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Abstract

Let I’ be a totally real field and y an abelian totally odd character of F. In
1988, Gross stated a p-adic analogue of Stark’s conjecture that relates the value of the
derivative of the p-adic L-function associated to y and the p-adic logarithm of a p-unit
in the extension of F' cut out by x. In this paper we prove Gross’s conjecture when F' is
a real quadratic field and  is a narrow ring class character. The main result also applies
to general totally real fields for which Leopoldt’s conjecture holds, assuming that either
there are at least two primes above p in F', or that a certain condition relating the .Z-
invariants of xy and x ! holds. This condition on .Z-invariants is always satisfied when
X is quadratic.
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Introduction

Let F be a totally real field of degree n, and let
x:Gp:=Gal(F/F) - Q"

be a character of conductor n. Such a character cuts out a finite cyclic extension H of F',
and can be viewed as a function on the ideals of F in the usual way, by setting x(a) =0 if a
is not prime to n. Let Na = Normp/q(a) denote the norm of a. Fix a rational prime p and
a choice of embeddings Q C Q, C C that will remain in effect throughout this article. The
character y may be viewed as having values in Qp or C via these embeddings.

Let S be any finite set of places of F' containing all the archimedean places. Associated
to x is the complex L-function

Ls(x,s) == Y x(@)Na=* =[]0 = x(p) Np~)7", (1)

(a,5)=1 pES

which converges for Re(s) > 1 and has a holomorphic continuation to all of C when x # 1.
By work of Siegel [13], the value Lg(x,n) is algebraic for each n < 0. (See for instance the
discussion in §2 of [8], where Lg(x,n) is denoted ag(x,n).)

Let E be a finite extension of Q, containing the values of the character . Let

w: Gal(F () /F) — (Z/2p)* — Z;

denote the p-adic Teichmuller character. If S contains all the primes above p, Deligne and
Ribet [3] have proved the existence of a continuous E-valued function Lg,(xw, s) of a variable
s € Z, characterized by the interpolation property

Lsp(xw,n) = Ls(xw",n) for all integers n < 0. (2)

The function Lg,(xw, s) is meromorphic on Z,, regular outside s = 1, and regular everywhere
when yw is non-trivial.
If p € S is any non-archimedean prime, and R := S — {p}, then

Ls(x,0) = (1 - x(p))Lr(x,0).

In particular, Lg(x,s) vanishes at s = 0 when x(p) = 1, and equation (2) implies that the
same is true of the p-adic L-function Lg,(xw,0). Assume for the remainder of this article
that the hypothesis x(p) = 1 is satisfied.

For x € Z), let () = v/w(x) € 1+ pZ,. If p does not divide p, the formula

Lgp(xw,s) = (1 = (Np)~*) L p(xw, 5)

2



implies that
L, (xw, 0) = log,(Np)Lr(x. 0), (3)

where log,, : Q; — Q, denotes the usual Iwasawa p-adic logarithm.

If p divides p, which we assume for the remainder of this article, a formula analogous to
(3) comparing L§ (xw,0) and Lg(x,0) has been conjectured in [8]. This formula involves
the group Of 4 of S-integers of H—more precisely, the X~ '-component U, of the E-vector
space Op ¢ ® L

Uy = (Ofs® EY = {u € OF ¢ ® E such that ou = x " '(o)u} . (4)
Dirichlet’s unit theorem implies that U, is a finite-dimensional E-vector space and that

dimp U, = #{v € S such that x(v) =1}
= ords— Ls(x, s)
= ords—g Lr(x,s)+ 1.
In particular, the space U, is one-dimensional if and only if Lg(x,0) # 0. Assume that this

is the case, and let u, be any non-zero vector in U,.
The choice of a prime B of H lying above p determines two Z-module homomorphisms

ordyg : O ¢ — Z, Ly : O — Zy, (5)
where the latter is defined by

Lp(u) := log,(Normp,, /q, (u)). (6)

Let ordy and Lg also denote the homomorphisms from U, to E obtained by extending
scalars to E. Following Greenberg (cf. equation (4’) of [6] in the case F' = Q), the Z-
invariant attached to x is defined to be the ratio

