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13  GENERAL MULTIRESOLUTION ANALYSIS

1.  Other constructions:
Suppose we use another “pixel” function :9ÐBÑ
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fig 31: another pixel function 
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Can we use this to build approximations to other
functions?  Consider linear combination:

# ÐBÑ  $ ÐB  "Ñ  # ÐB  #Ñ  ÐB  $Ñ9 9 9 9
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fig 32:  graph of linear combination of translates of 9
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Note we can try to approximate functions with other pixel
functions.

Question:  Can we repeat the above process with this
pixel (scaling) function? What would be the
corresponding wavelet?

Assumptions:     has finite integral andl ÐBÑl9' 9ÐBÑ.B Á !.
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More general construction:

As before define   all linear combinations of Z œ P!
# 9

and its translates:

œ Ö0ÐB œ + ÐBÑ + − à 0 − P ×Þ) (2)� ¹
5

5 !5 5
#9 ‘

with

9 9!5ÐBÑ œ ÐB  5ÑÞ
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and

Z œ Ö0ÐBÑ œ + ÐBÑl + − à 0 − P ×Þ" 5 "5 5

5

#� 9 ‘ (3)

9 9"5
"Î#ÐBÑ œ # Ð#B  5Ñ    

etc.      

We want the same theory as earlier.

 [Note  no longer piecewise constant functions]Z!
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Recall condition

(d)    0ÐBÑ − Z Ê 0Ð#BÑ − Z8 8"

 This is automatically true by definition of , since ifZ8

0ÐBÑ − Z 0!, then  has the form of an element of (2).
Then  has form of an element of  (3), and  0Ð#BÑ 0Ð#BÑ
− Z".

Similarly can be shown that  holds for any pair of(d)
spaces  and  of above form.Z Z8 8"
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2 Some basic properties of F.T.:Þ
 
 Assume that   Then0 œ Ð0ÑÞs Y

   (a) Y = =Ð0ÐB  -ÑÑÐ Ñ œ / 0Ð Ñs3 -=

 (b)  Y =Ð0Ð-BÑÑ œ 0Ð Î-Ñs"
-

 Proofs:  Exercises.
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3.  Orthogonality of the 's:9

Another property of Z À4

(f) The basis  for is orthogonal, i.e.Ö ÐB  5Ñ× Z9 !

Ø ÐB  5Ñß ÐB  jÑÙ œ ! 5 Á jÞ9 9  for 

Not automatic.  Let F.T. of .Y =Ð0Ñ ´ 0 ´ 0Ð Ñs
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Require a condition on  of the following sort:  if  ,9 5 Á j
then (note use  as Fourier variable)= À

! œ Ø ÐB  5Ñß ÐB  jÑÙ œ Ø Ð ÐB  5ÑÑß Ð ÐB  jÑÑÙ9 9 Y 9 Y 9

œ Ø/ Ð Ñß / Ð ÑÙs s

œ / l Ð Ñl .s

3 5 3 j

∞

∞
3 Ð5jÑ #

= =

=

9 = 9 =

9 = =(
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Thus conclude if 7 Á !ß

! œ / Ð Ñl .s(
∞

∞
37 #=|9 = =

œ á    / l Ð Ñl .sŒ 7( ( (
% # !

# ! #
37 #

1 1 1

1 1 1
= 9 = =

œ / l Ð Ñl .s� (
8œ∞

∞

8†#

Ð8"Ñ†#
37 #

1

1
= 9 = =
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œ / l Ð  #8 Ñl .s� (
8œ∞

∞

!

#
37 #

1
= 9 = 1 =

œ / l Ð  #8 Ñl .s( �
!

#
37 #

8œ∞

∞1
= 9 = 1 =  

[since we can show that the integral of the absolute sum

converges because   absolutely�
8œ∞

∞
#l Ð  #8 Ñl .s9 = 1 =

integrable; see exercises]
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Conclude function    on    is in  �
8œ∞

∞
# #l Ð  #8 Ñl Ò!ß # Ó Ps9 = 1 1

because it has square summable Fourier coefficients
(in fact they are    if   ).! 7 Á !

Further   is - periodic in , and has�
8œ∞

∞
#l Ð  #8 Ñl #s9 = 1 1 =

a Fourier series

� �
8œ∞ 7œ∞

∞ ∞
# 37

7l Ð  #8 Ñl œ - / ßs9 = 1 =   

where
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- œ / l Ð  #8 Ñl . œ ! 7 Á !
"

#
s

7
!

