A Complete Arithmetic-
Geometric Mean for £/C

Eleanor Farrington

Abstract. The relation between elliptic curves and the arithmetic-geometric
mean was discovered Lagrange and Gauss as a method of calculating elliptic
integrals. This classical approach is limited to cases where the elliptic curve
is given by a cubic equation with three real roots. We define an arithmetic-
geometric mean for all elliptic curves over C and detail the choices implicit in
the classical construction.
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1. Introduction

The arithmetic-geometric mean (AGM), which will be reviewed in §2, is an algo-
rithm devised by Gauss [6, III] that produces two sequences of real numbers, given
the first terms, which converge quadratically to a common limit. The AGM has a
geometric interpretation for an elliptic curve associated to the first terms of the se-
quences, giving a method for computing elliptic integrals (see 7], [3]). Recently, [8]
gave a construction that produces the algebraic equations of this sequence of ellip-
tic curves; this construction will be reviewed and expanded in §6. It is not obvious
how to relate the points of period 2 and the limiting value with each choice of root
when the sequences are not real (the concept of good sequences will be reviewed in
§3), as the author of this note realized while studying the AGM for elliptic curves
with complex multiplication. The main result in this paper identifies the various
AGM’s of a given E, for all the normalizations of its algebraic equation, as well as
the period 2 points to which they correspond.

Theorem 1.1. Let Ey/C be an elliptic curve y3 = zo(xo + a3)(wo + b3) isomorphic
to a torus C/(tZ + Z) for T € F, where F is the fundamental domain for T'y(4).
Then for all v € SLy(Z) we get a different AGM depending as
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1. v € {£1}T2(4): all good sequences for ag and by, corresponding to {y1,1} —
{2y7,1}
2. v € {£1}(29)T2(4): all good sequences for ag and —by, corresponding to

{ym, 1} = {27, 1}

3.y e{£1}(93)T2(4): all good sequences for \/a3 — b3 and ag, corresponding
to {[)r, 1} — {17, 1}

4. v € {£1}(95) (3 9)T2(4): all good sequences for —\/a3 — b3 and ag, corre-
sponding to {[y]7,1} — {%, 1}

5. v e {£1} (} _01) ['2(4): all good sequences for by and \/b3 — a2, corresponding
to {[3]7, 1} = {F517, 1}

6. v e {£1} (1 °) (29)T2(4): all good sequences for by and —+/b3 — a2, cor-
responding to {[v]r,1} — {%, 1}

where [y] is the T'2(4) component of .

2. Gauss’s AGM

Let agp,bg € R, ap,bg > 0. The arithmetic-geometric mean (AGM) of ag and by,
denoted M (ag, bo), is the common limit of the sequences {a,}>2, and {b,}32,
where a1 = (a, +b,)/2 and b, 11 = Va,b,. Assume |ag| > |bg| > 0 and consider
the elliptic curve

Eo : y2 = xzo(x0 + ad)(zo + b2).
The AGM of Ej is defined to be the curve

By : yi = 2121 + af) (1 +B7),

with a; = (ag + bp)/2 and by = vapby. As is well-known, FEj is isomorphic to a
torus C/(tZ+Z), where 7 € ), and Ey ~ C/(27Z+Z). Using these isomorphisms
and the natural map C/(7Z+Z) — C/(27Z + Z) it is easy to show that dxo/yo =
dz1/y1. Combined with the quadratic convergence of the AGM, this fact was then
classically very important to the study of elliptic integrals.

Theorem 2.1. [3] Let ag, by be as above. Then

/Oo dxg B /°° dx B T
0o Voo +ad)(zo +03) Jo Va(x+ M(ao,b)?)  2M(ao,bo)

where By 1 y2 = x(x + M(ag, bo)?)? is the limit of the sequence of elliptic curves.

3. The Complex Case

Let ag,by € C. There are two choices for b;. To avoid trivial cases, assume that
ap,bg € C* with ag # £by. We extract the key ideas from [4, §2] to understand
the complex AGM.
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Definition 3.1. A square root by of agbg is called the right choice if |a; — b1 <
|a; + b1] and, in the case of equality, Im((%) > 0.