Lip(uy)
Ly) = ——2X_cp, 7
(1) = i, @
This Z-invariant is independent of the choice of non-zero vector u, € U,, and it is also
independent of the choice of the prime B lying above p. When Lg(x,0) = 0, we (arbitrarily)
assign the value of 1 to Z(x).
The following is conjectured in [8] (cf. Proposition 3.8 and Conjecture 3.13 of loc. cit.):

Conjecture 1 (Gross). For all characters x of F' and all S = RU{p}, we have

5,(xw,0) = Z(x)Lr(x,0). (8)

When Lz(x,0) = 0, Conjecture 1 amounts to the statement L ,(xw,0) = 0. As explained
in Section 1, this case of the conjecture follows from Wiles’ proof of the Main Conjecture
for totally real fields (assuming that x is of “type S”; see Lemma 1.2). We will therefore



assume that Lg(x,0) # 0. In this setting, Gross’s conjecture suggests defining the analytic
ZL-invariant of x by the formula

L, (xw,0)  d
Zn(X) = Ta(x.0) %gan(X> E)k=1, 9)
here
wher P ( k;) - —Ls,p(XW>1 — k‘) (10)
o T (6 0)

Conjecture 1 can then be rephrased as the equality Z(x) = Zan(X) between algebraic and
analytic .Z-invariants. The main result of this paper is:

Theorem 2. Assume that Leopoldt’s conjecture holds for F'.
1. If there are at least two primes of F' lying above p, then Conjecture 1 holds for all x.

2. If p is the only prime of F' lying above p, assume further that
ordp—1 (Lan (X, k) + Lan(x 1, k) = ordjey Lan (X k). (11)
Then Conjecture 1 holds for both x and x~*.

Remark 3. The somewhat mysterious condition formulated in (11) makes no a priori as-
sumption on the order of vanishing of Lg ,(yw, s) at s = 0. It is automatically satisfied (after
possibly interchanging y and x~!) when %, (x, k) and Z,,(x ™1, k) have different orders of
vanishing. When these orders of vanishing agree, it stipulates that the sum of the leading
terms at k = 1 of Zu(x, k) and L (x ™1, k) should be nonzero. In the setting that we are
considering, where Lg(x, 0) # 0, it is expected that the functions L, (x, k) and Zn(x ™, k)
both vanish to order 1 at k = 1. If this is true, condition (11) amounts to the condition

LX) + Zan(x ™) # 0. (12)

One can show using the methods of section 4 that when p is the unique prime of F' lying
above p and Leopoldt’s conjecture holds for F', we have

LX) #0and Z(x ) #0= ZL(x) + L") #0.

Therefore, condition (12) is always expected to hold. The condition on the non-vanishing
of the algebraic .Z-invariant attached to y may however be quite deep, and condition (11)
appears to be a substantial hypothesis in the formulation of Theorem 2.

Remark 3 notwithstanding, Theorem 2 leads to the following two unconditional results.

Corollary 4. Let F be a real quadratic field, and let x be a narrow ring class character of
F. Then Conjecture 1 holds for x.



Proof. Corollary 4 is unconditional because Leopoldt’s conjecture is trivial for real quadratic
F'. Furthermore, since x is a ring class character, the representations induced from F' to Q
by x and x~! are equal and therefore the L-functions (both classical and p-adic) attached
to these characters agree. It follows that the leading terms of Z,,(x, k) and Z,(x 7', k) are
equal, and therefore condition (11) is satisfied. Corollary 4 follows. O

Corollary 5. Let F' be a totally real field satisfying Leopoldt’s conjecture, and let x be a
narrow ray class character of F'. Then Conjecture 1 holds for x in either of the following
two cases:

1. There are at least two primes of F' above the rational prime p, or

2. The character x is quadratic.

Proof. The first case is direct consequence of Theorem 2, and the second follows from the
fact that L (x, k) = Zun(x ', k) when y is quadratic. O

Remark 6. When F, = Q,, Conjecture 1 leads to a p-adic analytic construction of non-
trivial p-units in abelian extensions of F' by exponentiating the first derivatives of the appro-
priate partial p-adic L-series. In this way, Conjecture 1 supplies a p-adic solution to Hilbert’s
twelfth problem for certain abelian extensions of F, just like Stark’s original archimedean
conjectures. See [8, Proposition 3.14] for a more detailed discussion of the application of
Conjecture 1 to the analytic construction of class fields.

