"Stochastic Processes and Their Applications" Vol. 66 (1997) 21-40

The asymptotic behavior of quadratic forms in heavy-tailed strongly dependent random variables^{∗†‡}

Piotr S. Kokoszka University of Utah

Murad S. Taqqu Boston University

September 20, 1996

Abstract

Suppose that X_t =

∑1_{j=0 cj Zt}�_{j is a stationary linear sequence with regularly varying}

c_j ’s and with innovations {Z_j } that have infinite variance. Such a sequence can exhibit both high variability and strong dependence. The quadratic form Q_n = ∑_n t1s=1 ^η(t − s)X_tX_s plays an important role in the estimation of the intensity of strong dependence. In contrast with the finite variance case, n�^{1/2}(Q_n − EQ_n) does not converge to a Gaussian distribution. We provide conditions on the c_j ’s and on ^η for the quadratic form Q_n, adequately normalized and randomly centered, to converge to a stable law of index α, 1 < α < 2, as n tends to infinity.

1 Outline of the main ideas

The main result of this paper is a limit theorem for randomly centered quadratic forms

Q_n = n∑ t,s=1 ^η(t − s)XtXs, (1.1)

where {X_t} is a strongly dependent linear process whose innovations have a heavy-tailed distribution. In (1.1), η is an integrable function on [−π, π] which will be specified later, and the ^η(t) = (2π)^{−1} ∫ π −πe^{iλt}η(λ)dλ are its Fourier coefficients. Our goal is to characterize the asymptotic behavior of Q_n, in situations where {X_t} has infinite variance.

The quadratic forms (1.1) were studied by Fox and Taqqu [6] when {X_t} is a Gaussian sequence with long-range (or strong) dependence. They assumed that {X_t} is a mean zero Gaussian sequence with covariances

E[X_tX_s] = σ^2 ∫ π −π e^{i(t−s)λ}f(λ)dλ (1.2)

∗The second author was partially supported by the NSF Grants DMS-9404093 and NCR-9404931 at Boston University.

†AMS Subject classification. 60F05, 60E07.

‡Keywords and phrases: quadratic forms, linear processes, stable processes, long-range dependence.

whose normalized spectral density f satisfies f(λ) = O(|λ|^{−a−δ}) (1.3)

for some a < 1 and arbitrarily small δ. The function η (a multiple of g in the notation of Fox and Taqqu [6]) was assumed to satisfy η(λ) = O(|λ|^{−b−δ}), (1.4)

for some b < 1 such that a + b <^1_2 . Both f and η were assumed to be symmetric and to satisfy a very mild regularity condition, which was later shown by Giraitis and Surgailis [7] to be unnecessary. Under the above assumptions, Fox and Taqqu showed that the sequence n^{−1/2}[Q_n − EQ_n] (1.5)

converges in distribution to the normal distribution with mean zero and variance 4πσ^4 ∫ π −π [f(λ)η(λ)]^2dλ. (1.6)

The condition a + b < 1/2 ensures that the integral in (1.6) is finite. Observe that the spectral density f diverges at the origin when a > 0 (strong dependence).

Giraitis and Surgailis [7] extended the result of Fox and Taqqu to linear sequences

X_t = ∞∑ j=−∞ c_jZ_{t−j}, (1.7)

where the innovations Z_t have finite fourth moment, and presented a simpler proof. Under their weaker assumptions on Z_t, the asymptotic variance of the sequence (1.5) is 4πσ^4 ∫ π −π [f(λ)η(λ)]^2dλ + (Var(Z^2_0 ) − 2σ^4) (∫ π −π f(λ)η(λ)dλ )2 , (1.8)

which clearly reduces to (1.6) if the Z_t are Gaussian.

The main motivation for the above results comes from their applicability to the study of the large sample properties of the Whittle’s estimator of parameters of linear processes with long memory (see Fox and Taqqu [5] and Giraitis and Surgailis [7]). Recently Mikosch et al. [12] and Kokoszka and Taqqu [11] studied the Whittle’s estimator for linear processes (1.7) with innovations Z_t having infinite variance. The ideas and tools used in the infinite variance case are very different from those used under the Gaussian or more general finite variance assumptions. In this paper we show that these methods can also be applied to the study of the asymptotic behavior of general quadratic forms (1.1) with the X_t of the form (1.7) and infinite variance Z_t. For simplicity, we set c_j = 0 for j < 0, that is, we focus only on causal moving averages (1.7).

We adopt here the normalization conventions of Harmonic Analysis, namely, ^b_t = (2π)^{−1} ∫ π −πe^{iλt}b(λ)dλ, b(λ) = ∑ te^{−iλt}b_t, and ∑ t |b_t|^2 = (2π)^{−1} ∫ π −π|b(λ)|^2dλ for Parseval’s inequality, but use the probabilistic one, that is (1.2), to relate the covariances to the spectral density f(λ), when these quantities are defined.

We now outline our approach, relegating the precise assumptions to Section 2. We will consider the following two cases at the same time: Case I (infinite variance): The tail probabilities P {|Z_1| > x} behave like x^{−α}, 1 < α < 2, as x → ∞, and Z_1 is symmetric. Case II (finite variance): EZ^2_1 = σ^2 < ∞ and EZ_1 = 0. Set

a_n =

(n log n)^{1/α}, in Case I,

n^{1/2}, in Case II,

(1.9)

and consider the periodogram I_{n,X}(λ) = n^{−2/α} | | | | n∑ t=1 e^{−iλt}X_t | | | | 2 , (1.10)

with the understanding that α = 2 in Case II. The periodogram of the noise sequence, I_{n,Z}(λ), is defined correspondingly.

