Reed and Simon: Some typographic errors

P. 75, line -9: The extension of Ato Y, ...
P.82, line-1: y — > Tx; € Bey
j=1



Reed and Simon, Chapter 1

Abstract Measure Theory

Section 1.2: Metric and normed linear spaces

Page 10, top: In the displayed set of equations, the fact that n1_1’r(1)1o [ %0 || = [ x| ifxn 52

x follows from problem 8 as indicated, since

lim ||z,| = lim ||z, — 0]] = lim d(z,,0) = d(z,0) = ||z||,
n—oo n—oo n—oo
where we are using the fact that the norm can be viewed as a distance from 0.

Page 11, bottom: The Bolzano-Weierstrass theorem states, in one form, that any bounded
sequence in R" has a convergent subsequence.

Section 1.3: The Lebesgue integral

Page 13, top: Since the space C[a,b] is incomplete, we can complete it, according to theorem
1.3 above. However, this completion is an abstract normed linear space, and not necessarily a
space of functions. The question here is whether this abstract space which is the completion
can be identified in a one to one way with some collection of functions on [a,b].

Once we identify this completed space as a collection of functions, then we will be able
to define the integral on this larger space (whatever collection of functions this new larger
space turns out to be). The way to do this is to notice that the integral on the original space
C[a,b] defined anorm, || f| =/ ab|f(x)| dx. Thus if this norm is simply extended to the larger
space of functions (all norms can be extended to the completion of the space they are defined
on), it will define an integral on the larger space. In the end, this “larger space" turns out to be
the space of measurable functions, and the norm or integral is the Lebesgue integral - a very
economical and quick way to define the Lebesgue integral.

The question left then is whether it is indeed possible to identify the completion space
as a space of functions. At this point the space L'[a,b] (the space of integrable measurable
functions) is defined in an independent way, and then by general arguments it is shown that
L![a,b] is indeed the completion we discussed above.

Page 14, top: The function yu turns out to be nothing more than Lebesgue measure. If a set is
an interval [a,b], its Lebesgue measure is just its size (or length), namely b - a. However, if a
set is more complicated, its size is more difficult to define. This is where the definition of
Lebesgue measure comes in.

Page 15, middle: Proving Theorem 1.8 takes some technicalities, and at this point, we can
take the theorem as given. This theorem establishes the basic properties of Lebesgue measure.



Page 16, middle: The proposition is a standard one in measure theory, but its proof has not
been included in the text. This is true of most of the of the theorems stated in this section, as
well as a number of assertions regarding measure theory.

Page 18, Theorem 1.12: “so pass to a subsequence with
(1) [ fo-foer |1 < 2707

The reason there is a subsequence which satisfies this condition is as follows. Since
{f.} is Cauchy, we know that for any k, there is an N such that for nm > N, | f, -
fn || < 2°% Thus choose the subsequence (i.€., a subset of the original sequence) to be f,,, f;,,,
fns» ..., where n; represents the original index of the first function in our subsequence, n,
represents the index of the second function in our subsequence, and so on. Thus we see that
we can label the subsequence by {f;, }°,. How should we choose this subsequence? We can
do it as follows. Choose n; first such that for n,m > ny, we have || f, - f,, || <2'. Then
choose n, such that for nm > n,, we have || f,-f, | <22 In general then, choose the
sequence of numbers ny, ny, n3, ... such that forn,m > n;, we have | f,-f, || <27 Now
pick a subsequence of the original one, consisting only of f's with the indices nj, nj, ns, ... .
The new subsequence has the form f;, , f,, fi,,, ... . Notice now that by our assumption, || f,,
-f,, || < 27! by the above, since nj,n; > n;. For the same reason, || f, - f,, | < 272, and in
general | f, -f,, || <27 The book uses a somewhat different notation for this
subsequence, namely, the subsequence we are calling {fy, }, the book is calling {f,} (there is
not much possibility for confusion using the book's notation, even though this is also what the
original sequence was called; essentially the book is replacing the original sequence by the
subsequence). Thus the above statement is equivalent to (1), which is used in the book.

Page 18, middle: “Thus |g(X)[< 0 a.e...."

