MA 225 September 26, 2005

Area of regions enclosed by polar curves

Last class we talked about curves in the plane determined by polar equations. In particular,
most of the examples that we discussed were of the form r = f(#). Today we will study how
to calculate the area of regions determined by such curves.

Here is the abstract picture:

In order to derive the general formula, we need a basic fact about the area of a circular
sector.

—_
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To derive the area formula, we perform a typical Riemann sums argument applied to the
f-interval o < 6 < B. Partition the polar region into n equal #-width subsectors

a=0 <t <b<...<0,=0,

where the width is A8 = (8 — a)/n and 0, = 0, + AS.

In each “subsector” corresponding to 6 < 6 < 6,_, pick an angle ;. We can use the area
formula for a sector of a circle derived above to approximate the area of the subsector.
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B B
Area formula. area = %/ f(6)*do = %/ r? df

Example 1. Find the area of the region enclosed by one loop of the polar curve r = 2sin 36.
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Example 2. Find the area of the region inside one loop of the curve r = 2sin 36 but outside
the circle r = 1.
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Differential Notation. A differential is an expression that you integrate to get the quantity
that you want. In this course, we will use the variable A to represent area in the plane, and
the differential version of the polar area formula is

dA = %7'2 deb.

Another example of differential notation is the formula for arc length that we learned earlier.
We will often use the variable s to denote arc length. You integrate the differential ds to
calculate arc length. You may see the formula

ds = \/(dz)? + (dy)? + (dz)?,

where the equations for (x,y, z) determine the curve. In other words,

s:/dz
1)

-1\ -G

which agrees with our arc length formula

arc length = / I£(1)] dt

£(1) = (‘%) i+ (%)H (%) k.

In the special case of a curve (z,y) in the plane, we have dz = 0 and

because

ds = /(dz)? + (dy)?.

If y = f(x), the differential formula further simplifies to

ds =/1+ (dy)?,
ds = 4/(dzx)? + 1.

We will sometimes use differential notation when it is convenient. At first, it is somewhat
confusing, but once you get used to it, it is very handy.

and if z = g(y), we have
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MA 225 Exam Logistics

1. Bring pen/pencil and id. You may use your calculator if you wish. If you have a
calculator that does symbolic derivatives/integrals, you should make sure that your
answer shows that you could do the problem without your calculator.

2. Closed book exam. No extra papers.
3. Exam will start promptly at 10:00 and end at 10:50.

4. We will collect exams by moving up the aisles. You must pass in your exam when we
arrive at your aisle. Please remain seated and quiet until we collect the exams from
your aisle.

5. Five minute rule will be in effect: No one will be allowed to leave the exam between
10:45 and 10:50. Use those 5 minutes to check your work.

6. Seating will be assigned before the exam starts.
7. If you have a question, raise your hand. Stay seated.

8. Go to the bathroom before the exam starts.