#
37 #

8œ∞

∞

1
9 = 1 =( �1

=        if  

And

- œ / l Ð Ñl . œ l Ð Ñl .
" "

# #
s s

!
∞ ∞

∞ ∞
37 # #

7œ!1 1
9 = = 9 = =( (º=

œ ÐBÑl .B œ Þ
" "

# #1 1
9(

∞

∞
# |

Thus
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� �
8œ∞ 7œ∞

∞ ∞
# 37B

7l Ð  #8 Ñl œ - / œ Þs "

#
9 = 1

1

This condition equivalent to orthonormality of .Ö ÐB  5Ñ×9
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V V0 1§ À

Recall the condition

(a)   Z § Z! "

 What must be true of  for this to hold in general?9
This says that every function in  is in .  Thus sinceZ Z! "

9 9ÐBÑ − Z ÐBÑ − Z! ", it follows ,   i.e.
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9 9ÐBÑ œ # Ð#BÑ linear combination of translates of È
= (4)�

5

5 "52 ÐBÑ9

9 9"5
"Î#ÐBÑ œ # Ð#B  5Ñ

 [recall normalization constant  is so we have unitÈ#
P Þ# norm]
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Ex:   If  Haar wavelet, then9ÐBÑ œ

9 9 9ÐBÑ œ Ð#BÑ  Ð#B  "Ñ

œ ÐBÑ  ÐBÑ
" "

# #È È9 9"! ""

œ 2 ÐBÑ  2 ÐBÑ"! "! "" ""9 9
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            fig 33:  9 9 9ÐBÑ œ Ð#BÑ  Ð#B  "Ñ

 Thus in this case all 's are  except   and   ;2 ! 2 2"! ""

2 œ à 2 œ Þ"! ""
" "

# #È È
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Note in general that since this is an orthonormal
expansion,

�
5

5
# #2 œ m ÐBÑm  ∞Þ9

4. What must be true of the scaling function for (4)
above to hold?

Thus in general we have:
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9 9 9ÐBÑ œ 2 ÐBÑ œ 2 ÐBÑ� �
5œ∞ 5œR

∞ R

5 "5 5 "5
RÄ∞
lim (3)

in  norm.  DenoteP#

�
5œR

R

5 "5 R2 ÐBÑ ´ J ÐBÑ9

Specifically,
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m ÐBÑ  2 ÐBÑm Ä !Þ9 9�
5œR

R

5 "5

 [recall  is Fourier transform]Y
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Corollary of Plancherel Theorem:

Corollary:   The Fourier transform is a bounded linear
transformation.  In particular, if the sequence of
functions    converges in  norm, thenÖJ ÐBÑ× PR

#

Y = Y =Ð J ÑÐ Ñ œ ÐJ ÑÐ Ñlim lim
8Ä∞

R R
RÄ∞

in    norm, i.e., Fourier transforms commute with limits.P#
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Thus since  sums are limits and  is linear:∞ Y

Y 9 Y 9 =Œ 7� �
Oœ∞

∞ ∞

5 "5 5 "5

5œ∞

2 ÐBÑ œ 2 Ð Ð ÑÑ

 [i.e.,  commutes with  sums]Y ∞

Let .   Then generally:Y 9 = 9 =Ð ÑÐ Ñ œ Ð Ñs

         Y 9 = Y 9 =Ð ÑÐ Ñ œ Ð# Ð# B  5ÑÑÐ Ñ45
4Î# 4

 
œ # Ð Ð# B  5ÑÑÐ Ñ4Î# 4Y 9 =
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[recall dilation properties of Fourier transform earlier]

œ # Ð ÐB  5ÑÑÐ Î# Ñ4Î# 4"
#4 Y 9 =

  [recall translation by  pulls out an ]5 /3 5=

      œ # / Ð ÐBÑÑÐ Î# Ñ4Î# 3 5Î# 4= 4
Y 9 =

                       œ # / Ð Î# Ñs4Î# 3 5Î# 4= 4
9 =
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 Specifically for :4 œ "

Y 9 = 9 =Ð ÑÐ Ñ œ # / Ð Î#Ñ
"

#
s

"5
3 5Î#È =

Recall (3):

9 9ÐBÑ œ 2 ÐBÑ�
5œ∞

∞

5 "5

Fourier transforming both sides:
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9 = Y 9

Y 9

9 =

sÐ Ñ œ Ð ÑÐBÑ

œ 2 ÐBÑ

œ 2 / Ð Î#Ñ
"

#
s

Œ 7�
� È

5œ∞

∞

5 "5

5œ∞

∞

5
35Ð Î#Ñ=

(5)
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Define

7Ð Î#Ñ œ 2 /
"

#
= � È

5œ∞

∞

5
35Ð Î#Ñ= (6)

note  is - periodic Fourier series of  given7 #  7Ð Î#Ñ1 =
above.

