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CHAP. 10] RULES FOR DIFFERENTIATING FUNCTIONS

fx)=3x+6x~8 and f(@)=3a"+6a-8
fx)=6x+6 and fa)=6a+6
fx)=6 and  f"a)=6

All derivatives of higher order exist and are identically zero.

22.  Investigate the successive derivatives of f(x) = x*3 at x = 0.

Fx) = g " and (=0

4
fx)= 57 and f"(0) does not exist

Thus the first derivative, but no derivative of higher order, exists at x =),

23.  Given f(x) = I——E—x =2(1-x)"", find f™(x).

FO=2-1)(1-0)(-1)=2(1-x) 2 = 2(1)(1-x)2
F"0)=2(1)(=2)(1 - 1) 7(-1) =2¢211 g e
[ =221(=3)(1 - x)"*(-1) =2(31)(1 o 2

which suggest “(x) = 2(n1)(1 — x)""" Y This result may be established by mathematica] induction by
showing that if £ (x) = 2(k1)(1 - x)"**Y then

TP = =20k + 1)(1 = x)" 4D 1) = 91 4 11 — )

Supplementary Problems

d (1)
24. Establish formula 10 for m = —1/n, n a positive integer, by using formula 9 to compute 5 (?} (For
the case m = p/q, P and g integers, see Problem 4 of Chapter 11.)

In Problems 25 to 43, find the derivative.

25. y=x"+5x"—10x>+6 Ans.  dyldx = 5x(x* + 4x* — 4)
2 = 3 . 372
oo l2 312 1/2 e e i e
26. y=3x x4+ 2x Ans.  dyldx NE VI —1/x
_ 4 1 , —112 Ez___l___z_ |
27. y—i?+—-;—-5x +4x Ans. o P |
8. y=V2x+2vz Ans.  y'=(1+V2)N2x |
2 6 ; 1'%+ 20773 |
. fin) “VitE Ans. Flym=ry
30.  y=(1-5x0° Ans.  y'=-30(1 - 5x)°
M f)=Gx-x+1) Ans.  f'(x) =12(1- ¥*)(3x — x* +1)°
2. y=@+ax-x)e Ans. y'=(2-x)ly i
3r+2 de 5 l
33. = * — — i |
B t3 ans = (2r +3) f
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86 RULES FOR DIFFERENTIATING FUNCTIONS [CHAP. 10

34 =( X )s A o DX
4 g Be ¥ _(l+x)6
» =2x"V2 = ':—.E(S_M_Si)
35 8 s i K TE Ans. y ¥
6.  f)=xV3-2c Ans. fi(z)= S48
i = = ; X) = ———
V3 -2y
i dy 2x°—4x+3
37. y=@E-1)Vx*-2x+2 Ans. — = —0— =
dx Vi’ oy +42
w 4 i
38_ e e e — 3 —_—= ——
Y e A dw T Ay
Vi 1
39. y‘—Vl‘!'\/E ARS. y _4v§ 1+\/}
&= 1
40. x) = — Ans. )= ——=
) x+1 : f'e (x+1)Vx_ZH—_I
al.  y=(*+3)'2x’ - 5) Ans. y'=2x(x’ +3)’(2x* = 5)(17x* + 27x — 20)
£+2 ds 10¢
42. 5_3—12 Ans. E_E‘—_IZ)E
=1\ 36x%(x® - 1)}
e ety
I an. .y 2 +1)

44. For each of the following, compute dy/dx by two different methods and check that the results are the
same: (a) x = (1+2y)’, (b) x=1/(2 + y).

In Problems 45 to 48, use the chain drule to find dy/dx.

_u—1 dy _ 1
sl e o & T ey
46. y=u+4, u=x"+2x Ans.  dyldx =6x"(x +2)"(x +1)
47. y=Vi+u u=+vx Ans.  See Problem 39.
3 dy dy du dv )
= = ot - 2 = e
48. y=vu,u=v(3-2v),v=x (Hmt. I~ du & o Ans.  See Problem 36.

In Problems 49 to 52, find the indicated derivative.

49, y=3x"-2+x-5; » C Ans.  y"=T2x
iv iv 105
50.  y=1/Vx; y' ’. Ans. ]:W
5. f(x)=V2-3x% f(x) Ans.  f'(x)=-6/(2—-3x%)*"
" : . 4—x
52, y=xVx—1,y Ans. y =Z(T—_1)§75 _

In Problems 53 and 54, find the nth derivative.