This follows from the standard fact in measure theory that any function with a finite
integral must be finite almost everywhere. The fact that the functions f,(x) converge
pointwise a.e. to a function f(x) follows from the fact that the sequence defining f.,(x) is
absolutely convergent to a function (as established just above), so that it must be convergent to
some function.

The fact that f, — fin L' is just the statement that

| fa-f] = [Ifa-fldx _— 0

n—-»oo 7’

which follows from the dominated convergence theorem.
The corollary follows from the proof of the theorem.
Section 1.4: Abstract measure theory

Page 19, bottom: The fact that the limits from the right and left of the function « exist
follows from the fact that any bounded increasing (or decreasing) sequence of numbers a, has



a limit. The same is true for a function a(x) which is increasing (or decreasing) but bounded.
Namely, under this assumption, lim «(x)and lim «(X) exist.
xTy x|y

The fact that one can always extend the given measure on open intervals to all Borel
sets is a standard fact of measure theory.

Page 20, top: “In particular, p,([a,b]) = a(b + 0) - a(a - 0)."
This follows from the fact that [a,b] = (a,b) U {a} U {b}. Thus

(2) fa([a,b]) = pa((a,b) + pa({a}) + pa({b}).
However, note that

pal{ah) = fim ra((a-e.ae) = a(at0) - a(@0),
€

and similarly for y1,({b}). Thus by (2) we have
Ha([a.b]) = a((@b)) + pa({a}) + pa({b})
= (a(b-0) - a(at0)) + (a(at0) - a(a-0)) + (a(b+0)-a(b-0))
= o(b+0) - (a-0).

Notice that p({a}) is nonzero if and only if a(a+0) - a(a-0) # 0, i.e., if « is discontinuous at
a.

Page 20, Example 1:
The easiest way to prove the assertion [fdx = [f (d—o‘) dx is to prove it first for step

functions )
f= Zk:CkX[ak,akH] (x),
where {ay} is a sequence of points in the interval [a,b]. In that case the integral
Jfdx= ;Ck(a(akﬂ) - a(ax)),
while

JE(82) dx =cr [ 42 dx =Y c(afarn) - cl@),
k k

where the last equality follows from the fact that the last integral is just a Riemann integral,
whose value we can calculate using the fundamental theorem of calculus.



Page 21, top: That is, the numbers in the cantor set are those whose decimal expansions in
base 3 have no 1's in them, e.g., the number .022020020222... would be in the Cantor set.
The point here is that to show that this set is uncountable, we can identify each number in the
Cantor set with the number which has exactly the same digits, except that every 2 is replaced
by a 1. Thus the above number would correspond to .011010010111. Now this can be viewed
as a number in base 2, and notice that we can get every number between 0 and 1 in base 2 this
way. Thus we have found a one-to-one correspondence between numbers in the Cantor set
and all numbers in the interval [0,1]. This shows that the Cantor set is uncountable, since the
set [0,1] is.

Page 21, middle: “Extend o by making it continuous."

Notice that at this point « is defined on the entire set S, which is easily shown to be
dense. There is a basic theorem of analysis (the Tietze extension theorem) which states that
any function which is continuous on a dense subset of a metric space X can be extended to a
continuous function on X. In this case the dense subset is S, and to see that « as defined on S
is indeed continuous, it suffices to show that for any x € S, li%n a(y) = a(x), and lim  a(y)

y1X yiX

= a(x), where here y is of course restricted to be in S. Let us verify the first statement, since
the second one follows similarly.

Notice that since « is monotonically increasing on S, asy T x, a(y) increases to some
limiting value. We need to show that this limiting value is a(x). Suppose that this were not
true. Thenasy T X, a(y)would increase to a limiting value L which was less than a(x), and
thus there would be no y € S such that L<a(y)<a(x). Notice now that the range of the
function « (i.e., the possible values o may take) consists of all numbers of the form k/2",
where n is a positive integer, and 0<k<2" is also an integer. This forms a dense set in the
interval (0,1). Thus there is a y € S such that a(y) lies in any given interval contained in
[0,1], which contradicts the assertion that there is no y such that L<a(y)<a(x). This
contradiction shows that indeed li%n a(y) = a(x). This together with lirln a(y) = a(x), which

ylXx ylX

can be proved similarly, shows that o is continuous on S and thus can be extended
continuously to all of [0,1].