Definition 3.2. A pair of sequences {a, }52, and {b,}52 is called good if by, 11 is
the right choice for all but finitely many n > 0.

Proposition 3.3. [4, pg. 285-287] Any pair of sequences {an}5, and {b,}22,
converge to a common limit, and this limit is nonzero iff they are good sequences.

Remark 3.4. Thus all bad sequences have a limit of zero, which, as we will see,
3

corresponds to a singular limiting curve, given by y? = 3.
Definition 3.5. © € C* is a value of the arithmetic-geometric mean, M (ag,bp)
if there are good sequences {a,}22, and {b,}22, such that p = lim, .o a, =
lim,, 00 bp. If by41 is the right choice for all n > 0, then the common limit is
called the simplest value of M (ag,bg).

We now use theta functions to enumerate the limits for the complex AGM.
. 2
Let 7 € $, ¢ = €™7. The Jacobi theta functions: 0go(7) = > - , Oo1(7) =

n=—o00 4"
S (—=1)"g™ and fio(7) = 3200 ¢ T2)” are well-known analytic functions.
The following identities relate the theta functions to the AGM [2, Chap 2.1]:
030(27) = 030(7) + 03,(7), 031 (27) = Oo0(7)001(7)-
Lemma 3.6. [4, pg. 289-290] Define k'(1) = 03,(7)/03,(7). Suppose there is a
T € §) such that k' (1) = bo/ag. Set = ag/0%,(T) and, for n >0, a,, = pb,(2"7)
and b, = pb2,(2"7). Then (a) {an}>2, and {b,}>, are good sequences, and (b)

lima, =limb, = u.

Let
I'2p= {yeTl(2):a=d=1 (mod4)}
I'y4)= {y€T(2):c=0 (mod4)}.
It will be useful to note that I'(2) = {£1} - T'(2)g and [T'(2)o : T'2(4)] = 2. The key
to understanding the complex AGM is then the following.

Theorem 3.7. [4, §2] 62,(0,7) and 6% (0,7) are modular forms of weight 1 for
I'(2)p and T'2(4) respectively, with

F={reHM:|R()| <1, |r+1/4] > 1/4, |r £3/4] > 1/4}

the fundamental domain for I'a(4) after proper boundary identifications.
Corollary 3.8. [4, /S 2] For all ag,by € C* with ag # +by, there exists a T € F
such that k' (1) = bo/ay.

Lemma 3.9. [4, Lemma 2.9] Let ag,by € C* with ag # tby, 7 € H and K'(7) =
bo/ao. If T € F then p = ag/03,(7) is the simplest value for M (ag, bo), and the set
of values for M (ag,bo) is {ao/0%,(y70) : v € T'2(4)}.

Remark 3.10. Thus all good AGM sequences for a pair of complex numbers are
values of the same theta function evaluated at different 7’s, giving isomorphic tori.
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4. Connections between algebraic equations for F/C
We begin with an elliptic curve E/C in (nonhomogeneous) Weierstrass form
y2 +ai1xy + a3y = 3 + a2x2 —+ asx + ag

with basepoint O = (0 : 1 : 0) and aq,...,a6 € C. As this is not of the form
required for the classical AGM, y? = x(x + a?)(z + b?), we put the curve E in
Legendre form, y? = z(z—1)(x—\), where A = (e; —e3)/(e1 —e2) for eq, ea, e3 the
roots of the cubic equation for E. As we will see, then the classical AGM applies
with a3 = 1 and b3 = \.

Remark 4.1. It is not guaranteed that A is in R, only that A € C. Thus we must
address the choice of the square root for b; in the complex case, this will be done
in §5. For now, it is sufficient to note that either choice gives the same AGM Fj.

In the following, we will study how the AGM for the Legendre form of E/C
relates to the classical case where we are given y? = z(z+a?)(z+b%). We will begin
to look at how the 6 isomorphic choices of A affect the AGM, with the completion
of this study appearing in §5. Finally, since E/C, we will define an AGM for the
elliptic curve in the form y? = 423 — gax — g3, which will be useful for defining
correspondences between the algebraic and analytic interpretations of the AGM.

