semiproper and S-closed is {S}-complete
in the sense of Shelah [Sh2]. w;-closure readily implies semiproperness. The
salient features of these concepts are that if a poset is semiproper, then forcing
with it preserves stationary subsets of w; (i.e. any stationary subset of w; in
the ground model remains stationary in the extension), and if it is S-closed,
then it adjoins no new countable sequences of ordinals. )

To affirm notation, P is the countable support iteration of (P,, Q.|la < )
iff setting P, = P, we have: Py = {@}; for a <y, IFp, “Q, is a poset” and
P,i1 = Py * Qy; and for limit a < y, P, is the direct limit of (Ps|8 < a)
in case cf(a) > w, and the inverse limit otherwise. Proceeding recursively we
can take P, to consist of functions p (the conditions) with domain o so that
for each B < a, p(B) is a Pg-name and IFp, p(B) € Qﬂ , and supposing that

lI-p, “ig, is the maximum element of Qg ”,

supt(p) = {B < a| IFp, P(B) # 1g,}
is countable, with corresponding partial order on P, given by: p < g iff VB <

a(p|B ke, p(B) < 4(B)). ,
Throughout the paper we rely on the following convention: For a notion
of forcing P, Gp denotes the canonical P-name for its generic object, and if

P = P, in some contextually clear indexing, G, is written for Gp, .

2.2. Lemma. Suppose P is the countable support iteration of (P, Qala < 7)
where for o<y, IFp, “Q, is semiproper and S-closed”. Then P is semiproper
and S-closed.
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This is a special case of more general iteration lemmas. The appropriate mode
of iteration for semiproperness is revised countable support (RCS) iteration,
but S-closure at each stage implies that there are no new countable sequences
of ordinals, and so RCS iteration reduces to countable support iteration.

In [FMS], 2.1 is established for x supercompact instead of, e.g. Woodin,
by first establishing the consistency with CH of a Martin’s Axiom for S-closed
notions of forcing that preserve stationary subsets of w; and meeting w; dense
sets. Then it suffices to argue with a notion of forcing which in the formulation
of Shelah [Sh3] is as follows:

Suppose that &/ consists of stationary subsets of w; with S € & . Then
Sealg (%) consists of countable sequences (N¢|¢ < y) such that:

(i) each Ny € [H;]<®', where A = (2“1)*,and S€ Ny.
(i1) (Ng|€ < y) is increasing and continuous.
(iii) for each £ <y, N:Nw; is an ordinal in J{4|4 € & N N:}.

Sealg(.%/) is ordered by: p < g iff ¢ is an initial segment of p.

Sealg(%7) is clearly S-closed, although it may not be semiproper, and forc-
ing with it provides an enumeration of % in ordertype < w; and a closed
unbounded subset of the diagonal union of % according to that enumeration.
If &/ was a maximal antichain with respect to NS, then it can be shown that
forcing with Sealg(%/) preserves stationary subsets of w;. & isthen “sealed”:
it remains a maximal antichain in any extension that preserves stationary sets,
since any stationary set has stationary intersection with the diagonal union of
& , and hence with a particular member of %/ by Fodor’s Lemma. The afore-
mentioned version of Martin’s Axiom implied through this means that NS|S
is wj-saturated.

2.1 was established by applying reflection properties directly in [Sh4, XVI].
Let

Qs = (H{SealS(M )| Seals (&) is semiproper}) x col(w , 2¢1),

the countable support product of all Sealg(&)’s for & ’s that yield semiproper
Sealg(%/), followed by the usual collapse of 2! to w; using countable ap-
proximations. Clearly Qg is S-closed; it is also semiproper (see [Sh4, XIII,
2.8(3)] or [Sh3, 2.8(3), p. 361]). Let P be the countable support iteration of
(Py, Qu|a < k) where Q, isa P,-name for Qg in the sense of V%= . Assuming
that x satisfies the large cardinal hypothesis of 2.1, the second author showed
that any forcing extension via P satisfies its conclusion.

