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Abstract

Let o € (1,2) and X, be a symmetric a-stable (Sa.S) process with stationary increments given by
the mixed moving average

X (t) :/X/R(G(amt—i—u) — G(z,u))My(dx,du), t € R,

where (X, X, p) is a standard Lebesgue space, G : X x R — R is some measurable function
and M, is a SaS random measure on X x R with the control measure mg,(dz,du) = p(dz)du.
We show that if X, is self-similar, then it is determined by a nonsingular flow, a related cocycle
and a semi-additive functional. By using the Hopf decomposition of the flow into its dissipative
and conservative components, we establish a unique decomposition in distribution of X, into two
independent processes

d
Xo = XD+ X¢,
where the process X7 is determined by a nonsingular dissipative flow and the process X¢ is

determined by a nonsingular conservative flow. In this decomposition, the linear fractional stable
motion, for example, is determined by a conservative flow.

1 Introduction

In a fundamental paper, Rosiniski (1995) considered general symmetric a-stable, real-valued stationary
processes { X, (t) }ier (they may be indexed by t € Z and can be complex-valued as well) having the
representation
d
Kolther £ { [ HoMad9)} . (1.1
S terR

where < stands for the equality in the sense of the finite-dimensional distributions. Here (S,S,v)
is a standard Lebesgue space, {fi}ter C L%(S,v) with a € (0,2) and M, is a symmetric a-stable
(SaS) random measure on S with the control measure v(ds) (see Chapter 3 Samorodnitsky and
Taqqu (1994)). Recall that a random variable £ is Sa.S with « € (0,2) if its characteristic function
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satisfies F exp(if¢) = exp(—c“|0|*) for some o > 0 and all # € R and that a real-valued stochastic
process { X, (t) }er is SaS with a € (0,2) if all its linear combinations are Sa.S random variables.
An example of a standard Lebesgue space is the Euclidean space R", with a measure consisting of
Lebesgue measure and discrete point masses (for a general definition, see Section 3 below).

Assuming some minimality conditions on the spectral representation {f;};cr, Rosiniski deduced
that there exist a unique (modulo v) flow {¢;}.er and a cocycle {a;}ier for {¢;}ier taking values in
{—=1,1} such that, for all ¢t € R,

Vo, 1/a
fi(s) = ai(s) {d(T/(ﬁ)(s)} fo(oe(s)) a.e. v(ds). (1.2)

(Informally, a flow means that ¢si+ = ¢s o ¢ and a cocycle means that asyy = (as)(at o ¢5) for all
s,t € R. For a precise definition see Section 3 below.) Then, using standard results of ergodic theory,
Rosiriski decomposed uniquely any stationary SaS process X, having the representation (1.1) into
two independent processes

X, £ xP 4 x€. (1.3)

The process { X2 (t)};cr is generated by a dissipative flow (see Section 3 for a definition) and has the
representation

/ /g(:c,t+u)Ma(d:c,du), teR, (1.4)
X JR

where (X, u) is some standard Lebesgue space, M, is a SaS random measure on X x R with the
control measure p(dx)du and g € L*(X xR, pu(dx)du). The process (1.4) is called a (stationary) mized
moving average. The process { XS (t)}icr, on the other hand, is generated by a conservative flow (see
Section 3 for a definition). It can be further decomposed into a harmonizable process and, to use the
author’s language, a “third kind” process.

Subsequently, the ideas of Rosiniski were adapted by Burnecki, Rosiriski and Weron (1998) to
decompose self-similar stable processes { X4 (t)}+>0. Recall that the process X, is self-similar with
index H > 0 (H-ss), if, for any ¢ > 0,

{Xalct)}er £ e Xa(t) hier (1.5)

(R may be replaced by (0, 00) in (1.5)). To obtain a decomposition of self-similar stable processes, the
authors suggested two equivalent approaches: one may proceed directly by using the property of self-
similarity instead of that of stationarity, or one may use the well-known Lamperti transformation which
is a one-to-one correspondence between self-similar stable processes { X, () }+>0 and stationary stable
processes {Y,(t) }er (see Samorodnitsky and Taqqu (1994), p. 312). The decomposition of self-similar
stable processes obtained in Burnecki et al. (1998) is similar to the decomposition (1.3) of stationary
stable processes obtained by Rosinski (1995). For example, the self-similar processes {Xa(t)}t>0
described by dissipative flows are now called mixed fractional motions and have the representation

/ / uH_ig (:r, E) M (dx,du), t >0, (1.6)
X Jo t

where (X, ) is again some standard Lebesgue space, M, is a Sa.S random measure on X x R with
the control measure p(dx)du and g € LY(X x R). When Lamperti’s transformation is applied, they
become stationary mixed moving averages X in (1.4).



To characterize stable processes with stationary increments, Surgailis, Rosinski, Mandrekar and
Cambanis (1998) used a transformation which allows one to go from stable processes with stationary
increments to stationary stable processes (the transformation used imposes some conditions on the
processes involved), obtain their decomposition by using Rosinski’s result (1.3) and then go back to
the original processes with stationary increments. The stable processes with stationary increments
were again characterized by flows and cocycles. The stable processes with stationary increments (zero
at t = 0) characterized by dissipative flows were shown in Surgailis et al. (1998) to have representation

(Xa()}yp 2 {// (.t +u) — G, ))Ma(d:n,du)}tER, (1.7)

where M, o € (0,2), is a Sa.S random measure with the control measure mq (dz, du) = p(dz)du, and
G : X xR~ R is a measurable function such that, for all ¢t € R,

Gi(z,u) = G(z,t +u) — G(z,u), u e R, z € X, (1.8)

is in L*(X xR, u(dx)du). We shall call the process X, in (1.7) a (stationary increments) mized moving
average because, if it were differentiable, its derivative would be the (stationary) mixed moving average
(1.4).

We shall focus on SaS processes that are both self-similar and have stationary increments (sssi
processes, in short). These processes are of interest, because in practice, one often wants a model to
have these two characteristics. To describe sssi processes, the decompositions obtained by Burnecki
et al. (1998) and Surgailis et al. (1998) are not that useful because they rely solely on either the self-
similarity or the stationarity of the increments property. It would be desirable to have a decomposition
of sssi processes which would incorporate both properties. We will show that such a decomposition
exists for a subclass of sssi processes, namely, for those self-similar processes with stationary increments
that have the representation (1.7). Such processes appear in a number of applications, for example in
the context of renewal reward processes (see Pipiras and Taqqu (2000)).

The basic question of this work is then the following. Suppose that the Sa.S process X,, having
the representation (1.7) and hence with stationary increments, is also self-similar. We want to know
whether there is a way to decompose it, using both properties, the stationarity of the increments and
self-similarity. Two approaches are possible. One can try to specialize the Burnecki et al. (1998) flow
corresponding to self-similarity in order to take advantage of the special structure of the kernel in
(1.7). Alternatively, one can start directly with (1.7) which has built-in stationarity of the increments,
and then impose the further condition of self-similarity. We shall follow the second approach.

The Surgailis et al. (1998) flow for the process (1.7) is dissipative and Burnecki et al. (1998) flow
for the process (1.6) is also dissipative. But observe that a kernel may be associated with different
types of flows. We shall use the additional property of self-similarity to show that there is another flow
that can be associated with (1.7) which can be either dissipative or conservative. This will allow us
to decompose the process X, in (1.7) in a dissipative component X Ol? and a conservative component
X¢ and we will have X, =4 X2 + X¢. This decomposition which looks like (1.3) is, in fact, quite
different, because the flows involved are different.

Our flow involves a finer characterization, because, as we shall show, it stems from only one
component of Burnecki et al. (1998) flow associated with self-similarity. We will be able, consequently,
to distinguish between processes which have both representations (1.6) and (1.7), that is, which are
dissipative both in the sense of Burnecki et al. (1998) and Surgailis et al. (1998). Consider for example



the Sa.S process (see (6.1) below) which is obtained as a limit of renewal reward type processes and
is of the form (1.7) and consider also the linear fractional stable motion (see (6.2) below) process.
These two processes are dissipative in the sense of Surgailis et al. (1998) and, since they are also of
the form (1.6), they are both dissipative in the sense of Burnecki et al. (1998) as well. We show in
Section 6, however, that while the renewal reward limit process (6.1) is dissipative even in our sense,
linear fractional stable motion is conservative in our sense. This allows us, for example, to conclude
that these two processes are different, that is, they possess different finite-dimensional distributions.

The rest of the paper is organized as follows. In Section 2, we state the assumptions and describe
our results. In Section 3, we recall some basic definitions on flows and their related functionals and
prove some technical results which will be used in the sequel. The reader may want at first to skip
Section 3 and return to it when she/he wants to check a concept or result which is being used. In
Section 4, we characterize minimal kernels. The results about the decomposition of the process are
established in Section 5. Section 6 contains the examples. Finally, in Section 7, we provide a summary
and draw some conclusions.

2 Description of the results

We need first to introduce the notion of a minimal spectral representation introduced by Hardin (1982)
(and developed by Rosinski (1998)). Let T' be an arbitrary index set, a € (0,2) and (E,&,m) be a
measure space. Suppose that {fi}ier C LY(E, E,m) is a spectral representation of a SaS process Xg,
that is,

Ka®her £ { [ fi@)Mald)}

teT

where M, is a SaS random measure with the control measure m. Let F = {fi,t € T}, sp(F) =
{>heickf, ek € Rty € T,n € N} and Sp(F) be the closure of the span in LY(E,m). We write
A = B m-a.e. it m(AAB) = 0 and say that two o-algebras are equal modulo m if their sets are
equal m-a.e. Define supp(F’) (the support of f;,t € T) as a minimal (m-a.e.) set A € £ such that
m{zx € E: fi(z) #0,x ¢ A} =0 for every t € T.

Definition 2.1 The spectral representation {f;}icr is called minimal for the process X, if the fol-
lowing two conditions are satisfied:

(M1) supp(F') = E m-a.e.,

(M2) p(F) = & (modulo m), where p(F') is the so-called ratio o-algebra, that is, the smallest
o—algebra generated by the extended-valued functions f/g, f,g € Sp(F).

Minimality implies richness. For example, the representation X, (t) = fol Lo, (z)Ma(dz), t € [0,1],
of the Lévy stable motion is minimal because the functions {1 (%) },¢[0,1) generate the Borel o-algebra
on [0,1] (one can take g = 1jg ) here). It is known that every Sa.S process separable in probability
has a minimal spectral representation (Hardin (1982)).

Minimal spectral representations are useful to describe the structures of Sa.S processes. To un-
derstand why, suppose that a Sa.S process { X (t) }er (T’ = R or Z) has two minimal representations
{f Y ier and {f?}ier on the standard Lebesgue spaces (Fi,&1,m1) and (Fg,&2,ma), respectively.
Then, by the Rigidity Lemma 4.1, (ii), below, there exist unique (modulo mg) functions ® : Ey — FE;



and h : Ey — R\ {0} such that ® is one-to-one and onto and, for each t € T,

d(m1 o @)
dmg

fi(x) = h(z)f} (®(z)) and () = [n(2)]%, (2.1)

a.e. ma(dx). Relation (2.1) allows one to go from one representation to the other. For example, one

gets
o] -]
2 2

for t1,...,t, € T and 6y,...,0, € R. This equality expresses the fact that the finite-dimensional
distributions of the process can be expressed through either representation.

To see how (2.1) can be used to characterize stationary SaS processes, suppose that { X, (t)}icr
is a SaS stationary process having a minimal spectral representation {f;}:cr as in (1.1). Then, by
stationarity, for any 7 € R, {fi+r}ter is also a minimal spectral representation of the process X,.
By using the result (2.1), for each 7 € R, there exist unique (modulo v) functions ¢, : S +— S and
hy + S — R\ {0} such that f-(s) = h.(s)fo(®-(s)) a.e. v(ds) (plus the condition on h;). Then,
for any 71,7 € R, by iterating twice, fr 17, (s) = hr (8)he(Pr,(8)) fo(Pr, (P (s))) ae. v(ds) and,
hence, by uniqueness, @, +,, = ¢, o ®,, a.e. v(ds). After some technical (but by no means trivial)
work, one can modify {®;};cr to a flow {¢-},cr to get the representation (1.2) and then perform
the decomposition of the process X, based on the ergodic properties of the flow in (1.2) (see Rosinski
(1995)). The flows satisfying the relation ¢, 4, = ¢r, 0 dry, 71,72 € R, are (additive) flows. The flows
that we will consider are multiplicative, namely such that ¢, -, = ¢ 0 ¢, 71,72 > 0.

