Neural Networks, Radial Basis Functions, and Complexity

Mark A. Kon 1

Boston Universityand UniversityofWarsaw

Leszek Plaskota

UniversityofWarsaw

1. Introduction

This paper is an introduction for the non-expert to the theoryofartificialneural networks as embodied in current versions of feedforward neuralnetworks. There is a lot of neuralnetwork theorywhich is not mentioned here, including the large bodyofwork on naturalneuralnets (i.e., the theoryofneuralnetworks in animals). For some excellent foundationalwork on this topic, see [G1, G2]. We also include veryrecent work [KP] regarding what we consider to be the next important step in the theoryofneuralnetworks and their complexity, namelyinformationalcomplexitytheoryfor neuralnets.

In some sense this paper, being presented at a conference on condensed matter physics, follows a tradition which David Hestenes began at a conference on the maximumentropy method in honor ofEdward Jaynes, the father ofthis technique, which has been so successful in the studyand applications ofcondensed matter physics. In his contribution to the proceedings ofthis conference [He], which we highlyrecommend, Hestenes presented a powerfulargument for the viewpoint ofGrossberg (see references above) in his explanations ofnumerous properties ofnaturalneuralnetworks in a set ofequations known as the

Grossberg equations, which forma dynamicalsystemwith interesting properties in its own right, studied extensivelybyHirsch and others. This however is as much as we willsay about work in the area ofnaturalneuralnets. For a generalpresentation ofthe theoryof artificialneuralnetworks, including methods and approaches beyond the scope ofthis paper, see [Ha].

The current emphasis on neuralnetworks as a venue toward the eventual idealof artificial intelligent systems had its newest genesis in the mid-1980’s, when it was realized that the classicalvon Neumann architecture (i.e., standard modelofcomputation) was not coming as close as some had hoped to true artificial intelligence, at the pace hoped for. The vision ofthe 1960’s, when the current field ofartificialintelligence became popular, had been that certainlybythe year 2000, von Neumann architectures would be capable ofcoming close to simulating tasks which are called ^intelligent.~ At this point, around 1985-87, workers in manyfields, including computer science, mathematics, physics, biology, and psychology, began an interdisciplinaryeffort which continues to the present. A large conference in San Diego with some 1500 participants in the ^summer ofnetworks~ of1987 topped offa veryrapid increase in interest in this area, which had previouslybeen marginalized due to a varietyofcircumstances dating to the 1960’s and earlier.

1 Research partiallysupported bythe National Science Foundation, Air Force Office of Scientific Research, and U.S. Fulbright Commission

The impetus for this ^switch~ ofthe hopes ofmanyworkers to neuralnets came largely fromthe ^existence proof~ which neuralnets provide. Specifically, working neuralnetworks performing intelligent tasks certainlyexist in the world todayas naturalneuralsystems.

Applications ofneuralnets have been studied in physics, biology, psychology, engineering, and mathematics, and working artificialnetworks have been built to make decisions on mortgage loan applications, identifyproperties ofsatellite photographs, balance a broomon its end, and a large number ofother varied tasks.

In this paper, we first introduce notions related to feedforward networks, including those related to their most modern incarnations, so-called radialbasis function (RBF) networks.

We include a more detailed mathematicalanalysis ofthe approximation properties ofsuch

RBF networks. Complexityissues for networks are covered in detail in the last several sections, including veryrecent results ofthe authors in these areas. The reader will hopefullybe convinced ofthe utilityofthe work in complexity(as wellas see examples of how neuralnetworks would work in a practicalsetting) in severalexamples given at the end.

2. Feedforward networks

A basic component ofmanyneuralnets, both naturaland artificial, is the feedforward network. A basic such network has the structure depicted in the following diagram:

fig. 1

Here a layer is the usualtermfor a verticalrow ofneurons. There is fullconnectedness between the and layer, i.e., everyneuron in the layer has a connection

� � b � �

!� !� !� feeding into everyneuron in the layer. These are not allshown in fig. for forward � b � !�

reasons ofclarity. Thus neurons in each layer influence neurons in the successive layer. The

first layer contains the ^input~, i.e., we controlactivations ofits neurons. For example, the

first layer might represent the ^retina~ ofa visualsystem, which obtains information which

willbe fed forward into and processed in further layers. The last layer contains ^output~,

i.e., its activations provide a desired output that the neuralnetwork provides in response to

input in first layer.