Remark 7. Conjecture 1 has been proved in [8, §4] in the case F' = Q using an explicit
expression for the Gross-Stark unit u, in terms of Gauss sums, which are related to values
of the p-adic Gamma function by the Gross-Koblitz formula. The p-adic Gamma function
is in turn related to the p-adic L-functions over Q by the work of Ferrero and Greenberg
[4]. In contrast, the approach we have followed to handle more general totally real F' does
not construct the Gross-Stark unit u, directly. Instead, it exploits the two-dimensional p-
adic representations attached to certain families of Hilbert modular forms to construct an
annihilator for w, under the local Tate pairing. The explicit construction of these families
allows us to relate these annihilators, and hence u,, itself, to p-adic L-functions and to Z,,(x).

We now present a more detailed outline of the strategy used to prove Theorem 2, and
give an overview of the contents of this article.

Cohomological interpretation of Conjecture 1

Let

€cye : Gr — 2 (13)
denote the cyclotomic character defined by

(¢) =: @ (14)

for any p-power root of unity ¢ € F. Write E(x)(1) for the one-dimensional E-vector space
equipped with the continuous action of Gr via Xécye, and let E(x™') denote its Kummer
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dual, on which G acts via y~!. The first step is to exploit Tate’s local duality and the
reciprocity law of global class field theory to give an alternate description of Z(), following
Greenberg [6]. This alternate description involves the subgroup H,(F, E(x™")) of the global
cohomology group H'(F, E(x™!)) consisting of (continuous) classes whose restrictions to the
inertia subgroups I; C G'r are unramified for all primes q # p of F'. Under the assumptions
Lr(x,0) # 0 and x(p) = 1, we show that

dimp Hy(F,E(x™")) = [ Q) dimp H'(F,, E(x7")) = [F : Q] + 1,
and that the natural restriction map
Hy (F,E(x™)—H'(Fy, E(x ™)) (15)
is injective.
Since x(p) = 1, the group H*(F,, E(x ")) = H'(F,, E) = Homs(Gr,, E) contains two
distinguished elements: the unique unramified homomorphism

kine € Hom(Gal(F)"/Fy), OF)

sending the Frobenius element Frob, to 1, and the restriction to G, of the p-adic logarithm
of the cyclotomic character:

Keye = l0g,(€cye) € Hom(Gp, E) = H'(F, E). (16)

Let H'(F,, E)?¥¢ denote the two-dimensional subspace of H!(F,, E) spanned by f,, and
Keye, and let Hy (F, E(x~'))® denote its inverse image in H, (F, E(x ")) under the restriction
map at p. It is proved in Section 1 that

dimg Hy (F, E(x™))¥° = 1.
If k€ Hy(F,E(x™"))%¥ C H'(F,, E)¥° is any non-zero class, we may thus write
resp(K) =: T - Knr + Y * Keyes with z,y € E.

The ratio z/y—the “slope” of the global line relative to the natural basis (Knr, Keye)—does
not depend on the choice of k. The main result of Section 1 is that y # 0 and that

ZL(x) = —x/y.

Thanks to this result, the problem of proving Theorem 2 is transformed into the problem of
constructing a global cohomology class k € H I}(F L E(x™1))%° whose “coordinates” x and y
can be computed explicitly and related to p-adic L-functions at 0—more precisely, such that

resy(k) = —Zan(X) - Bnr + Keye- (17)



Construction of a cusp form

The construction of £ borrows heavily from the techniques initiated in [11] and extended and
developed in [17] to prove the main conjecture of Iwasawa theory for totally real fields. We
briefly outline the main steps in the notationally simpler case where F' = Q and the prime
p is odd. Let m > 1 denote the conductor of the odd Dirichlet character y. Let R be the
set of primes dividing moo, and let S = RU {p}.