Suppose now that the spectral representation {G}}:cr, as defined in (1.8), is minimal for the
process X, in (1.7) which has stationary increments and is assumed to be self-similar. By using the
methodology described above, we show in Section 4 below that there exist a multiplicative flow {t¥.}c>0
on (X, pu), a cocycle {b.}.~0 taking values in {—1,1} and a semi-additive functional {g.}.~o for the
flow {¥c}es0 (see Section 3 for definitions) such that, for any ¢ > 0 and ¢ € R,

dmh

Z ekftk

k=1

o
Z‘gkftk O‘I" Mde :/
2 Eq

= dm

Z Orfl

k=1

¢ "(G(z,c(t+u)) — G(z,cu))

o 1/a
= o) {2 )} (Gt 4wt o) - Gl b)) (22)

a.e. p(dzr)du, where
k=H—-1/a. (2.3)

Note that (2.2) is consistent with the fact that (1.7) is assumed to be self-similar since, for t1,...,t, €
R, 61,...,0, € Rand ¢ > 0, (2.2) yields

I

«

Zﬁkc "(G(x, ety +u)) — Gz, cu))| p(dz)du

“d(pope)

an (z) p(dx)du

A
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«

(@)t +u) = G(Pe(x),w)| (1o ¢e)(da)du
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Another way of expressing (2.2) is to set

Pelw,u) = (wc(:w, % + gc(:c)> . (2.5)

We will verify below (see Example 3.4) that ¢., ¢ > 0, is a multiplicative flow on X x R. Moreover,
for all t > 0,

Gi(z,u) = G(o,t(1+t" ) — G(x, tt u)

o 1y 1/a
= ) {2 )b (G ek ) - G ).+ )

wu(dz)du. (2.4)

Zn: O (G(z,ty +u) — G(z,u))
k=1

) o 1/a
= % ) {20} Gyl o)

o0y 1/
= e {0 Gt ) (2.6)

a.e. pu(dz)du, where L denotes the Lebesgue measure and b:(x,u) = b:(x). While (2.6) and (1.2) look
similar, we shall base our decomposition of the process X, into two parts, a dissipative and conservative
one, only on the flow ;(x), that is, on the first component of the flow ¢ (z,u) = (¥i(x), ¥ + gi(x)).
We will be able to proceed in the spirit of Rosinski (1995). We say that an H-ss process X, with
stationary increments, having the representation (1.7), is generated by a multiplicative flow {1.}c>0
if the representation (2.2) and some condition on the support of functions Gy, t € R, hold (see Section
5). We then show that, for a € (1,2), any H-ss process X, with stationary increments, having the
representation (1.7), is generated by a multiplicative flow. (When a € (0,1], the arguments which
we use work only for a subclass of such processes X,, as noted in the remark following Theorem
4.2. In order not to obscure the arguments, we decided to provide a decomposition in the case
a € (1,2) only.) We also show that, if the process X, is generated by a dissipative (conservative,
resp.) flow in one spectral representation, then, in any other spectral representation, the flow has to
be dissipative (conservative, resp.) as well. This allows us to decompose the process X, uniquely into
two independent parts:

where the process X is generated by a dissipative flow and the process X¢ is generated by a conser-
vative flow. Finally, in Section 6 we show that the limit of the renewal reward processes is a process
generated by a dissipative flow and that the usual linear fractional stable motion, the log-fractional
stable motion and the Lévy stable motion are processes generated by conservative flows.

In a subsequent paper, Pipiras and Tagqu (2001), we examine processes generated by dissipative
and conservative flows in greater detail. In particular, we show that processes generated by dissipative
flows can be represented in distribution as

/ / / e "(F(y,e’(t+u)) — F(y, e’u)) My (dy, ds, du), t € R, (2.8)
vy Jr /R

where (Y,),v) is some standard Lebesgue space, F' : Y x R +— R is a measurable function, M, is a
SaS random measure on Y x R x R with the control measure v(dy)dsdu and kK = H —1/a. The case
of processes generated by conservative flows, which is also considered, is more involved.



3 Flows, cocycles and other functionals

A standard Lebesgue space (X, X, ) is made up of a standard Borel space (X, X) and a o-finite
measure p. A standard Borel space is a measurable space measurably isomorphic (i.e. there is a
one-to-one, onto and bimeasurable map) to a Borel subset of a complete separable metric space’. A
standard Borel space, when equipped with a finite measure pu, is called a Lebesgue space in ergodic
theory?. The term “standard Lebesgue”, found in Rosinski (1995), extends this use to the case of a
o-finite, possibly infinite, measure . As indicated in the introduction, a typical example is R" with
a measure consisting of Lebesgue measure and discrete point masses.

Let (X, X, u) be a standard Lebesgue space. A family {¢;}icr of measurable maps from X onto
X is called an (additive) flow if ¢o(x) = x and

bt (¢t2($)) = Pty+ty (:C), (31)

for all t1,t, € R and 2 € X. The flow {¢;}scr is said to be nonsingular if u(¢; ' (B)) = 0 if and only
if u(B) =0 for every t € R and B € X. It is said to be measurable if the map ¢¢(z) : R x X — X is
measurable. Similarly, a family {%.}.>0 of measurable maps from X onto X is called a (nonsingular,
measurable) multiplicative flow if {¢:}rer = {tet }ter is a (nonsingular, measurable) flow. Hence,
{t¢}es0 is a multiplicative flow if ¢ (z) = = and, for all ¢1,¢2 > 0 and z € X,

¢Cl (7/]02(33)) = 1/10102(.%). (32)

Example 3.1 The flows ¢y(z) = z, t € R,z € X (identity flow), ¢y(z) = {x +t}, t € R,z € [0,1)
(cyclic flow), where {-} denotes the fractional part function, ¢;(y,u) = (y,u+1t), t € R,y € Y,u € R,
are examples of additive flows. The corresponding multiplicative flows are

Ye(z) =2, Ye(lzr)={x+Inc}, v:(y,u)= (y,u+Inc),

where ¢ > 0.

Let A = {—1,1}. A measurable map a;(z) : R x X — A is said to be a cocycle for a measurable
flow {(Zst}teR if
Aty +to (:U) = Qi (x)atl (¢t2 (.1‘)), (3'3)

for all t;,t9 € R and x € X. Similarly, a measurable map b.(z) : Ry x X +— A is said to be a cocycle
for a measurable multiplicative flow {¥c}es0 if {attter = {bet }1er is a cocycle for a measurable flow
{bt}rer = {Wet }ter. Hence, {b.}es0 is a cocycle for for the measurable multiplicative flow {t.}¢~¢ if,
for all ¢;,co >0and z € X,

beyes (3:‘) = be, (x)bfn (1/102 (x» (3'4)

Example 3.2 Let {¢:}ier be a flow on a space X and a : X +— {—1,1} be a measurable function.
Then, the collection of maps

_a(éi(@) _ a(d(x))
at(.fU) - - I
a(¢o(z)) a(x)
!See, for example, Appendix A in Zimmer (1984) or Arveson (1976) and Mackey (1957); these authors work in the

context of algebraic groups.
2See, for example, Walters (1982), Definition 2.3, or Petersen (1983), Definition 4.5.

teR,xe X,




is a cocycle for the flow {¢;}1er. Indeed, for ¢1,t € R and x € X,
_ (@1, (7)) alPy (D1, () Pty 41, (7))

Aty (m)atl (¢t2 (ZE)) G(SC) a(¢t2 (ﬂ?)) - a(as) = Qg+t ($) .
Similarly, if {t)c}c>0 is a multiplicative flow on X and b : X — {—1, 1} is a measurable function, then
b(¢e
be(x) = M, c>0,x € X,

b(x)

is a cocycle for the flow {¥,}c>0.

A measurable map fi(z) : R x X — R is said to be a semi-additive functional for a measurable

flow {¢¢}ier if

ft1+t2 (I) = eitzftl (33) + ftz (¢t1 ('73)) (35)
for all t1,t2 € R and # € X. (Relation (3.5) without the multiplicative term e~'2 defines additive
functionals for measurable flows - see Kubo (1969, 1970).) Similarly, a measurable map g.(z) : R4 x
X — Rissaid to be a semi-additive functional for a measurable multiplicative flow {1.}e>0 if { fi }rer =
{get }1er 1s a semi-additive functional for a measurable flow {¢;}icr = {¥et }rer. Hence, {gc}teso is a
semi-additive functional for {¢.}.~¢ if

Jeren (T) = 02_1901 () + gey (e, (7)), (3.6)
for all ¢1,c0 >0 and x € X.

Example 3.3 Let {¢:}:er be a flow on a space X and F': X — R be a measurable function. Then,
the collection of maps
fi(z) = F(¢(x)) —e'F(z), teR,z€X,

is a semi-additive functional for the flow {¢;}+cr because, for t1,t2 € R and = € X,
e [, (x) + fio (01, () = € 2 (F (¢, (x)) — e F(2)) + F(¢r, (1, (2))) — €2 F (¢, ()

= F(¢t1+t2 (:E)) - e_(t1+t2)F(x) = ft1+t2 (1‘)
Similarly, if {t¢.}c>0 is a multiplicative flow on X and G : X — R is a measurable function, then

ge(x) = G(the(x)) — ¢ 'G(z), ¢>0,z€X,

is a semi-additive functional for the flow {t.}c>0. This example is used in the proof of Proposition
3.1 below.

Example 3.4 Consider the collection of maps ¢.(z,u) = (V¥e(x), & + ge(z)) with ¢ > 0 and z € X,
introduced in (2.5), where {9 }.~¢ is a multiplicative flow on a space X and {g.}c>0 is a semi-additive
functional for {t.}c>0. Since

per(Per(e,n)) = 0o (Valo)
= (Ve (24 00(®) + 90 (Vala)

= Pcica (x’ ’LL),

for all ¢1,c2 > 0 and = € X, the collection {¢,}.~0 is a multiplicative flow on X x R.



The preceding quantities can also be defined almost everywhere p(dx). Thus, a measurable map
ar(z) : R x X — A is said to be an almost cocycle for a measurable flow {¢;}cr if the relation (3.3)
holds a.e. p(dx) for all £1,t2 € R. An almost cocycle for a measurable multiplicative flow is defined
similarly. A measurable map fi(x) : R x X — R is said to be an almost semi-additive functional for a
measurable flow {¢; }¢cr if the relation (3.5) holds a.e. u(dx) for all t1,t2 € R. An almost semi-additive
functional for a measurable multiplicative flow is defined similarly.

The following elementary lemma is used many times throughout the paper.

Lemma 3.1 Suppose that (X1, X1, 1) and (Xa, Xa, n2) are two measure spaces. Let F: X1 x Xo — R
be a measurable function on (X1 X X9, X1 ® Xo, 1 X p2). Then, (i) if for almost every x1 € X,
F(z1,22) = 0 a.e. pa(dra), we have F(x1,22) = 0 a.e. (u1 x p2)(dz1,dxs), and, conversely, (i) if
F(xz1,22) =0 a.e. (u1 X p2)(dxy,dzs), then for almost every x1 € X1, F(x1,22) =0 a.e. pa(dzs).

Let T be an arbitrary index set and let also {f}}ier and {fZ}ier be collections of measurable
maps from X into X. Then {f?}ier is said to be a version of {f!}ier or that they are equal modulo
wif p(z o fH(z) # f2(x)) = 0, for all t € T. The following two propositions will be useful in the
sequel. The first, which extends Proposition 1.2 of Kubo (1970), states that we can replace an almost
semi-additive functional by one that is semi-additive everywhere.

Proposition 3.1 Let {fi}icr be an almost semi-additive functional for a measurable flow {¢;}ier.
Then { fi}+cr has a version which is a semi-additive functional for {¢}ier.

PrROOF: We suppose first that u(X) = 1. (As noted above, this is a typical assumption in ergodic
theory where standard Lebesgue spaces with p(X) = 1 are called Lebesgue spaces). To prove the
proposition in this case, we will use some ideas of Kubo (1969, 1970). By Remark 3.1 in Kubo (1969),
it is sufficient to prove the proposition in the following two cases:

Case 1: The flow {¢;}icr is an identity flow, that is, ¢;(x) = x for all t € R and =z € X. In
this case, fi,+1,(7) = e 2f;, (x) + fi,(z) a.e. u(dz) for all t;,t2 € R, and hence we also have that
ftitts () = e U fr (x) + fiy (x) a.e. p(dz). It follows that

6_152‘]61‘/1 (m) + ftz(‘r) = 6_t1ft2($) + ftl ('T)

a.e. pu(dr) and that
(€7 =1 fi(x) = (7" = 1) fi (@)

a.e. p(dz). Thus, by fixing ¢t and setting t = ¢,

a.e. pu(dx) for some measurable function g. Therefore, (e — 1)g(z), t € R, 2 € X, is a version of
fi(x), t € R, x € X, and is a semi-additive functional. This completes the proof for Case 1.