Proof of Theorem B. We interlace into the above described proof of 2.1 natural
notions of forcing for introducing suprema into % (w,)/NS|S: (& , &) is an
appropriate pair if &/ and & consist of subsets of @, such that: if 4 € & and
B e % ,then ANBNS is nonstationary. For such (&, &), let Supg(& , F)
consist of triples (w, ¢, d) such that:

(i) w is a countable subset of & U .
(ii) c¢ is a countable, closed set of countable ordinals (so |Jc¢ € ¢).
(iii) d:c— 2.

Order Supg(# , &) by: (w,c,d) < (w,¢,d) iff W Cw, ¢ is an initial
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segment of ¢, d Cd, and:
ifae(c~c)NSandd(e)=0,thena¢ Aforany 4 € WN.Y.
ifae (c~E)r‘|§and d(a)=1,thena ¢ B forany Be wnN%.

Suppose that G is Supg(¥ , & )-generic and set ¢ = U{c|(w, ¢, d) € G}
and dG = U{d|{w,c,d) € G}. Then ¢ is a closed unbounded subset of
w,dz'({0})n4 NS is countable for every 4 € . , and dg '{1)nB ns is
countable forevery B € & . In particular, if &/ U% were a max1ma1 antichain
with respect to NS|S, then [d; 1({1})] would serve as an upper bound of &/
and [dg 1({0})] of # . These will be least upper bounds in the extension if
& UZ continues to be maximal there, and this is the only situation that will
be germane to the overall argument. Of course, for all this to make sense in the
extension we must ascertain that stationary subsets of w; are preserved:

2.3. Lemma.

(a) Supg( , F) is w,-closed (and hence semiproper and S-closed).

(b) Assuming CH, Supg(&/ , Z) is w,-linked with least upper bounds; i.e.
it is the union of w, sets, each consisting of pairwise compatible elements with
least upper bounds.

Proof. (a) Set P = Supg(&/ , #). Suppose that A is regular with Z(P) C H;,
N is countable with (N, €) < (H;, €) and (p,|n € w) is a P-generic sequence
for N. We must find a g € P such that ¢ < p, forevery n€ w.

For n € w and p, = (w,, c,, d,), since w, is countable, we can let C, € N
be a closed unbounded subset of w; such that for any 4 € w, N and
Bew,Nn#,C,nANBNS=2. Set w=Jw,,c=Ucn,d=d,. Then a
simple genericity argument implies that |Jc € () C, so that forno 4 € w N
and Be wnN% does Jc € AN B, and so we can find an i < 2 such that
(w,cu{Uc},duU{{Uc, i)}) isin Supg(& , #) and of course is < p, for
every n€ .

(b) Note that (wp, ¢, d) and (w,, ¢, d) are compatible with least upper
bound (woUwy, ¢, d). With CH, there are w; such pairs. 0O

Let Supg be the countable support product of Supg(/ , &) for all appropri-
ate pairs (& , %) . A countable support product of w;-closed forcings is read-
ily seen to be w;-closed, and w,-closed forcings are S-closed and semiproper.
Hence by 2.3(a), Supg is S-closed and semiproper.

An approach to the proof of Theorem B would be to carry out the countable
support iteration of Supg through x stages. Just assuming cf(x) > w;, we
would then get the consistency of 2! = k and every appropriate pair (& , &)
with & UZ| < Kk can be separated, a consequence in fact of a generalized
Martin’s Axiom in Baumgartner [B] or in Shelah [Sh1]. It is to ensure x-
saturation, a necessary condition for full completeness by 1.1(a), that we build
on the proof of 2.1. )

Let P, be the countable support iteration of (P,, Q.|a < k), where:

(i) For odd a <k, Q, is a P,-name for Qg in the sense of V’-. (Here,
Qs is as in the above outline of the proof of 2.1.)

(ii) For even a < k, Q, is a P,-name for the countable support prod-
uct of Supg(&/ , Z)’s for all appropriate pairs (& , &) satisfying (& , F) €
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VIG.l{27]2y < a}]. (For Z C a, G,|Z is the P,-name for {p € G,|supt(p) C
Z} . Note that (&, &) is to belong to the smaller model, but in the definition
of “appropriate pair” the nonstationariness in “ (VA4 € & )(VB € Z)ANBNS
is not stationary” is to be in the sense of V[G,]!)