The main idea is to use the decomposition I_{n,X}(λ) = 2πf(λ)I_{n,Z} (λ) + R_n(λ), (1.11)

where f(λ) = (2π)^{−1}| ∑∞ j=0 c_je^{−iλj}|^2 (the factor (2π)^{−1} makes this definition consistent with (1.2) in the case α = 2). The remainder term R_n(λ) is defined in Section 2. Observe that for both cases (for Case II, set α = 2 and ignore log n wherever it appears).

a^{−1}_n Q_n = a^{−1}_n n∑ t,s=1 ( 1 2π ∫ π −π e^{i(t−s)λ}η(λ)dλ ) X_tX_s

= 1 2π ∫ π −π (n log n)^{−1/α} | | | | n∑ t=1 e^{−iλt}X_t | | | | 2 η(λ)dλ = ( n log n )1/α 1 2π ∫ π −π I_{n,X} (λ)η(λ)dλ = ( n log n )1/α ∫ π −π I_{n,Z}(λ)f(λ)η(λ)dλ + ( n log n )1/α 1 2π ∫ π −π R_n(λ)η(λ)dλ (1.12)

Now suppose that we can show ( n log n )1/α ∫ π −π R_n(λ)η(λ)dλ^P−→ 0. (1.13)

Then ( n log n )1/α ∫ π −π I_{n,Z}(λ)f(λ)η(λ)dλ

= 2πa^{−1}_n { ^(fη)(0) n∑ t=1 Z^2_t + 2 n−1∑ k=1 ^(fη)(k) n−k∑ t=1 Z_tZ_{t+k} } (1.14)

is the leading term of a^{−1}_n Q_n. By Theorem 3.3 of Davis and Resnick [4] in Case I and by a standard central limit theorem for m-dependent random variables in Case II (details will be presented in Section 2), we have 4πa^{−1}_n n−1∑ k=1 ^(fη)(k) n−k∑ t=1 Z_tZ_{t+k}^D→ 4π ( ∞ ∑ k=1 | | | | ^(fη)(k) | | | | α)1/α S (1.15)

where, in Case I, S is a symmetric α-stable random variable to be defined in Section 2, and in Case II, S is N (0, σ^2). Combining (1.12), (1.13), (1.14) and (1.15), we obtain a^{−1}_n [ Q_n − 2π ^(fη)(0) n∑ t=1 Z^2_t ] D→ 4π ( ∞ ∑ k=1 | | | ^(fη)(k) | | | α)1/α S, (1.16)

which is the main result of this paper.

Remarks

1. The decomposition (1.11), which is standard in the spectral analysis of time series (see, for example, Chapter 10 of Brockwell and Davis [3]), has been shown to be extremely useful in the analysis of infinite variance time series in a series of papers by Claudia Klüppelberg and Thomas Mikosch (see Klüppelberg and Mikosch [9] and references therein).

2. While the idea behind the proof of (1.16) is simple, the difficulty is in verifying (1.13).

This will be our main goal.

3. An advantage of the approach described above is that it works in both the infinite and finite variance cases. Moreover, in the finite variance case, only the existence of the second moment of the noise sequence is assumed. A disadvantage is that we must impose stronger conditions on the functions f and η than (1.3) and (1.4).

4. The random centering in (1.16), which is equivalent to removing the diagonal, is unavoidable in the Case I (infinite variance); since the mean of Q_n does not exist. In Case II, centering with the mean is possible if the fourth moment of the noise exists. We elaborate on this point in Section 2.

The remainder of the paper is organized as follows: Section 2 contains assumptions and the statement of the main results with their proofs. The proof of the crucial relation (1.13) is given in Section 3.

In the sequel, c stands for a constant whose value is not of interest and may vary from line to line. It may also depend on the small number δ > 0 which frequently appears in the proofs.

2 Assumptions and main results

Consider the quadratic form (1.1) and assume that the X_t, t ∈ Z (integers) are the (onesided) moving averages

X_t = ∞∑ j=0 c_jZ_{t−j}. (2.1) where, either

(N1) Z_1 is symmetric and in the domain of normal attraction of an infinite variance symmetric α-stable law with 1 < α < 2, or (N2) EZ^2_1 = σ^2 < ∞ and EZ_1 = 0.

Recall that a symmetric random variable Z_1 is in the domain of normal attraction of a symmetric α-stable law Y with 0 < α < 2 if n^{−1/α} ∑n j=1 Z_j^D→ Y , where Z_2, Z_3, . . ., are i.i.d.

copies of Z_1 and where E exp(iθY ) = exp{−σ^α|θ|^α}. It is well known (see, for example, Gnedenko and Kolmogorov [8]) that this happens if and only if lim_{x→∞} x^αP {|Z_1| > x} = σ^αC_α, (2.2)

where σ is the scale parameter of the stable limit Y , and where

C_α = ( α ∫ ∞ 0 (1 − cos x) dx x^{α+1} )−1 = 1−α Γ(2−α) cos(^{πα}2 ) if α ≠ 1

2/π if α = 1.

(2.3)

Conditions on the coefficients c_j in (2.1) and on the function η in (1.1):

(A1) c_j = j^{d−1}L(j), 0 < d < 1 − 1/α and L is a normalized slowly varying function.

By “normalized,” we mean that for any ϵ > 0, x^ϵL(x) is increasing and x^{−ϵ}L(x) is decreasing for sufficiently large x.

(A2) η is real and symmetric and there is a real number e < 1 such that, for any δ > 0, |η(λ)| ≤ c(δ)|λ|^{−e−δ} . (A3) Setting C(λ) = ∞∑ j=0 c_je^{−iλj}, assume that |C^′(λ)| ≤ c(δ)|λ|^{−d−1−δ} and |η^′(λ)| ≤ c(δ)|λ|^{−e−1−δ} . Remarks

1. If the innovations Z_t satisfy (N2), set α = 2 in (A1) and (A3).

2. By A(1), C(λ) ∼ const λ^{−d}L(1/λ), as λ → 0+, so, in particular |C(λ)| ≤ c(δ)|λ|^{−d−δ} . (2.4) and |f(λ)| ≤ c(δ)|λ|^{−2d−2δ} . (2.5) Thus, 2d corresponds to a in (1.3) and e to b in (1.4).

3. Condition (A3) is used to ensure a proper rate of decay of certain Fourier coefficients. It could be replaced by a number of weaker but more cumbersome conditions on the rate of decay of some Fourier coefficients, resulting in a loss of clarity in the assumptions.

4. The theorems below hold also if η(λ) is real, but not symmetric, and if ^η(t) is defined as the cosine transform, namely ^η(t) = (2π)^{−1} ∫ π π (cos λt)η(λ)dλ. We now state and prove our main result.

Theorem 2.1 Suppose that the assumptions (A1)-(A3) hold, and that 2d + e < 1 − 1/α.