Case 2: This case is more delicate. It assumes that the flow {¢;}:cr is a special flow defined on a
space (2,&, P). (The “almost” part in the proposition then refers to P.) The space and the special
flow are defined in the following way?3.

3The concept of “special flow”, also known as “flow under a function”, is well-known in ergodic theory (see, for
example, Cornfeld, Fomin and Sinai (1982), Chapter 11).



Definition 3.1 Let (Y, ), v) be a Lebesgue space, S be a nonsingular, one-to-one and bimeasurable
(that is, both S and S~! are measurable) map of the space Y onto itself, and h be a positive measurable
function defined on Y such that h > 6 for some 6 > 0. Set Q = {(y,u) : 0 <u < h(y),y € Y} and let
& be a restriction of Y ® B to (), where B is the Borel o-algebra on R. Take a measurable function
p(y,u) > 0 such that [ [, p(y,u)v(dy)du = 1 and let dP(y,u) = p(y,u)v(dy)du. Then (Q,E&, P)
becomes a Lebesgue space.

Now consider the sequence of points {h,(y)}nez on R defined by h,(y) = ZZ;S h(S*y), if n > 1,
hn(y) =0, if n =0, and h,(y) = — 2.1 h(S*y), if n < —1. Then

hnm (Y) = hn(y) + han(S™y). (3.7)

Since h > 0, h,(y) — Foo as n — Foo. The special flow {¢;}er on (2, &, P) is defined as follows.
First ¢o(y,0) = (y,0). Then for t > 0, ¢(y,0) = (y,0+¢) but only if t < hq(y). For hi(y) <t < ha(y),
¢¢(y,0) = (S(y),0+t — hi(y)), ... In general,

Gu(y,u) = (S"y,u+t—hn(y)), for 0<u+t—hn(y) <h(S"y), (3.8)
or equivalently,
Pe(y,u) = (S"y,u+ 1 = ha(y)), for hn(y) <u+t <hnpa(y). (3.9)
It is called a special flow built up by a function h such that h(y) > 6 for all y and some 6 > 0.

Remark. To verify that {¢; };+cr is indeed a flow on €2, note first that (3.8) implies (S™y, u+t—hy(y)) €
Q. Fix now s,t € R and (y,u) € Q. Let n € Z be such that 0 < u+t — hy(y) < h(S"y) and m € Z
be such that 0 < u+ s+t — hy(y) — b (S™y) < h(S™™™y). Then, by applying (3.8) twice,

bs(de(y, 1)) = o5 (S™y,u +t — hy(y)) = (S" Ty, u+ s+t — hp(y) — him(S™y)).

By using (3.7), we have ¢s(d¢(y,u)) = (S" ™y, u+ s+t — hypym(y)). The same relation (3.7) implies
that 0 < u+ s+t — hpim(y) < h(S"™y) and hence ¢sii(y,u) = (S Ty, u+ s+t — hpim(y)). It
follows that ¢s 0 ¢y = Psis.

Consider now any almost semi-additive functional {f;}:cr for the special flow {¢;}iecr on Q. We
must prove that this {f;};cr has a version which is an (everywhere) semi-additive functional for
{bi}ter. A characteristic of the special flow (3.8) is that it mixes together the argument u and the
time ¢ and also the argument y through the intermediary of A. This will help us in our goal.

Let us denote for convenience {f;(y,u)}icr by {f(¢, (y,u))}ter. Since this is an almost semi-
additive functional for {¢;}+cr, we have that, for all s,t € R,

Fs+t,(y,u) = e f(s, (y,w) + f(t, (S"y,u+ s = ha(y))) (3.10)

a.e. dP for (y,u) such that h,(y) < u+s < hp+1(y). Fixing u = ug for which (3.10) holds would
make ug depend on (s,t). To avoid this, we use Lemma 3.1, (7). Since f is jointly measurable in
its all arguments, the relation (3.10) also holds a.e. dsdtdP(y,u). Since h satisfies h(y) > 6 > 0 for
y €Y, we have Y x (0,60) € 2 and the relation (3.10) holds a.e. for s,t € R,y € Y, u € (0, 0) such that
hn(y) <u+s < hpy1(y). Applying now Lemma 3.1, (ii), we conclude that there is ug € (0,6) such
that

fls+1t,(y,u0)) = e f(s, (y, u0)) + (¢, (S"y,u0 + 5 — h(y))) (3.11)
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a.e. for (s,t,y) such that h,(y) < uo+ s < hnt1(y). Relation (3.11) will be used repeatedly in the
sequel. For convenience to the reader, when applying (3.11), we shall indicate by horizontal braces
the variables which play the roles of “s” and “t” (and sometimes “ug”).

Setting n = 0 and s = u — ug in (3.11), we can isolate the last term on the right-hand side of that
relation and express it as

f(ta (y7 u)) = f(t + U — g, (y> UO)) - e_tf(u — Uo, (y7 U(])) (312)
Focus on the two terms on the right-hand side of (3.12). For the first term, observe that by (3.11),

F(t+ 1=, (y,u0)) = f () — v+t 41— o — hu(y) + v, (v, u0))

= ¢ o=@ f(hy (y) — v, (y, uo))
+f(t+u—up—hn(y) +v,(S™y,up + hn(y) — v — hm(y))) (3.13)

a.e. for (t,u,v,y) such that h,(y) < uy + hn(y) — v < hpmyi(y). Now, by Lemma 3.1, (ii), take
vo € (0,up) for which (3.13) holds a.e. for (t,u,y). Since ug € (0,0), one has vy € (0,6) and hence
0 <wuy—wvy9 <80 < h(y) or hp(y) < ug —vo + hn(y) < hpt1(y), so that (3.13) holds with m = n.
Therefore
f(t +u — uo, (y> UO)) = e_(t+u_u0_hn(y)+v())f(hn(y) — Yo, (y7 UO))

+f(t+u—up— hn(y) + vo, (S"y,uo — vg)), (3.14)
which is an expression for the first term on the right-hand side of (3.12). To get an expression for the
second term, we start with (3.11) again and observe that

Ju —ug +\U£)_/, (y,up — vo)) = 6_(“_u°)f(voa (y,uo — vo)) + f(u —uo, (y,u0))

t S uo

a.e. for (u,y), since here n = 0 because ug — vo + vo = ug € (0,0). Hence

f(u = uo, (y, u0)) = f(u = uo +vo, (3, uo — vo)) — e~ f(vo, (y, up — v0)) (3.15)
a.e. for (u,y), which gives an expression for the second term on the right-hand side of (3.12).
Set now
F(y,u) = f(u— o+ vo, (¥, uo — v0)) (3.16)
and
Fu(y) = "W f(hn(y) — vo, (y, u0)) + £ (v0, (4, to — v0))- (3.17)

Then, by using (3.14) and (3.15), relation (3.12) can be rewritten as follows:

J(t () = e (70 f(h (y) = vo, (y, u0)) +  (vo, (9, w0 — v0)))

(41 —ug — hy(y) + vo, (S™y,uo — vo)) — " f(u — o + o, (y,u0 — o))
= TR (y) + F(gi(y,u) — ¢ Flyw) (3.18)

a.e. (t,y,u) for h,(y) < t+u < hpt1(y), n € Z, where F(¢:(y,u)) uses the expressions (3.8) and
(3.16). Hence f is the sum of two terms e~(t+4=%) F, (3) and F(¢;(y,u)) — e *F(y,u). The second
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term is a semi-additive functional by Example 3.3. Since f is assumed to be an almost semi-additive

functional, the first term will also be so. We want to replace it by a semi-additive functional version
e (Fuu0) F (y).

We shall now determine F,,. Observe that we have simplified the problem considerably because
the function F,, depends only on a single argument y. By using (3.7) and applying (3.11) twice, one
gets

Fn+m(y) = € fnm (4 Uof( n+m( ) — Yo, (y7u0)) + f(’l)(), (y’uo - 'UO))
h W)Fhm (S"y) - Uof( n( ) + hm(Sny) — Yo, (yv UO)) + f(v07 (ya ug — UO))
N~ ——

s t
= (D)0 (o SV (1, (y), (y, o))

(m(8™) = 0, (S™(0), 0 + Pn(y) = Pu(9)))) + £ (v, (3,0 — v0))

_ ehn(y)f(hn(y) — g +\U£)_/, (y,up))
Y t

FelnWHhm (S ) =00 £ (S™y) — vg, (S™(y), uo0)) + f(vo, (y,u0 — v0))
— ) (e—v()f( n(y) — vo, (y,u0)) + f(vo, (S"y,up — Uo)))

el Hhm (ST ) =00 £y (S™y) — g, (S™(y), uo0)) + f(vo, (y,u0 — v0))
= Fu(y)+e"WE, (5™

a.e. for y. Since ho(y) = 0, this gives Fy(y) = 0 a.e., and by setting m = 1, one gets that F,, n # 0, is
determined by Fj. In fact, N
F,(y) = F,(y) a.e. fory,

where F,(y) = Y020 e W F (SFy), if n > 1, F,(y) =0, if n = 0, and F,(y) = X2, W Fi(Sky), if
n < —1. Observe that, by using (3.7), for all y (and, say, for n +m > 1),

n+m—1

ﬁn+m(y) = Z ehk(y)Fl(Sky)
k=0

n—1

= Zehk Fl(Sk )+ Ze ntk (Y Fl(sn+k )
k=0 k=0
n—1 m—1

= Z MWy (SFy) 4 e W) Z M (5" By (SR (S™y))
k=0 k=0

= Fu(y) +"WE,(S.y). (3.19)

Let us now verify that the function
ﬁs(y, u) = e*(er“*“O)ﬁn(y), for hp(y) <u+s < hpt1(y), (3.20)

is a semi-additive functional. Fix s,¢ € R and (y,u). Let n be such that 0 < s+u — hy(y) < h(y) and
m be such that h,(S"y) <t+s+u— hp(u) < hpt1(S™y), so that, by (3.20),

Fy(s(y,w)) = Fi(S™y, 5 +u— hy(u)) = " Uil 1 (gny),
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Using (3.20) again and also (3.19), we get
¢ Fy(y,u) + Fy(¢s(y, u)) = e UHHTHO(E, (y) 4 M E, (M) = e TR, (). (3:21)

Since hym(y) < t+s+u < hppm+1(y) (Which follows from A, (S™y) < t+s+u—hy(u) < hpi1(S™y)
and (3.7)), we have from (3.20) that e~(tstu—uw) 7 () = F,,(y,u) and hence (3.21) shows that
ﬁ’s is a semi-additive functional.

In view of (3.18), define

(b (y,w) = fily,w)) = e T E (y) + Fdu(y, w) — Fly, ),

for hn(y) < u+t < hypi1(y). Consequently, {f;}1er is a semi-additive functional for the flow {¢ }rer.
To show that it is a version, we must show that the relation

P(f(t, (y,w) # F(t, (y,u))) = 0,

which holds a.e. for ¢t € R, holds in fact for all ¢ € R. Proceeding as in Kubo (1970), set (¢, (y,u)) =
Ft, (y,u) = Ft, (g, u), Q = {(y,u) : 6(t, (y,u)) = 0} and, in view of (3.10), set also Qe ={(y,u) :
8(s +t,(y,u)) = e t8(s, (y,u)) + 6(t, ps(y,u))}. Then P(Q) = 1 a.e. for t and P(Qsy) = 1 for all
s,t € R. If now r € R, then there are s and ¢ such that s+t = r and P(Q,) = P(§%) = 1. Since ¢5 is
a one-to-one and onto map, one also has P(¢_s(2) = 1 Then, for (y,u) € Qs: N Qs N d_s8, we have

8(r, (y,w)) = e7*3(s, (y,u)) + 8(t, sy, u)) = 0. Therefore, P(f(r, (y,u)) # f(r, (y,u))) = 0 for any
r € R. That is, {f;}+cr is a version of {f;}ier.

Consider now the case when p is a o-finite measure on the space X. Then X is a disjoint union of
measurable sets X,,, n > 1, such that u(X,) < co. Defining fi(A) = > 02, (AN X,,)/(u(X,)2™) for
A € X, we get a measure i on X equivalent to p with (X) = 1. Then, since i ~ pu, {fi}er is also
an almost semi-additive functional with respect to fi. The result of the proposition then follows from
the case considered earlier. O

Proposition 3.2 Let {a;}1er be an almost cocycle for a flow {¢;}ier and suppose that a; takes values
in {—1,1}. Then {ai}1er has a version which is a cocycle for {¢:}er and which also takes values in

{-1,1}.