Notice also that almost everywhere, a(x) is just a constant function on some interval |
which is part of S, so that its derivative & is well-defined, and equal to 0 almost everywhere
(see the illustration). Finally note that for any interval I = (a,b) making up S, o (I) = a(b) -
a(a) = 0, since « is constant on I. From this we conclude that 1,(S) = 0, since S is a
countable union of such intervals.

Page 22, top:

Note that a compact set on the real line is one which is closed and bounded.

In the Definition, it is not difficult to check that a pure point measure is one which has
the property that there is a countable or finite collection of points {xx} such that pu({xx}) >0
for each xi, and such that ;4 is 0 on any set not containing any xix. For if there were an
uncountable set of such xy, then the set S consisting of all x; would have infinite measure,
since the sum of any uncountable collection of positive numbers is infinite. Clearly also it
must be that a pure point measure p is 0 on any set not containing any Xy, just by the
definition of the pure point measure.



Page 22, Theorem 1.13:
The fact that the decomposition is unique follows from the fact that in any such
decomposition of 1, i, 1S non-zero only on all pure points of 1, which form a unique set.

Page 23, top:
The integral in this abstract setting can be defined in exactly the same way as it was
defined on the real line earlier, and all of the theorems still hold in this more general setting.

Page 25, top:
Here xa(x) (characteristic function) denotes the function which is 1 if x € A, and 0 if
X ¢ A.

Page 25, bottom:
The material on product measures (from here through the end of section 1.4) is optional,
though interesting.

Page 25, middle: The material from here through the end of section 1.4 (on product
measures) is optional. It is nevertheless interesting and not very difficult, and so worth
reading if you have the time.

Section I.5: Two convergence arguments

Page 27, middle: The inequality in the displayed equation follows from the fact that for any

sequence of numbers a, which has a limit, forany N>0, sup a, > lim a,.
n > N n—-o00

Page 28: The material from the middle of this page through the end of the chapter is optional.
Again the material is not difficult, and is worth reading if you have the time.



Reed and and Simon, Chapter 2
Hilbert Spaces

Section I1.1: The geometry of Hilbert space

Page 37, top: If o = a + bi is a complex number, then its conjugate is defined as & = a - bi.
A function f defined on a vector space is conjugate linear if f(x +y) = f(x) + f(y), and f(ax) =
af(x).

Note also that if & = a + bi is complex, we define |o> = a? + b?, and that we can also
write @ = |a?.

N N
Page 37, bottom: To show that the vectors » (x,,X) X, and x - Y (Xy,X) X, are orthogonal,
n=1 n=1

take their inner product:

N N N N
<Z(Xnax) Xn, X =D (Xn,X) Xn) = <Z(Xnax) Xn, X =D (Xn,X) Xn)
n=1 n=1 n=1 n=1

N N N
(Z(XH,X) Xpn, X > - (Z(XI‘UX) Xn, Z(XH,X) Xn)
n=1 n=1 n=1

N N N
(Z(XH,X) Xn» X) - (Z(XH,X) Xn Z(Xm,X) Xm)

n=1 n=1 m=1

N N N
;(xn,x) (Xp, X) - (;(xn,x) Xn, Z;l(xm,x) Xm)

N N

Z ((Xnox) Xn, (Xm,X) Xm)

n=1 m=1

N
= ZZZII(XH,X)I2

N N N
= ;|(xn,x)|2 - Z Z (XH:X) (vax) (Xnaxm)

n=1 m=1

N N N
= ;l(xnsx)lz - Z Z (anx) (Xm:X) 6nm

n=1 m=1



(where Onm = { loiiff?l;nf is the Kronecker delta function)

N N
= ;l(XH,X)lz - ;1 (Xn,X) (Xn,x)

=0

Note that in the third equality we had to change the index of the second sum in order to
combine the two sums into a single one.

Page 37, top: Third line: Note that since the x,, are orthonormal, we have

N N N
| ;(XH,X) Xn || 2= < Z::l(xn,x) Xp , z::l(xn,x) Xp )

N N
( Z(Xn,X) Xn » Z (Xm,X) Xm )

n=1 m=1

[
M=z
Mz

(Xn ’X) (Xm,X) (Xn aXm)

=1
[
2
i

(X0 %)

Mz

=
2
[

Page 40, top: finite dimensional Hilbert spaces
A Hilbert space is finite dimensional if the largest orthonormal set of vectors in the space is
finite.

