MA 231 Final Exam December 18, 2002

1. (14 points) Consider the second-order equation
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(a) Determine a particular solution to this differential equation. B o
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2. (20 points) Note that Part (c) of this problem is on the next page. Consider the linear

system
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(a) Determine the type of the equilibrium point at the origin and find all straight-line solu-
tions. Make sure that you show the computations that justify your answers.
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2. (continued)

(c) Plot the initial conditions A = (2, 1), B = (-3, 3), C = (=3, =5),and D = (5, 4) on
your phase portrait on the previous page. Then plot the x(¢)- and y(¢)-graphs for ¢ > 0
for the initial conditions A, B, C, and D below. Make sure that you label the axes,
indicate a scale on the vertical axis, and distinguish the x(¢)- from the y(¢)-graph.
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3. (12 points) Consider the differential equation

d
dff=y — 2 +y+24+3t+ 1.

(a) Show that the functions y;(¢) = ¢ and y»(t) = ¢ + 3 are solutions of this differential
equation. (Hint: Do not waste your time trying to come up with the general solution.)
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(b) Using the Existence and Uniqueness Theorem, what can you say about y3(1) if y3 (r) L"”
is the solution that satlsﬁes the initial condmon y3 0) =17 se-e
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4. (20 points) Note that Parts (b) and (c) of this problem are on the next page. Let x rep-
resent a population of bozos and let y represent a population of barneys. These populations
compete for a common food source and can be modeled by the system of differential equa-
tions

d
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(a) Sketch the nullclines and determine all of the equilibrium points of this system.
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Problem 4 (continued):

(b) Identify the types of the equilibrium points that you found in Part (a). In other words,
determine if they are sinks, centers, saddles or sources. Make sure that you indicate
how you derived your answer.
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(c) What will happen to these two populations over the long term? Make sure that you
provide a rigorous mathematical justification for your answer.
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5. (16 points) Note that Parts (b) and (c) of this problem are on the next page.

(a) Using only the definition of the Laplace transform, calculate the transform o£[u,], where
Uq(2) is the Heaviside function that “turns on” at # = a. Specify the domain of £[u,].
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Problem 5 (continued):

(b) Use Laplace transforms to solve the initial-value problem

d
2 3y =ust), y(©0)=S5.
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(c) Laplace transforms tend to be applied only to a certain type of differential equation.
What type is that? Why?

\“-_-}PQ\J‘*, o .\\ AN f )y e C&?
\

,;\C: \ AV e
- N AAMNNA L
A LR A
OLeasp, Wt Wt T on,
A - Q :‘/ i _k L l IALGA
) . w., a_.____ _ pYNY (P L-
"‘Kﬁ \5 O‘\, s d l L C

\f)‘\}\" e O ‘*-8 \-\u% L\.ou._yc A LA

- u‘

v oo - =Ko 7&\}'\/ & ‘aﬁ ! "ﬂ ;

» ! I T-b'.\t(*'k, 'Q({ ttrk“
\Lk x 'k‘ LA \



=TT —e)

I = 1= u @ y(a-=

-4
= W e SWESTERES }
_’S 'k) = Se =

)



MA 231 Final Exam December 18, 2002

6. (18 points) Note that Part (c) of this problem is on the next page. A simple model of the
learning process is based on the assumption:

The rate at which a particular body of knowledge is learned is proportional to the
fraction of material that remains to be learned.

(a) Formulate a differential equation that models this assumption. You may want to repre-
sent the fraction of material learned as a percentage or as a quantity between 0 (= no

knowledge) and 1 (= all information learned). In any case, be precise about what your
variables mean. . p '
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(b) Do a qualitative analysis of the model that you derived in Part (a), i.e., sketch the phase
line, etc. What will happen over the long term?
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Problem 6 (continued):

(c) Suppose that the constant of proportionality in your model in Part (a) is 0.1. How long
does it take someone to learn 90% of a given topic assuming that they start with no

knowledge of the topic?
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