Funahashi[Fu] and Hecht-Nielsen, among others, have shown that ifwe desire a

network which is able to take an arbitraryinput pattern in the first layer, and provide an

arbitrarydesired output pattern in the last layer, allthat is necessaryis 3 layers:

fig. 2

More specifically, general i-o functions can be approximated in a generalclass oferror

norms using networks ofthis type.

Henceforth we consider only3 layer networks. We define to be the activation level x i

(either chemicalor electricalpotential) ofthe neuron in first layer, to be the activation i y th i

levelofthe corresponding neuron in second layer, and to be the corresponding activation q i

level in the third layer. In addition, we define to be the strength ofthe connection v ij

(weight) fromthe neuron in layer 1 to neuron in layer 2, to be the weight fromthe j i w !� th ij

j i th th

neuron in layer 2 to in layer 3.

As an example, the first layer might be the retina and might be proportionalto the

%

�

illumination levelat the neuron labeled This is the input layer - in this case light shines on % i .

retina and activates it. The last layer might represent what we would calla speech center

(neurons ultimatelyconnected to a vocaldevice), and its pattern ofneuron activations q i

corresponds to verbaldescription about to be delivered ofwhat is seen in first layer.

4

3. Neuron interaction rule

Neurons in one layer willbe assumed to influence those in next layer in almost a linear

way:

y = H v x - , i k

j=1 ij j i : ;

& Á � x j modulating function ; here is a constant for each

/ � i i.

The function has on biologicalgrounds traditionallybeen assumed a sigmoid:H

fig 3

Note that has a finite upper bound, so that response cannot exceed some fixed constant. /

The activation in third layer has the formwhich is a linear function ofthe ’s. q = w y , y i ij j j n

j=1

�

Our initialgoal is to show here that we can get an arbitrarydesired output pattern of q i

activations on last layer as a function ofinputs in the first layer. We can impose some x i

vector notation here -

x = x

x

x {

z } z }

y |

1

2 k

%

Å

willdenote the vector ofneuron activations in layer, while

V = v

v

v i i1

i2

ik x {

z } z }

y | Å

5 denotes vector ofconnection weights fromthe neurons in first layer to the neuron in the i th

second layer.

Now the activation ofthe second layer is: y i

y = H v x - = H V x - . i i k

j=1 i

j i

: ;

�

� � �

² h ³

The activation in the third layer is q q = w y = W y.

i i ij j

n j=1

i

� h

Thus we wish to show the activation pattern q =

q q q

x { z } z } y |

1

2 k

Å on the last layer (output) can be made an arbitraryfunction ofthe input activation pattern x =

x x

x { z } z } y |

1

2 k

%

Å

À

Note the activation the ofneuron in layer 3 is: i th

q = w y = w H V x - .

i ij j ij j n n

j=1 j=1 j

� �

² h ³ ² � 3 1 À ³

Thus our question is: if is defined by(3 1) (i.e., input determines output through a q = f x ² ³ À

neuralnetwork equation), is it possible to approximate anyfunction in this form?

Speaking in the context ofthe above example, ifthe first layer represents the retina, then

ifanyinput-output (i-o) function can be approximatelyencoded in the form3 1 we can ² À ³

require that ifrepresents the visual image ofa chair (vector ofpixel intensities x

corresponding to chair), then represent the neuralpattern ofintensities corresponding to

� articulation ofthe words ^this is a chair.~

Mathematically, we are asking, given anyfunction , can we approximate f x

² ³ ¢ ¦

�

�

interested in? Some are:

P� c � P ~ O� ²%³ c � ²%³O c c

P� c � P ~ � % O� ²%³ c � ²%³O c c

P� c � P ~ � % O� ²%³ c � ²%³O c c

*

%�

� �

� sup

l

�

� �

�°�

8 9

above sup denotes supremum. These norms are denoted as ( ) and finallythe C L L l k Á Á � Á �

3 3 � P� P � BÀ � � � norms, respectively. In general denotes the class of functions such that

We saythat a function approximates another function well in if is small. A

� � 3 P� c � P c c � sequence converges to a function in if

¸� ¹ � 3 P� c � P �À

� � �

�~�

B �

-

� ¦ B It can be shown that the components ofthe above questions can be decoupled to the

extent that theyare equivalent to the case where there is onlyone Indeed, ifanydesired i- q.

o function can be approximated in systems with one output neuron, such single-output

systems can be easilyconcatenated into larger ones (with more outputs) which have

essentiallyarbitraryapproximable input-output properties. In anycase, the configuration we

assume is therefore:

fig 4

Thus from(3.1):

q = w y = w H V x - .