(a) If the Z_t satisfy (N1), then (n log n)^{−1/α} [ Q_n − (∫ π −π f(λ)η(λ)dλ ) n∑ t=1 Z^2_t ] D→ 4πσ^2 ( ∞ ∑ k=1 | ^(fη)(k)|^α )1/α S_1

(2.6)

where E exp iθS_1 = exp{−C_α|θ|^α}; σ is defined in (2.2) and C_α in (2.3) (b) If the Z_t satisfy (N2), then n^{−1/2} [ Q_n − (∫ π −π f(λ)η(λ)dλ ) n∑ t=1 Z^2_t ] D→ 4πσ^2 ( ∞ ∑ k=1 | ^(fη)(k)|^2 )1/2 Y_1,

(2.7)

where now Y_1 is N (0, 1) and σ^2 =Var Z_1. Remarks

1. Since ∑∞ k=−∞[( ^fη)(k)]2 = (2π)−1 ∫ π −π[(fη)(λ)]^2dλ by Parseval’s equality, and ( ^fη)(0) = (2π)^{−1} ∫ π −π(fη)(λ)dλ, the variance of the RHS of (2.7) equals 4πσ^4 ∫ π −π [f(λ)η(λ)]^2dλ − 2σ^4 (∫ π −π f(λ)η(λ)dλ )2 . (2.8)

It is smaller than the asymptotic variance (1.6) obtained when the Q_n are centered by their means.

2. If the assumption that η is symmetric is dropped, then (2.6) and (2.7) continue to hold with ^(fη)(k) replaced by (2π)^{−1} ∫ π −π cos(λk)f(λ)η(λ)dλ. This follows immediately by appropriately modifying the RHS of (1.14).

3. We show in Theorem 2.2 below that the random centering in Theorem 2.1 can be replaced by a function of the observable sequence X_1, . . . , X_n.

The proof of Theorem 2.1 uses the following two propositions: Proposition 2.1 The remainder R_n in (1.11) equals R_n(λ) = |Y_n(λ)|^2

(2.9)

+Y_n(λ) ∞∑ j=0 c_je^{iλj} ( n^{−1/α} n∑ l=1 Z_le^{iλl} ) + Y_n(−λ) ∞∑ j=0 c_je^{−iλj} ( n^{−1/α} n∑ l=1 Z_le^{−iλl} ) , where Y_n(λ) = n^{−1/α} ∞∑ j=0 c_je^{−iλj} n−j∑ k=1−j Z_ke^{−iλk} − n∑ k=1 Z_ke^{−iλk} , (2.10)

and satisfies for all 1 < α ≤ 2, n^{1/α} ∫ π −π R_n(λ)η(λ)dλ^P→ 0. (2.11)

Proposition 2.1 is proved in Section 3.

Proposition 2.2 (a) If (N1) holds, then ( n^{−2/α} n∑ t=1 Z^2_t , (n log n)^{−1/α} n−1∑ t=1 Z_tZ_{t+1}, . . . , (n log n)^{−1/α} n−m∑ t=1 Z_tZ_{t+m} ) (2.12)

D→ C^{2/α}_α σ^2 · (Y_0, Y_1, . . . , Y_m), where the Y_k, k = 0, 1, . . . , m are independent, Y_0 is a positive (α/2)-stable with scale parameter C^{−2/α}_{α/2} and the Y_k, k = 1, . . . , m are i.i.d. symmetric α-stable with scale parameter C^{−1/α}α . (b) If (N2) holds, then n^{−1/2} (n−1 ∑ t=1 Z_tZ_{t+1}, . . . , n−m∑ t=1 Z_tZ_{t+m} ) D→ σ^2 · (Y_1, . . . , Y_m), (2.13)

where the Y_k, k = 1, . . . , m are i.i.d. N (0, 1).

(c) If (N2) holds and EZ^4_1 < ∞, then ( n^{−1/2} n∑ t=1 (Z^2_t − σ^2), n^{−1/2} n−1∑ t=1 Z_tZ_{t+1}, . . . , n^{−1/2} n−m∑ t=1 Z_tZ_{t+m} ) (2.14)

D→ (Y_0, σ^2Y_1, . . . , σ^2Y_m), where the Y_k, k ≥ 1 are i.i.d. N (0, 1) and Y_0 is N (0, Var(Z^2_0 )), independent of the remaining Y_k.

Proposition 2.2 has been used extensively by Klüppelberg and Mikosch. Part (a) is a direct consequence of Theorem 3.3 of Davis and Resnick [4], whereas parts (b) and (c) follow from a standard limit theorem for m-dependent vectors (see, for example, Billingsley [1] Section IV.20).

Proof of Theorem 2.1: The proof was given in Section 1. However, Relations (1.13) and (1.15) must still be verified and the scale parameter of S_1 (and variance of Y_1) must be determined. Relation (1.13) follows from Proposition 2.1.

To prove Relation (1.15), we use Proposition 2.2. Set r_k = ^(fη)(k), and let Y_k be as in Proposition 2.2. By Theorem 4.2 of Billingsley [1], we must verify (under (N1)): m∑ k=1 r_kY_k^D→ ∞∑ k=1 r_kY_k, as m → ∞; (2.15) m∑ k=1 r_ka^{−1}_n n−k∑ k=1 Z_tZ_{t+k}^D→ m∑ k=1 r_kC^{2/α}_α σ^2Y_k, as n → ∞, (2.16)

for each fixed m, and lim m→∞ lim sup n→∞ P {a^{−1}_n | | | | n−1∑ k=m+1 r_k n−k∑ t=1 Z_tZ_{t+k} | | | |≥ ϵ} = 0, (2.17) for each ϵ > 0. Under (N2), we must verify the same relations, except that there is no C^{2/α}_α

in the RHS of (2.16). We will now show that relations (2.15), (2.16) and (2.17) hold if ∞∑ k=1 |r_k|^μ < ∞, for some 1 < μ < α

(2.18)

(case α = 2 included). Using (A1)-(A3), 2d + e < 1 − 1/α, and standard arguments used to

evaluate the order of magnitude of Fourier coefficients, it can be shown that (see Appendix)

| ^(fη)(k)| ≤ c(δ) k^{2d+e+δ−1}, if 2d + e ≥ 0

k^{−1}, if 2d + e < 0,

(2.19)

which implies (2.18) since r_k = ^(fη)(k).