PROOF: As in the proof of Proposition 3.1, we may again prove the result in two cases: (1) the flow
{®+}ter is an identity flow, and (2) the flow {¢;}+cr is a special flow built up by a function A such that
h(y) > 0 for all y and some 6 > 0. For the case (1), we have that, for all s,t € R, asy(x) = as(x)a(z)
a.e. pu(dz). Then ay(z) = ay/o(v)ao(x) ae. p(dr) and, since ay/y € {—1,1}, a¢(z) = 1 a.e. p(dr).
(This elementary result also follows from the proofs of Proposition 5.1 in Rosinski (1995).) In other
words, in the case where {¢;}+cr is an identity flow, {a;}:ecr is a version of a cocycle {a;}er defined
by at(x) = 1. The case (2) may be proved as in Proposition 3.1. The basic idea is to replace relations
of the type (3.10) by a similar relation, where there is no factor e™* and where the addition on the
right-hand is replaced by a multiplication. In this way, one makes a semi-additive functional into a
cocycle. 0O

Remarks

1. The results of Propositions 3.1 and 3.2 are clearly valid for multiplicative flows as well.
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2. Proposition 3.2 is also proved in a more general setting by Zimmer (1984), Theorem B.9, p. 200.
(This reference is indicated in Rosiriski (2000).) There, almost cocycles are called cocycles and
cocycles are called strict cocycles. This terminology is also used by Rosinski (1995, 2000).

The Hopf decomposition

It is important for the sequel that every nonsingular flow has the so-called Hopf decomposition
(see, for example, Krengel (1985), p. 17, and Rosinski (1995), p. 1171). Consider a nonsingular map
V:X — X. Aset Bc€ X is called wandering if the sets V*B = {x € X : V¥(x) € B}, k > 1, are
disjoint. The map V is called conservative if there is no wandering set of positive measure p . Given
any nonsingular map V' : X — X there exists a decomposition of X into two disjoint measurable sets C'
and D such that (i) C and D are V-invariant, that is, V~'C = C and V1D = D, (i) the restriction
of V to C is conservative, and (iii) D = U2 V*B for some wandering set B. The decomposition
of X into sets D and C' is unique (modulo w). It is called the Hopf decomposition. The sets D and
C' are called the dissipative part and the conservative part, respectively. If {¢;}er is a nonsingular
flow, then for every t € R, each nonsingular map ¢; has the Hopf decomposition X = D; U C;. One
can show (Krengel (1969), see Lemma 2.7) that all Dy, t # 0, are equal to each other modulo p and
that there is a set D, invariant under the flow, such that for every t # 0, D = D; modulo u. The
decomposition of the space X into the sets D and C' := X \ D is called the Hopf decomposition for the
flow {pi}1er. A flow is called dissipative if X = D and conservative if X = C' (modulo p). We also
have the same notions for a nonsingular multiplicative flow {1.}:>0. A useful representation for the
dissipative and the conservative parts of an additive flow {¢;}tcr is given by

D = {xeX:/Rg(gbt(:r))d(Md—jjbt)(x)dt<oo} a.e. dj, (3.22)
c = {:cEX:/Rg(QSt(a:))d(Hd—ijst)(x)dt:oo} a.e. dp, (3.23)

where g is any L'(X, i) function such that g > 0 a.e. and supp{g} = X a.e. This fact follows from
the proof of Theorem 4.1 in Rosinski (1995) (see also Lemma 2.7 in Krengel (1969)).

4 Minimal kernels

Burnecki et al. (1998) have characterized the minimal kernel of self-similar processes. In this section,
we specify the minimal kernel for the processes (1.7), that is, for self-similar processes that are mixed
moving averages with stationary increments. These additional characteristics, which allow for a more
detailed specification of a minimal kernel, render the proof more delicate. Proposition 3.1 in particular,
will play a key role. We shall also use the following “rigidity” lemma mentioned in Section 2. It is due
to Hardin (1982) and Rosiniski (1994, 1995) (see Theorems 1.1 and 2.2, (b), in Rosinski (1995)).

Lemma 4.1 (Rigidity lemma) Let o € (0,2) and {ft(i)}teR C LYE;,&,mg), i = 1,2, be two
spectral representations of a SaS process { X (t) hier, where (E;, &, m;) are standard Lebesgue spaces.

(i) Suppose that supp{ft@) :t € R} = E3 mg-a.e. Then, for every o-finite measure A on R, there
are Borel functions ® : Ey — FEy and h : Es — R\ {0} such that

£ (@) = h2) £ (@ (2)) (4.1)



a.e. N(dt)may(dx).

(i) If both representations {ft(l)}, i = 1,2, are minimal for the process X, then there are unique
modulo mg functions ® : Ey — Ey and h : Ey — R\ {0} such that ® is one-to-one, onto and
bimeasurable, and for each t € R, the relation (4.1) holds a.e. ma(dx) and

d(m1 @) CD)

g (x) = |h(z)|* a.e. mo(dx). (4.2)
m2

Minimality thus implies that the function ® in (4.1) satisfies additional regularity conditions and
that |h(x)|“ plays the role of the Jacobian (Radon-Nikodym derivative) of the transformation. The
following theorem provides a necessary condition for a kernel to be minimal.

Theorem 4.1 Let o € (0,2), H > 0 and k = H — 1/a. Suppose that the process X, given by (1.7),
is self-similar with index H and that {Gi}ier C LY(X x R, p(dz)du) given by (1.8), is its minimal
spectral representation. Then there are a unique modulo p measurable nonsingular multiplicative flow
{tc}e=0 on the space X, a semi-additive functional {gc}teso for {¥cteso and a cocycle {b.}c~o for
{¥¢}eso taking values in {—1,1} such that, for any ¢ > 0 and t € R,

¢ "(G(z,c(t+u)) — Gz, cu))

1/a
@} (Go)t+utg@) - Gl utg@) (1
almost everywhere p(dz)du.

Remark. The converse of Theorem 4.1 is not true. In other words, a kernel G which satisfies (4.3)
need not to be minimal. Consider, for example, the process

1
|+ s =) Ma(da,dw) (4.4)
where k = H — 1/a, a € (0,2), H € (0,1) and M, has the Lebesgue control measure on [0,1) x R.
The kernel Gi(z,u) = (t + u) — uf in (4.4) satisfies (4.3) with .(z) = « for all . € X = [0, 1),

b. =1, g. = 0 but it is not minimal because it does not satisfy condition (M2) in Definition 2.1.

PRrROOF: The self-similarity of the process X, implies that
/ / ¢ "(G(z,c(t +u)) — Gz, cu)) My (dz, du) 4 / /(G(x,t +u) — G(z,u))My(dz,du), t € R,
x Jr x Jr

in the sense of the finite-dimensional distributions. Since the spectral representation {Gy}ier is min-
imal, Lemma 4.1, (éi), implies that, for every ¢ > 0, there are unique modulo p(dz)du functions
O (z,u) = (®L(z,u),®*(2,u)) : X x R — X x R and e.(z,u) : X x R+ R\ {0} such that @, is
one-to-one and onto, and, for each t € R,

¢ " (G(z,c(t+u)) — Gz, cu))

= e.(z,u) (G(@i(ac, u), t + 02 (x,u)) — G(®L(z,u), @g(x,u))) (4.5)
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and
el = T 20 ) (4.6)

a.e. p(dx)du, where IL denotes the Lebesgue measure on R. We divide the proof in a number of steps.
In Step 1 we show that one can take

(I)C(xv u) = (q)i(.%'), U+ ‘1’2(33))’

o dl 1/
colo,u) = ecla) = wx){“““d—fc)(x)} ,

where the function U, takes values in {—1,1}. This yields expression (4.3). In Step 2 we establish
that, for any c1,co > 0,

B, (2) = LD} (2) ae. p(do), (4.7)
B2, (0) = ¢ 2 () + 8%, (D) (2) ae. pldo), (48)
Ve (2) = Wy (2) U0y (B () ae. p(da). (4.9)

Modulo the “a.e.”, these relations state that ®! is a multiplicative flow, ®? is a semi-additive functional
associated with ®! and ¥ is a cocycle for the flow ®!. In Step 3 we show that the functions ®., ®2
and ¥, have versions v, g. and b., respectively, that are measurable in (¢, ) and satisfy the equations
(4.7), (4.8) and (4.9), respectively, for all ¢;,c2 > 0 and all z € X. This will conclude the proof.

Step 1. Let ¢ > 0 be fixed. For any h € R, by replacing u by u + h in (4.5), we have that
" (G(z,c(t+h+u)) — Gz, clh+u)))

= o, u+h) (G(OL(w,u+ h),t + Bz, u+ 1)) = G(@L(,u+ h), ¥2(x,u + 1))

a.e. pu(dz)du. On the other hand, by subtracting the relation (4.5) with ¢ = h from the same relation
with ¢ + h, we also have
¢ " (G(z,c(t+h+u) — Gz, c(h+u)))
= eo(w,u) (G(®L(z,u),t + h+ (w,u) — G(DL(,u), h + B(x, u)))

C

The uniqueness of (®., ®2) and e. now implies that, for any h > 0,

dl(z,u+h) = ®l(z,u) ae p(dr)du,
PA(z,u+h) = ®*(z,u)+h ae p(dr)du,
ec(x,u+h) = e(zr,u) a.e. p(dr)du.

By Lemma 3.1, (7), we also have that these equations hold a.e. dhy(dx)du. Then, making the change of
variables z = u+ h, we have that ®!(x,2) = ®L(x,u), ®%(z,2) = ®%(z,u)+2—u and e.(z, 2) = ec(x,u)
a.e. dzu(dzr)du. Now, by Lemma 3.1, (4i), fix u = up for which the equations hold a.e. dzu(dz). We
then get that, for some functions ®}(z), ®2(x) and e (), ®!(z,2) = ®L(x), ®2(z, 2) = ®?(x) + 2 and
ec(z,z) = e.(x) a.e. dzu(dz). We also have that

d(peL)od,
d(pel)

d(p o ;)

lec(@)|* = lec(z, 2)|* = i

(z,2) = (z)
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a.e. dzp(dx), so that we can take

o dl 1/a
ec<m>=wc<x>{Wu>} , (4.10)

where the function ¥, takes values in {—1,1}. Finally, we note that (4.5) now becomes
¢ "(G(z,c(t+u)) — G(z, cu))
= (2) (G(®L(),t+u+ ®(z) - G(BL(x),u+ P2(2))) (4.11)

for each ¢ € R a.e. u(dz)du, where €. is given by (4.10).

Step 2. The following argument is standard but we repeat it for convenience to the reader. Let
Cc1,C > 0. Then, by (4.11),

(c1e2) (G, crea(t 4+ u)) — Gz, creau))
= cerca(t) (G(®h (), 1+ 0+ B, (2) = G(@yey(2), ut B2, (1))
On the other hand, by iterating the relation (4.11) twice we get that
(c1c2) " (G(z,cre2(t + u)) — G(x, ci1cou))
= " (77(G(x, cr(eat + eu)) = G, e1(cu)) )
= €, (2)e3" (GO (2), calt + u+ ¢ B2 () — G(PL, (), ealu + c5 ' B2, (2)))
= e (0)eea (DL, () (GO (DL, ().t +u+ 5 ' B, () + B, (@, ()

—G(®L, (DL, (2)),u + ¢ B2 (z) + B, (@, (2))))

The uniqueness implies that the conditions (4.7) and (4.8) are satisfied. The condition (4.9) follows
again from uniqueness and the expression (4.10), since

d(lu’o(pilcg) _ d(lu’o(pig Oq)il) — (d(l"l’o(ﬁtllg) O(bl ) d(,uoéél)
C1 °

dp N dp du dp

Step 3. We have to deal with joint measurability and a.e. issues. Let

u u
Fu(z,u) = ®, <x C) _ (cpi (@), + <1>3(m)> . (4.12)
It is easy to see that, for all ¢;,co > 0,
Feyoy(w,u) = Fe, (Fey(z,u))

a.e. p(dx)du. As in the proof of Theorem 3.1 in Rosiniski (1995), we conclude that there is a measurable
nonsingular multiplicative flow {¢¢}c~0 which is a version of {F.}.~o and that we may also assume
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without loss of generality that the function e.(z) above is measurable in (¢, x). The basic difficulty is
to show that we can in fact take this flow {¢c}es0 to be of the form ¢c(z,u) = (Ye(x), % 4 be(z)), that
is, it can have the same form (4.12) as F..