CHAP. 31] INTEGRATION BY PARTS | ! |

In Problems 13 to 29 and 32 to 40 evaluate the indefinite integral at left.
13.
14.
15.

16.
17.
18.
19.

20.

21.

22,

4.

Supplementary Problems e

fxcosxdx=xsinx+cosx+ C

jxse;:z 3xdx= jxtan3x — }In|sec3x| + C I
farccostdx =xarccos2x — 3V 1—-4x*+ C

jarctanxdx=xarctanx—ln Vi+x2+C
If\/l “xdx=— (1 —2)(158 + 12x +8) + C

j xe* dx e* L C

(1+x)* “1+x
fxarctanxdx= i(x*+ 1) arctanx — dx + C
J-xze_hdx= —%e_k{x2+ ix+3)+C
fsinsxdx=—-§cos’x—sinzxcosx+C
J'xz'sinx'rix=—.J‘c"ce:»s.x+3L1r2 sinx +6xcosx —6sinx + C

xdx  2bx-2a)Va+bx
Va+bx 3b°

2
x,___] f‘x = 1—2; G —4x+8)VIFx+C

+C

Ixarcsin x*de=1ix*arcsin >+ V1-x'+C
fsinxsiandx= gsin3xcosx— 2sinxcos3x+ C

Isin (In x) dx = fx(sinln x — cosIn x) + C

J-e“cosbxafx= e (bsmf;x+fcosbx) s
a - +b
ax . €"(a sin bx — b cos bx)
= -
je sin bx dx = C

(a) Write J(ﬂf;‘ixz)m = (a(zaf;?z;mxz dx=[(a2 :j:z)”"i Ij (af::ixz)’” and use the result of
Problem 10(a) to obtain (31.2).

(b) Write | (@®+=x*)"dx=a" | (&® = x*)" ' dx + J x*(a’ £ x*Y" "' dx and use the result of Problem
10(b) to obtain (31.3).

Derive reduction formulas (31.4) to (31.11).

dx  x(5-3x%) 3

% et
-2y 8(1-x°)7 ' 16

1-—

In +C




MISCELLANEOUS SUBSTITUTIONS [CHAP. 35

Let u=x"", so that x = u®, dx = 6u’ du, "> = u®, and x"’* = 1. Then we obtain

6u’ du
t{t3+r,qr2 =6J

= el ety B adl Lo me o )
du 6] wW-—u+1 +1)du—6(3u Sy W tu In|u+1])+

=2kt _gplity e —In|x"*+1|+C

Supplementary Problems

In Problems 14 to 39, evaluate the integral at the left.

.\/—
14. f = 2 j—-—_=
15 ¢ dx =2vx—2arctanvx + C G 2Zln(1+vx)+C
dx
16. JW—TZ—ZVx+2—6Iﬂ(3+Vx+2)+C
1-V3x+2 4{ }
17. j1+\/l¥—+§dx- x+3 V3x+2-In(1+V3x+2)+C
dx
18. f———=ln2 ¥—x+1+42x—-1/+C
Va1 |
19. J‘ =2arctan (VX +x -1+ x)+ C
xVx +x=—1 ( )
20 j rncsin2 1+C
. x ———=a
V6 +x—x*
ViAe — 2 _ L 2\32
21. J#@:-.@L‘Q_ﬁ.c
x 6x
22, j 2 =2+ 1) —4(x+ 1) +4In(1+ (x + 1)) + C
(x+1)1|f2+(x+1}1{4 .
2 2tan fx +1
= j2+smx ﬁarctan—T-FC
1y 9
2. f‘ N3 [nde-1-%3 Vj+C
1-2sinx 3 tan lx—-2+V3
1 |3tanix+1 I dx _ ;
2. f3+55inx_4n tan 3x + 3 e %, s.inx—.::casx—l_mhanﬂr e
1 Stan ix+3 J’ sin x dx '\,/_ tan? x+3-2V2
L =z — 1 — — | +
27 j5+3511‘1x Zarctan 4 2 * 1+sinx 4 . tan’ ix +3+ 202
dx . ; dx 2
2- f1+sinx-:—cosx_ln11+tan2x1+c . 2-cosx ﬁarctan(v’_tanzx)+c

31. fsinw’?dx=—2ﬁcosﬁ+25inﬁ+€

32. f = —arcs.m1 +C (Hint: Let x=1/z)
xVix* +2x -1 2x
(" =2)e . P ; 2

33. W—dx=e—3(n(e +1)+ C (Hint: Let " +1=12z.)