Relation (2.15) holds because ∑∞ k=1 |r_k|^α < ∞. Relation (2.16) follows immediately

from Proposition 2.2. To prove (2.17) under (N1) we use Theorem 3.1 of Rosiński and

Woyczyński [13] (actually we use only its corollary, Proposition 3.2 of Kokoszka and Taqqu

[11]). We have for 1 < μ < α: P a −1 n | | | | n−1∑ k=m+1 r_k n−k∑ t=1 Z_tZ_{t+k} | | | |≥ ϵ = P | | | | n−m−1 ∑ t=1 Z_t n∑ s=t+m+1 r_{s−t}Z_s | | | |≥ ϵan (2.20)

≤ c(ϵa_n)^{−α}(1 + log_+(ϵa_n)) n−m−1 ∑ t=1 n∑ s=t+m+1 |r_{s−t}|^α(1 + log_+ |r_{s−t}|^{−1})

≤ cϵ^{−α}n^{−1}(log n)^{−1}(1 + α^{−1} log n + α^{−1} log log n) n−m−1 ∑ t=1 n−t∑ k=m+1 |r_k|^μ

≤ cϵ^{−α}n^{−1} n∑ t=1 ∞∑ k=m+1 |r_k|^μ ≤ cϵ^{−α} ∞∑ k=m+1 |r_k|^μ → 0, as m → ∞. The verification of (2.17) under (N2) is even simpler; set μ = 2 and use

Chebyshev’s inequality. This completes the proof of Theorem 2.1

The random centering in Theorem 2.1 involves ∑∞ t=1 Z^2_t which is not observable. Under

some mild additional assumptions on the function f, it is possible to replace it by a function

of the observable sequence X_1, . . . , X_n. Setting K(X_1, . . . , X_n) = 1 2π ∫ π −π [2πf(λ)]^{−1} | | | n∑ t=1 X_te^{−iλt} | | | 2 dλ, (2.21)

we have

Theorem 2.2 If in addition to the assumptions of Theorem 2.1 we assume that f(λ) > 0

for every λ and | | | d dλ f^{−1}(λ) | | |≤ c(δ)|λ|2d−1−δ , (2.22)

then (2.6) and (2.7) hold with ∑n t=1 Z^2_t replaced by K(X_2, . . . , X_n) defined in (2.21).

Proof: It suffices to show that a^{−1}_n { K(X_1, . . . , X_n) − n∑ t=1 Z^2_t } P→ 0. (2.23)

Observe that K(X_1, . . . , X_n) = n∑ t=1 Z^2_t + (2π)^{−2}n^{2/α} ∫ π −π R_n(λ)[f(λ)]^{−1}dλ, (2.24)

so (2.23) reduces to showing that n^{1/α} ∫ π −π R_n(λ)[f(λ)]^{−1}dλ^P→ 0. (2.25) It is verified in Kokoszka and Mikosch [10] (Lemma 5.1), that if f is positive then |f^{−1}(λ)| ≤ c(δ)|λ|^{2d−δ} . (2.26) In view of (2.26) and (2.22), relation (2.25) immediately follows from Proposition 2.1. 2

Remark. The assumptions of Theorem 2.2 are satisfied by the fractional ARIMA sequences (cf. Fox and Taqqu [5]).

Notice that, in the proof of Theorem 2.1, we used only parts (a) and (b) of Proposition 2.2. Part (c) yields the following corresponding result when centering with the mean. We must impose, however, additional restrictions on the range of d and e. Theorem 2.3 Suppose (A1)-(A3), 2d + e < 1/2 and (N2) hold. Assume, in addition, that EZ^4_0 < ∞, d < 1/4 and e < 1/2. Then, n^{−1/2}(Q_n − EQ_n)^D→ N (0, σ^2_{asy}), (2.27) where

σ^2_{asy} = 4πσ^2 ∫ π −π (f(λ)η(λ))^2dλ + (Var(Z^2_0 ) − 2σ^4) (∫ π −π f(λ)η(λ)dλ )2 . (2.28) Remarks

1. If the Z_t have the first four moments equal to those of the Gaussian distribution, then Var(Z^2_0 ) = 2σ^4 and σ^2_{asy} coincides with the asymptotic variance (1.6) obtained by Fox and Taqqu [6].

2. The finite variance result, directly analogous to (2.6), is n^{−1/2} ( Q_n − nσ^2 ∫ π −π f(λ)η(λ)dλ ) D→ N (0, σ^2_{asy}), and, in this case, one needs not assume d < 1/4 and e < 1/2. In fact, using different methods, Giraitis and Surgailis (Theorem 2, [7]) show that these additional assumptions are not even required for (2.27) to hold. We have included Theorem 2.3 in order to show that it immediately follows from Proposition 2.1 and Proposition 2.2 (c).

Proof of Theorem 2.3: We have, as in Section 1,

n^{−1/2}(Q_n − EQ_n) = 4π n−1∑ k=1 ^(fη)(k) n−1/2 n−k∑ t=1 Z_tZ_{t+k} (2.29)

+ n^{1/2}(2π)^{−1} ∫ π −π R_n(λ)η(λ)dλ + 2π ^(fη)(0)n^{−1/2} ( n ∑ t=1 (Z^2_t − σ^2) )

+ n^{−1/2} ( 2π ^(fη)(0)nσ^2 − EQ_n ) . If it can be shown that n^{−1/2} ( 2π ^(fη)(0)nσ^2 − EQ_n ) → 0, (2.30)

then Proposition 2.1 and Proposition 2.2(c) yield, as in the proof of Theorem 2.1,

n^{−1/2}(Q_n − EQ_n)^D→ 4πσ^2 ∞∑ k=1 ^(fη)(k)Yk + 2π ^(fη)(0)Y0, (2.31)

where the Y_k, k = 0, 1, . . . are as in Proposition 2.2(c). Using Parseval’s equality it is easy to verify that the RHS of (2.31) has variance (2.28). It remains, therefore, to verify (2.30). Setting r(k) = E[X_0X_k] = σ^2 ∫ π −π e^{iλk}f(λ)dλ = 2πσ^2 ^f(k), (2.32)

we have EQ_n = n∑ t,s=1 ^η(t − s)r(t − s) = 2πσ2n ∑ |k|<n ( 1 − |k| n ) ^η(k) ^f (k). (2.33)