Next, for a < k set, by induction on «:

P, = {p € Pu|supt(p) C {27(2y < a} AVB € supt(p)(p(B) is a Pg-name)}

with the inherited order. (p(f) being a P/',-name, it only depends on G,g NPg.)
We show that any forcing extension via P, satisfies the conclusion of Theorem
B. This follows from the following technical lemma, all of whose parts are
established by simultaneous induction; for its (b), note that Pg-names being
Pg-names is justified by an inductive appeal to (a), and Supg was defined a few
paragraphs ago in the outline of the proof of 2.1.

2.4. Lemma. For each a <k:

(a) P, <P,; ie. every maximal antichain of P. is a maximal antichain of
P,.

(b) Pr = {p € P,|Veven B € supt(p)(p(B) is a Pg-name for a condition in

Supg in the sense of V7 5} is dense in P, .

(c) For any p,q € P! such that p|{2y|2y < a} andgq|{2y|2y < a} are
compatible members of P,, there is an automorphism Fj; such that: F;;(p)
is compatible with g ; Fy is the identity on P, ; and inductively forany 8 < a,

B _
Foip.q18 = Fpal Pp-

(d) If p € P}, then p|{2y]2y <a} € P,.

Once this lemma is established, the proof of Theorem B can be completed
as follows: Suppose that G’ is P/-generic, and by 2.4(a) let G be Py-generic
such that GN P, = G'. Note first that for any X C w; with X € V[G'],

V[G'] I+ X is stationary iff V[G] IF X is stationary.

(If X were nonstationary in V[G], then it would be nonstationary in V[GNF,]
for some even a < k. Butthen X = ANBNS forsome A€« and Be &
with (& , %) an appropriate pair in V'[G N P.], so that Supg(/ , &) at that
stage would have adjoined a closed unbounded subset of w; confirming that X
is nonstationary in V'[G’].) The proof of 2.1 still works to show that in V[G],
K = w, and NS|S is x-saturated. It thus follows that NS|.§ is also x-saturated
in V[G']. _

We can conclude that for any maximal antichain & U.% of NS|S in the
sense of V[G'] with ¥ NZF =2, (¥, F) € V[G'NP.] for some even a < k.
But then, the forcing with Supg (&, :,@) would have adjoined a set E C w;
such that: if A€, then 4—-(ENS) is not stationary; and if B € &, then
BNENS isnot stationary. [E ﬂ§] is thus the supremum for & in V[G'NP, ]
and hence in V[G']. This suffices to show that in V[G'], ,@(wl)/NS|§ is a
complete Boolean algebra.

Finally, P, is S-closed, so that forcing with it adjoins no new countable
sequences of ordinals. Consequently, {p € P.| if # € supt(p) and (w, ¢, ci')
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is a component of p(f), then ¢ =¢ and d =d forsome c,d € V'} is dense
in P, . Using CH and 2.3(b), a simple A-system argument using this dense set
then shows that P, has the w,-c.c and hence preserves all cardinals, and it is
simple to see that it renders 2% = k.

Proof of 2.4. Assuming that o < x and all four parts hold below a, we verify
that they all hold at «.

To first verify that (b) holds at «, suppose that p € P, is arbitrary. Let 4
be regular and sufficiently large, and N countable such that (N, €)<(H;, €),
peN,and NNw; € S. Let (p,|n € w) be a P,-generic sequence for N with
Do = p . Incorporating the proof of 2.3(a) into the iteration lemma for S-closed
notions of forcing, there is a least upper bound ¢ € P, for the p,’s specified
as follows:

supt(q) = U, supt(p,) . For even B € supt(q), q|B forces that for compo-
nent (W, ¢, a") of g(B) in some relevant SupS(Ja/ , %) with corresponding
(W, Cn,s d,,) in p, for n € w sufficiently large, w is the union of the w,’s,
¢ is the union of the ¢,’s together with its limit point at the top, and d is the
union of the d,’s together with an arbitrary value for that top limit point. By
P,-genericity of (p,|n € w) and induction it can be assumed that each ), isa
P,;-name and hence that W is a P,g-name, and that ¢ = ¢ for some ¢ € V' and
d=d forsome deV. )

Continuing to consider that specific component (w, ¢, d) of q(B), by
definition of such conditions there is a Plg-name wo such that ¢q|f I+
“(w Ny, W — W) is an appropriate pair”. By induction, P/', <Pg, and the
homogeneity property 2.4(c) implies that whenever r € Pp, 7 is a P,g-name, v
is a one-free variable formula, and r IFp, w(1), then r|{2y[2y < B} ”‘p’; w(t).
In particular

(qIB){27]12y < B} ”"p’; “(w Nwp, W — Wp) is an appropriate pair”.