� � n n

j=1 j=1 j j j j j ² h ³ ² � 3 2 À ³

The fundamentalquestion then is: Can anyfunction be approximately f x : ² ³ l k ¦ l

represented exactlyin this form?

A partialanswer has come in the formofthe solution to Hilbert’s 13th problem, which

was constructed byKolmogorov in 1957. He proved that continuous function f ¢ l k ¦ l

can be represented in the form

( ) ( ) f x = x .

� � 8 9 2k+1 k

j=1 i=1 j ij i

= � f x = w H V x -

( ) ( ) 4.1)

� n j=1

j j j h ² � satisfies

~ ~ � ² À f x - f x .

( ) ( ) 4 2 * � ³

This is the statement that functions ofthe form(4 1) are in the Banach space ( ) of À dense C K

continuous functions on defined in the norm.

2 ~ h ~ , *

Corollary: Functions ofthe form(4.1) are dense in for all. That is, L K p, 1 p < p ² ³ � B given anysuch , and an input-output function ( ) in ( ) i.e. such that < , and p f x L K , |f| dx p p B

� > 0, there exists an ofthe form(4.1) such that , i.e., f f - f

~ ~ � p �

8 9 �

K

p |f - f | dx <

�°�

�

The caveat ofthis Corollary, as indicated earlier is that we mayneed a verylarge hidden layer to accomplish this approximation within . An important practicalquestion naturallyis, � how large willthe hidden layer need to be to get such an approximation (e.g., how � complex need a neuralnetwork be so that it is able to recognize a picture ofa chair)? Some ofthese issues are touched in the briefdiscussion ofcomplexityissues [KP] at the end ofthis paper.

5. Newer activation functions

Recall( ) is assumed to be a sigmoid function having the formof fig. 3. The reason

H x for this choice is biologicalplausibilityin naturalnetworks. There are newer ideas which have been studied. For example, what is possible with a choice ofa localized ( ): H x fig 7

Such a choice, though not as biologicallyplausible, maywork better. For example, could H be a wavelet Poggio, Girosi[GP] and others have pointed out that if ( ) cos on the À H x = x interval[ , , we get

c μ

� � f x = w V x - .

( ) cos( ) 5.1

� n j=1

j j j h ² � ³

Now choose ( ) where are nonnegative integers, and = 0. Then

V = m = m ,m ,m , m j 1 2 3 i j

Ã �

f x = w cos m x .

( ) ( )

�

m m h

Now if

K = x ,x , ,x - x i x ¸ Ã � � �

( ) for = 2,3,... and 0 ,

1 2 k i

¢ � ¹ � � 1 � then this is just a multivariate Fourier cosine series in . Continuous functions can be x

approximated bymultivariate Fourier series, and, as is well-known, we know how to find the

w j veryeasily:

w = f(x) m x dx, j

�

²� ³ h

�

�

� cos where again denotes dimension. We can build the corresponding network immediately, �

since we know what the weights need to be ifwe know the i-o function. This is a very

powerfulconcept as wellas technique.

Notice that ( ) here has the form H x

fig. 8

which is nothing like a sigmoid. Note there are questions ofstability, however - ifwe make

a small mistake in , then cos mayvarywildly Nevertheless, in machine tasks this mayx m x h À

not be as criticalas in biologicalsystems.

6. Radial basis functions

Recallthat we have for the single neuron output system:

q = w y = w H V x - = f x

� � n n

j=1 j=1 j j j j j ( ) ( ). h �

We willnow consider newer families ofactivation functions and neuralnetwork protocols.

Instead ofeach neuron in hidden layer summing its inputs, in artificialsystems there is no

reason whyit cannot take more complicated functions ofinputs, for example a function

which is a bump defined on the variable % ~ ²% Á Ã Á % ³À � �

Assume now that is a fixed function in the formofa ^bump~ which is the /

multidimensionalanalog of figure 7:

fig 9

and assume (for some fixed choice of

’ Á ³ ¢ �

�

y = y x =

y = y x =

1 1

2 2

( )

( )

/

/

� � large where ( ) is large): f x

fig 1 �

Thus measures the ^overlap~ between ( ) and the activation function ( ).

w f x y x i i

Usuallythere is one neuron which has the highest overlap ; in adaptive resonance y w i i

theory, this neuron is the ^winner~ and allother neurons are suppressed to have weight 0.