Since f, η ∈ L^2[−π, π] (recall that we assume 2d < 1/2, e < 1/2),

^(fη)(0) = 1 2π ∫ π −π f(λ)η(λ)dλ = ∞∑ k=−∞ ^η(k) ^f(k). (2.34)

In view of (2.33) and (2.34), (2.30) boils down to the verification of n^{−1/2} n∑ k=1 k|^η(k)|| ^f (k)| → 0 (2.35) and n^{1/2} ∑ k>n |^η(k)|| ^f(k)| → 0. (2.36)

The conditions imposed on the functions η and f imply (see Appendix)

|^η(k)| ≤ c k^{e−1+δ}, if e ≥ 0 k^{−1}, if e < 0

(2.37) and | ^f(k)| ≤ c k^{2d−1+δ}, if d ≥ 0 k^{−1}, if d < 0.

(2.38)

Using (2.37) and (2.38), it is not difficult to verify that (2.35) and (2.36) hold provided 2d < 1/2, e < 1/2 and 2d + e < 1/2.

3 Proof of Proposition 2.1

The outline of the proof of Proposition 2.1 is similar to that of Relation (3.45) in Kokoszka and Taqqu [11]. The situation here, however, is much more complicated because the function η may not be bounded.

We shall often use below the following result which is a direct consequence of Theorem 3.1 of Rosiński and Woyczyński [13] (see Corollary 3.1 of Kokoszka and Taqqu [11]).

Proposition 3.1 Consider the sequence of quadratic forms

Q_n = n∑ j,k=1, j≠k q_n(j, k)Z_j Z_k,

with the Z_k satisfying (N1). If for some 1 < μ < α, lim_{n→∞} n∑ j,k=1 j≠k |q_n(j, k)|^μ = 0,

then_n ∑ j,k=1 j≠k q_n(j, k)Z_j Z_k^P→ 0, as n → ∞.

If the Z_k satisfy (N2), then the above result clearly remains true, with μ = α = 2 (use Chebyshev’s inequality). In the sequel, we will frequently use Proposition 3.1 or its finite variance counterpart without specifically mentioning it. Also, in the sequel, we set 1 < μ < α under (N1) and μ = α = 2 under (N2).

The expression (2.9) of the remainder R_n can be verified as in the case of finite variance ARMA processes (see, for example, the proof of Theorem 10.3.1 of Brockwell and Davis [3]. Hence the proof of (2.11) reduces to the verification of n^{−1/α} ∫ π −π |Δ_n(λ)|^2|η(λ)|dλ^P→ 0 (3.1) and n^{−1/α} ∫ π −π Δ_n(λ)C(λ) ( n ∑ l=1 Z_le^{iλl} ) η(λ)dλ^P→ 0, (3.2)

1 < α ≤ 2, where

Δ_n(λ) = n^{1/α}Y_n(λ) = ∞∑ j=0 c_je^{−iλj} n−j∑ k=1−j Z_ke^{−iλk} − n∑ k=1 Z_ke^{−iλk} .

Verification of (3.1):

We split Δ_n(λ) as follows: Δ_n(λ) = 4∑ u=1 Γ_{un}(λ) where

Γ_{1n}(λ) = n−2∑ k=0 n+k∑ j=k+1 c_je^{i(k−j)λ} Z−k, (3.3)

Γ_{2n}(λ) = ∞∑ k=n−1 n+k∑ j=k+1 c_je^{i(k−j)λ} Z−k, (3.4)

Γ_{3n}(λ) = −e^{−inλ} n−2∑ k=0 n−1∑ j=k+1 c_je^{i(k−j)λ} Zn−k, (3.5)

Γ_{4n}(λ) = − ∞∑ j=n c_je^{−iλj} n∑ t=1 Z_te^{−iλt}, (3.6)

and verify that n^{−1/α} ∫ π −π |Γ_{un}(λ)|^2|η(λ)|dλ^P→ 0, (3.7)

for u = 1, 2, 3, 4. The verification of (3.7) relies heavily on the following result:

Lemma 3.1 Suppose the c_j satisfy c_j = j^{d−1}L(j), where 0 < d < 1 and L is normalized slowly varying. Then, for λ ∈ [−π, π]\{0}, any integers 0 ≤ n_1 < n_2 and arbitrarily small δ > 0 | | | | n2∑ j=n1 c_je^{iλj} | | |≤ c(δ)n d−1+δ 1 |λ|^{−1}, (3.8) | | | n2∑ j=n1 c_je^{iλj} | | |≤ c(δ)|λ|−d−δ . (3.9)

Proof: Since L is normalized slowly varying, it is quasi-monotone so the arguments used in the proof of Theorem 4.3.2 on p. 208 of Bingham et al. [2] lead to (3.8). Relation (3.9) can be proved by modifying the proof of Theorem 2.6 on p. 187 of Zygmund [14].

In the sequel we will frequently use Lemma 3.1 without specifically mentioning it.

1) Verifications of (3.7) with u = 1: Observe that ∫ π −π |Γ_{1n}(λ)|^2|η(λ)|dλ = n−2∑ k=0 ν_n(k, k)Z^2_{−k} + ∑ k,t=0 k≠t ν_n(k, t)Z_{−k}Z_{−t}, (3.10)

where ν_n(k, t) = ∫ π −π n+k∑ j=k+1 c_je^{i(k−j)λ} n+t∑ j=t+1 c_je^{i(j−t)λ} |η(λ)|dλ. (3.11)

In order to verify that n^{−1/α} n−2∑ k=0 ν_n(k, k)Z^2_{−k}^P→ 0 (3.12) and n^{−1/α} ∑ 0≤k≠t≤n−2 ν_n(k, t)Z_{−k}Z_{−t}^P→ 0, (3.13)

we need appropriate upper bounds on the ν_n(k, t).