This confirms that g € P} to verify 2.4(b) for a as desired.

At the referee’s urging we also elaborate the rest:

To establish (d) at «, let p € Py, B an even ordinal in supt(p), and set
p° = pl{27]2y < B}. It must be shown that p¢ Irp, p(B) € Q.. We know
inductively that P <Py, p° € Py, and p° I-p, p(B) € Qg . The only problem in
trying to replace Pllf by Ps here is that an appropriate pair mentioned in p(f)
in the sense of Vs may no longer be one in the sense of V7.

Assume to the contrary that for some g € P with ¢ < p°, q IFp, p(B) ¢
Q/g . By (b) inductively it can be assumed that g € Pg, and by (d) inductively,
q/{2y]2y < B} € P,’g. Since ¢|{27|2y < B} < p® in P, there is an automor-
phism F qﬂ’ olb 38 in (c) inductively such that F f’ ol ﬁ(q) is compatible with p|f .
Hence, for some ¢* € Pg with g+ < ¢, Fqﬂ,pm(q*) <p|p. Let G C Pg be

Pg-generic over V' with g* € G. Then G' = Fqﬂ ol ﬂ“G is Pg-generic over V

such that p|f € G'. But GNPy = G’nP,'g as Fqﬂ,plﬂ is the identity on P}, and
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)
(A, B)S UF < P ()N V(GN P))}
={(&,B)L UF CP(w)NVI[G N P/'g]} ,
and so as V[G] = V[G'],
{(¥, B) e VIGn P(# , F) is appropriate in V[G]}
={(«, B) e VIGNP]|(« , FB) is appropriate in V[G'])}.

As also all w-sequence from V' of members of V[G N Pg] are in V[GN Plg]

(as this holds for ¥ and V[G]), clearly (Q5)¢ = (Q5)¢ . This contradicts the
choice of q.

Now clause (a) for a follows: For p € P,, choose g such that ¢ <p € P;.
Setting ¢¢ = q|{2y|2y < a}, q° € P, by clause (d) and ¢¢IFp; “p € Pa/Gp; ”»
because if r < g¢ € P, then r' = rU (q|{B < «|f is odd}) is in P} (check!)
and is below r and g hence below p.

We lastly deal with clause (c) for a. If « is a limit, it is immediate: F;* ,(r)
is defined by: y € supt(F; ,(r)) iff for some (equivalently, every) B € (7, a)
we have y € supt(FIﬁﬂ’qlﬂ(r)), and letting (Fy ,(r))(7) = (Fp‘:ﬂ,q‘ﬂ(r))(y) for
some (any) such .

If «a = pB+1, 8 odd, just note that Qﬂ is definable in V[Gpﬂ] (without
parameters). If a = f+1, B even, if G C Pg is generic over V', in V[G ﬂP;,]
there is an automorphism Fp of Q5[G] (note: Qﬂ[G] € V[G N Pgl—see the
proof of clause (d)) such that: Fgz(p(B)), and g(f) are compatible. (The

simplest way to see this is to replace in the iteration Q, by its completion.)

3. COLLAPSING K TO @3

In this section we specify the modifications to the proof of Theorem B
necessary to establish Theorem C. We define the components of an iteration
(P,, Ra|a < k) in three cases instead of two:

(i) For a=0 (mod3), R, is defined as Q, was before for odd a; i.e. it is
oy

(ii) For a= 1 (mod3), R, is defined as Q. was before for even a, but for
all appropriate pairs (& , %) satisfying

(, B) e V[Ga|{B <|f =1 (mod3)V B =2 (mod3)}]

(where G,|Z is as before).

(iii) For a = 2 (mod3), R, is col(w,, 2%?), the collapse of 22 to w,
using @; size approximations, in the sense of V[G,|{8 < |8 =1 (mod3)V
B =2 (mod3)}].