Here however, each neuron provides a weight according to its ^degree ofmatching~ with w i

the desired ( ). f x

Tomaso Poggio [Po], in his paper ^A theoryofhow the brain might work~ (1990) gives

plausible arguments that something like this ^matching" ofdesired i-o function against

bumps like ( ) maybe at work in the brain (he discusses examples in facialrecognition and y x i

motor tasks in cerebellum).

7. Mathematical analysis of RBF networks:

Mathematically, the class of functions we obtain fromthe above-described network has

the form:

q x = w ,

( ) 7 2

� 6 7 k

i=1 i / ²

% c ’ �

�

À ³

where is a fixed function and are constants which mayvary. The class of functions 2 ¸ z i Á � ¹

q x S (K).

( ) ofthis formwillbe called The question we willaddress, this time in a 0

mathematicallymore precise way, is, What functions ( ) can be approximated by f x

f x( ) ? ~ � ²%³

Park and Sandberg [PS] answered this question (other versions ofrelated questions have

appeared previouslyas well):

Theorem (Park and Sandberg (1993)): Assuming is integrable, is dense in ( ) if / S L 0 r 1 l

and onlyif 0

/ £

Recallthe definition (below (4.2)) ofa dense collection of functions. In particular the collection is dense in if for anyfunction in and number there

: 3 ² ³ � 3 ² ³ � �

� � � � � l l � exists a in the class such that

� ²%³ : c

�

P� c � P ~ � %O� ²%³ c � ²%³O � À c c

�

�

�

Thus anyi-o function ( ) in (i.e., anyintegrable function) can be approximated to anf x L 1 arbitrarydegree ofaccuracybya function ofthe form(7.2) in norm. We now provide a L 1 sketch ofthe proofofthe result ofPark and Sandberg.

Sketch of Proof: C

Assume that 0. Let denote continuous compactlysupported / £ c

(i.e., non-zero on a bounded set) functions on . Then any function in can be l d L 1 approximated arbitrarilywell in normbyfunctions in , i.e., is dense in ; this is a L C C L 1 1 c c standard fact of functionalanalysis.

Thus to show that functions can be arbitrarilywellapproximated in normby L L 1 � functions in it is sufficient to show that functions can be wellapproximated in by

S , C L 0 1 c functions in i.e.‘ that for anyfunction in there exists in such that

S , 0

� * � 3 c

� �

P� c � P � c

� � � . Choose > 0 and a function in such that 1 C / c c

~ / / ~ - < .

c 1 1 �

Let the constant Define , so that a = . (x) = a (x) �

/

� (x) d x c

� /

� �

� (x) dx = a (x) dx = / � 1.

Define A basic lemma we use here but do not prove is the fact that for � � � � �

(x) = (x/ ). �

� � � � � � � � �

� � �

* f = - x f x dx - f ,

2T n � �

´c; Á; μ

� � 8 9

�

˚ # n i c i

n i=1

r

˘ r

where are allpoints ofthe form � i

[ ],

-T + , -T + , , -T +

2i T 2i T 2i T

n n n

1 2 r Ã

so that we have one point in each sub-cube ofsize 2 . The convergence ofRiemann sums T/n

to their corresponding integrals implies that pointwise; then we can use the v * f n n ¦

SB � � � dominated convergence theoremofrealanalysis to show that convergence is also in L 1 À

Thus we can approximate by. Therefore we need to show that can be � � i � � v v n n approximated by S . 0

To this end, we have v ( ) = n d

f 2T - n r r

n

0

c i i r c

�

� � �

� � � �

�

/ h

/ Â

� 8 9 r ( )( )

( ) �

we then replace by (which we have shown can be made arbitrarilyclose), and we then / / c

have something in completing the proofofthe forward implication in the theorem. S 0

The converse ofthe theorem(onlyifpart) is easyto show and is omitted here.

There is a second theoremfor densityin the norm. Define now to L S 2 1 ~ : ²/ ³ �

consist ofallfunctions ofthe form (( ) ) (the variable scale a x - z /

�

i i i i

/ � � � can depend on

� here ).