The key observation comes from the real and complex AGM’s. Recall that
M (a,b) denotes the AGM of a # b € C*. It is an easily verifiable fact that for
a,b,c € C*, M(ca,cb) = cM(a,b), leading to the following.

Theorem 4.2. Let ag, by, c € C*, then

Eo: yg = zo(zo + ag)(wo + bg)

Ep: oy = ah(wh + c2ad)(x) + 263)
are isomorphic, as are their respective AGM’s

Br:yi= wi(z+af)(ar +b)

By = 2y (a) + cad) (@) + c*bY).
Lemma 4.3. [10, IIL.1] Let E be an elliptic curve in Weierstrass form. Then any
transformation of E of the form

z=u?x' +r y =1’y +ulsa’ +t
with u,r,s,t € C, u # 0 yields an isomorphic elliptic curve E’, also in Weierstrass
form with basepoint O = (0:1:0).

Proof of Theorem 4.2. Let Ey and E{, be as above. Then the transformation z{, =
g, Yy = c3yo is an isomorphism Ey ~ Ejj by Lemma 4.3. As we saw above, the
AGM of Ey is Ey : y? = z1(w1 + a?)(z1 + b?). Similarly for Ej, let a}) = cay and
, = cbo, so that af = (a + b()/2 = caq and b} = /a(b) = cby and the AGM is
B} y? = 2y (z) +c2a?)(z} 4+ c2b?). Then the transformation ) = c®z1, 3} = 3y;
gives the desired isomorphism F; ~ Ej by Lemma 4.3. O

Corollary 4.4. Let Ey be an elliptic curve as above. Then the Legendre form of the
curve Eq with X = a3 /b2 gives an isomorphic AGM.
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Proof. Apply Theorem 4.2 with ¢ = —1/bg. d
Corollary 4.5. Let p € C*. The elliptic curves

Eo:y5 = xo(zo—1)(zo — )

Eyyg = gl —1)(h —1/p)
are isomorphic and have isomorphic AGM’s.

Proof. Apply Theorem 4.2 with ¢ = 1/p. O

In general, for each elliptic curve there are 6 isomorphic Legendre forms for
that curve given by y? = x(x — 1)(z — p) where
1 AoA-1
1= A=17 A g
Given Corollary 4.5 we only need to consider 3 of these for each elliptic curve when
calculating its possible AGM’s.

1
eiN =, 1-)\
ju {,A,

Remark 4.6. In the case of Ey : y2 = xo(xo+a3)(zo+b2) we have A = 81‘;; Then
0

ag _ b —ag
by b
and Theorem 4.2 (with ¢ = b3) means that the AGM for y* = z(z—1)(z—(1—-X))
is isomorphic to that for y> = z(z — b3)(z — (b3 — a?)). Similarly for 27 and
y* =a(z — af)(z — (af — b3)).

Alternatively, it is also common to write E/C in the form E : y? = 423 —
922 — g3. Suppose we have an elliptic curve E{/C,

1-A=1-

Ep sy = 4(xp — e1,0)(xh — e2,0)(xh — €3.0),
with the e; ¢’s distinct and eg g + e2,0 + e3,0 = 0. Following [3], we define an AGM
for E{, using an isomorphism to an elliptic curve Ey in the form above.

Proposition 4.7. Let E} : yi = 4(x) — e10)(xh — e2,0)(xf — es0). Let ag =

Vel — ez and by = \Je1 0 — eao. Then Eqy : y3 = zo(zo +a)(xo +b3) is isomor-
phic to Ej.

Proof. Transform E|) into Weierstrass form, and apply Lemma 4.3. O

As we saw above, the AGM for Ey : y3 = zo(zo + ai)(zg + b2) is the curve
By y? = x1(x1 + a?) (21 + b?) where a; and by are the arithmetic and geometric

means of ag and by. With ag = \/e1,0 — e3,0 and by = \/e1,0 — 2,0, we find that
e10 = (a3 +03)/3, eao=(ad—203)/3, ez0= (b5 —2a3)/3.
We can then define
ein = (ai +01)/3, eaq = (af —2b1)/3, ezq = (b —2a%)/3,
satisfying a1 = /e11 —e31, by = /e11 —ez1 and ey 1 +ex1 +e31 =0.

