
Research Statement

Background: Curves over the real and complex numbers have been a primary object of study
in mathematics since ancient times. The field of Algebraic Geometry synthesizes three perspectives
on these important objects: algebra – function fields as finitely generated field extensions of tran-
scendence degree 1, geometry – algebraic curves defined as the loci of finite sets of homogeneous
equations, locally defined by independent differentials, and analysis – compact Riemann surfaces.
This synthesis has led to profound advances in the field of Number Theory, with the understanding
of elliptic curves as non-singular cubic plane curves isomorphic to complex tori by maps defined
using the Weierstrass ℘-function, with a group structure appearing on both models. Higher genus
algebraic curves are similarly connected to higher dimensional complex tori, or Jacobians, by Abel’s
Theorem, with important results stemming from the algebraic structure of these Jacobians. These
curves also have many special points, such as Weierstrass points and theta characteristics, which
carry information relating to the function fields and differentials of the curves. In the case of curves
with automorphisms, we gain further insight into these special points, as well as mapping to curves
of lower genus. All of these objects then inform us about the moduli spaces, or isomorphism classes,
of the algebraic curves.

Research Plans: My research is in the field of algebraic geometry, working with algebraic
curves with automorphisms and their moduli spaces. Thus far I have been concentrating primarily
on one particular curve, Klein’s quartic curve, X, also known as the modular curve X(7), which is
the genus 3 curve canonically modeled by the equation

X3Y + Y 3Z + Z3X = 0.

X has 168 automorphisms, the maximum for a curve of genus 3, making X the smallest genus
Hurwitz curve. Also unusual is the fact that X has a split Jacobian [Pra94]. This curve has a long
tradition as the subject of much study due to its diverse applications in mathematics (see [Lev99])
and computer science (see [CP07] and below).

In this statement I will describe the work I have already done, which addressed three distinct
aspects of the curve. For future work, I describe below two concrete projects connected to the
linear spaces associated to the pluricanonical linear systems for X which I plan to conduct in
the near future, dealing with Wronskians and automorphic forms, and Geometric coding theory.
Beyond those projects, Weierstrass points have been shown to have applications in Geometric
coding theory. I also plan to apply my work on an arithmetic-geometric mean for X to other genus
2 and 3 curves with split Jacobians. This should give insight into the connections between the
modular and algebraic points of view on M3. The general direction of this work is towards creating
a basis of both theoretical and applied work in the moduli space of curves, the explicit properties
of which are, in many cases, still unknown. Further applications of such results are in the area
of Mathematical Physics, specifically in String Theory and Quantum Field Theory, both of which
significantly use moduli spaces; theta functions are also important in this area for modeling the
equations of String Theory.

Previous Research: In my thesis, I examined three distinct aspects of X. The first was the
most geometric, looking at subvarieties of moduli spaces (higher-order Weierstrass points). The
second was more transcendental, using the special symmetries of the period lattice for this curve to
define a genus 3 arithmetic-geometric mean (see also [LR07], [HLP00]). The final aspect stemmed
from the second, where the special properties of X, in particular the elliptic curves contained in
the Jacobian [Pra94], led to a need for a greater understanding of the genus 1 arithmetic-geometric
mean [Fara], an important sequence of curves in its own right [BB98].
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There have been extensive studies of connections between ordinary Weierstrass points and the
fixed points of non-trivial automorphisms. Specifically, the automorphisms of an algebraic curve
fix as a set its Weierstrass points. There are also many connections to higher-order Weierstrass
points [Acc94]. I applied the methods from [Acc94] to the types of fixed points of non-trivial
automorphisms in X, with results for fixed points of involutions and automorphisms with two
fixed points. I showed that my results on those two types of fixed points combined with previous
results [Acc83] leads to the conclusion that of the three types of fixed points of Klein’s quartic
curve, two types are higher-order Weierstrass points, in fact for infinitely many orders, while the
third type is not. I also determined the weights of the higher-order Weierstrass points.