We then have the following theorems, also in [PS]:

Theorem: Assuming that is square integrable, then ( ) is dense in ( ) ifand only / / S L 1 r 2 l if is non-zero on some set ofpositive measure. /

Theorem: Assume that is integrable and continuous and (0) (i.e., the set of which / / -1 %

/ ¸ � ¹ $ maps to 0) does not contain anyset ofthe form0 for anyvector . Then is t : t S $ 1

dense in ( ) with respect to the sup normfor anycompact set .

C W W

This is an indication ofwhat types ofapproximation results are possible in neural

network theory. For a detailed analysis ofapproximation byneuralnets, we refer the reader

to [MM1-3; Mh1,2].

8. More general RBF networks

We now consider more generalnetworks which we believe willhave impact in future

neuralnetwork architectures. Such networks are stillofan RBF nature, but are also less

constrained. In such networks neurons in first layer influence those in second (hidden) layer

by:

y = i

� !

�~�

�

� �

# . % À

The function is generallya radialbasis function centered at : . ²%³ ~ . ²%Á ’ ³ ’

� � �

’ �

fig 12

or

:

fig 13 in higher dimension.

We want a network which willapproximate a desired i-o function , i.e., so that � ²%³

� ²%³ ˚ ²%³ ~ . À q = w y w x

� � ! n n

j=1 j=1 j j � �

Results regarding approximation have been obtained bya number ofworkers, including

Funahashi, Hecht-Nielsen, as wellas Park and Sandberg [PS], whose result is quoted above.

9. Neural complexity of networks

An important issue touched on above is: How large a hidden layer do we need to get

approximation within (e.g., how complex is it to build a neuralnetwork which recognizes a �

chair)? The questions in this area can be formulated as follows.

Question 1. Given a fullyknown i-o function and an error , what is the smallest size of � � �

a hidden layer in a neuralnet which can approximate within a given error? �

Work has been done on this question byChui, Li, Mhaskar, Micchelli, as wellas Barron [Ba;

CLM1, 2; MM1-3; Mh1,2]. The issues here are closelyrelated to approximation theory.

10. Informational complexity of networks

Question 2: Given an unknown function with a set ofexamples (information) �

¸ % W Á � ²%

W ³³¹ � ( , what is the smallest number ofexamples for which it is theoretically

� � �~� � possible to estimate within given error (regardless ofthe number ofhidden units)? �

This is the entre into the area oflearning theory, a verylarge one in the neuralnetwork community. It is what we consider to be the second halfofcomplexitytheoryfor neural networks, and has been given far less treatment than the issue ofneuralcomplexity mentioned above [KP]. Learning problems are partial information issues: the network is given a number ofexamples ofhow it must compute, and it must generalize fromthis partial information. Thus we want to reconstruct the i-o function fromexamples

� � ²%

W ³À �

The issues here are closelyrelated to continuous complexitytheory[TWW; TW1,2].

The essentialquestion is, What do we do with limited information - this is at the center of learning theoryfor neuralnets, and has close connections with the information issues arising fromcomputer science mentioned in the above references.

Definition: Information ofthe form is called

5 � ˘ ²� ²%

W ³Á Ã Á � ²%

W ³³ � � standard

information about . We define �

card ²5 ³ ~ �

to be the cardinality of information.

18

One assumption standardlymade is that prior knowledge of places it into a set of

²5 ²� ³³ �²5 Á &³

�²5 ³ ~ �²5 Á &³

&

sup .

is denoted as worst case error, sometimes also called the radius of information

Theorem: We have the error

�²5 Á &³ ~ �²5 ²&³ q - ³ c� �

Taking suprema over : �

Corollary: T he maximumerror for information is given by

�²5 ³ 5

�²5 ³ ˘ �²5 Á &³ ~ �²5 ²&³ q - ³ ˘ �²5 ³ sup sup

& & c� �

Some conclusions are:

1. Ifinformation is onlylimitation and arbitraryfunctions can be reconstructed byour RBF

network, then issues of function reconstruction reduce to the geometric ones involving radii

given bythe above theorem À

2. In particular the maximumpossible error ofthe best possible algorithmfor reconstructing

� is the radius ofa set in a normed linear space.