Page 42, top: The second equality in the sequence of equations follows from the
parallelogram law, namely:

I -%) - Om =% 12+ [ G-+ Om-%) [ 2=2 [ yn-x [ 242 ] ym-x | %

Page 42, bottom: “...which implies Re(w,y)=0."
This follows from the simple fact that for the parabola at + bt?, the parabola crosses the t
axis if a is not 0.



Page 43, middle: “By the continuity of T, A is a closed subspace."
This follows from the fact that if {x,} is a Cauchy sequence in T, then since T is

continuous we have T( lim xn> = lim T(x,) =0, so that lim x, is also in NV, so that \V is
n—00 n—00 n—00

indeed closed.

) ) + 19y, itis easy to

Page 43, bottom: Note that in the equation y = (y = Ty X0 o)

check that the first group on the right side is in A/, by applying T to it.

“If T(x) = (Y',x) also, then..."
Note we have

Iy -yr 2= -y1.y - y1)
=LY -y - (yny) - (yr.yr)
=T(') - T(yr) - T(y') - T(yr)

=0.

TOPIC: A NOTE ON COUNTABLE AND UNCOUNTABLE SETS AND SUMS

Countable and uncountable numbers

An infinite set A is countable if it can be put in one to one correspondence with the
natural numbers N = {1,2,3,4... }. Notice therefore that N itself is countable, and that the set
Z of all integers is countable, since we can make the one-to-one correspondence:

O 00 IO\ DN A WN —
[ A A A )

and so on. Further, through a slightly more complicated argument, we can show that the set Q
of all rational numbers (i.e., all numbers expressible as a ratio of two integers) is also
countable. However, as Cantor showed in the late 19th century, the set R of all real numbers
is not countable. That is, there exists no one to one correspondence between R and N.



Uncountable sums

o
Most infinite sums which are considered are of the form ) | a;. By definition this means
i=1

N
Yag = _lim ) a.

=1 N-oo iH

Since these are sums over all natural numbers N, such a sum can be written in the form " a;.
ieN
This is an example of a countable sum, since it is over the set N which is

countable. Consider now an example of an uncountable sum, say where the index i ranges not

over N but over R or some other uncountable set. We then have  a; .
ieR

What does such a sum mean? First, any reasonable definition of an uncountable sum where
all of the numbers a; are all positive would give an answer of co. Therefore, we say that an
uncountable sum converges only if the set of a; which are non-zero is much smaller than the
whole set of a;. Namely, we require that the set of a; which do not vanish is countable.
Otherwise the sum is said automatically to diverge.

Thus, if we have a sum ) ,_, a; where A is an uncountable set, we will always assume
that all but a countable number of the a; are zero if the sum is to converge.

Note that in Theorem II.6, the sum (II.1) might be over an uncountable set if A is
uncountable, and in this case all but a countable number of the terms are assumed to be 0.

n

n
Page 45, bottom: || > (xo,.¥) Xo, | 7= D0 1(Xa, »Y)

jem+ jemt

This follows from Theorem II.1, where in the statement of the Pythagorean theorem, the

second term on the right side vanishes in this case, since x in this case is given by a finite sum
n

> (g »Y) X -

j=m+1

“Therefore {y,} is a Cauchy sequence ..."
n

Indeed, the sum » |(x,, ,y)|? can easily be shown to go to 0 asn,m — oo,
j=m+1

since the full sum converges. Since this defines y, - ym, we have that {y,} forms a Cauchy
sequence.

“(y - Y X)) = nl—lblgo (y - ‘z;(xaj’y)xm” XM) )
i=

10



Note that since the inner product is continuous, we have

1%13100 <y - ;(Xaj ’y)XOéj’ Xae) = (y _I%I—I'HOO Z(Xaj ’Y)Xaj’ XOé/) - (y - y/’XOZé) .
j=

=1

Page 46, top: The second equality in this series follows directly from the Pythagorean
theorem on page 37.

Page 46, middle: There is a typographical error in this sequence of equalities. The second
line should read w, =u, - (vi,up) vi.