(a) If d + e < 0, ν_n(k, t) is bounded above by (use Lemma 3.1): c ∫ π 0 k^{d−1+δ}λ^{−1}λ^{−d−δ}λ^{−e−δ}dλ = ck^{d−1+δ}, for sufficiently small δ. (3.14)

(b) If d + e ≥ 0, we split the integral in (3.11) into ∫ {|λ|<π/n} + ∫ {|λ|>π/n}. We have for sufficiently small δ, ∫ |λ|<π/n . . . dλ ≤ c ∫ π/n 0 nk^{d−1+δ}λ^{−d−δ}λ^{−e−δ}dλ (3.15) ≤ cnk^{d−1+δ}n^{(d+e−1+2δ)} = ck^{d−1+δ}n^{d+e+δ}. Also, for δ > 0, setting x = nλ, we have ∫ π/n<|λ|≤π . . . dλ ≤ c ∫ π π/n k^{d−1+δ}λ^{−1}λ^{−d−δ}λ^{−e−δ}dλ (3.16) ≤ ck^{d−1+δ} ∫ nπ π ( x n )−(1+d+e+2δ) dx n ≤ ck^{d−1+δ}n^{d+e+2δ} ∫ ∞ π x^{−(1+d+e+2δ)}dx = ck^{d−1+δ}n^{d+e+δ}. We have thus verified that

|ν_n(k, t)| ≤ c (k ∨ t)^{d−1+δ}n^{d+e+δ}, if d + e ≥ 0 (k ∨ t)^{d−1+δ}, if d + e < 0. (3.17)

To prove (3.12) and (3.13) we verify that E | | | |n −1/α n−2∑ k=0 ν_n(k, k)Z^2_{−k} | | | | μ/2 → 0 (3.18)

and ∑ 0≤t<k≤n−2 |n^{−1/α}ν_n(k, t)|^μ → 0. (3.19)

We shall focus on the more difficult case d + e ≥ 0. By (3.17), the expectation in (3.18) is bounded above by n^{−μ/2α}E | | | n−2∑ k=0 ν_n(k, k)Z^2_{−k} | | | μ/2 ≤ cn^{−μ/2α} n−2∑ k=0 |ν_n(k, k)|^{μ/2}

≤ cn^{−μ/2α}n^{(d+e+δ)μ/2} n−2∑ k=0 k^{(d−1+δ)μ/2} ≤ cn^{μ2 (d+e+δ−1/α+d−1+δ)+1}, which tends to 0 as n → ∞. Indeed, if μ = α and δ = 0, the exponent of n is negative because of the assumption 2d + e < 1 − 1/α.

The double sum in (3.19) is bounded above by cn^{−μ/α} ∫ n 1 dt ∫ n t dk(k^{d−1+δ}n^{d+e+δ})^μ ≤ cn^{μ(d+e+δ−1/α)} ∫ n 1 dt t^{(d−1+δ)μ+1} ≤ cn^{μ(2d+e−1/α−1+δ)+2}. Again the exponent is negative for μ = α and δ = 0, because of the assumption 2d + e < 1 − 1/α. This completes the verification of (3.7) for u = 1.

2) Verification of (3.7) with u = 2:

Here we must show that n^{−1/α} ∞∑ k=n−1 ν_n(k, k)Z^2_{−k}^P→ 0 (3.20) and n^{−1/α} ∑ n−1≤t≠k<∞ ν_n(k, t)Z_{−k}Z_{−t}^P→ 0 (3.21)

with ν_n(k, t) still defined by (3.11). Because of the different range of t and k than in the case u = 1, we need here other upper bounds on the ν_n(k, t). We derive different bounds depending on whether e ≥ −1 or e < −1.

If e ≥ −1, we split the integral in (3.11) into the integral over |λ| < π/n and |λ| > π/n, and get |ν_n(k, t)| ≤ ck^{d−1+δ}t^{d−1+δ}n^{e+1+δ}. If e < −1, the integral in (3.11) is bounded above by c ∫ π 0 k^{d−1+δ}t^{d−1+δ}λ^{−2}λ^{−e−δ}dλ ≤ ck^{d−1+δ}t^{d−1+δ}, provided δ is so small that e + δ < −1.

Summarizing, we have verified that

|ν_n(k, t)| ≤ c k^{d−1+δ}t^{d−1+δ}n^{e+1+δ}, if e ≥ −1 k^{d−1+δ}t^{d−1+δ}, if e < −1. (3.22)

Using (3.22) and the condition 2d + e < 1 − 1/α in case e ≥ −1, and the condition α(d − 1) < −1 in case e < −1, it is not difficult to verify that E|n^{−1/α} ∞∑ k=n−1 ν_n(k, k)Z^2_{−k}|^{μ/2} → 0 (3.23) and n^{−μ/α} ∑ n−1≤t<k<∞ |ν_n(k, t)|^μ → 0, (3.24)

relation which imply (3.20) and (3.21), respectively.

3) The verification of (3.7) with u = 3 is the same as with u = 1.

4) Verification of (3.7) with u = 4:

We have ∫ π −π |Γ_{4n}(λ)|^2|η(λ)|dλ = κ_n(k, k) n∑ k=1 Z^2_k + ∑ 1≤t≠k≤n κ_n(k, t)Z_kZ_t, (3.25)

where κ_n(k, t) = ∫ π −π | | | ∞∑ j=n c_je^{−iλj} | | | 2 |η(λ)|e^{iλ(k−t)}dλ. (3.26)

To find an appropriate upper bound on the κ_n(k, t) we consider here two cases: d + e < 0 and d + e ≥ 0.