11. Informational and neural complexity

Definition: Define minimalerror with information ofcardinality to be � �²�³ ˘

inf

card

²5 ³~�

�²5 ³ . Define the informational -complexity of function approximation in the set � - � to be

�² ³ ~ ¸� ¢ �²�³ � ¹ � � inf

Bounds on these quantities give informationalcomplexities, i.e., how much information is

needed to bound within given error. These are geometric quantities related to notions �

involving Gelfand radiiofsets in a normed linear space.

We now come to the generalquestion involving the interaction ofthe two types of

complexities mentioned above.

Question 3. Question 1 Question 2 In we assume network size is the onlylimitation. In �

we assume example number is onlylimitation. In practice both parameters are limited. �

How do values of and interact in determining network error ? � � �

Here assume is a bounded set in a - � reproducing kernel Hilbert space (RKHS), i.e., - � has an inner product defined for , along with a function such that for

º� Á �» � Á � � - .²%Á &³ � any,

� � - �

� ²%³ ~ º .²%Á &³Á � ²&³» for all; the inner product above is in This condition maysound formidable, but in

� � - &À � fact it is a minor restriction: if function values are defined and continuous operations,

� ²%³ then is an RKHS. - �

We consider the interaction ofthe two complexitytheories (neuraland informational).

Specifically, what is = number ofneurons and = number ofexamples necessaryto � � approximate within given error? �

We wish to characterize interaction ofthe two complexities and , i.e., understand � � error as a function ofboth amount ofinformation and available number ofneurons. This is as yet not a welldeveloped theory; see Poggio and Girosi[PG1,2].

The aims ofthis theoryare:

¯ To develop algorithms which optimize information (i.e., number ofexamples) and number ofneurons necessaryto compute i-o functions in given classes. �

¯ To show theyapplyto examples ofinterest in constructing RBF neuralnetworks.

¯ To show radialbasis function (RBF) algorithms are best-possible in verystrong sense, and do define and describe theoreticaland practicalapplications.

The conclusions ofthe theoryin [KP] are:

¯ Relationships between informationaland neuralcomplexitycan be simplybounded.

20

¯ Thus the two can be studied independentlybefore details ofinteraction.

12. Theoretical results

We willshow algorithms using radialbasis functions are optimalfromthe standpoint of informationaland neuralcomplexity. Our results can be used in practicalsituations for upper and lower bounds on numbers ofexamples and neurons for systems with given i-o functions.

The main theoreticalresults require a choice of as a convex, balanced set ofpossible - � i-o functions, and . For discussion ofapproximation ofthe function , we define:

� � - � �

¯ minimalerror given neurons and examples

�²� Á �³ ~ � �

¯ minimalerror given neurons with unlimited examples (neuralerror)

� ²�³ ~ � neur

¯ minimalerror given examples with unlimited neurons (informationalerror)

� ²�³ ~ � info

Theorem 1: For an RBF network, max ²� ²�³Á � ²� ³³� �²�Á � ³� � ²�³ b � ²� ³ neur info neur info

Corollary: For an RBF network,

�²�Á � ³ ~ ²� ²�³ b � ²� ³³Á ² À ³

# neur info

12 1

i.e., the and have the same order. �²�Á � ³ � ²�³ b � ²� ³ neur info

Specifically, 12 1 states that the ratio is bounded above and below byfixed ² À ³

�²�Á� ³

� ²�³b� ²� ³

neur info

positive constants.

Corollary: A necessarycondition for error e( , ) is that while a � � � � ²�³Á � ²� ³ � Á � � neur info

sufficient condition is .

� ²�³Á � ²� ³� �°� neur info

� ²�³ � * � ²�³ info neur

Iftrue this would reduce the work currentlydone on neuronalcomplexityto the large body ofwork in continuous complexitytheoryand bounds there.

Theorem 3: Ifthe number ofneurons is larger than the number ofexamples, then � �

(a) A stronglyoptimalalgorithmfor constructing the weights ofthe network

$

�

approximating is given bya linear combination , where is

� ²%³ ~ $ .²! Á h ³ .²!Á h ³ s

& � �

W

�

� the familyofradialbasis functions and is the information vector,

Á & W & ~ � ²% ³À

� �

(b) For information with bounded noise, is an optimalalgorithmfor the choice of for s & � W

�

which optimizes regularization functionalofthe form s &W ²�³ ~ P�P b O& c �²% ³O - � �

�

� �

�

Such algorithms have been studied byPoggio and Girosi[PG ].

�Á �

Definition: An algorithm is one which is optimalup to a constant factor, almost optimal i.e., whose error is at most a constant factor times the optimalerror.