The latter notion of forcing is semiproper and S-closed, being w;-closed. Its
introduction necessitates that we define the P,’s with mixed support: Proceed-
ing recursively, for a < x let P, consist of functions p with domain « such
that for each f < «, p(B) isa Pg-name such that k5, p(B) € Rg, and

|supt(p) N{B < a|f =0 (mod3)Vv g =1 (mod3)} <R,
|supt(p) N {B < a|f =2 (mod 3)}| < R;.
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The following lemma will be a consequence of the forthcoming iteration lem-
mas.

3.1. Lemma. For each o<k, P, is S-closed and semiproper.

Assuming this lemma, the proof of Theorem C can be completed as follows:
For a < k, define

P, = {p € Pc[Va € supt(p)(e = 1 (mod3) Va =2 (mod 3))
AVP € supt(p)(p(B) is a Pg-name)}.

(p(B) beinga Pj)-name, it only depends on GNP, .) Then any forcing exten-
B BB

sion via ?:c satisfies the conclusion of Theorem C:

Let G’ be 7;-generic. It can be checked that the analogue of 2.4 holds in
the new situation. In particular, there is a G P-generic such that Gﬂﬁ; =Gq.
With 3.1, the proof of 2.1 still works to show that in V[G], k = w, and NS|§
is x-saturated. It then follows as before that in V[G'], NS|§ is k-saturated
and ,@(a)l)/NS|§ is a complete Boolean algebra.

By standard arguments ?; has the k-c.c., and the introduction of the col-
lapses R, for a =2 (mod 3) implies thatin V[G'], k = 2" < w;. But by 3.7
below, w; is preserved so that ¥ = w3 in V[G'] and so the proof is complete.

The rest of this section is devoted to establishing 3.1 and the forthcoming
3.7. We build on Shelah [Sh2; Sh4, XIV] and refer to them for the more basic
details about iterated forcing that are not provided in full.

For u > w, let %, be the class of (Q, <p, 5?2) such that:

(1) (@, <p) is a semiproper, S-closed notion of forcing, say with maximum
element .

(ii) (@, <P) is a poset so that: (a) <o refines <} (ie. if p <Y g, then
D <¢ q); and (b) <o is u-closed (i.e. if (p,la < n) is g%-decreasing and
n < u, then there isa p € Q such that p 5?2 Do for every a < 7).

We often suppress the subscripts Q and furthermore identify (Q, <g, 5?2)
with its domain Q when there is little possibility of confusion. When we use
forcing terminology for such a member of %), , we are referring to the (Q, <p)
part.

Next, let %* be the class of (P,, Qala < y) where foreach a<y, P, isa

notion of forcing, Q, isa P,-name and I- P, 0, € %, and recursively:
(1) P, consists of functions p with domain a so that for each g < a, p(8)
is a Pg-name such that IF p(f) € Qp, and setting

supt(p) = {B < a| IF p(B) # ig,}
as before,
|supt(p)| <Xy and {8 < al=(F p(B) <G, 1g,)} < No.
(ii) The ordering on P, is given by:
p < qiffVp < a(plB I p(B) <q, 4(B))
A{B € supt(p)|-(p|B I+ p(B) S%ﬂ q(B))}H < Ro.
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If P, is defined by taking a = y in the above, we say that P, is the iteration
of (P,, Q.|a < 7). The introduction of the second partial order <° serves less
to provide iteration lemmas of potentially wide applicability than to provide a
uniform approach to 3.1. For that result, 5‘}.{& will coincide with <p when
a =2 (mod3), ie. when R, is the Levy collapse col(w,, 2%2); and S% will
just be equality for « =0 (mod 3) and a =1 (mod 3). Note then that b;r how
we defined the P,’s from the R,’s, (P, Rila < k) € %" .

The usual iteration facts hold for members of Z*: e.g., if (P, Qula < y) €
Z,;, forany B < a <y, Pg <P,, ie. every maximal antichain of P; is a
maximal antichain of P,, and for the usual quotient poset F,/Pz such that
Py = Pgx Py/Pg, P,/ Pp is an iteration of a member of %" . To establish 3.1,
we must verify that iterations in %" preserve S-closure and semiproperness.