Let us deal with the function ®! first. Suppose that p.(z,u) = (¢L(z,u), p2(z,u)). Then, for any
c>0, dL(x) = ¢l (z,u) a.e. u(dr)du and ®L(z) = fol Ol (x)du = fol oL (x, u)du =: e(x). Since ¢! (z,u)
is measurable in (c,z,u), the function ¢.(z) is measurable in (¢, z). Moreover, {1 }eso is a version
of {®l}.~0 and it satisfies 1/?0102 (x) = @ZCQ (@/Njcl (x)) a.e. p(dz) for all ¢1,co > 0. By applying the same
arguments as in the proof of Theorem 3.1 in Rosiriski (1995), we conclude that there is a measurable
nonsingular multiplicative flow {t.}.~0o which is a version of {";c}c>0- Observe that {1.}.>¢ is also a
version of {®!}.~0.

Let us now deal with the functions ®2. Arguing as for the map ®! above, we may assume without
loss of generality that the map ®2(z) : (0,00) x X +— R is measurable in (¢, ). It satisfies the relation

®7\c, (1) = ¢ ' OF, (2) + B, (v, (2)

a.e. u(dz) for all ¢1,c2 > 0. In other words, the collection of maps {®2}.~¢ is an almost semi-additive
functional for the flow {t}c>0 on (X, ). It follows by Proposition 3.1 that {®2}.~0 has a version
{gc}e>0 which is a semi-additive functional for the flow {%;}e>0.

As for the functions ¥.(x), we also have that

Ueic, (1‘) =¥, (x)\p(a (1/)01 (x))

a.e. u(dz). In other words, the collection {W,}.~¢ is an almost cocycle for the flow {1 }c>0 on (X, ).
Then, by Proposition 3.2, {U.}.~o has a version {b.}.~o which is a cocycle for {¢.}.~0 taking values
in {-1,1}. O

The following lemma will be used a number of times. It concerns the support of Gy, t € R.

Lemma 4.2 Let (X, X, u) be a o-finite measure space, G : X x R — R a measurable function on
(X xR, X ® B, u(dx)du) and G¢(z,u) = G(x,t + u) — G(x,u), for x € X, u,t € R. Then there is a
set Xog € X such that

supp{G,t € R} = Xg xR a.e. u(dx)du. (4.13)

Moreover, if

X, (1) = /X /R Gl u) Mo (dz, du), t € R, (4.14)

as in (1.7), where M,, has the control measure p(dx)du, then we may suppose without loss of generality
that
supp{Gi,t € R} = X xR a.e. p(dz)du. (4.15)

PROOF: Observe that supp{G¢,t € R} = supp{Gsy,s,t € R}, where G5y = Gy — G5. Indeed, on
one hand Gy = Gy, so that supp{Gy,t € R} C supp{Gsy,s,t € R}; on the other hand, {Gs; # 0} C
{Gs # 0} U{G; # 0}, so that supp{Gs,s,t € R} C supp{Gy,t € R} as well. It is also clear that, for
all h € R,

Supp{Gs,ta s, t € R} = Supp{GS-i-h,t-‘rhv st e R} = Supp{G37t, st € R} + h, (416)
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where by E + h, for E € X @ B and h € R, we mean the set {(z,u+ h) : (z,u) € E}. Setting Ey =
supp{Gsy+, s,t € R} and using Lemma 3.1, (7), relation (4.16) implies that 1g,(z,u + h) = 1g,(z,u)
a.e. p(dx)dudh. By making the change of variables v = u + h and then fixing v = vy for which the
relation holds a.e. u(dz)du, we get 1g,(z,v0) = 1g,(z,u) a.e. u(dzr)du. Since 1g,(x,vo) = 1x,xr(x, ),
where Xy = {z : (z,v0) € Ey}, we obtain (4.13).

If (4.14) holds, then we may suppose (4.15) without loss of generality, since replacing X by X
does not change the distribution of the process. O

Example 4.1 Let a € (0,2) and {X,(t) }+cr be a non-degenerate Sa.S process with stationary incre-
ments, having the representation

Kaltiex L { [ (Gle+0) ~ G)Ma(d)}
R t€R
where M, has the Lebesgue control measure. Denote Gi(u) = G(t+u) — G(u), u,t € R. Observe that
in contrast with (1.7) there is no ”z” here. We will show that the spectral representation {G}}:cr of
X, is minimal. Consequently, if the process X, is also self-similar, then Theorem 4.1 implies that the
kernel function G satisfies condition (4.3). This fact is used in Pipiras and Taqqu (2001) to characterize
linear fractional stable motions, log-fractional stable motion and stable Lévy motion.

To show that {G}ier is minimal for X, one needs to verify conditions (M1) and (M2) stated in
Definition 2.1. By Lemma 4.2, the support of the functions Gy, ¢t € R, is either R or §) a.e. du (the
support is () a.e. du, if the set Xy in Lemma 4.2 is (). If the support is R, then condition (M1) holds.
If it is (), then G¢(u) = 0 a.e. du and hence X, = 0 which is a contradiction (X, is degenerate). To
verify condition (M2), by Theorem 3.8 (iii) in Rosiiski (1998), it is enough to prove that, if for some
measurable nonsingular map ¢ : R — R, a measurable function k : R +— R\ {0} and all ¢t € R,

Gi(o(u) = Gt + ¢(u)) — G(p(u) = k(u)(G(t +u) — G(u)) = k(u)Gi(u) ae. du, (4.17)
then ¢(u) = u a.e. du. By replacing t by ¢t + v in (4.17), we get, for all {,v € R,
Gt +v+ ¢(u)) — G(p(u)) = k(u)(G(t +v+u) — G(u)) a.e. du (4.18)
and, by subtracting (4.17) from (4.18),
Gt4+v+¢u) —Gt+ o(u) =kw)(Git+v+u)—Gt+u)) ae. du. (4.19)

By Lemma 3.1, (i), relation (4.19) holds also a.e. dtdvdu. By making the change of variables ¢t +u = z,
we then get

G+ z+o(u) —u) — G(z+ o(u) —u) = k(u)(G(v+ 2) — G(z)) a.e. dzdvdu. (4.20)

Let us show that, unless ¢(u) = w a.e. du, relation (4.20) implies G(u) = const a.e. du and hence
X, = 0 which is a contradiction. Thus suppose there is a set of positive Lebesgue measure on which
o¢(u) # u. Then, (4.20) implies there is a set V', whose complement has Lebesgue measure 0, such that
foreveryv eV, G(v+ z+ ¢(u) —u) — G(2 + ¢(u) —u) = k(u)(G(v + 2) — G(2)) a.e. dzdu. Now, for
every v € V, fix u = ug = ug(v) for which ¢(ug) # up and

G+ z+ ¢(up) —uo) — G(z + ¢(ug) —up) = k(uo)(G(v + z) — G(z)) a.e. dz. (4.21)
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By integrating both sides of (4.21), we get for all v € V', [p |G(v + 2z + ¢(ug) — uo) — G(z + ¢(ug) —
up)|*dz = |k(uo)|® [z |G(v+2) — G(2)|*dz < oo. By the translation of the Lebesgue measure, the two
integrals are equal. Then, either [, |G(v+ 2) —G(z)|*dz = 0 which implies G(v+ z) = G(z) a.e. dz or
|k(up)| = 1. In the latter case, however, by (4.21), the function h(z) = |G(v + z) — G(z)| is periodic
with a period |¢p(ug) — ug| # 0. Since h € L*(R), we necessarily have that h(z) = 0. In either case,
the conclusion is that for all v € V, G(v + z) = G(z) a.e. dz. By Lemma 3.1, (i), G(v + z) = G(?)
a.e. dzdv and, by making a change of variables, G(v) = G(z) a.e. dzdv. By fixing v for which this
equation holds a.e. dz, we obtain G(z) = const a.e. dz which is what we wanted to show. This proves
that {G¢}ier is minimal for X,.

The preceding example extends a result of Rosiriski (1998) valid for stationary processes of the
form [p G(t + u)M,(du) to processes with stationary increments. While not all representations are
minimal, the following theorem states that one can always make a transformation and obtain a minimal
representation. Note that we restrict the range of parameter « to (1,2). We comment on the case
a € (0,1] in a remark after the proof.

Theorem 4.2 Let a € (1,2), H > 0 and X, be a SaS H-ss process with stationary increments

given by (1.7) and (1.8). Then, there exists another standard Lebesgue space (X, X, [) and measurable
function G : X x R+— R such that

{(Xo(t) her £ {é[g(@(f,t—i—u) — G(Z,u)) M, (dZ, du) }teR {/ /Gt Z,u) Mo (dF du)}tER,

where M, has the control measure [i(dZ)du, and that the spectral representation {Gy}icr is minimal
for X,.

ProOOF: Consider the collection of functions {Gi(z,u) = G(z,t + u) — G(z,u),t € R} where G :
X xR+ R. By Lemma 4.2, we may suppose without loss of generality that supp{G¢,t € R} = X xR.
Consider now a Sa.S stationary process Y, given by

) = [ eI - Xods

— X () — /t e~ (=9 X, (s)ds (4.22)

— / / ( x,t+ u) /_too ef(t*S)G(x, s+ u)ds> M, (dz, du), (4.23)

which can be rewritten as
_ / / g(@, t + u) Mo (dz, du), (4.24)
X JR

where
u

g(z,u) = G(z,u) — e_“/ e’G(x, s)ds.
The process Y, is well-defined for @ € (1,2) and the equality of (4.22) and (4.23) hold, since
[t e T9E|X,(s)|ds = E|Xo(1)] [*, e 9)|s|Pds < oo (see Chapter 11 in Samorodnitsky and
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Taqqu (1994)). Moreover, the relation (4.22) is invertible in the sense that

Xo(t) = Yalt)— Ya(0) + /O "Ya(s)ds (4.25)
= /X./R (g(m,t +u) —g(z,u) + /Otg(x, s+ u)ds> M, (dz, du) (4.26)

G(z,u) = g(x,u) + /Oug(a:, s)ds.

and that

(These transformations between stationary processes and processes with stationary increments are
used in Surgailis et al. (1998).) Let also g:(z,u) = g(x,t 4 u) and observe that, by Lemma 4.3 below,
supp{g:,t € R} = supp{G;,t € R} = X x R a.e. Now, since Y,(t) = [y [z 9(z,t + u)My(dz, du) is
stationary, supp{g(z,t+u),t € R} = X xR a.e. p(dz)du and [ |g(z,t 4+ u)|*dt = [ |g(z,t)|*dt < o0
a.e. p(dx), Corollary 4.2 in Rosinski (1995) implies that the process Y, is generated by a dissipative
flow. Then, by Theorem 4.4 in Rosifiski (1995) there is another standard Lebesgue space (X, i) and
measurable function § : X x R — R such that

R T R B e

and the spectral representation {g: }+cr is minimal for Y,. By (4.26), we have

{/)?/R(ﬁ(f,t—i-u) g9(z,u) +/ G(Z, s 4 u)ds) My (dE, du)}teR,

_ { /;? /R (é(%,t+u)é(%ju))Ma(di,du)}tER,

where G(Z,u) = §(&,u) + [ §(F, s)ds. Let G4(Z,u) = G(Z,t +u) — G(Z,u). To prove the theorem, it
is enough to show that the spectral representation {Gt}teR is minimal for X,. By Lemma 4.3 below,
supp{Gy,t € R} = supp{js,t € R} = X x R a.e. fi(dZ)du. Let € be the o-algebra associated with
X x R. To establish minimality, it is sufficient to show that p(@t,t € R) = &, where p is the ratio
o-algebra defined in Section 2. Since {g:}ier is minimal, we have p(gi,t € R) = £ and hence it is
sufficient to show that p(r,t € R) C p(Gy,t € R). This follows from Lemma 4.3 below, since for each
tM 12 e R, Gy1) /Gy is an a.e. limit of >° ¢, G (1>/Zd G 1@ y type sums. O

Il

{Xa()}ier

Remark. When a € (0,1], there exist processes X, (having the representation (5.1)) for which
the integral [*__e~(=%) X (s)ds and hence the transformation (4.22) is not defined (see, for example,
Samorodnitsky and Taqqu (1994), p. 510). As a consequence, when a € (0,1] the proof of Theorem
4.2 works only for the subclass of processes X, for which this integral is well-defined. Although we
feel that the result of the theorem holds for a € (0, 1] without this restriction, we do not have a proof.
Therefore, we will provide a decomposition of processes X, for a € (1,2) only. It is clear from the
sequel that the results of this work hold for any X,, a € (0, 1], for which the conclusion of Theorem
4.2 is valid.