Page 47, middle: “By throwing out some of the x,,'s..."

More precisely, this means that we start with x,, X,, and throw out x; if it depends on
x1. We then look at x3, and keep it if it is independent of the previous vectors we have kept,
and throw it out otherwise. We thus successively look at each vector in our sequence x,, and
throw it out if it is a linear combination of the previous vectors we have kept, and keep it
otherwise. At the end of this infinite process, we have a collection of vectors in which each
vector is linearly independent of all the previous ones.

¢“...the set of finite linear combinations of the y, with rational coefficients is dense
inH..."

This follows from the fact that by theorem (I1.6) every y € ‘H can be written in the form
(IL.1) as a countable sum. Thus y can be arbitrarily well approximated by finite sums of this
form. Since a finite sum of this form has complex coefficients (x,,y), these coefficients can in
turn be arbitrarily well approximated by rational complex numbers (complex numbers whose
real and imaginary parts are rational). Thus any y € H can be arbitrarily well approximated
by finite sums of the form (II.1), with rational (complex) coefficients. This says that the set of
such sums is dense in H.

“It is easy to show that it is unitary."
To see that the map is unitary, assume that we have x, X, so that

Z/{Xl = {(Ynaxl)}n ) uxz = {(yn9X2)}n .

Then we have that the inner product of the sequences, as defined in Example 3 of Section II.1,
is

({(YHaXI)}n ) {(Yn’xz)}n) = i(}’n,xl) (Yn,X2)

= i—%l (X1,¥n) (Yn,X2)

11



i (X15¥n) Onm (Ym,X2)

n,m=1

5 (X1.Y) (nYm) (VmeX2)

n,m=1
= i i (X1.Y0) (¥noYim) (Y2
= i ijl ((X1,¥n) Yn:Ym)) (YmsX2)

i ((Yn:X1) Yn,(Ym-X2)¥m))

m=

Il
M2

=
[

—_

—_

= (f}l (Yn-X1) Yn, i (ym,Xz)ym)>

= (x1,x2)
Thus our ¢ map is indeed unitary.

Page 48, bottom:

Theorem I1.9:

To show that the sum given in the statement of the theorem indeed converges in

L? to f(x), we need to show that the system {(27) '™}z is a complete orthonormal set (i.e.,
a basis) for H = L?>. We know that the set is orthonormal, so we need only show that it is
complete, i.e., that finite linear combinations of functions in the set (27)'e!™},7 are dense in
‘H. The proof that this set is complete starts here with the proof of the claim that the set
CII)[O,27T] is dense in H = L2[0,27]. This fact is then used in the second paragraph of the proof
to complete it.

Note that we are working in [0,27], so that by a periodic function (of period 27) what
we mean here is just a function ¢(x) such that ¢(0) = ¢(27).

“But a step function can be approximated (in L?) by a Cll, [0,27r] function by ... "

If you draw a step function defined somewhere in the interval [0,27], then you can see
that if you draw the ends of the function so that they don't drop abruptly to 0 but instead slant
down at a steep angle, then you have a continuous function which approximates the original

12



step function. This function is still not periodic (that is, its values at the endpoints 0 and 27
still don't match). To make it periodic, erase the graph of function very near to the point x =
27, and from the point on the graph of the function where the erasure has started, draw a
straight line to the point (27,a), where a is the height of the original function at 0, i.e., a = {(0).
This forces the new function to have the same value at 0 and 27, without making much of a
change in the original function. In this way it can be shown that for any original step function
f(x), there is a periodic continuous function which approximates it arbitrarily well (in this case
in the L? metric).

“To show that {(27r)12e!™*}>2 is a complete set we need only show that..."

Indeed if (e™,g) = 0 implies that g = 0, then this means that the set {e™}, cannot be
extended to a larger orthonormal set, since otherwise we could make g a member of this larger
orthonormal set, and still have (¢!™*,g) = 0 without having g = 0. If the set cannot be extended
to a larger orthonormal set, it must already be a basis. Thus if we can prove that (¢™,g) = 0
implies that g = 0, then we will have shown that {e™}, is a basis and we will be finished.

Page 49, top: “which implies g =0."
Indeed, if an element g is orthogonal to every element in a dense set in H, it is not
difficult to show by approximation that it is orthogonal to every element in H.