For an integer k > 1, denote by My(m, x) = My(I'1(m), x) the space of classical modular
forms of weight k, level m and character y with Fourier coefficients in E. Let (n,1) be a pair
of (not necessarily primitive) Dirichlet characters of modulus m, and my, respectively, such
that ny(—1) = (—1)*. A key role is played in the argument by the weight & Eisenstein series
Ex(n,1). After recalling the definitions of Hilbert modular forms and their g-expansions in
Section 2.1, the Eisenstein series for the Hilbert modular group are defined in Section 2.2. A

key result in that section is the calculation of their constant terms at certain cusps. When
F = Q, the Eisenstein series Ej(n,v) € My(m,my,nY) for k > 1 and (k,n,v) # (2,1,1)

are given by: N
B, v) = Culnv) + 3 (Y0 (5) vy )g", (18)

n=1 dn

where
Cre(n,¢) == 3 Ln,1—k) ify=1;
0 otherwise.

In particular, the Eisenstein series

By = gLe(n0)+ 3 (3 x(@)e"

n=1 dn

Ep (1w = %L(wl_kﬂ +Z(Zw d)d*?)q" (19)
n=1 dn

o0

- _CP2_ +;(Zw )qn

belong to the spaces M;(m, x) and My_;(p, w' =) respectively. Here, (,(s) = L,(1, s) denotes
the p-adic zeta-function of Kubota-Leopoldt. In (19), the character w!=F is always viewed
as having modulus p, even when k =1 (mod p — 1). Let

Gra(Lw'™ ) = 2¢,02—k)E,_ 1(1 W) (20)
= 14202 k) Z(Zw =2 (21)

be the associated normalized Eisenstein series of weight k& — 1.



In Section 2.3, we consider the product
Py = Ey(1,X)Gr_1(1,w'™%) € My (mp, xw'™). (22)

As explained in Section 2.3 in the setting of Hilbert modular forms, it follows from general
principles that the series P, can be expressed uniquely as the sum of a cusp form and a linear
combination of the Eisenstein series (18) in Mj,(mp, xw™*)

P, = ( Cusp ) S a9 En ), (23)

form
(np)ed

where (n,1) ranges over a set J of pairs of (not necessarily primitive) Dirichlet characters
of modulus m,, and m,, respectively, satisfying

myMmy = mp, mp = yw' . (24)
The main result of Section 2.3 is the computation of certain coefficients in (23) for k£ > 2:

where %, (x, k) is the quantity defined in (10). The derivation of (25) proceeds by comparing
the constant terms of both sides of (23) at various cusps.
In Section 2.4, we consider Hida’s idempotent

e : My(mp, xw'™*)— My (mp, xw'™"),
which is defined as
e :=lim U;‘!
on the submodule of modular forms with Fourier coefficients in Og, and extended to the
space Mj,(mp, yw'™*) by E-linearity. The image of e,
M (mp, xw'™*) = eMy(mp, xw' ™),

has dimension that is bounded independently of k, and is called the ordinary subspace. The
operator e preserves the space of cusp forms. For all (n, ) satisfying (24), and k > 1, it can
be checked that

cBun) = { g e

Hence the modular form Py := eP; can be written

o ( A cusp ) £ Y alnd)Eun. ), (26)

form
(nap)ede

where the sum on the right is taken over the set J° of pairs (n,v) € J for which p { m,,.



Let uy, vp and wy, be scalars defined for integer k > 2 by

-1 -1 -1 k—1
wp = gan(i(a k) : vy = gan(x 7];;) <m> ’ wy, = C_’ (27)
k k k

where

The vector (uy, vy, wy) is proportional to (ax (1, xw' "), ar(x,w' %), —1). From (26), it follows
that the modular form

Hy, o= up By (1, xw' ™) + 0 By (x, ') + wp P (28)

can be written as a linear combination

A cusp
o= (e ) 3 wnann ) Buln ), (29)
n,P)EJC
(nsﬁ)l,x

In Section 2.5, we introduce a Hecke operator ¢ that satisfies
tE (1, xw°) = Ei (1, xw°) (30)
and annihilates all the Eisenstein series contributions in (29), so that
k. =tH,

is a cusp form. Equation (30) explains the necessity of calculating the coefficients in (25)
instead of applying a Hecke operator ¢ directly to P¢—any Hecke operator that annihilates
E(1, xw'™") or Ep(x,w'™¥) necessarily annihilates their common weight 1 specialization
El(l, XWO) = E1 (X, (UO).

