
MA 226 Mar
h 1, 2010Linear systemsLast 
lass we started to dis
uss linear systems, that is, the ones that 
an be written asdxdt = ax + bydydt = 
x + dy or as dYdt = A xy ! where A =  a b
 d ! :The numbers a, b, 
, and d are 
onstants. These 
onstants are also referred to as the
oeÆ
ients or as the parameters of the system.Last 
lass we also reviewed two examples that we had dis
ussed previously.Example 1. We have already 
al
ulated the general solution to the partially de
oupledsystem dxdt = 2y � xdydt = y:Written in ve
tor notation, the general solution isY(t) = et  y0y0 !+ e�t  x0 � y00 ! :Example 2. For the damped harmoni
 os
illatord2ydt2 + 3dydt + 2y = 0;we used a guessing te
hnique to �nd the two (s
alar) solutions y1(t) = e�t and y2(t) = e�2t.As usual, this se
ond-order equation 
an be 
onverted to a �rst-order system wheredydt = vdvdt =�2y � 3v;and the two s
alar solutions yield two ve
tor solutionsY1(t) = e�t  1�1 ! and Y2(t) = e�2t  1�2 ! :Today we will learn that on
e we have these two solutions in Example 2 we know thegeneral solution. 1



MA 226 Mar
h 1, 2010Given a linear system dYdt = AY; how do we 
al
ulate the ve
tor in the ve
tor �eld at anygiven point Y0?

How do we 
al
ulate the equilibrium points of dYdt = AY?
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MA 226 Mar
h 1, 2010Example. Let A1 =  0 �11 1 !.

Example. Let A2 =  �1 11 �1 !.

Theorem. The origin is always an equilibrium point of a linear system. It is the onlyequilibrium point if and only if detA 6= 0.
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MA 226 Mar
h 1, 2010The Linearity Prin
ipleLet's return to Example 1. For pra
ti
e, we'll use ve
tor notation this time:dYdt =  �1 20 1 !YAlso 
onsider three di�erent initial 
onditionsY1 =  10 ! Y2 =  11 ! Y3 =  21 !They 
orrespond to the three solutionsY1(t) = e�t  10 ! ; Y2(t) = et  11 ! ; and Y3(t) =  et + e�tet ! :Let's see what happens when we graph these solutions.
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How are these three solutions related? 4



MA 226 Mar
h 1, 2010Linearity Prin
iple Suppose dYdt = AYis a linear system of di�erential equations.1. If Y(t) is a solution of this system and k is any 
onstant, then kY(t) is also a solution.2. IfY1(t) andY2(t) are two solutions of this system, thenY1(t)+Y2(t) is also a solution.

This prin
iple gives us a more general way to �nd solutions of linear systems. To see howthis approa
h works, let's 
onsider Example 1 again along with the two solutions Y1(t) andY2(t).Example. Consider dYdt =  �1 20 1 !Yand the two solutions Y1(t) =  e�t0 ! and Y2(t) =  etet ! :Any linear 
ombination of Y1(t) and Y2(t) is also a solution to the system.
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MA 226 Mar
h 1, 2010Example. Solve dYdt =  �1 20 1 !Y; Y(0) =  �1�2 ! :

For an arbitrary linear system dY=dt = AY, how many solutions do we need to solveevery initial-value problem?
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