Note: Section I1.4 is optional reading, and will not be covered in class.

Note: this material will be covered after the material in chapter 4; this section gives
applications of the Riesz representation theorem.

Section I1.5: Ergodic Theory

Page 55, top: The phase space I' is usually a vector space such that each vector corresponds
to a single physical state of the system being described. For example, if the system consists of
a mass moving back and forth on a spring (along the real line R say), we define x; to be the
position of the mass along R, and x, to be the velocity, so that at any moment the position and
velocity of the mass would correspond to the point (x;,X;) in the plane. There is now a unique
correspondence between points in the plane (which is I' in this case) and states of the system.
If the system consisted of rwo masses in motion (again on the line say), then we would define
x; and x, to be the position and velocity of the first mass, and x3 and x4 to be the position and
velocity of the second mass, so that the entire state of the system would be described by the
points (X;,X»,X3,X4), 1.€., @ point in a four dimensional space which in this case makes up I'.
Or we might have two particles in three dimensions, in which case we would have the
coordinates X;,X,,X3 and X4,Xs5,X¢ to describe the components of position and velocity of the
first particle, and coordinates x7,Xg,X9 for position of the second particle, and x;¢,X;;,X12 for
the velocity of the second particle. Thus such a system would be described by coordinates
(x1,X2,...,X12), 1.6., a point in a 12 dimensional space I". Thus in general I" is a vector space
whose points are in one-to-one correspondence with the possible states of the physical system.

Note an unfortunate coincidence of notation: The letter 7' denotes both a time
(T € R), and an operator T} - don't confuse these.

13



“Obviously, T = T(T.”

Note that Ty is the operation which takes a point x in I' corresponding to a physical
state at time 0 and maps this point to the resulting physical state at time t + s. However, taking
a physical state x at time 0 to the resulting state at a later time t + s is equivalent to first taking
the state to the resulting state at time t (i.e., by applying Ty), and then taking that to the
resulting state s time units later (by applying Ts). Thus we have that for a physical state x at
time 0, we have

TH—SX = Tt+s(x) = Tt(TS(X)) = TthX
for each x € I, so that Ty = T Ts.

“observables of the system ... are functions on phase space"

Thus for example, if we want to consider the energy E of the physical system, since E
depends on the physical state of the system, it depends on the numbers (x;,X3,X3, ... ) defined
above, which define the state of the physical system. Thus in fact the energy E is given by E =
E(x1,X2,X3,...) as a function of the variables x; describing the system. More generally, for any
other physical observable O, we can write O as a function of the physical state of the system,
so that O = f(x4,x,...,X,) is a function defined on the space I'. This is why functions f on I'
are important here.

Page 55, middle: The integral
(1) Lim (1) [ f(Tex) dt

represents the following. For concreteness, let x € I" be a physical state of the system, and
assume that f(x) represents the energy of the system in state x. Then first note that if x is a
state of the system at time t = 0, Tyx is the corresponding physical state t units of time later.
Thus f(Tix) represents the energy of the system t units of time later. Therefore (1/T) fon(Ttx)
dt is the average value of f(Tix) over all t from 0 to T (note that T is being used in two
different senses in this equation).

In ergodic theory, one goal is to prove things like the assertion that the energy of a
physical system approaches a limit as time t goes to co. That is, it is desired to prove the
assertion that f(T;x) approaches some limit ast — oo. Sometimes this is either very difficult
to prove or not true, and so in those cases a weaker assertion is studied. Instead of trying to
prove that the energy of the system approaches a limit as t — 00, one instead tries to show
that the average energy of the system from time O to t approaches a limit ast — oo. That is,
one tries to prove exactly that the limit (1/T) fOTf(Ttx) dt exists (here the upper limit T of
integration represents time t, and we let it approach oco). This is why such limits are
interesting.

Note that the word observable here denotes a quantity like the energy, i.e., a function f
on the phase space I'.

“energy is a conserved quantity..."

14



That is, the energy f(T;x) at time t is the same for all t, i.e., it is independent of time.