The following lemma provides the main induction step for establishing the
preservation of S-closure:

3.2. Lemma. Suppose that P, is the iteration of P = (P,, Qolo < y) € %}
and 6 < n <vy. Then the following holds for sufficiently large regular A

Assume that N is countable with (N, €) < (H,, €), NNw; €S, {#,d, n}
C N, (pn|n € w) is a Py-generic sequence for N, and q € Ps satisfies q < pn|d
for every n € w. Then there is a q* € P, such that q*|0 = q andq < p, for
every n € .

Proof. By adjusting names, we can assume for convenience in what follows that
foreach n€ w and a < n:

(i) Prs1le b payi(a) <O pa(a) iff Ik puyi(a) <O pa(e), and

(i1) Ik pnyi(@) < pn(a).

We now define a function g* with domain # as follows: Fix a well-ordering
W of sufficiently large V). Set ¢*|0 = q. For 6 < a < 5, having defined ¢*|a
for a < n so that recursively g*|a € P,, define g*(a) as follows:

(a) If for some k € w, g*|a IF “(pa(a)lk < n < w) is <%-descending in
Q.—{lg,}”, then since by definitions of %, and %", IFp, “<} is u-closed”
and 14 > w, there is a P,-name 7 so that g*|aIF “7 is a <%-lower bound for
(pn(a)lk < n < w)”. Let g*(a) be the W-least such 7. Else:

(b) If for some k € w and P,-name 7, g*|a IF “(py(a)lk < n < w) 1is
<g,-descending in Q, — {lp,} with 7 a < -lower bound”, then let g*(a) be
the W-least such 7. Otherwise:

(c) Set g*(a) =g, .

This definition perpetuates g*|a € P, for every a < n: Clearly,

| supt(pnle)| < Ry
n

[supt(g™*|a)| <

Also, conditions on <° and (i) above imply that there is a countable set E
such that for B € a— E, Ik “pp1(B) <° pn(B) <O ig, ” for every n € w. For
such B, g*(B) was defined either through clause (a), or if not, neithér through
clause (b) as < refines <°, but through clause (c). But both (a) and (c) lead to
IFg*(B) <°1g,, and so

{B < al_'(”_ q+(ﬂ) SO iQﬂ)} CE,
confirming that g*|a € P, .



1976 AKIHIRO KANAMORI AND SAHARON SHELAH

We next establish by induction on o < 5 that

(1) forevery n€ w, qg*lalr gt (a) < pn(a).

(2)If a ¢ N -0, then for every n € @, g*|alF g*(a) <0 py(a).

As N is countable, this suffices to verify that g+ < p, for every n € w as
desired. For a < &, the results are immediate; what remains splits into two
cases:

Casel. 6 <a<n and a€ N. Then P,, Q, € N, and we have g|a < pyla
for every n € w by induction. Since (p,|n € w) is a P,-generic sequence for
N, it follows first that (p,|a | n € w) is a P,-generic sequence for N, and
second that g*|a IF “(p,(a)|n € w) isa Q,-generic sequence for N [G.]”. But
by definitions of .%Z, and Z", Irp, Q. is S-closed”, and since NNw; € S,
(a) or (b) of the definition of g* applies at o and (1) follows. (2) holds
vacuously.

Case2. 6 <a<n and a ¢ N. The <° conditions on the p,’s imply that
for each n € w,

En = {B < nl=(F pas1(B) <° () <° 1g,)}

is countable, and clearly E, € N, so that E, is countable in N. Hence,
U,Ex € N, so that o ¢ |J,E,. Hence, g*(a) was defined either through
clause (a), or if not, neither through clause (b) as < refines <°, but through
clause (c). Both (1) and (2) now follow in this case also. - O

The following preservation result now follows in straightforward fashion:

3.3. Proposition. Suppose that P, is the iteration of (P, , Qula < y) € %, and
0 <n<y. Then P,/Ps is S-closed.

The following lemma provides the main induction step for establishing the
preservation of semiproperness. Again, for a notion of forcing P, Gp denotes
the canonical P-name for its generic object. For a set M and g € P, to say
that g decides Gp N M means of course that there is a set 4 € V' such that
g+ A = GpnM . This happens for example if M is countable and ¢ is a lower
bound to a P-generic sequence for M, with 4 = {r € PN M|q < r}. Finally,
for A > w regular and (N, €) < (H,;, €) with P € N, if G is P-generic over
V', then let N[G] be the set of interpretations {7[G]|t € N is a P-name}. By
Shelah [Sh2, p. 88],

(%) (NIG], €) < (H{', €).
We let N[Gp] be a canonical P-name for N[G].