Note , since .7Ð Ñ − P Ò!ß # Ó 2  ∞= 1# #

5
5

�
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Thus by (5):

9 = = 9 =s sÐ Ñ œ 7Ð Î#Ñ Ð Î#ÑÞ

with  a -periodic  function.7Ð † Ñ # P1 #

[Note:  This condition exactly summarizes our original
demand that !]Z § Z! "

          
Note if , then it follows (same arguments) thatZ § Z Z! " "

§ Z Z § Z# 4 4", and  in general.
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5.  Some preliminaries:

Given a Hilbert space  and a closed subspace , forL Z
0 − L  write

0 œ @  @¼

where  and @ − Z @ − Z Þ¼ ¼

Definition:  The operator  defined byT

T0 œ TÐ@  @ Ñ œ @¼

is the  onto .orthogonal projection Z
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Note  is a bounded linear operator (see exercises).T

Easy to check that if  (see exercises). mTm œ " T Á !
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Ex:  Z œ Þ T ÐBß Cß DÑ œ ÐBß Cß !Ñ œ‘$   is the orthogonal
projection onto the  plane.BC

 
TÐBß Cß DÑ œ Ð!ß !ß DÑ œ Dorthogonal projection onto  axis.
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Ex:  Z § P Ò ß Ó# 1 1   is the even functions.  Then for
0 − P#

T0ÐBÑ œ 0 ÐBÑ œ
0ÐBÑ  0ÐBÑ

#
even

(see exercises).
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6.  How to construct the wavelet?

Recall we have now given conditions on the scaling
function:

Condition

(a)     áZ § Z § Z § Z § Z § Z á# " ! " # $

is equivalent to:

(i) 9 = = 9 =s sÐ Ñ œ 7 Ð Î#Ñ Ð Î#Ñß!

where  is a function of period .7 #! 1
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Condition

(f)   There is an orthogonal basis for the space V  in the0
family of functions

9 9!5 ´ ÐB  5Ñ   
is equivalent to:

(ii) �
5

#l Ð  # 5Ñl œs "

#
9 = 1

1
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Condition
(b)    ∩ Z œ Ö!×

8
8

can also be shown to follow from (ii) as follows:

Proposition:  If  and satisfies (ii), then9 ‘− P Ð Ñ#

∩ Z œ Ö!×Þ
4−

4
™

 Proof:  Denote  to be compactly supportedG-

continuous functions.  Let   Let  be0 − ∩ Z Þ  !
4−

4
™

%

arbitrarily small.
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By arguments as in problem II.2 in R&S,  is dense inG-

P Ð Ñ 0 − G#
-‘ , so that there exists an  with˜

m0  0m  ß˜ %

with  denoting  norm.  Letm † m P#

T œ Z Þ4 4orthogonal projection onto 

Then since :0 − Z4

m0  T 0m œ mT 0  T 0m œ mT Ð0  0Ñm Ÿ m0  0m Ÿ Þ4 4 4 4˜ ˜ ˜ ˜ %
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Thus by triangle inequality

m0m Ÿ m0  T 0m  mT 0m Ÿ  mT 0mÞ4 4 4˜ ˜ ˜% (7)

Since  we have˜T 0 − Z ß4 4

T 0 œ - ÐBÑÞ4 45 45

5

˜ � 9

where    (recall  is an- œ Ø ß 0Ù Ö ÐBÑ×45 45 45 5œ∞
∞9 9

orthonormal basis for ).Z4
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Thus if m0m œ l0ÐBÑlß∞
B

sup

mT 0m œ l- l œ lØ ß 0Ùl4 45 45
# # #

5 5

˜ ˜� � 9

œ ÐBÑ 0ÐBÑ .B�º º(
5

45

#

9 ˜

[assuming  is supported in  ]0̃ ÒVßVÓ
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Ÿ # m0m " † l Ð# B  5Ñl.B4 # 4
∞

