MA 242 Final A December 19, 2007

1. (10 points) Consider the subset H of R* given by

a—2b—2c+3d

2a — 4b — 3¢ + 9d

a—2b—c+6d
c+3d

a,b,c,dinR} .

a) Explain why H is a subspace of R%.
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(b) Find a basis for H and calculate its dimension.
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2. (14 points) Consider the system

zy+3z4 =14

To+ 23— 334 =2
—T1 — 334+ 15 = —1

3714+ 924 — 225 =6

of four equations in five unknowns.

(a) Express its solution set in parametric vector form.
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Problem 2 (continued):

Te oblain %we.va-g\

O\QWQ\‘A o s aﬁww wl

gm\w‘\tﬁv\ &{" ‘*—L»J\
¢aluduns | Wt \ &~

T S

\Lg'}ci‘}‘u‘:i =) W .
¢
S*D\bksﬂ;o“ QQ\ &st "S‘QL.L st\\(\ww-ijeeu.( _(k.:)

L}
L]

(b) Is it possible to change the constants on the right-hand side of the system so that
~ the new system is inconsistent? In order to receive any credit, you must justify
your answer.
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3 0 —4
A=|10 -2 -1].
0 2 1

(a) Calculate the characteristic polynomial and eigenvalues of A.
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3. (16 points) Let
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Problem 3 (continued): Here is the matrix A again:

3 0 —4
0 -2 ~1|:

0 2 1

A =

(b) Diagonalize A. In other words, find an invertible matrix P and a diagonal matrix
D such that D = P~"AP. (You do not need to calculate P~
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4. (8 points) Let T' : R> — R? be the linear transformation that first performs a horizontal

shear that transforms e, to e, — 2e; (leaving e; unchanged) and then reflects points
through the line z5 = —x;.

a) Find the standard matrix representation for 7.
) ’ e 2 x,

T " Gl
e, L ket By - o Lid
— e fffarsa— \ [R—— e e —— i—— - ‘. . l
(‘3._ S'f S(e‘.\ . %\ka‘ 4
TE\\N

(b) Show that T is invertible and find a formula for 7-1.
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5. (18 points) Let

A=

0 -1 -2
0 1 0 :
3 0 6

(a) Compute A™'. You may use your calculator to double check your answer, but

you will not get any credit unless you show enough work so that I can be sure
that you can do this problem without your calculator.
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Problem 5. (continued)

(b) Write A™! as a product of elementary matrices. You do not need to multiply the
elementary matrices together when you write A~ as a product.
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(c) Using the calculations that you have already made, determine the value of det A..
At what point in those calculations were you sure about this value?
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6. (10 points) The trace of a matrix is the sum of its entries along the diagonal. For
example, the trace of the 2 x 2 matrix

o

is a + d. Consider the subset S of the vector space Mays of all 2 x 2 matrices that
consists of all matrices whose trace is zero.

(a) Show that S is a vector subspace of Mays. & B
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Problem 6 (continued):

(b) Determine a basis for S. What is the dimension of S? Justify that your answer

is a basis.
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7. (24 points) Are the following statements true or false? You must justify your answers
to receive any credit.

(a) A homogeneous linear system of three equations in five variables has at least two
free variables.
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(b) The columns of any 3 x 4 matrix are linearly dependent.
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(c) Let T be a linear transformation. If the set {vy, vy, v3} is linearly independent,
then the set {T'(vy),T(v3),T(vs)} is linearly independent.
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Problem 7 (continued):

(d) Let A be an m x n matrix. The subspace Col A is the set of all vectors of the
form Ax for all x in R™.
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(e) If a finite set .S of nonzero vectors spans a vector space V, then some subset of .S
is a basis for V.
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(f) A square matrix A is not invertible if and only if 0 is an eigenvalue of A.
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Problem 7 (continued):

(g) If the square matrix A is diagonalizable, then the columns of A are linearly

independent.
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(h) If a matrix U has orthon_orma.l columns, then UUT =1.
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