Let be

(� anyalmost optimalalgorithmfor finding neuralnetwork approximations with

full information.

Theorem 4:

(a) The composite algorithmyields an approximation which is almost optimal in the

(� k s &W number ofneurons and the number ofexamples. � �

(b) Ifthe above conjecture is true, then itselfyields an almost optimalapproximation. s &W

Classical(and more difficult) algorithms for programming neuralnetworks include backpropagation and the Boltzmann machine for neuralnets.

13. Examples

A. Building a control system controlling homeostatic parameters of an industrial mixture:

Imagine an industrialsystemwhich can controlthe following input variables:

¯ Temperature

¯ Humidity

¯ Specific chemicalcontents

¯ Other related parameters

Assume that the output variable in this case is the ratio ofelasticityand strength ofa plastic produced fromthe above mixture. Combinations ofinput variables mayhave unpredictable effects on output variable. Such effects include:

¯ binarycorrelations

¯ tertiarycorrelations

¯ more complicated interactions ofinputs

The goalis to build a neuralnetwork for which

¯ the input is a vector ofinput parameters

% ~ ²% Á Ã Á % ³

¦

� �

¯ the output is an approximation , which is the ratio ofelasticityand strength

� ˚ � ²% W ³

( here is an unknown function) �

We nevertheless have experimentaldata ofthe form

{(

% W Á � ²%

W ³³¹ � �

�~�

�

fromprevious runs ofthe equipment. We want to build network which

¯ runs on a moderate size computer

¯ requires a moderate number ofexperiments to learn

¯ willcorrectlypredict the elasticity/strength ratio fromthe homeostatic parameters �

% W ~ ²% Á Ã Á % ³ � � .

Thus , the number ofexamples, , the number ofneurons in the simulation, are limited. � �

We specifyan error tolerance for , and wish to optimize our -network byoptimizing � � �

some function . This function might depend on:

� - example ofsuch an is , the set of functions with derivatives bounded bya

- ) ²3 ³

�

B

constant Ifa function with smallnorm in the space can ^well~ approximate the

�À � -

i unknown i-o function , it is unnecessarythat be exactlysmooth, or exactlybelong to the � � indicated class. There must be a globalfit which is acceptable, and under such assumptions these theorems can be applied.

As an example, in the above homeostatic system, assume we know that the variation of the output quality is such that can be approximated bya 10 times differentiable

� ²%³ � function (e.g., a polynomial) whose first 10 derivatives are smaller than 15 (in some appropriate scale). In the context ofpolynomialapproximation, for example, this places bounds on the coefficients ofthe polynomials. Such bounds in this case would be a reasonable wayto ^guess~ the nature ofthe unknown function. We remark that such bounds would be a heuristic process, with techniques and guidelines.

Most importantly, the guesses made through such a process can be validated a posteriori with the data subsequentlyobtained. For example, that the gradient ofthe data is bounded by, e.g., 15 units, can be verified experimentally; higher derivatives can be bounded similarly.

The results ofsuch an analysis might have the following features in a concrete situation:

¯ The I-O function can be well-approximated bya function in the Sobolev space , in

� 3 B

� the ballofradius 15. This would provide our set and function space . - - �

¯ With this plus a given error tolerance, say.1, we can compute upper and lower bounds � ~

for the informationaland neuralcomplexityofour problemusing the above results.

¯ We can then use the related RBF algorithm(mentioned in Theorem3 above).

¯ For example, such a calculation might show we need 10,000 examples and a network with

10,000 neurons (typicallyoptimalityis achieved with equalnumbers bythe above results).

We mention a caveat here: we stillwillneed to decide what examples to use; continuous

complexitytheoryyields techniques onlyfor choosing good data points as examples.

References

[Ba] A.R. Barron, Universalapproximation bounds for superposition ofa sigmoidal

function, preprint, Yale University.

[CLM1] C.K. Chui, X. Li, and H.N. Mhaskar, Neuralnetworks for localized

approximation, Center for Approximation TheoryReport 289, 1993.

[CLM2] C.K. Chui, Xin Li, and H. N. Mhaskar, Limitations ofthe approximation

capabilities ofneuralnetworks with one hidden layer, Advances in Computational

Mathematics (1996), 233-243. 5

[CL] C. K. Chuiand X. Li, Approximation byridge functions and neuralnetworks with

one hidden layer, (1992), 131-141.