The following lemma was used in the proof of Theorem 4.2 above. It states that the kernels Gy
and gy used in that proof can be approximated by each other.
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Lemma 4.3 Let o € (1,2) and X, be a SaS, H-ss process given by (1.7) and (1.8). Let also Yy
be a SaS, stationary process defined by (4.22) and having the representation (4.24). Then, for each

s,t € R, there ewist real numbers si',a;, n > 1,1 =1,---,1,, and t},bp, n > 1, k = 1,---, ky, such
that
kn
Zaz oo g e, Y bigm — G ae., (4.27)
k=1

as n — oo, where G¢(x,u) = G(z,t +u) — G(z,u) and g(x,u) = g(z,t +u) — g(x,u) fort,u € R and
re X.

PROOF: Let us show the first convergence in (4.27). For n > 1, let k,, = % and set

Z Xo(kn) Ly, (k+1)n / /G” x,u) My (dz, du),

k=—o00
where -
G (z,u) = Z (G(z, kp + u) —G(x,u))l[km(kﬂ)n)(s), (4.28)
k=—00
and s
Y;(s)zxg(s)—/ (=1 x7(¢) / /gs (2, u) Mo (da, duv),
where

gy (x,u) = Gy (z,u) —/ e~ DG (2, u)dt. (4.29)

Since E|Xa(t2) — Xa(t1)| = |ta — t1|7 E| X4 (1)|, we have

. ) . 1
[ e BN - Xawlat = BXa)] [ e 3 \t—ffanlwm<k+1>n><t>dt:0(FH)’

k=—00

as n — oo, since the sum is bounded by 1/nff and [*_ e~(5=0dt = 1. Then, for each s € R, Y(s) —
Y,(s) in L'(Q) and, hence, in probability and distribution as well. This implies that ¢g» — g5 in
L¥(X xR) and, hence, there exists a subsequence {nj};>1 such that the convergence holds a.e. Observe
that by (4.29) and (4.28), the g’s are of the type 3_ aj'Gsr, where the sums have an infinite number
of terms. After truncating these sums to a finite number of terms, we obtain the result. The second
convergence in (4.27) can be proved similarly by setting g¢ (z,u) = 332 9(z, kn + )1, (k41),)(5)
with &, = % and using (4.26). O

Definition 4.1 A flow ), its related cocycle b and semi-additive functional g constitute the triplet
(1,6, 9).

The next result states that triplets corresponding to different minimal spectral representations
of the same process are equivalent in the sense of the following definition (see also Definition 3.2 in
Rosinski (1995)).
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Definition 4.2 Triplets (W M ¢MY) and (@, b3 ¢?), where b = {bgi)}c>0 is a cocycle and
g = {géz)}c>0 is a semi-additive functional for a measurable nonsingular multiplicative flow 1(®) =
{wé”}oo on (X;, pi), i = 1,2, are said to be equivalent, denoted by ()M, b1, gy ~ () 52 ¢(2)),
if there exists a measurable map ® : X5 — X7 such that

(i) there is N; C X; with p;(N;) = 0, @ = 1,2, such that ® is one-to-one, onto and bimeasurable
between Xo \ Ny and X7 \ Ny,

(ii) p1 and pg o @1 are mutually absolutely continuous,

(7i1) relation between flows: for all ¢ > 0, ¢£1) od=>0o 1/1§2) a.e. dug,
(iv) relation between cocycles: the cocycle {bgl) o ®} .50 is cohomologous to {b£2)}c>o, that is, there

is a measurable function b : Xy — {—1,1} such that, for all ¢ > 0, b o d = b (bo wéz))/b a.e. dus,
(v) relation between semi-additive functionals: there is a measurable function ¢ : X2 — R such

that gél) od = g§2) +go wf) —c g a.e. dus.

Theorem 4.3 Let o € (0,2) and {GO(z;,t + u) — GO (z;,u),z; € Xiyu € Rljer C L¥(X; X
R, pi(dx;)du) be two minimal representations for a SasS, self-similar mized moving average X,. Let

also (w(i), b(i),g(i)), 1 = 1,2, be the triplets corresponding to these minimal spectral representation by
Theorem 4.1. Then, (M), (1), (M) ~ () b2 ¢(2)),

PROOF: By using Lemma 4.1, (i), we obtain that there are unique modulo ps(dza)du functions
& = (®!(xg,u), ®?(22,u)) : Xoa x R— X1 x Rand h: Xo x R — R\ {0} such that ® is one-to-one,
onto and bimeasurable, and for all ¢t € R,

G (29,t + u) — G (9, u)

= (w2, w) (GN (@ (w2, u), t + 2 (wa, 1) — GO (@ (2, u), ¥ (w2, 1)), (4.30)
o 1/a
h(ws, 1) = bz, u) {W(@,u)} (4.31)

a.e. pa(dre)du with some b: Xo x R — {—1,1}. Arguing as in Step 1 in the proof of Theorem 4.1, we
conclude that

D = (Ol (x2, u), P (29, 1)) = (®(z2),u + g(x2)), bz, u) = b(x2) (4.32)

a.e. ua(dre)du, where ® : Xo — X1, g: Xo— Rand b: X9 — {—1,1} are some measurable functions.
Changing variables, we get ®* = (®!(z2,u — g(z)), ®*(z2,u — g(x))) = (®(22),u) a.e. pa(dws)du.
Since ®* is also one-to-one, we deduce that there is a set No C Xo with po(N2) = 0 such that @ is
one-to-one on Xy \ Na. Then, the function (®(x2),u + g(x2)) is one-to-one on (X2 \ N2) x R and,
since it is equal a.e. to a bimeasurable and nonsingular function ®, we conclude that the image of ®
on X\ Ny is X1\ Ny with p1(N1) =0 and that ®~! on X7 \ N7 is measurable as well. By using the
notation X7 and X, for the spaces X7 \ N1 and X5\ Na, respectively, we have from (4.30)—(4.32) that
there are a one-to-one, onto and bimeasurable map ® : Xy — X; and h : X9 — R\ {0} such that, for
all t € R,

GO (s, t + 1) — G (w2, u) = h(wa) (G (@(wa), ¢ +u + g(22)) — GV (B(w2),u+ g(w2))),  (4.33)
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d(p1 0 ®) (m)}” * (4.34)

h(xg) = b(xz){ .
a.e. pg(dre)du with some b: X9 +— {—1,1}. On the other hand, we know from Theorem 4.1 that, for
1=1,2,and all ¢ > 0,

c " (G(i) (x4, c(t +u)) — G(zi, cu))

o ) Ve @ | | |
— 0z {d“‘d—j’)u} (GO, ¢+ + 6D (w0) — GO, u+ gD @) (435

a.e. pi(dz;)du. Then (see explanations below), for all ¢ > 0,
" (G(Q) (2, c(t +u)) — G(z2, cu))

= ¢ () (GU(@(w2). et +u) + g(r2)) = GV (@(r2). cu+ g(r2)) (4.36)

—h b (p d(p1 o¢£1)) P e
= h(z2)be/ (®(z2)) T( (z2)) ‘
(GO @ ().t + 1t gla) + 90 (@(a)) — G (B(22)). 1w+ < g(a) + 9(@(r2))))
(4.37)
dpy o wél) -1

1/a
i oq))(xg)} ((ho@™ oyl o @)(xy))

= h(w2) (0" 0 ®)(2) {(

(G (@ 0 0 @) (w2), t 4+ u+ ¢ gle2) + (9 0 B)(w2) — (g0 0 4 0 @) (22))

—GO((@ o gtV 0 ) (wa), u+ ¢ glaz) + (97 0 B)(w2) — (g0 @ oMo ‘1>)(1‘2))) (4.38)

a.e. po(dxo)du. For (4.36), we used (4.33); for (4.37), we used (4.35) with ¢ = 1, where z; is replaced by
®(x2) and u by u-+c1g(z2); for (4.38), we used (4.33) again, where x5 is replaced by (@—lowgl)@)(m)
and then u by u + ¢ tg(z2) + (ggl) 0 ®)(w3) — (go®@ o M o ®)(z2). By comparing (4.38) to (4.35)
with ¢ = 2 and by using the uniqueness in Theorem 4.1, we conclude that for all ¢ > 0,

¢£2) — ¢ lo 1/)((:1) od a.e. duo, (4.39)

(2)
b((:l) o — bo ;fc bgz) a.e. djg, (4.40)
gél) od = gg2) +go ¢£2) — % a.e. dio (4.41)

(to obtain the equality (4.40), we also used (4.34) and

(1) —1 (2)
dul o®d dul o wc o ® (d/l/l od o (P—l o wgl) o @) — M a.e. d,u’27
dpsa dp dpiz a2

which follows by using (4.39)). Then, in view of relations (4.39)—(4.41) and Definition 4.2, we have
(60,50, g0) ~ (52,431, ¢2).
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5 Decomposition of the process in two components

Theorem 4.3 and part (ii7) of Definition 4.2 show that the flows corresponding to two different minimal
representations of a self-similar mixed moving average are “a.e. isomorphic”. If two flows are a.e.
isomorphic and one of them is dissipative (conservative, resp.), then so is the other one. (This fact
can be proved by using the representations (3.22) and (3.23) for the dissipative and the conservative
parts of a flow.) Based on this observation, one may then classify self-similar mixed moving averages
into those whose minimal representations are associated with a dissipative flow and into those whose
minimal representations are associated with a conservative flow. In practice, however, it is not easy
to say when a representation is minimal and therefore to determine whether a process is generated
by a dissipative or a conservative flow. Since minimal representation kernels are of the form (4.3), it
is best to use (not necessarily minimal) kernels of that form (4.3) as a starting point and derive the
properties of the corresponding processes. In fact, many commonly used kernels (e.g. the kernel of
linear fractional stable motion in Example 6.2 below) are already of the form (4.3).

Let then a € (0,2), H > 0 and k = H — 1/a. Let also (X, X, u) denote as before a standard
Lebesgue space and M, be a Sa.S random measure on X x R with the control measure u(dz)du.

Definition 5.1 Let a € (0,2). A SaS H-ss process X, with stationary increments, given by the
spectral representation

Il

(Xa(®)hcr { /X /R G (2, 0) Mo (da, du)}tER (5.1)

= {/X/R(G(x,t—i—u) —G(x,u))Ma(dm,du)} , (5.2)

teR

is generated by a nonsingular measurable multiplicative flow {{¢}e>0 on (X, p) associated with G (or
simply generated by a flow {t.}.~0) if, for all ¢ € R and ¢ > 0,

¢ " (G(z,c(t+u)) — Gz, cu))

o 1/a
— bo(a) {‘“"d—lﬂ’c)m} (G(Whe(),t 4+ ge(2)) — Clael), u+ gel())) (5.3)

a.e. u(dr)du, where {b.}c~0 is a cocycle for the flow {1}~ taking values in {—1,1}, {gc}es0 is a
semi-additive functional for the flow {1.}.~0, and

supp {G,t € R} = X x R, (5.4)

a.e. p(dr)du.

Remarks

1. The flow is related to the kernel G and hence to the representation. Sometimes, for clarity, it
may be necessary to say “generated by a flow {t.}.~0 associated with G”.

2. When a self-similar mixed moving average X, is generated (through its representation) by a flow
¥ = {tYc}e>0 and a related cocycle b = {b.}.~0 and a semi-additive functional g = {g.}c>0, We
shall also say that X, is generated by (or associated with) the triplet (1, b, g).
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3. If the process X, is given by (5.1)—(5.2), then supp{G;,t € R} = Xy x R a.e. for some Xy € X
and, by replacing X by Xj in (5.1) and (5.2), we may suppose without loss of generality that
(5.4) holds (see Lemma 4.2). In this case, to verify that the process X, is generated by a flow,
one needs to check condition (5.3) only.

Proposition 5.1 Condition (5.3) is equivalent to the condition that, for all ¢ > 0,

d(p o Pe)

1/a
@)} Glela)ut acla)) + T(ao (5:5)

¢ "G(x,cu) = be(x) {
a.e. p(dx)du, for some measurable function J.

PROOF: It is obvious that (5.5) implies (5.3). For the converse implication, note that, by Lemma
3.1, (i), (5.3) holds also a.e. u(dz)dtdu. But, by making the change of variables v = ¢t + u, we get that

d(p o Pe)

1/
2@} )t gule) + T(een)

¢ "Gz, cu) = be(x) {

a.e. u(dzr)dvdu. By fixing v = v, for which this equation holds a.e. u(dx)du we obtain (5.5). O

If the spectral representation {G;}ier of X, is minimal (as in Example 4.1), then X, is always
generated by a flow in the sense of Definition 5.1. But since we require in (5.1) only equality in
the sense of the finite-dimensional distributions, it is not necessary that the spectral representation
{G4}ter be minimal.