Let Ef : y? = 4(x} —e11)(z} —e2,1)(x] — e3,1). Then, using Propostion 4.7,
we have an isomorphism E] — Ej. Thus we have the following result.
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Proposition 4.8. Let E}) be defined as above, then its AGM is By : y? = 4(x}) —
e11)(w] — €21)(x) —es,1), where

€11 = 620 + %\/(61,0 —e3,0)(€1,0 — €2,0)
€21 = 6251 0— %\/(61,0 - e3,0)(81,0 - 62,0)
€31 = ——5

5. The analytic interpretation of the AGM

In the classical case above, the AGM was defined analytically by C/(7Z + Z) —
C/(27Z + Z). We will show how this corresponds to the complex AGM, and leads
to the AGM for a cubic curve. With these correspondences, we will study how the
choices of b; and of X in the Legendre form of Ey affect the AGM.

Let the elliptic curve E/C be written in the form

y? =42 — gox — g3 = d(x —e1)(z —ea)(z —e3)
with the e;’s distinct, e; +e2 + ez = 0 and e; > ey > eg, if the e;’s are all real,
e1 = €3 and e3 € R otherwise. There is a lattice A = woZ + w1 Z, wy, w1 € $H such

that we can define a complex isomorphism of complex Lie Groups ( [3], [10, VL.3]):
u:C/A — E/C given by
u(z) = (p(z3w2,w1), @' (25 w2, w1)) 2 &€ A
(0:1:0) z€A

This map gives the following identifications among the points of order 2 of
the torus and the elliptic curve:

(e1,0) = u(w1/2) (e2,0) = u((w1 +w2)/2) (e3,0) = u(wz/2).

Let 7 = wo /w1 € H. There is a holomorphic group isomorphism between the
complex tori A = C/(w2Z 4+ w1Z) and A, = C/(7Z + Z) [5, 1.3]. As follows from
the series definition of the Weierstrass p-function, p(z) = w?p(w;2), where H(2)
and p(z) are associated to A and A, respectively. Then the map u above now gives

wiep = wip(w/2) = o(1/2)
wiez =wip(w1/2+w2/2)= @((1/2+7/2)
wies = wip(w/2) = o(7/2),

completing the connection between the elliptic curve and the torus.

We wish to connect the torus with the complex case of the AGM, to better
define and understand an AGM on the torus. Identities connecting theta functions
and Weierstrass’s p-function [9, pg 26 and 64], lead to the relations wy/e; — eg =
703,(7) and wi+/e1 — €3 = w03, (7). Hence it makes sense to define an AGM by

C/rZ+7) “Y C /(2 + %Z).

Thus the AGM is obtained by moding out by 1/2 € C/(7Z + Z)[2], which corre-
sponds to w1 /2 € C/(w2Z + w17Z) and maps to e; under wu.
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Remark 5.1. This AGM corresponds to the theta function description of the com-
plex case, 03,(27) = 0%,(7) + 02,() and 6%, (27) = Ogo(7)001(7), more clearly if we
instead define the AGM as

C/(tZ+7) — C/(2TZ + 7),
but C/(2rZ+Z) and C/(7Z+ 3Z) are related by a holomorphic group isomorphism,
S0 it is convenient to use the 2-torsion description of the AGM.
Now let v = (25) € SLy(Z). Then (7)) = (¢4)(7) generates a lattice
T'Z+7Z =712+ 7Z. Also, p(z;7,1) = p(2;7',1), so C/(tZ + Z) and C/(T'Z + Z)
correspond to the same elliptic curve E/C.