5 ÒVßVÓ

#

˜ �8 9( 9

[using Schwartz inequality ]Ø+ÐBÑ,ÐBÑÙ Ÿ m+ÐBÑmm,ÐBÑm

Ÿ # m0m " .B l Ð# B  5Ñl .B4 # # 4 #
∞

5 ÒVßVÓ ÒVßVÓ

˜ �( ( 9

œ # m0m #V l Ð# B  5Ñl .B4 # 4 #
∞

5 ÒVßVÓ

˜ �( 9
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œ m0m #V l ÐCÑl .C
Cœ# B54  ˜  # #

∞
W

(
Vß4

9

[where  (note we replacedW œ ∪ Ò5  # Vß 5  # VÓVß4 5−
4 4

™

5 Ä 5 4in the union) assuming  large and negative,
so Note that then the  sum becomes a# V  Þ 54 "

#

sum over disjoint intervals after the change of
variables above, and we therefore replace a sum over
5 by a union over these intervals, as above]

œ m0m #V ÐCÑl ÐCÑl .C !# #
∞ W ( ; 9 Ò

Vß4 4 Ä ∞
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by the dominated convergence theorem, since if ,C Â ™
; ÒWVß4

ÐCÑ !Þ
4 Ä ∞

Thus by (7), we have for  large and negative and all4
%  ! À

m0m Ÿ m0  T 0m  mT 0m Ÿ  mT 0m Ÿ4 4 4˜ ˜ ˜ 2 .% %

Thus  and   m0m œ ! 0 œ !Þ
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Condition

(c)     is dense in L ( )∪ Z
8

8
2 ‘

also follows from (ii):

Proposition:  If  and satisfies (ii), then9 ‘− P Ð Ñ#

∪ Z œ P Ð ÑÞ
4−

4
#

™
‘

 Proof:  Similarly technical proof.
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Condition

(d)        0ÐBÑ − Z Ê 0Ð#BÑ − Z8 8"

is automatic from the definition of the .Z8
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Condition

(e)           0ÐBÑ − Z Ê 0ÐB  5Ñ − Z! !

is also automatic from definition.

Thus we conclude:

Theorem:  Conditions (i) and (ii) above are necessary
and sufficient for the spaces  and scaling functionÖZ ×4
9 to form a multiresolution analysis.
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Thus if (i), (ii) are satisfied for  and we define the9
spaces  as usual, the spaces will satisfy propertiesZ4

(a) (f) -  of a multiresolution analysis.
Recall:  orthonormality of translates isÖ ÐB  5Ñ×9 5−™

equivalent to:

(ii) �
5

#l Ð  # 5Ñl œs "

#
9 = 1

1
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Rewrite (ii):

�
5

!
# # "

#l7 Ð Î#  5Ñl l Ð Î#  5Ñl œs= 1 9 = 1 1

   Ê œ l7 Ð  5Ñl l Ð  5Ñls"
#

5
!

w # w #
1

� = 1 9 = 1

         [ ]  = =w œ Î#

=�
5

!
w # w #

 even
l7 Ð  5Ñl l Ð  5Ñls= 1 9 = 1

 l7 Ð  5Ñl l Ð  5Ñls�
5

!
w # w #

 odd
= 1 9 = 1



181

œ l7 Ð  † #5Ñl l Ð  † #5Ñls�
5

!
w # w #

 
= 1 9 = 1

 l7 Ð  Ð#5  "ÑÑl�
5

!
w #= 1

l Ð  Ð#5  "Ñls9 = 1w #

œ l7 Ð Ñl l Ð  # 5Ñl  l7 Ð  Ñl l Ð  s s 7!  periodic
! !

w # w # w # w

5 5

= 9 = 1 = 1 9 = 1� �
 .  

œ l7 Ð Ñl †  l7 Ð  Ñl †
by (ii)

! !
w # w #" "

# #= = 11 1
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This implies that

l7 Ð Ñl  l7 Ð  Ñl œ "Þ! !
w # w #= = 1 (8)

What about wavelets?  Recall we define  .[ œ Z ‹ Z4 4" 4

We now know that   form basis for .  TheÖ ÐBÑ× Z945 4

wavelets  will form basis for .<45 4[