Theorem 5.1 Fora € (1,2), any SaS H-ss process X, with stationary increments, having the repre-
sentation (5.1)—(5.2), is generated by a multiplicative flow in the sense of Definition 5.1 (with possibly
a new kernel C~}) Conversely, if the process X, has the representation (5.1)—(5.2) with the kernel
function G satisfying (5.3), then it is self-similar with exponent H and has stationary increments.

ProoFr: The first part of the theorem follows from Theorems 4.2 and 4.1. To show the second part
of the theorem, use the computations in (2.4). O

The next result shows that there is a map relating the various spectral representations.

Theorem 5.2 Let a € (0,2) and consider a SaS H-ss process { X (t) }er, given by (5.1)—(5.2), with
supp{G¢,t € R} = X x R a.e. u(dz)du. Suppose that {Xq(t)}ier has another spectral representation

{Xat) }ter = {/ /Gt Z,u) M, (dz, du) }tER {/ / (Z,t+ u) G( ))ﬁa(alf7 du)}tER,

where ()?f,vf,ﬁ) is also a standard Lebesgue space, {Gi}ier C L*(X x R, fi(dZ)du), a SaS random
measure M, has the control measure p(dz)du. Then there exist measurable functions ®1 : X — X,
h:X — R\ {0} and &3, P3: X — R such that

Gz, u) = h(z)G(®1(x), u + Do(z)) + P3(x) (5.6)

a.e. p(dz)du.
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PrOOF: By applying Lemma 4.1, (i), we obtain that there exist functions d: X xR X, h:
X xR+ R\ {0} and @3 : X x R — R such that

G(z,t +u) — Gz, u) = h(z,u) (é(él(x, w), t+ Doz, 1)) — G(D1 (2, u), Po(z, u))) (5.7)
a.e. p(dz)dtdu. Now, by making the change of variables v = ¢ + w in (5.7), we get that
G(z,v) = h(z, u)G(®y(x,u), v — u+ Py, u)) + P3(x, u) (5.8)

a.e. p(x)dvdu, for some measurable function ®3. By Lemma 3.1, (ii), fix u = ug, for which (5.8) holds
a.e. p(dx)dv (and for which the functions involved are measurable) to obtain the result of the theorem
after the proper change of notation. O

Corollary 5.1 Assume in Theorem 5.2 that the spectral representation {Gy}ier € L*(X xR, p(dz)du)
is minimal and supp{Gy,t € R} = X x R. Then there are measurable functions ®; : X X,

h:X — R\ {0} and ®,®3 : X — R such that (5.6) holds a.e. p(dz)du, with i = puj, o ®7" on X,
where pu(dr) = |h(2)|u(dz)

PrOOF: By Lemma 4.1, (i), above and Remark 2.5 in Rosinski (1995), there exist unique modulo
p(dz)du functions @1 : X xR — X, h : X xR — R\ {0} and &3 : X x R — R such that
the relation (5.7) holds and f(dz)du = (u5 o &~ 1)(dZ, du), where & = (¥, P3) and pi5 (dx, du) =
|h(z,u)|*u(dz)du. Arguing as in Step 1 of the proof of Theorem 4.1, one gets that ®;(z, u) = &1 (z),
Py (x,u) = u + By(x) and h(z,u) = h(z) a.e. u(dz)du. Then (15 0 ® 1) (dz, du) = (up o BT 1) (dT)du,
where pp(dx) = |h(x)|*u(dz), and the relation (5.6) follows from (5.7) as in the proof of Theorem 5.2.
a

The following result shows that the dissipative or conservative character of a flow is an invariant.
It is analogous to Theorem 4.1 of Rosinski (1995) valid for stationary processes.

Theorem 5.3 If the process X,, a € (0,2), given by (5.1)~(5.4), is generated by a dissipa-
tive(conservative, resp.) flow, then in any other representation (5.1)—~(5.4) of X, the multiplicative
flow must be dissipative (conservative, resp.).

PROOF: Suppose that the process X, with the spectral representation {G;}icr is generated by a
multiplicative flow {t.}c>0 as in Definition 5.1. Let X = D U C be the Hopf decomposition of the
flow {¥c}c>0 (C and D denote the conservative and dissipative parts of the flow, respectively). Set
also Fy(z) = [ |Gi(r,u)|%du and note that Fy € L*(X, u). We will show that

D - {:1: €X: /OOO /]R Ge(a), 1+ 1) — G(the(x), u)|"du Ao(x) ¢ de < oo} (5.9)
= {m € X: /OOO Fi(¢e()) Me(z) ¢ e < oo} , (5.10)
and
c - {1: €X: /Ooo /R G (e(), 1+ 1) — G(e(), u)|"du Nol() ¢ de = oo} (5.11)
= {ZL‘ € X: /OOO Fi(Ye(x)) Ae(z) ¢ tde = oo} (5.12)
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and a.e. u(dx), where A\ = d(po).)/du. Let Dy and Cp denote the right-hand side of (5.9) and (5.11),
respectively. We want to show that D = Dy and C' = Cy a.e. pu(dx). As in the proof of Theorem 4.1
in Rosinski (1995), by making the change of variables ¢ = €, one can show that C' N supp{F1} C Cp
and D C Dy a.e. p(dz). Since, for t > 0, G(1b(z),t +u) = G(Ye(x),t(1 + t~u)), we can apply (5.3)
and get

/Oo Fi(the(2)) Ae(z) ¢ de = /Oo/ G (o(x), t + 1) — G(o(x), w)|*du Ao(z) ¢ 'de
0 0 R

:/OOO/R’G(@bt(%bc(:E)),1—|—t_1u—|—gt(wc(x)))—G(¢t(¢c($)),t—1u+gt(wc(gj)))|adu M) Au(e) =de
= /OOO/RG(wct(l’),l-i-u) — G(Yer(z),u)|*du tAet(z) cLde
_t/(] /R\G(@ﬁc(w),ﬂru) G(e(x), u)|%du Ae(z) d

We can therefore replace Fy by Fi, t > 0, in (5.12) and (5.10). This is also true for ¢ < 0, since, by
making the change of variables t + v = v below,

/ " [ 16 W)t + ) = Gow),w)f*du M) ¢ de

= /OO/ G (e(z), —t +v) — G(We(x),v)|*dv Ae() ¢ de.
0 R

Hence, we get that C Nsupp{F;} C Cp for all t € R. Since condition (5.4) implies that supp{F;,t €
R} = X a.e. p(dx), it follows that C' C Cp a.e. p(dx). Since X is a disjoint union of D and C' and
since Dy and Cj are disjoint, we get D = Dy and C = Cy a.e. u(dz).

We will now show that the dissipative and conservative character of a flow is an invariant. By
Theorem 4.2, the process X, has also a minimal spectral representation {Gt}teR on the space (X X
R, fi(dz)du) and, by Theorem 4.1, it is generated by a multiplicative flow {tc}eso on (X, X) associated
with the kernel G. By Corollary 5.1, there are measurable functions ®; : X — X, h: X — R\ {0}
and Po, &3 : X — R such that

G(z,u) = h(x)G(D1(z), u + Bo(z)) + B3(z) (5.13)
a.e. p(dzr)du and
i = pp o BT, (5.14)
where pp(dz) = |h(x)|*n(dz). By using (5.3) and the relation —Ha = —ka — 1, we have a.e. p(dz),
[ [ 1601+ 0 — 6w, wia WV () g,
0o Jr du

= /OO/ |G(xz,c(1 +u)) — G(z, cu)|*du ¢~ e (5.15)

|a/ / |G(®1(2), c(1 + u)) — G(P1(2), cu)|“du ¢~ Tde

28



=@ [ [ GO, 1+ ) - G (1) ] D

(Observe that the last equality in (5.16) holds a.e. uu(dx), since it holds a.e. p(dz) with T = ®1(z) and
since, by (5.14), i(N) = 0 for any N € X implies that p(®7(N)) = 0.) Relation (5.16) implies that

(®1(z)) ¢ tde. (5.16)

d7YDy) =Dy and ®7(Co) = Cy (5.17)

a.e. pu(dr), where Dy and Cp are the sets on the right-hand side of (5.9) and (5.11), respectively,
and Dy and Cy are defined in the same way by replacing X, G, ¥, Ac by X, G, y e, Ac. Hence, by
(5.17), the flow {1, }c>0 is dissipative (conservative, resp.) if and only if the flow {¢c}c>0 is dissipative
(conservative, resp.). Indeed, for example, if the flow {1 }.>0 is dissipative, then p(C') = 0 and hence
11(Co) = 0, which implies by (5.17) that u(®71(Cp)) = 0 and, by (5.14), that i(Cp) = 0 or i(C) = 0.
Now, if the process X, is generated by yet another flow {{/;c}c>0 associated with a kernel CA}, then
we conclude as above that the flow {%Zc}c>0 is dissipative (conservative, resp.) if and only if the
flow {120}0>0 is dissipative (conservative, resp.), and consequently, if and only if the flow {t.}.~¢ is
dissipative (conservative, resp.). This concludes the proof. O

Remarks

1. To get a feeling for (5.11), note that a conservative flow 1.(x) comes back again and again to
the same values as ¢ grows. Hence, the integral of a positive function of 1).(x) over (0, c0), which
is the range of ¢, should diverge.

2. Theorem 5.3 implies that, if the process X, is generated by a dissipative flow and the process Yy, is
generated by a conservative flow, then the processes X, and Y, have different finite-dimensional
distributions.

3. By changing the variable ¢ = €!, t € R, in the sets Dy and Cj on the right-hand sides of (5.9) and
(5.11), respectively, and also by denoting ¢; = 1., t € R, the representations (5.9) and (5.11)
look like (3.22) and (3.23), respectively, where g = F;. (These changes of variable transform the
multiplicative flow 1. into the additive flow ¢;.) The function Fj, however, need not have full
support in X and this is why it does not, in general, correspond to the g in (3.22) and (3.23).
We were nevertheless able to conclude that D = Dg and C' = Cj a.e. by using special properties
of G. Hence, in particular, (3.22) and (3.23) may hold with a g which does not have full support
in X.

The next result provides a criterion for determining whether a flow is dissipative or conservative.

Theorem 5.4 Let o € (1,2) and X, be a SaS H-ss process with stationary increments given by
(5.1)=(5.2). Suppose that supp{G,t € R} = X x R. Then the process X, is generated by a dissipative
(conservative, resp.) flow in the sense of Definition 5.1 (with possibly a new kernel é) if and only if
the integral

_ [7 ~Ha — G(z, cw)|“du dc
I(x)—/o ¢ /R|G(x,c(1—l—u)) G, cu)|® du d (5.18)

is finite (infinite, resp.) a.e. u(dzx).
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Proor: By Theorem 4.2, the process X, has a minimal spectral representation with the kernel
function G and, by Theorem 4.1, there is a flow {1, }.>0 associated with G which generates X, in the
sense of Definition 5.1. By Theorem 5.3, X, is generated by a dissipative (conservative, resp.) flow if
and only if the flow {1;0}90 is dissipative (conservative, resp.) and, by Corollary 5.1, the a.e finiteness
of the integral (5.18) is equivalent to the a.e. finiteness of a similar integral where G is replaced by G.
By applying (5.3) with G, we see as in (5.15) that the integral (5.18) with G equals to the integral

[ T o QEOTD )
L L1601+ 0) = G e T @) e

The conclusion then follows from (5.9) ((5.11), resp.) with G, . and D (C, resp.) replaced by G, @ZC
and D (C, resp.). O

Theorem 5.5 Let o € (1,2) and suppose that a process X, is generated by a nonsingular multiplica-
tive flow {Yc}es0 as in Definition 5.1. Let also X = D U C be the Hopf decomposition of the flow
{tc}es0. Then, we have

Xo L XP 4 x€ (5.19)

where

D) —/ /Gt x,u) My (dz, du), (5.20)
/ / Gi(x,u)My(dz, du). (5.21)

The processes X2 and Xg are independent, and are both H-ss and have stationary increments. The
process X2 is generated by a dissipative flow and the process XS is generated by a conservative flow
in the sense of Definition 5.1. The decomposition (5.19), moreover, is unique in distribution, that is,
it does not depend on the representation {Gy}ier in Definition 5.1.

PROOF: The processes Xé) and Xg are independent because their kernels have disjoint support
(Theorem 3.5.3 in Samorodnitsky and Taqqu (1994)). The process X2 is generated by a dissipative
flow and the process X¢ is generated by a conservative flow in the sense of Definition 5.1 because D
and C are invariant under the flow.