If d + e < 0, the integral in (3.26) is bounded above by c ∫ π 0 n^{d−1+δ}λ^{−1}λ^{−d−δ}λ^{−e−δ}dλ ≤ cn^{d−1+δ}, provided δ is so small that d + e + 2δ < 0. If d + e ≥ 0, we again split the integral in (3.26) into integrals over |λ| < π/n and^π_n < |λ| ≤ π. We have ∫ |λ|<π/n . . . dλ ≤ ∫ π/n 0 λ^{−2(d+δ)}λ^{−e−δ}dλ ≤ cn^{2d+e−1+3δ}, because 1 − 2d − e − 3δ > 0 for sufficiently small δ. The integral over π/n < |λ| ≤ π is again estimated by setting λ = x/n: ∫ π/n<|λ|≤π . . . dλ ≤ cn^{d−1+δ} ∫ π π/n λ^{−1}λ^{−d−δ}λ^{−e−δ}dλ = cn^{2d+e−1+2δ} ∫ ∞ π x^{−(1+d+e+2δ)}dx ≤ cn^{2d+e−1+2δ}. Summarizing, we have shown that

|κ_n(k, t)| ≤ c n^{d−1+δ}, if d + e < 0 n^{2d+e−1+δ}, if d + e ≥ 0 (3.27)

Since d − 1 < −1/α and 2d + e − 1 < −1/α, we conclude from (3.27) that |κ_n(k, t)| ≤ cn^p, for some p < −1/α. (3.28)

With (3.28) in hand, it is easy to verify that n^{−1/α}κ_n(k, k) n∑ k=1 Z^2_k^P→ 0

(3.29) and n^{−1/α} ∑ 1≤t≠k≤n κ_n(k, t)Z_kZ_t^P→ 0. (3.30)

Indeed, to verify (3.29) observe that by (3.28) | | |n −1/ακ n(k, k) n∑ k=1 Z^2_k | | |≤ cn (1/α−p) ( n^{−2/α} ∞∑ k=1 Z^2_k ) and recall that by Proposition 2.2 n^{−2/α} n∑ k=1 Z^2_k converges in distribution. To verify (3.30) observe that ∑ 1≤t<k≤n |n^{−1/α}κ_n(k, t)|^μ is bounded above by cn^{μ(p−1/α)+2}.

This completes the verification of (3.7) for u = 4, and hence that of (3.1). Verification of (3.2):

Now we split Δ_n(λ) as Δ_n(λ) = Δ_{1n}(λ) + Δ_{2n}(λ) + Δ_{3n}(λ), where

Δ_{1n}(λ) = Γ_{1n}(λ) + Γ_{2n}(λ) = n−1∑ t=1 e^{−iλt} ∞∑ j=t c_jZ_{t−j}

Δ_{2n}(λ) = Γ_{3n}(λ) = −e^{−iλn} n−1∑ t=1 e^{−iλt} n−1∑ j=t c_jZ_{n+t−j} ,

Δ_{3n}(λ) = Γ_{4n}(λ) = − ∞∑ j=n c_je^{−iλj} n∑ t=1 Z_te^{−iλt}, and verify that n^{−1/α} ∫ π −π Δ_{un} ( n ∑ l=1 Z_le^{iλl} ) C(λ)η(λ)dλ^P→ 0 (3.31)

for u = 1, 2, 3. The verification of (3.31) for u = 3 is essentially identical to that of (3.7) for u = 4, so we omit it.

The idea behind the verification of (3.31) for u = 1 and u = 2 is to view Δ_{1n}(λ) and Δ_{2n}(λ) as trigonometric polynomials with random coefficients, a method used in Kokoszka and Taqqu [11]. Denote by h_s the Fourier coefficients of the function Cη. It was shown in Kokoszka and Taqqu [11] that (3.31) holds with u = 1 if n^{−μ/α} n−1∑ s=1 |h_{−s}|^μ n−s∑ t=1 ∞∑ j=t |c_j|^μ → 0 (3.32) and n^{−μ/α} n−2∑ s=0 |h_s| n−1−s ∑ t=1 ∞∑ j=t+s |c_j|^μ → 0, (3.33)

and (3.31) holds with u = 2 if n^{−μ/α} n−1∑ s=1 |h_{n−s}|^μ n−s∑ t=1 n−1∑ j=t |c_j|^μ → 0 (3.34) and n^{−μ/α} n−2∑ s=0 |h_{n+s}|^μ n−1−s ∑ t=1 n−1∑ j=t+s |c_j |^μ → 0 (3.35) and n^{−1/α} n∑ m=2 ν_n(m)Z^2_m^P→ 0,

(3.36)

where ν_n(m) = 1 2π ∫ π −π C(λ)η(λ) n−1∑ j=n−m+1 c_je^{−iλj} dλ. (3.37)

(The quadratic form defined by the integral in (3.31) has no diagonal elements for u = 1 and has the diagonal (3.36) for u = 2.)

The verifications of Relations (3.32) through (3.35) are essentially identical. They are based on the estimates |h_s| ≤ c |s|^{d+e−1+δ}, if d + e ≥ 0 |s|^{−1}, if d + e < 0, (3.38)

which are an immediate consequence of Proposition 4.1 below. We shall verify, for example, Relation (3.34) (the others can be verified in a similar manner).

Suppose d + e ≥ 0. Then the LHS of (3.34) is bounded above by (set u = n − s) cn^{−μ/α} n−1∑ u=1 u^{(d+e−1+δ)μ} u∑ t=1 n−1∑ j=t j^{(d−1+δ)μ} ≤ cn^{−μ/α} n−1∑ u=1 u^{(d+e−1+δ)μ} u∑ t=1 t^{(d−1+δ)μ+1} (3.39)

≤ cn^{−μ/α} ∑n−1 u=1 u^{(2d+e−2+δ)μ+2}, if (d − 1)α + 2 ≥ 0 ∑n−1 u=1 u^{(d+e−1+δ)μ}, if (d − 1)α + 2 < 0.

If (d − 1)α + 2 ≥ 0, (3.39) is further bounded above by

cn^{−μ/α} n^{(2d+e−2+δ)μ+3}, if (2d + e − 2)α + 3 ≥ 0

1, if (2d + e − 2)α + 3 < 0.

(3.40)

If (2d + e − 2)α + 3 < 0, then clearly (3.40) tends to zero. If (2d + e − 2)α + 3 ≥ 0, then (3.40) tends to zero provided 2d + e < 2(1 − 1/α). The last condition is satisfied because 2d + e < 1 − 1/α and 1 − 1/α > 0.

If (d − 1)α + 2 < 0, (3.39) is bounded above by

cn^{−μ/α} n^{(d+e−1+δ)μ+1}, if (d + e − 1)α + 1 ≥ 0

1, if (d + e − 1)α + 1 < 0.

(3.41)

Since d + e < 1, (3.41) tends to zero.