Definition 5.2. Let C/(7Z + Z) & E/C:y*=4(x —e1)(z — ez)(z — e3). Define a
function A : C — C by A\(7) = &=

e1—ez’

Note that A corresponds to the X in the Legendre form of our elliptic curve
above, hence the following shows the affect of varying the choice of A on the AGM.
Proposition 5.3. [1, 7§3.4] For all § € T'(2), A(d7) = A(7).

Recall
SLy(Z)/T(2) ={(§9): (Y6), ("1) (X1). (1 %), (13}

Theorem 5.4. Let 7 = wo/w1 € H and A7) = (e1 —e3)/(e1 — e2). Let v €
SLy(Z)/T(2), then A(yT) is as below:

/\(%): )\()\7—()7217 )‘(1*7—): )\(17-;7 )‘(ﬁ): ﬁ(-,—)a
M) = 1=, M) = A5

Proof. First we note that ({§) and (' ) are generators for SLy(Z)/I'(2), hence
it sufficent to study A(y7) for these two 7’s.
Case 1: v=(9})
We begin by noting that (95)(7) = (147) where 1/7 = w;/wy. Hence
v switches the roles of wy and ws, and thus also u(w;) = e; and u(ws) = e3
(w1/2 4+ wa/2 and hence es are fixed). This gives us
)\(1)_63—61_ €1 — €3 _61—63 €1 — €2 o )\(’7')
7/ es—es ex—ester—er er—es (e1—e3)—(e1—e) AT)—1
Case 2: y= (' 1)
Similarly, since here ~ is easily seen to switch the roles of e; and e3 (e; is
fixed), we find that A(1 —7) = 4= = O

1
ei—ez — A(7)°

Corollary 5.5. Let v € SL2(Z)/T(2), and 7/ = ~7, then

M) = Sk g kY = {1,2,3)
— e

€; j

follows the transformations in Theorem 5.4. Then the AGM is given by moding
out by 1/2 < w| < e;, where v (5L) = (w}).

Wy
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Recall that in the complex case we had, for 79 € F, the fundamental domain
for T'5(4), the set of values for M (a,b) = {a/02,(7y70) : v € T'2(4)}. Thus different
v € T'2(4) generating lattices y77Z + Z giving isomorphic tori account for all of the
possible good sequences.

However, [I'(2) : T'2(4)] = 4, so it still remains to see how the v € I'(2) /T'2(4)
affect the AGM. We saw above that T'(2) = {£1} - T'(2)o, where —I7 = 7. Thus
we only need to understand the affect of elements of I'(2)/T'2(4), where [['(2)o :
I'2(4)] = 2. This group is represented by {(§¢), (39)} in I'(4) where, for &'(7) =
02,(7)/03,(7), we have k'((39)7) = —k'(7). Thus acting by (1 9) corresponds to
taking the AGM with ag and —bg (or —ag and by), instead of ag and by. This
proves Theorem 1.1.

6. The Chord Construction

In this section we look at Lehavi and Livne’s chord construction [8]. This formula-
tion of the AGM explicitly shows (without appealing to the analytic interpretation)
that this process is moding out by a 2-torsion point.

Let Ey C P2(C) be an elliptic curve with Eg[2] = {O, o, 8,7 = a+ 3}, where
O =[0:1: 0] is the basepoint. We need to identify, say, p and p + « for all
p € Ey. We accomplish this by moving to the dual space P2*, where the AGM
E; = Ey/a C P?* is the curve given by the images of the lines through points p
and p + a. This is the chord construction.
Theorem 6.1. [8, Theorem 3] The chord construction is an embedding.

Let us look at this construction more explicitly. Denote homogeneous coordi-
nates for P2 and P?* by [X : Y : Z] and [U : V : W], respectively. As usual, define
affine coordinates z := X/Z and y := Y/Z. Inhomogeneously, our elliptic curve
Ey/C will be given by a Weierstrass equation of the form

Eo: v? =a(x+ad)(x+b3) =23 + (a2 + b2)a? + albiz,
as in the classical formulation of the AGM. Thus the points of order 2 on Ej are
E0[2] = {07 (an)a (704(2)70)’ (71%50)}

For ease of notation, we first consider the chord construction for the point of
order 2, (0,0). Let p = (z(p),y(p)) € Eo. Then p + (0,0) is given by
—agboy(p)

