MA 226 April 9, 2010

Resonance

Last class we considered the one-parameter family of differential equations

d?y
Ty + 3y = coswt,

and we saw that solutions behave somewhat differently if w = /3.

Ifw= \/3, the general solution is

: 1 :
y(t) = kycos V3t + kysinv/3t + ﬁt sin /3.

Here is the graph for the case where k; = ko = 0.
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This value of w is called the resonant value for the frequency of the forcing.

The resonance value of the forcing should be immediately apparent from the differential
equation.

Example. What is the resonance value of w for the one-parameter family of equations

d2
d—£+5y:4coswt?
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Linearization

We would like to apply what we know about linear systems to nonlinear systems.

Example. Consider the van der Pol equation

d*z ) dx
— —-1)— =0
7P + (z ) 7 +x
The corresponding system is
do _
at Y
dy
%z(l—ﬁ)y—x.

Let’s calculate the equilibria:
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Example. Consider the (undamped) pendulum

d*0

W —+ Sin 0 = 0
The corresponding system is
df
— =
dt
d
d—: = —siné.

Let’s calculate the equilibria:
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The linearized system near (7, 0) is
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Given the (nonlinear) system

dzx

?:f(xay)
Yy _
% _g(xay)a

its Jacobian at the point (zo,yo) is the matrix

0 0
9 (worw0) 2L (20, 30)
ox oy
J(x07 yO) = ag ag
oz (CUO,Z/O) a_y(ﬂ'?o,yo)

and its linearization at (zo,yo) is the system

dY
— =JY.
dt

For the pendulum, we have one linearization for each equilibrium point:
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For the van der Pol equation, we obtain the linearization:

Linearization Theorem Let Y, be an equilibrium point for the nonlinear autonomous

system

dY
— =F(Y
o (Y)

and let 7Y
—=JY

dt

be the corresponding linearized system. If the eigenvalues of J are not purely imaginary,
then the solution curves of the nonlinear system near Y, behave in the same qualitative way
as the solution curves of the linear system.

Example. Consider the van der Pol equation near the origin. The linearized system is

Y0 )y

dt -1 1
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Example. Consider the pendulum equation. The linearized system near (7, 0) is

dY 01
E?_<10>Y

The linearized system near (0, 0) is

dY 0 1
E?_<—1 0>Y
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