3.4. Lemma. Suppose that P, is the iteration of P = (P,, Qua < ) € '
and 6 < n <y. Then the following holds for sufficiently large regular A :

Assume that N and M are countable with (N, €) < (M, €) < (H;, €),
{#,6,n C N,Ne M, and MNw, € S. Assume also that q € Fs is
(N, Ps)-semigeneric, q is (M, Ps)-generic and decides Gp,,ﬂM ,and p € P,NN
with q < p|d.

Then there is a q* € P, with q* <p and q*|0 = q such that q* is (N, Py)-
semigeneric and q* is (M, P,)-generic and decides Gp, N M .

Proof. We establish this by induction on 7, forall 6, N, M,p,and q.
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For 7 a successor, we can clearly assume that n = J + 1. By definitions

of K, and %, Ip, “ Qs is semiproper”, and so with (x) just before 3.1 in
mind, we have

(%) I-p, 3r € Q5(r is (N[Gp,], Ps)-semigeneric A r(d) < p(J)).

Since N € M and g is (M, Ps)-generic and decides Gp, N M, by (x) ap-
plied syntactically there is a ¢’ € PsN M with ¢ < ¢’ and a Ps-name r’ €
M such that g’ forces the assertion of (x*) with /. Since M Nw; € §,
Ikp, Qs is S-closed” by the definitions, and with () in mind for M, it is
now straightforward to find a ¢g* € P, as desired, noting that in the sense of
I-p, , any lower bound to a Qj;-generic sequence for M decides Gg, N M .

For n alimit, let (f,|n € w) enumerate M N {0 < B < n} with By =0
Let {i,: n < w} enumerate the P,-names of ordinals belonging to N if /=1
and M if [ = 2. Define @n, dn» Pn, and N, by induction on » € w so that
henceforth writing G, for Gpa , we have:

(a) o =96, g0 =4, po =p and generally g, € P,, with g, < p|a, and
dn+tlan = qn, pn € N[Gy]N Py, (S M NP,), pus1 < Pn, and pyy; decides a
value for 1,.

(b) gn is (N, P,,)-semigeneric, and g, is (M, P,,)-generic and decides
G.NM.

() gn IF apy1r = max{{Blk < n}n N[G,,]}

(Note for (c) that if g, decides G, N M by (b), then N € M implies that g,
decides G, NN and hence N [G,,] 2

The case n = 0 follows from our initial assumption. Suppose now that
qn has already been defined. By (x) just before 3.4 applied syntactically,
I “ N[G,] < M[G,] < (H]"), €)”. Moreover, since g, is (M, P,,)-generic,
we have g, IF M[G,]Nw; = M Nw; € S. Hence, with a,,; as stipulated by
(c) it is straightforward to apply the induction hypothesis in the sense of g, IF
and then to find an appropriate g,,.; € P, ., as desired. There is no problem
in defining py,1 -

We can now define a ¢* € P, so that supt(q*) = {J, supt(g,), and for any g
in this set, g*(B) = ¢g,(B) for some (any) »n such that B € supt(g,). Asin [Sh2,
Sh4], g < p, so g* is (N, P,)-semigeneric. g* is not necessarily (M, P,)-
generic, but its existence shows that there is ¢' € P, N M, ¢'la < q*,q is
(N, P,)-semigeneric. Now we can find a gt really as required. O

n+1

The following preservation result is now clear, since for (N, e) < (Hy, €) as
in 3.4, we can always find a countable M suchthat N e M, (M, €) < (Hl , €),
and M N w; €S by the stationariness of .

3.5. Proposition. Suppose that P, is the iteration of (P,, Qua<y) e Z, and
6 <n<vy. Then P,/Ps is semiproper.
Proof of 3.1. By 3.3 and 3.5 we get S-completeness and semiproperness. 0O

Finally, we establish the preservation of w, in a special case; a similar result
appears in Shelah [Sh2, VIII, §1].