To prove the uniqueness in distribution, let {G;}er C L%(X X R, ji(dz)du) be the minimal spectral
representation of the process X, obtained in Theorem 4.2. Suppose that this representation is gener-
ated by a multiplicative flow {t}es0 on (X, ,j1) as in Theorem 4.1. Let D and C be the dissipative
part and the conservative parts of the flow {1/Jc}c>0, _respectively. The kernels G and G can be related
as in (5.13) and (5.14). Moreover, by (5.17), ® TY(Dg) = Dy and ®71(Cy) = Cp, where the sets Dy,
Co, DO and C’O are defined in the proof of Theorem 5.3. Then, since C Cy p-a.e. and C = C’o f-a.e.,
we have for every a1, -+,a, € Rand t1,---,t, e R, n > 1,

/C/]R knl u(dr)du = /CO/R

2:: apGy, (z,u)
= Jo ki

«

w(dz)du

Z apGy, (z,u)

(67

Zathk Dy (), u+ Pa(x))| [h(x)|*p(dr)du
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(67

[h(2)|° p(dr)du

Zathk (@1(2), u)

«

fi(dF)du

= Sk
= /CO/RZathkxu)

- A

This implies that X§ < d =X, c , Where X C is defined analogously to X¢'. Similarly, X7 Xg . It follows
that the decomposition (5.19) does not depend on the representation {Gt}ier. O

(Z,u) ﬁ(d%)du. (5.22)

Corollary 5.2 When « € (1,2), every H-ss process X, having the representation (5.1)—(5.2) can be
uniquely decomposed into two independent processes: one generated by a dissipative flow and the other
generated by a conservative flow.

PrRoOOF: By Theorem 5.1, when a € (1,2), every H-ss process X, having the representation (5.1)—
(5.2) is generated by a multiplicative flow in the sense of Definition 5.1 (with possibly a new kernel
G). Then apply Theorem 5.5. O

We shall call the two processes obtained in Corollary 5.2 the dissipative and conservative compo-
nents of the process X,. Observe that they are defined in distribution. An alternative way to obtain
the decomposition of the process X, into its dissipative and conservative components is as follows.

Corollary 5.3 Let a € (1,2) and suppose that the H-ss process X,, has the representation (5.1)—(5.2)
with supp{Gy,t € R} = X x R. Define the sets

D={zeX:I(z) <o} and C={xeX:I(x)=o0}, (5.23)

where I is the integral defined in (5.18), and define the process XY and XS as in (5.20) and (5.21)

but using the sets in (5.23). Then the processes XP and XS are (in distribution) the dissipative and

conservative components of the process X,.

Proor: It is enough to show that
XD =y xP and Xx§ =4 x¢, (5.24)

«

where the processes X2 and X¢ are the dissipative and conservative components of X,, defined in
the proof of the uniqueness in Theorem 5.5. That proof also shows that (5.24) holds as long as

D=®7YDy) and C = d;Y(Ch) (5.25)

p-a.e. (compare with (5.17)). These last relations hold, since by applying (5.13) and (5.3) with G, we
get as in (5.15)—(5.16) that a.e. pu(dx),

I(z) = /OoocHa/|G(:1:,c(1+u))—G(a:,cu)]o‘du de
= |h(z) Ia/ *H“/]G & (), c(1+u)) — G(<I>1(x),cu)‘adu de

= Dl [ [ 1G@@@), 1+ ) — G (@) 0 L df”( (@) e
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Remark. The sets D and C in (5.23) are not related to a flow. But as indicated in the proof of

the corollary, the processes X2 and X¢ have the same distributions as X and X, where D and C
are the dissipative and conservative parts of a flow. This flow, which can be (but is not necessarily)
associated with the minimal spectral representation of the process X, may live on a space which is
different from X.

Depending on the practical situation, one can either apply Theorem 5.5 or Corollary 5.3. Corollary
5.3 is handy because it requires only that the process X, is self-similar and has a mixed moving
average representation (5.1)—(5.2). If the representation satisfies the conditions (5.1)—(5.4), then one
can apply Theorem 5.5 and determine not only the character of the process but also the nature of the
flow associated with the representation. Both approaches are illustrated in the following section.

6 Examples
In this section we provide some examples.

Example 6.1 For a € (1,2) and H € (1/a, 1), consider the process
Xo(t) = / / (E+u) A0+ )5 — (uA0+2)y) 5 Mo (de, du), (6.1)
o Jr

where M, is a SaS random measure on (0, 00) x R with the Lebesgue control measure. The process X,
appears in the so-called renewal-reward problem as the limit of a properly normalized superposition of
renewal reward processes (see Levy and Taqqu (2000) and Pipiras and Taqqu (2000)). It is an H-ss,
SaS process with stationary increments which has the representation (1.7) with X = (0,00), u = L
(the Lebesgue measure) and

G(z,u) = (uAN0+2)4 pH=a-1
for x > 0, u € R. Let us show that the process X, is generated by a dissipative flow in the sense of

Definition 5.1. For ¢ > 0 and Kk = H — 1/a, we have that

¢ "Gz, cu) = C_H"%(cu N0+ 33)+:CH_%_1 = c_H"'éccH_%_l(u N0+ C_lx)+(c_1$)H_%_l

d(L o t).)

() = { = <x>}w G o), ),

where
Ye(z) =c 'z, ¢>0,2>0.

Hence the condition (5.3) is satisfied (see also (5.5)) with
be(r)=1 and g.(z)=0.

It is clear that {tc}c>0 is a nonsingular measurable multiplicative flow on (0, 00) and that {b.}c>o is
a cocycle and {g.}.>0 is a semi-additive functional for the flow {1 }.~0. Set Gi(z,u) = G(x,t +u) —
G(z,u). Since supp{G:} = {(z,u) : z > 0,—t — 2 < u < —t} for t < 0 and supp{G:} = {(z,u) :
x> 0,—t—x <u <0} for t > 0, one has supp{G¢,t € R} = (0,00) x R. Therefore, the process
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X, is generated by the flow {¢c}c>0 in the sense of Definition 5.1. Moreover, this flow {¢c}c>0 is
dissipative, since, if V(2) = t.(z) = ¢ "1z for z > 0, ¢ # 1, then (0,00) = U2 ___V¥B for a wandering
set B = (1, ¢| (see Section 3).

The fact that the process X, is generated by a dissipative flow follows also from Corollary 5.3
since, by making the change of variables ¢ = x /v below (for fixed x),

[ [ 160t + 1) o, de

0 R
[e.e]

:xaHfoa/ cfaH/ l(c(1+u) AO+ )4 — (cu A O+ ), |*du de
0 R

=z ! / / (A +u) AO+0)y — (wA 0+ 0) 4 [*0 2%y dv = 27 In(—Ee'Xe ) < o0,
o Jr
for all z > 0.

Example 6.2 Let a,b € R, H € (0,1), a € (0,2) and suppose that K = H — 1/« # 0. Define
Xo(t) = / (a((t+uw)f —ul)+b((t+u)f —u)) My(du), t €R, (6.2)
R

where M, is a SaS random measure with the control measure m,(du) = du. The processes X, are
called linear fractional stable motions (see Chapter 7 in Samorodnitsky and Taqqu (1994)). They are
H =k + 1/a-ss, SaS processes with stationary increments and have the representation (1.7) with

X ={1}, p=96py and G(1,u) = aulf + bu”.

Since ¢ "G(1,cu) = G(1,u) and supp{Gy,t € R} = R, linear fractional stable motions are processes
generated by the following flow, related cocycle and semi-additive functional, respectively: for all
c >0,

wc(l) =1, bc(l) =1, gc(l) = 0.

The flow {%;}¢>0 is clearly conservative. These results also follow from Corollary 5.3, since
/ c*aH/ G(1,e(1 +u)) — G(1, cu)|*du de :/ c’ldc/ G(1L,1 +u) — G(1,u)|%du = .
0 R 0 R
Example 6.3 For a € (0,2), consider the Sa.S Lévy motion

Xalt) = [ Ton@Madu) £ [ 1oy (—w)Mald) = [ (oo (t+1) = o0 (w)) Maldw), ¢ € R,

where M, is again a SaS random measure with the control measure m,(du) = du (see, for example,
Samorodnitsky and Taqqu (1994)). The process X, has stationary independent increments and is
self-similar with exponent H = 1/a. It has representation (1.7) with

X ={1}, p=6py and G(1,u) = 1(gec)(u)

and, since G(1, cu) = G(1,u) for ¢ > 0, it is generated by the conservative flow 1.(1) = 1 and a related
cocycle b.(1) = 1 and a semi-additive functional g.(1) = 0. This conclusion also follows from Corollary
5.3.
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Example 6.4 Let a € (1,2) and define
Xo(t) :/ (In|t + u| — In [u]) Ma(du), t € R,
R

where M, is a Sa.S random measure with the control measure mq(du) = du. The process X, is called
log-fractional stable motion (see Chapter 7 in Samorodnitsky and Taqqu (1994)). Like the stable Lévy
motion, it has stationary increments and is also self-similar with exponent H = 1/«. However, since
its increments are dependent, it has different finite-dimensional distributions than the stable Lévy
motion. The log-fractional stable motion has representation (1.7) with

X ={1}, p=96gy and G(1,u) =1In]ul.
In this case k = H —1/a = 0 and, for any ¢ > 0, G(1,cu) = G(1,u) +Inc. Then (5.5) is satisfied with
Ye(l) =1, b(1) =1, g.(1)=0 and J(1,¢)=Inc.

Therefore, the process X, is generated by the conservative flow 1.(1) = 1. Alternatively, this con-
clusion also follows from Corollary 5.3 since [;° c~*Hdc = 0o. Observe that the log-fractional stable
motion has the same triplet as the stable Lévy motion.

7 Conclusions

We focused, in this paper, on self-similar Sa.S (non-Gaussian) processes with stationary increments
which have the mixed moving average representation (1.7), ss mma processes, in short. Examples of
such processes include the well-known linear fractional stable, stable Lévy and log-fractional stable
motions, as well as the limit of the so-called renewal reward processes. Since there are many different
SaS ss mma processes, one would like to find characteristics that can be used to classify them and, in
particular, to say when two such processes have different finite-dimensional distributions. We provided
examples of such characteristics.

A Sas self-similar process can have many different mma representations. For example, the “mix-
ing” space X in the representation (1.7) can always be mapped into some other space Y. The so-called
minimal representations are of particular interest. By Theorem 4.1, a minimal representation can be
associated with a triplet (¢,b,g), where ¢ = {¢.}¢>0 is a nonsingular multiplicative measurable flow,
b = {bc}eso is a cocycle and g = {gc}e>0 is a semi-additive functional for the flow 1. Moreover,
by Theorem 4.3, triplets corresponding to different minimal representations of the same process are
equivalent in the sense of Definition 4.2. In particular, the condition (7ii) of that definition states that
the flows are a.e. isomorphic. Since a dissipative (conservative, resp.) flow can be a.e. isomorphic only
to a dissipative (conservative, resp.) flow, one can classify Sa.S, self-similar mixed moving averages
into two classes: those whose minimal representations are associated with dissipative flows and those
whose minimal representation are associated with conservative flows.

Since it is not typically easy to say when a given representation is minimal, one cannot readily
determine whether a process is associated with a dissipative or a conservative flow in the above sense.
On the other hand, many well-known ss mma kernels (not necessarily minimal) may be associated
with triplets (¢, b, g) as it is the case for minimal kernels. The question then is whether these flows v
share some properties with the class of a.e. isomorphic flows corresponding to minimal representations
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of the process. In particular, is the conservative or the dissipative character of the flow preserved? The
answer is positive (Theorem 5.3). Thus, one may classify SaS, self-similar mixed moving averages
according to the nature of their flows, whether the representation of the process is minimal or not.
When « € (1,2), any such process can be decomposed uniquely into two independent processes one of
which is associated with a dissipative flow and the other one is associated with a conservative flow.
Let us emphasize that a triplet (¢, b, g) associated with a ss mma process as in Definition 5.1 does
not determine the process itself. In fact, the same triplet may correspond to different representa-
tions and even to different processes. For example, the stable Lévy motion in Example 6.3 and the
log-fractional stable motion in Example 6.4 are both associated with an identity flow (and the corre-
sponding cocycle and the semi-additive functional). Therefore, a triplet only captures a characteristic
shared by a class of ss mma processes. A given process can also have many different representations
each with its own triplet. Nevertheless, as noted above, the conservative or the dissipative character
of the flow does not change from one representation to another. This is why one can classify ss mma
processes into two different subclasses, namely, those associated with dissipative flows and those as-
sociated with conservative flows. A finer decomposition can be found in Pipiras and Taqqu (2001),
which provides further insights into the structure of SaS self-similar mixed moving average processes.
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