Page 55, bottom:

The constant energy surface (g is simply the set of physical states x = (X1,Xz,...,X,) for
which the energy E(x;,Xp,...) takes on a fixed numerical value E, i.e., such that
E(x1,X3,...,x5) = E. The idea here is that even if the limit (1) above is not the same for all
initial conditions x (here f(x) represents any physical observable which depends on the
configuration x), it is the same for all initial conditions x which have the same energy E. That
is, that it is true for all x in the set 2z. This limit (1), which depends on f, is denoted by p(f).

To verify the three stated properties of u, note that (a) states that if the function f is 1
(i.e., takes the value 1 for all x), then the average value p must of course also be 1. The
second condition (b) of linearity is easy to verify directly, as is (c).

Finally, a version of the Riesz representation theorem in Chapter IV shows that since p
satisfies properties (a) through (c), it is a positive linear functional, and so there exists a
measure /i on {2 such that

() = [o, fiw) dii(w)
holds for all continuous functions f defined on €2g.

Page 56, top:
Note that yf being the characteristic function of F means that

xXr(X) = { é:f’;;i Note also that in this section we are assuming that € is just a

measure space, and hence so is the subset {2g. Thus we need to define what we mean by a
measurable set in 2g. In this case, we will define the measurable sets in the same way the
Borel sets are defined on the real line, namely as the smallest o-field of sets which contain the
open sets in (g (here an open set in {2g can be defined independently of all of (2, since g is
itself a metric space).

Page 56, middle:
Note that one can verify directly that x1.r(x) = xr(Tsx), using the above definition of a
characteristic function. This implies therefore that

XT;IF(TtW) = Xr(T(Tsw).

As stated, we assume the limit Tlim 1 fOT f(Tiw)dt exists for all continuous f. In addition, if
—00

the limit exists when f = xp(z) is a characteristic function, then we have
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1 [T 1 [T
lim — [ xpop(Thw)dt = lim — | xp(TTiw)dt
T/ s T/

T—o0 T—o0

17
= Jim /O xr (T sw)dt (1)
T+s T+s 1 s
= Jim — 5 Xp(Tsw)dt — lim - . xr (Tissw)dt + lim — i xr(Tisw)dt

Now note that the maximum of the last integrand is 1, since the integrand is a characteristic
function. Therefore we can bound the middle integral on the last line of (1) above by
multiplying 1 by the length of the interval of integration s, i.e.

T+s
/ XF(Tsrw)dt < s- 1,
T

SO thatTlim % g +SXF(TltJrsw)clzf = 0 since sis fixed. The last integral in (1) is also 0, and we

get, letting 7" — oo (using a change of variables for ¢ in the second equality)

1 T 1 T+s 1 T
lim = [ xrop(Taw)dt = lim = Xp(Tisw)dt = lim = | xp(Taw)dt.
0

T—o00 0 T—o00 S T—o00

By what has been stated (assuming that what holds above for continuous f(z) also
holds for the discontinuous function x z(x)) we then have

1" _ _
lim T xr(Tiw)dt = / xr(w)dp(w) = a(F),
0 Qp

T—o0

since the integral of a characteristic function of £’ gives the measure of F'. On the other hand
we similarly have

T

.1 ]
Aim i xrr(Tw)dt = (T, " F),

from which we conclude that fi(F)= (T, 'F), ie, that p is invariant under the
transformation 7 for all s.
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Reed and and Simon, Chapter 3
Banach Spaces

Section 3.1: Definition and examples

Page 68, top:
¢“...the uniform limit of continuous functions is continuous”:
The uniform limit of a sequence of functions f, is a limiting function f such that f, — f
uniformly, i.e., sup [ f(z) — fu(7)],, == 0.
T

Page 68, middle:

Remember that when we consider classes of functions like L” and L*°, we are not working
with individual functions f(z) on a measure space, but rather equivalence classes. Two
functions are equivalent, or belong to the same equivalence class, if they differ only on a set of
measure 0.

p- 68, bottom:
The Riesz-Fisher theorem is not proved in the supplemental section, but a proof is in the
exercises.

p- 70, bottom:
“the norm of A is actually equal to C”:
We have by the triangle inequality that A, = A, — A+ A =

[An]l < [|An — Al + [|A]l.
Similarly,

Al < [[An = All + [|An]]-
Combining the two,

[ 1Al = AN < 1 An = All ;=20 O,

n — oo
SO

41 = fim 4. = €.

p. 73, middle:
“the map which identifies 7¢ with its dual 7H* is conjugate linear”
Note that if GG is a linear functional, the correspondence G «— ¢ given by

(9, f) = G(f)

is such that if we multiply g by a complex number «, we have a new operation on f given by

{ag, f) = alg, f) = aG(f) = @G)(/),
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where the new linear functional (a(G) is defined by the above equation. Thus multiplication
of g by a corresponds to multiplying GG by @. The correspondence is thus conjugate linear, in
that constants « on one side of the relationship are replaced by their complex conjugates & on
the other side.