Suppose now d + e < 0. Using (3.38), the LHS of (3.34) is now bounded above by cn^{−μ/α} n−1∑ u=1 u^{−μ} u∑ t=1 n−1∑ j=t j^{(d−1+δ)μ} ≤ cn^{−μ/α} n−1∑ u=1 u^{−μ} u∑ t=1 t^{(d−1+δ)μ+1} (3.42)

≤ cn^{−μ/α} ∑n−1 u=1 u^{−μ+(d−1+δ)μ+2}, if (d − 1)α + 2 ≥ 0 ∑n−1 u=1 u^{−μ}, if (d − 1)α + 2 < 0.

In the case (d − 1)α + 2 < 0, (3.42) clearly tends to zero. If (d − 1)α + 2 ≥ 0, it suffices to consider only the case (d − 1)α − α + 3 ≥ 0, in which case (3.42) is bounded by cn^{− μ}α^{+(d−1+δ)μ−μ+3}. The exponent is negative if (d − 1)α < α − 2. The last condition holds because (d − 1)α < −1 and α − 2 > −1.

It remains to verify (3.36). This follows from the estimates

|ν_n(m)| ≤ c (n − m + 1)^{d−1+δ}n^{d+e+δ}, if d + e ≥ 0

(n − m + 1)^{d−1+δ}, if d + e < 0

(3.43)

(see the proof of (3.17)) and from n^{−μ/α} ∑n m=2 |ν_n(m)|^μ → 0.

4 Appendix

Relations (2.19), (2.37), (2.38) and (3.38) follow from the conditions imposed on the functions C and η and the following proposition:

Proposition 4.1 Suppose H is a differentiable function on [−π, π] such that for some p < 1 and any δ ≥ 0 |H(λ)| ≤ c(δ)|λ|^{−(p+δ)} (4.1) and |H^′(λ)| ≤ c(δ)|λ|^{−(p+1+δ)}. (4.2) Then the Fourier coefficients ^H(k) of H satisfy

| ^H(k)| ≤ c(δ) k^{p−1+δ}, if p ≥ 0 k^{−1}, if p < 0.

(4.3)

Proof: If p < 0, then H has an integrable derivative, so (4.3) holds. Thus, we can assume 0 ≤ p < 1, and use the same ideas as in the proof of Lemma 4 of Fox and Taqqu [5]. Formula (4.1) on p. 45 of Zygmund [14] states that | ^H(k)| ≤ 1 α ω_1 ( π k ; H ) , (4.4)

where ω_1 is the integral modulus of continuity:

ω_1(x; H) = sup_{0<h≤x} 1 2π ∫ π −π |H(λ + h) − H(λ)|dλ. (4.5)

To determine ω_1(x; H), we split the integral in (4.5) as follows: ∫ π −π |H(λ + h) − H(λ)|dλ = I_1(h) + I_2(h) + I_3(h), where I_1(h) = ∫ −2h −π . . . dλ, I_2(h) = ∫ h −2h . . . dλ, I_3(h) = ∫ π h . . . dλ. By (4.2) and the Mean Value Theorem,

I_1(h) + I_3(h) ≤ c ∫ π h hλ^{−(p+1+δ)}dλ ≤ ch^{1−p−δ}. (4.6)

By (4.1), I_2(h) ≤ 2 ∫ 2h −2h |H(λ)|dλ ≤ c ∫ h 0 λ^{−(p+δ)}dλ ≤ ch^{1−p−δ} for p + δ < 1, and hence I_2(h) ≤ ch^{1−p−δ} for any δ > 0, with a different c. Combining this relation with (4.6), we get ω_1(x, H) ≤ c(δ)x^{1−p−δ} (0 ≤ p < 1), (4.7) which together with (4.4) yields (4.3).

Acknowledgments We would like to thank Thomas Mikosch for his useful comments.

References

[1] P. Billingsley. Convergence of Probability Measures. Wiley, New York, 1968. [2] N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular Variation. Cambridge University Press, 1987. [3] P. J. Brockwell and R. A. Davis. Time Series: Theory and Methods. Springer-Verlag, New York, 2nd edition, 1991.

[4] R. A. Davis and S. I. Resnick. Limit theory for the sample covariance and correlation functions of moving averages. The Annals of Statistics, 14(2):533–558, 1986.

[5] R. Fox and M. S. Taqqu. Large-sample properties of parameter estimates for strongly dependent stationary Gaussian time series. The Annals of Statistics, 14:517–532, 1986.

[6] R. Fox and M. S. Taqqu. Central limit theorems for quadratic forms in random variables having long-range dependence. Probability Theory and Related Fields, 74:213–240, 1987.

[7] L. Giraitis and D. Surgailis. A central limit theorem for quadratic forms in strongly dependent linear variables and application to asymptotical normality of Whittle’s estimate. Probability Theory and Related Fields, 86:87–104, 1990.

[8] B. V. Gnedenko and A. N. Kolmogorov. Limit distributions for sums of independent random variables.

Addison-Wesley, Reading, MA, 1954.

[9] C. Klüppelberg and T. Mikosch. The integrated periodogram for stable processes. The Annals of Statistics, 1995. To appear.

[10] P. Kokoszka and T. Mikosch. The integrated periodogram for long-memory processes with finite or infinite variance. Preprint 1995. To appear in Stochastic Processes and their Applications.

[11] P. S. Kokoszka and M. S. Taqqu. Parameter estimation for infinite variance fractional ARIMA. To appear in The Annals of Statistics, 1996.

[12] T. Mikosch, T. Gadrich, C. Klüppelberg, and R. J. Adler. Parameter estimation for ARMA models with infinite variance innovations. The Annals of Statistics, 23:305–326, 1995.

[13] J. Rosiński and W. A. Woyczynski. Multilinear forms in Pareto-like random variables and product random measures. Colloquium Mathematicum, 51:303–313, 1987.

[14] A. Zygmund. Trigonometric Series. Cambridge University Press, Cambridge, 1979. Volumes I, II.

Piotr Kokoszka, University of Utah, Department of Mathematics, 233 Widtsoe Building, Salt Lake City, UT 84112, USA. email: kokoszka@math.utah.edu Murad S. Taqqu, Boston University, Department of Mathematics, 111 Cummington Street, Boston, MA 02215, USA. email: murad@math.bu.edu