The second aspect is more transcendental. The classical arithmetic-geometric mean (AGM) for
elliptic curves has been generalized to genus 2 [Ric36], and more recently to genus 3 [LR07]. It has
also been shown that genus 3 is the last genus for which an AGM algorithm is feasible [DL99]. Some
degree of explicitness was reached for genus 3 [LR07] using recent results [CS03] which associate
the bitangents of a curve to its moduli. The goal of this aspect is to develop a construction for
the AGM image of X using this curve’s split Jacobian and the elliptic curve AGM; the recent work
of [HLP00] on attaining knowledge of such algebraic curves was instrumental in this process. I
compared the resulting curve with the AGM for X given by the previously defined genus 3 AGM.

The final aspect begins with the consideration of some classical results. Gauss’s AGM is defined
for the real numbers a and b as the common limit of the sequences an+1 = an+bn

2 and bn+1 =

(anbn)
1/2. Generalizing this process to the complex numbers presents a new problem: the choice of

the square root defining bn+1 is no longer obvious. For the complex numbers, we need to make a
choice for the square-root; a “right” choice can be defined [Cox84] and, as long as only finitely many
“wrong” choices are made, the sequences will have an interesting (i.e. non-zero) common limit.
The collection of these limits is described using Jacobi’s theta functions, θ00(τ) = 1+2

∑∞
n=1 e

2πin2

and θ01(τ) = 1 + 2
∑∞

n=1(−1)ne2πin
2
, which results from classical relations among these functions.

These relations also serve as the foundation for the elliptic curve AGM. Let E : y20 = x0(x0 −
a20)(x0−b20) ≈ C/(Z+τZ) be an elliptic curve. Then the classically known AGM of E is the elliptic
curve E′ : y21 = x1(x1 − a21)(x1 − b21) ≈ C/(Z + 2τZ) [Gra89], where a1 and b1 are the arithmetic
and geometric means of a0 and b0, respectively. This process is easily seen to be moding out by
the 2-torsion point, (0, 0), on the algebraic model, and 1/2 on the analytic model of E. In [Fara],
I generalized this to make a similar construction moding out by the other 2-torsion points. In the
case of complex values for a0 and b0, the complex case for the original AGM also extends to a fuller
understanding of the AGM for elliptic curves, where the choice of torsion point being divided by is
given by the equivalence class of γ in SL2(Z) such that γτ is in the fundamental domain for Γ2(4).

Wronskians and Automorphic Forms: The goal of this project is to determine a family of
automorphic forms associated to the pluricanonical linear spaces for Klein’s quartic curve. To begin,
we look at the general situation. Let X be an algebraic curve of genus g ≥ 2 with canonical divisor
K. The Wronskian function is defined for a set of functions in a local coordinate z, f1(z), . . . , fr(z),
as the determinant

W (f1, . . . , fr) =

∣∣∣∣∣∣∣∣∣
f1(z) · · · fr(z)
df1
dz (z) · · · dfr

dz (z)
...

...

( d
dz )

r−1f1(z) · · · ( d
dz )

r−1fr(z)

∣∣∣∣∣∣∣∣∣ .
In the case of the canonical linear system, |K|, with associated linear space, L(K), the zeros
of W (f1, . . . , fg)(dz)

g(g+1)/2 are the Weierstrass points for the curve X, the multiplicities of the
zeros being their Weierstrass weights [Mir95, VII.4]. The Wronskians for the pluricanonical spaces,
L(nK), n ≥ 2 (associated to |nK|) give the higher-order Weierstrass points [FK92, III.5].

2



Now let X be a modular curve Γ�H∗, for Γ a subgroup of finite index in SL2(Z) and H∗ the
upper half plane with the cusps of Γ adjoined. Then the Wronskian is a modular form of weight
g(g+1) for Γ [Roh82]. In the pluricanonical case, the Wronskian is an automorphic form of weight
(2n− 1)2g(g − 1)/2 [FK01, 3.1]. There appears to be no study of such forms in the case of higher
order Weierstrass points.