“_.. with norm equal to D [ Ag|...”
k=1
Note that
IA{ax}ll = 1) _Avall < Sgplak\zwl = (ZIM) {ar - (1
k=1 k=1 k=1

By the definition of the norm of an operator, it follows that ||A||, which is the smallest
constant C' such that

[A{ai ] < Cli{ar}-

Why is this equivalent to the definition of the norm of a linear functional give on the top of p.
727
In any case, for all sequences {ax} € ¢y, the norm ||A|| satisfies

A< Al )
k=1

Assume without loss that A is not the 0 functional. Then, if we consider the sequence

_ [l el A8 [Anl

0,0,0,0...
{ak} Al Y )\2 Y )\3 ? Y )\N ? A )
with [V non-zero terms followed by all zeroes (define % = 1), then we see that
1ALl = DA =D el IH{ai -
= M k=1

Thus again by definition of ||A||, we see that

N
1AL > Il
k=1

Letting N — oo and combining with (2), we see

1AL = IAel,
k=1

as desired.

p- 74, middle
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“It follows from Theorems IIL.S and IIL.6 that, given =, we can find a A € X™ so that

[Allx- = 1 and A(z) = [|z]|x.”

This actually follows from Corollary 2 on page 77. Namely, we are given an element z € X

and Corollary 2 states that there exists a functional A € X* such that

A(z) = [[Allx =[x
. By defining A\(z) = A(z)/||A| x+, we get that ||| x- = 1, and by (4) we see
Az) = |lz]lx,
as desired.
“This shows that
|12l x~ = sup [E(N)] = ||l=|lx
Aex=, |IAll<1

The last inequality follows from the fact that Z(\) = A(z). Thus we have

sup  [FA)[ = sup  |A(@)] = |(z)| = ]lx,
AeXH [AI<1 AEXH[AI<1

where \; € X is referred to on the previous displayed equation as having the properties

[ Ad]

x+ =1, M(z) = |z[x.
On the other hand, the previous equation in the text, which states that for all A € X*
[Z(M)] < [l x[[A]

X*s

which states that, by definition of the norm of a linear functional,

12 ]| < ]l x-

Combining this with (4), we obtain the conclusion

12| xe = ]|,

as desired.

p- 75, middle 3
“the extension of A to Y, callit \...”

There is a typo here; note that Y should indeed be Y.

p- 76, top
“We can therefore find a real number a such that . ..

"
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We can take the supremum of the left side of the previous displayed equation over all «, y;
and still have the inequality hold. Then we can take the infimum of the right side of the
equation over all 3,1y, without changing the inequality (note the infimum on the right is
written with respect to «, y instead of 3, y, which is fine as these are dummy variables. Then
we can find an a between the infimum and the supremum.

“It may easily be verified that the resulting extension satisfies A(z) < p(x) for all
xeY.”

This follows from the fact that for any vector 3y + oz € Y, we now have for the new extended
functional A (defined on this extended space as above), first assuming o > 0:

A+ a2) = 30) + aX(2) = M) + a0 < A0) +a| S0 +a2) < Aw)| )

= Ay) + p(y + az) — My) = p(y + az)

Now assuming o < 0, we have similarly

—

X@+a@=Mw+aa§Mw+aLL@m@—bﬂV»+Mwﬂ @)

= p(y + az).

Note that above we must replace oo by —a since the sup in the first equation on p. 76 is over
positive a only. Nevertheless, since the sup is over all « (as long as they're positive), it is OK
to replace a by —a everywhere (in the brackets), making it positive. Note also that in (2) we
use the sup part of the first equation on p. 76, while in (1) we use the inf part. That's because
a 1s positive in (1) and negative in (2).
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