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Weierstrass points

Let gg be a base-point free complete linear
system on M. Let x € M. An integer n,
0 <n <d, is called a gj-nongap at x if there
is a divisor D € g with d = nx + E, where
E is integral and doesn’t contain z. Let n;
denote the " nongap. There are r + 1 g¢'-
nongaps at z, 0 = ng < n1 < -+ < nyr < d.
The complement of this set in the integers be-
tween O and d is called the gi-gaps at z and
is denoted g1,...,94_-

A generalized Weierstrass point at g} is a
point x € M where the " gh-nongap, n, is
greater than r. A Weierstrass point is the
special case where g, = |K| and a higher-order
Weierstrass point is where g = [nK|.

The weight of a generalized \Weierstrass
point for g/ = |G| at x € M, w(G,x), is de-
fined to be the sum

> (nj—j).
=0



Results about Higher-Order Weierstrass points

Proposition 1 (Accolal). Let TeAut(M) be
of prime order n. If T has 3 or more fixed
points, then every fixed point of T is an n-
Weierstrass point.

Proposition 2 (Farkas and Kra). Let TeAut(M)
be of prime order n. IfT" has 3 or more fixed
points, then every fixed point of T is a @-
Weierstrass point for ¢ > 2, g = 1(modn).

Proposition 3 (Guerrero). Let TeAut(M) of
prime order n fixing two points, p1 and p>. As-
sume M/{T) has genus 1. Let ¢ be the projec-
tion M — M/{T) and ¢(p;) = a;, 1 = 1,2. Then
p1 and po are qg-Weierstrass points for g > 2 if
and only if a1 — ao IS a nonzero rational point
on M/{(T).

Proposition 4 (Duma). Let TeAut(M ) be of
order 2. If v(T) > 3, then every fixed point of
T is a g-Weierstrass point for q > 2.



Weights of the Higher-Order Weierstrass
points

Proposition 5 (Accolal). Let T' be an auto-
morphism of M of order n, Z;f";cl) TIM = W the
orbit space, o . M — W the natural map and
x € M a fixed point of T'. If W has genus O,
then nK = n(2g — 2)x.

Proposition 6 (Accolal). Suppose for x € M
we have mK = m(2g — 2)x. Then

(1)) If m=1,1=2,3,..., we have w(lK,x) =
g+ w(K,x).

(2)Ifm >2,andl=1,2,... we havew(ImK,x) =
w((lm+ 1)K, z) =g+ w(K,z).
(3)Ifm>3,1=1,2,... andk=2,3,...,m—1
we have w((lm + k)K,z) = w(kK,x).
(A)Ifm>4,1=1,2,...andk=2,3,...,m—1
we have w((lm —k+ 1)K, z) = w(kK, ).



Bounds on the Weights

Theorem 1 (Accolal). Let |D| = g/, be a com-
plete linear series without fixed points of index
i(D). If x € M then

w(D,z) < (p—i(D))(p—i(D)+1)/2.
If we have equality, then M is hyperelliptic.

Theorem 2 (Accolal). Let |G| = g, be com-
plete and base-point free with i(G) = 0. Sup-
pose that x € M is not an ordinary Weierstrass
point. Then

w(G,z) < [(g+ 1)?/4].

If we have equality then the surface is hyper-
elliptic.