Klein’s quartic curve, as X(7), has as Wronskian for |K| a cusp form of weight 12 for SL2(Z),
hence W = ∆. [Roh82] proves this using facts about Γ ≃ PSL2(F7) and that the appropriate space
of modular forms is one dimensional. Similar calculations for determining the ordinary Weierstrass
points of X and other Hurwitz curves were done by [CHR99].

Alternatively, using the model for X given by w7 = z(z − 1)2, we can explicitly write down a
basis for L(K) [FK92, VII.3]:

{ 1

w3
,
z − 1

w5
,
z − 1

w6
}.

It is this basis I plan to use to find bases for the pluricanonical spaces L(nK) for X. I have
observed that for 2 ≤ n ≤ 5, pairwise multiplication of the elements of this basis leads to exactly
dimL(nK) = (2n − 1)(g − 1) − 1 independent differentials. For example, for n = 2, pairwise
multiplication of the basis elements of L(K) above led to

{ 1

w6
,

1

wz(z − 1)
,

1

zw3
,

1

w2z(z − 1)
,

1

w4z
,

1

w5z
},

the Wronskian of which has exactly the roots predicted by [Farb]. With these explicit bases I plan
to determine the automorphic forms appearing as the Wronskians for the pluricanonical spaces for
X.

Geometric Goppa Codes: The expicit bases for the linear spaces associated to the pluri-
canonical linear systems for X discussed above will also be a fundamental part of the project I
am proposing for applications in Geometric coding theory. Coding theory is concerned with the
encoding and decoding of information such that errors that occur in transmission can be detected
and corrected during the decoding phase. Applications of this type of process include satellite
transmissions, transferring information within a computer system and data storage [CLO05, Chap.
9]. The encoding process is described as an injective map

C : Fk
q → Fn

q

where k is the rank of the code and n the length of the code [Pre98, Chap. 5]. Choosing n > k
builds redundancy into the coding system, which allows for error-correcting.

The use of algebraic geometry in defining coding systems was established by Goppa ([Gop81],
[Gop82]). Geometric Goppa codes are linear error-correcting codes obtained by evaluating the
rational functions in a linear space on an algebraic curve X ([Pre98, Chap. 5],[Pre09]). More
precisely, let X be an algebraic curve over a finite field Fq, and let D = P1 + · · · + Pn and G be
divisors with disjoint rational support on X. Primary (or differential) Goppa codes are defined by

CΩ(D,G) = {(ResP1(ω), . . . , ResPn) : ω ∈ Ω(G−D)},

though it is common to first introduce dual (or functional) Goppa codes, which are defined by

CL(D,G) = {(g(P1), . . . , g(Pn)) : g ∈ L(G)}.

Curves with automorphisms are useful for defining codes, as the automorphism group of the curve
and the permutation automorphism group of the codes are in many cases the same [JK06]. Klein’s
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quartic curve has been an important example in Geometric coding theory ([CP07], [Han87], [HR96],
[RTL91]).

A key point in defining Geometric Goppa codes is the need to find explicit bases for linear spaces
L(G). There have been some advances on this topic ([HI94]), but it remains a difficult problem.
I plan to use the same explicit bases for L(K) as decribed above to define pluricanonical linear
spaces over finite fields for Klein’s quartic curve. This project is reasonable since so many results
on linear sytems and their corresponding spaces of functions extend from characteristic zero fields
into positive characteristic, one important example being the Riemann-Roch Theorem (see [Sti09,
1.5]). On a related note, [JvOS94] found the bitangents of X as the same over C and F7, where
the intersections of the curve and the bitangents with multiplicity give the canonical divisor for the
curve [Acc94]. Another property of the curve, which also translates to some finite fields [Cox83], is
that of having sets of 4 concurrent bitangents [FK91]. Similar work was proposed in [CHR99] for
the canonical linear space, with a goal of finding Weierstrass points of X over finite fields for use in
Geometric coding theory.
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