(p)

Z(ZZ()’ y(p+(0,0)) =

by addition on the elliptic curve Ey [10, §I11.2].
Lemma 6.2. [8, Lemma 8] Let p = (z(p),y(p)) € Eo. Then the lines of the chord
construction give points
[y(p)(z(p)? + aghy) : agbga(p) — z(p)* = —2agbgz(p)y(p)] € B**.
Proof. Denote the line through p and p 4 (0,0) by y = ma + b. Then
_y®) —y(p+(0,0)) _ y(p) +agbiy(p)/=(p) _ y(p)(z(p) + ajb})

z(p +(0,0)) =

z(p) — z(p + (0,0)) z(p) — agbg/x(p) z(p)® — agbgr(p)
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and

—2a3b5(p)y(p)

z(p)? — agbiz(p)’

When mapping to the dual coordinates, a line y = ma + b, denoted by [m : [ : b],
goes to the point [m : —1 : b]. Simplifying the formulas above for [m : —1 : b] we
get the result. O

b=y(p) —ma(p) =

We wish to identify the curve E1 = Ey/(0,0). We first note that the dual of
the line y = 0 C P? is the point [0 : 1 : 0] and vice versa. Hence F1[2] C V = 0.
There are three values of xz(p) which give V' = 0: 0, +agbg. Substituting these
values into the coordinates above we get (after simplification) [1:0:0], [1:0:
aobo], []. :0: —aobo].

Recall that y = 0 € P2 + [0 : 1 : 0] € P?*, hence the tangent to the basepoint
must come from the unique point (r,0) on y = 0 such that no other line of the
chord construction goes through (i, 0). The z-coordinate of the intersection of a
chord and y = 0 is given by

b 2agbgr(p)y(p)  _ 2agba(p)
P T 0P e )P s
Barring (0,0), the intersections of Ey and y = 0 are (—a3,0) and (—b2,0). Thus
2a3b?
a2 +b3’

The dual of the point [ :0:1] =[1:0: i] € P? is the line U + iW =0.
Hence, following the argument above, this line is the line at infinity for the curve
E;. Using Lemma 6.2 we find that

Il'l/:

—8aSb2 2 1
@i V(U W)
_ 13 . 2magby 1 2 pwradb} 17172
=W-+ 7—aZb? U+ HW)W u2—agbg(U+ uW) w
where
W3 —a2b3(U—~ 1W)2w
o
_ 4a(2jbg—(a(2j+b(2))2) (Wg 2pagbg UW2 ;L2a(2)bg U2W>
- ( Tdag t e 1023 '

Finally, let v = V/(U + %W) and w = W/(U + ﬁW) be affine coordinates for P?*.
Thus we have proven the following.

Theorem 6.3. Let Ey : y? = 23 + (aZ + b3)x? + a3b3x be an elliptic curve over C.
Then moding out by (0,0) € Ey[2] we get the curve
B —8agbg 02 = w3 + 2padby _ 12 agby )
(a2 + b2)% — 4a2b3 w? — a3bi u? — a3bg
Proposition 6.4. Let Ey/C be as above. Then E1/C given by the chord construction
is isomorphic to the classical AGM for Ey.
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Proof. We compare j-invariants. Both £ and the classical AGM for Ey have
. 16(ad + 14adb3 + b3)?
a2bi(a? — b)*

Remark 6.5. Moding out by the 2-torsion point (—a3,0) gives

[m:=1:0] = [y(p)(x(p)* + 2adz(p) — agbg + 2a5) :
—(z(p) + a§)(x(p)* + 2agx(p) + adby) :
) a?)yl(p) (x(p)* + 2b52(p) + ajb)]

VAU + W) = (Grgramse)

(W3 4+ 2a(5b5—4ag) 1 2 | 2agbj Ly)2
(W3 + b —i7) U+ W)W + o U+ W)*W)
16(16a4—16a2b2+b3)
agbg(ag—b3)

and similarly for (—b3,0), with the roles of ag and by reversed.
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