J. Approximation Theory 70

[Fu] K. Funahashi. On the approximate realization ofcontinuous mappings byneural

networks, 183-192, 1989.

Neural Networks 2,

[G1] Stephen Grossberg, ReidelPublishing Co., Boston, 1982

Studies of Mind and Brain,

[G2] Stephen Grossberg, North-Holland, Amsterdam, 1987

The Adaptive Brain,

[Ha] Mohamad Hassoun, , M.I.T. Press,

Fundamentals of Artificial Neural Networks

Cambridge, MA., 1995

[He] D. Hestenes, How the Brain Works: the next great scientific revolution. In C.R.

Smith and G.J. Erickson (eds.), Maximum Entropy and Bayesian Spectral Analysis and

Estimation Problems , Reidel, Dordrecht/Boston (1987),173-205.

[KP] M. Kon and L. Plaskota, InformationalComplexityofNeuralNetworks, preprint.

[MM1] H.N. Mhaskar and C.A. Micchelli, Approximation bysuperposition ofsigmoidal

and radialbasis functions, (1992), 350-373.

Advances in Applied Mathematics 13

[MM2] H.N. Mhaskar and C.A. Micchelli, Dimension independent bounds on the degree of

approximation byneuralnetworks, (1994), 277-

IBM J. Research and Development 38

284.

[MM3] H. Mhaskar and C. Micchelli. Degree ofapproximation byneuraland translation

networks with a single hidden layer (1995) 151-

Advances in Applied Mathematics 161 ,

183.

[Mh1] H.N. Mhaskar., Neuralnetworks for optimalapproximation ofsmooth and analytic

functions, (1996), 164-177.

Neural Computation 8

[Mh2] H.N. Mhaskar, NeuralNetworks and Approximation Theory, Neural Networks 9

(1996), 721-722.

[MB] Micchelli, C.A. and M. Buhmann, On radialbasis approximation on periodic grids,

Math. Proc. Camb. Phil. Soc. 112 (1992), 317-334.

[PS] Park, J. and I. Sandberg, Approximation and radial-basis-function networks, Neural

Computation 5 (1993), 305-316.

[PG1] T. Poggio, and F. Girosi, Regularization algorithms for learning that are equivalent

to multilayer networks, (1990), 978-982. Science 247

[PG2] T. Poggio and F. Girosi, A theoryofnetworks for approximation and learning, A.I.

Memo No. 1140, M.I.T. A.I. Lab, 1989.

[Po] T. Poggio. A theoryofhow the brain might work, In Proc. Cold Spring Harbor

meeting on Quantitative Biology and the Brain , 1990.

´ TWW] Traub, J., G. Wasilkowski, and H. Woź niakowski, , Information-Based Complexity

Academic Press, Boston, 1988.

´ TW1] Traub, Joseph and Henryk Wozniakowski, ,

´ A General Theory of Optimal Algorithms

Academic Press, New York, 1980.

´ TW2] Joseph Traub and Henryk Woź niakowski, Breaking intractability, Scientific

American 270 (Jan. 1994), 102-107.

[MB] Micchelli, C.A. and M. Buhmann, On radialbasis approximation on periodic grids,

Math. Proc. Camb. Phil. Soc. 112 (1992), 317-334.

[PS] Park, J. and I. Sandberg, Approximation and radial-basis-function networks, Neural

Computation 5 (1993), 305-316.

[PG1] T. Poggio, and F. Girosi, Regularization algorithms for learning that are equivalent to multilayer networks, (1990), 978-982. Science 247

[PG2] T. Poggio and F. Girosi, A theoryofnetworks for approximation and learning, A.I.

Memo No. 1140, M.I.T. A.I. Lab, 1989.

[Po] T. Poggio. A theoryofhow the brain might work, In Proc. Cold Spring Harbor meeting on Quantitative Biology and the Brain , 1990.

´ TWW] Traub, J., G. Wasilkowski, and H. Woź niakowski, , Information-Based Complexity

Academic Press, Boston, 1988.

´ TW1] Traub, Joseph and Henryk Wozniakowski, ,

´ A General Theory of Optimal Algorithms

Academic Press, New York, 1980.

´ TW2] Joseph Traub and Henryk Woź niakowski, Breaking intractability, Scientific

American 270 (Jan. 1994), 102-107.