3.6. Proposition. Suppose that CH holds, and P is the iteration of P =
(Po, Qol < y) € X3 where for each a <y, Irp, “ S% =<y, and Q, sat-



1978 AKIHIRO KANAMORI AND SAHARON SHELAH

isfies R,-pic” (see [Sh2, VII, Definition 2]) or IFp, “ SOQ is the equality relation

on Q,.” Then forcing with P preserves w, .

Proof. Assume to the contrary that for some p € P and P-name 7,p I+
“T. @ — @, is a bijection”. Taking a regular A sufficiently large, we pro-
ceed by induction on £ < w; to define p: € P so that & < { < w, implies that
for every a <y, IF p;(a) <0 pe(a), and accompanying ¢ < p;, N;, and Ag
as follows:

Set po = p. Atlimits { < w, with p; having been defined for & < ¢, by the
wy-closure of the <% s, let D¢ € P be such that for every £ < ¢ and a < 7,
Ik pr(a) <0 pe(a).

To handle the successor stage, suppose that p; is given. First let N: be
countable with (N, €) < (H;, €), {#,&, p:} C N;, and N; Nw; € S. Then
define g: < p; by first choosing a P-generic sequence for N starting with p;
and then using the clauses (a), (b), and (c) as in the proof of 3.2. Hence g
is (N, P)-generic and setting A; = {r € P N Ng|q; < r}, we have g: I 4; =
Gp N Ny. We can assume that IF ge(a) <O ps(a) iff gela IF gz() <° pe(a);
similarly for <; and also that each g;(a) depends only on Pe(a) and not on
¢ (by carrying out the entire procedure canonically according to some well-
ordering of a sufficiently large V) ). Finally, define ps,, as follows:

if Ik <0 :
peni(a) = { ge(a) if | 615‘(01) <P pe(a),
Pe(a) otherwise.

Proceeding with the proof, a straightforward A-system argument with CH
shows that there are ¢y < ¢; < w, such that: N; Nw, = Ng, N w;, and there
is an isomorphism h: (Ng , €, Ag) — (Ng, €, Ay,) with h|(Ng, N Ny,) the
identity, h(P) = L ,h(&) = &1, and h(pg,) = p;, . By assumption, there is
an n € Ng, N, such that g IF ©(n) = & . Hence, 3r € Ay (r IF i(n) = &).
Applying s, we have 3r € A, (r IF 1(n) = &) since h is the identity on
Ng, Ny . Consequently, gy, IF 7(n) = & . However, it is not difficult to check
that ¢-, and ¢, are compatible, reaching a contradiction:

The definitions of gy, and ¢;, as in the proof of 3.2 show that the countable
sets

E; = {a € supt(qg,)|~(F g (a) <° pg,(a))}

for i < 2 are such that E; € Ny, and E; is countable in N, . We now argue
that I+ “gg (o) and ¢ (a) are compatible” by cases, depending on whether
a€y—Ey, a€e Eg—E|,or a € EgNE: If a € y— E, then I- g (o) <
P (@) <O pg i) <0 g (@) . If a € Eg—E), then I gz, (a) < pgy(@) and o € Ey
implies that we are in the case IFp, “ 5?2 is equality” of our assumption about
P. Consequently, « ¢ E, implies that I+ g; (a) = Pe, (o) = pg,(a), and so we
have IF g (a) < g¢ (o). Finally, if @ € EgN E), then a € Ng, N Ng, so the
first case in the proposition occurs and we apply “ X,-pic”. This completes the
proof. 0O

In 3.6 we can combine the two possibilities to one as implicit in the proof.

3.7. Propesition. P, (from the proof of Theorem C) preserves w, .

Proof. Let (P}, Ql:a < k)€ %, be as above except that for a = 0 (mod 3),
Q! is the trivial forcing (and if « # 0 (mod3), Q! = R,). Essentially, P! =
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P!, and hence it suffices to prove that P! preserves w,. Now the assumption
of 3.6 clearly holds for (P!, Ql: a < k) (for R,-pic—see the discussion of Qg
for more). O

This finally completes the proof of Theorem C.

Instead of 2% = w3, for any regular v such that w, < v < k, it is possible
to arrange 2®' = vt =k using %,* with |supt(p)| < v is place of |supt(p)| <
w; in its definition.
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