p-adic interpolation of modular forms

In Section 3 we describe the p-adic interpolation (in the variable k) of the Eisenstein series
Ex(n, 1) as well as of the forms Py, P?, Hy and Fy. For this purpose, the Iwasawa algebra A
is defined in Section 3.1. In our application, it is most useful to view A as a complete subring
of the ring C(Z,, E') of continuous E-valued functions on Z, equipped with the topology of
uniform convergence inherited from the sup norm. The ring A is the completion of the Og-
subalgebra of C(Z,, E') generated by the functions k + a* as a ranges over 1+ pZ,. For each
k € Z,, write v, : A—E for the evaluation homomorphism v, (h) := h(k). The algebra A is
known to be isomorphic to the power series ring O[T, and in particular, by the Weierstrass
preparation theorem, any element of A has finitely many zeroes. If h belongs to the fraction
field Fp of A, it follows that the evaluation vi(h) € E is defined for all but finitely many
k € Z,. A A-adic modular form of tame level m and character x is, by definition, a formal
g-expansion ¥ € F ® A[q] satisfying

v (4) belongs to My(mp, xw'™)  for almost all integers k > 1.
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(Here, v(¥¢) € FE[q] is simply the power series obtained from ¢ by applying vy to its
coefficients.) Such a ¢ is said to be a A-adic cusp form if v(¥) is a cusp form for all but
finitely many k > 1. The Fj-vector spaces of A-adic modular forms and cusp forms are
denoted M(m, x) and S(m, x), respectively. The ordinary projection e acts on M(m, x)
and S(m, x) in a manner compatible with the projections v,. The images of e in M(m, x)
and S(m, x) are denoted M°(m,x) and S°(m, x), respectively. These definitions are all
recalled in the context of Hilbert modular forms in Section 3.1.

Basic examples of A-adic forms are given by the A-adic Eisenstein series &'(n, 1) satisfying

ve(&m, ) = Ex(nyw'™)  for k € 272

_ ;&n_lLsp (b, 1 +Z(Z (5) v @ e

dln
ptd
(By convention, the character ¢Yw'~* is viewed as having modulus divisible by p, even if p
does not divide its conductor; in particular yw!=*(p) = 0 for all k£.) The existence and basic
properties of the A-adic Eisenstein series, which are intimately related to those of the p-adic
L-functions attached to abelian characters of G, are recalled in Section 3.2.
In Section 3.3 we define elements & € M(m, x), ordinary forms £°, # € M°(m, x),
and a cusp form . € §°(m, x) satisfying

I/k(gz)zpk, I/k((@O)ZP]g, l/k(%):Hk, I/k(ﬁ):Fk

for almost all k € Z>2. The proof consists essentially in observing that there are elements
u, v, and w € F, such that, for almost all £ > 2,

vp(u) = ug, ve(v) =vk, v(w) = wg,

where wuy, vg, and wy are the constants introduced in (27). In Section 3.3, we describe the
main properties of the A-adic cusp form %, most notably:

1. Let
Ay == {g, with f,g € A and ¢g(1) # 0}

denote the localization of A at ker vy. Under the assumption (11) when p is the unique
prime above p, it can be seen that the elements u, v and w belong to A(;), and that u
even belongs to A(Xl). In particular, the cusp form .# belongs to Ay ®a Afq], and hence
its weight one specialization is defined. Furthermore, assuming Leopoldt’s conjecture

for F', we have
Vl(‘?> = El(laxw())’

2. Let
Vite : Agy—E[e]/e*,  vipe(f) = f(1) + f'(D)e (31)
be the natural lift of v, to the ring E := E[¢]/e? of dual numbers over E. The expression
Fiic := v14:(F) can be thought of as a “cusp form of weight 14+¢”. Let u; := u(1) and
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v; = v(1) be the values at k = 1 of the elements u,v. A direct calculation, explained
in Section 3.3, shows that for every prime g,

(1 + vikicye(9)e) + x(@) (1 + urkicye(q)e)  if g mp,
aq(Fl-l-E) = 1+ UlficyC(Q)g if q | m, (32)
1+ w1 Zan(x)e if ¢ = p.

An examination of the Fourier coefficients of F} . reveals that it is an eigenform relative
to the natural action of the Hecke operators on E [q] inherited from the specialization
map vi4. : M(m,x)—FE [¢]. In descriptive terms, the A-adic cusp form .# is an
“eigenform in a first order infinitesimal neighborhood of weight one.”

Let T denote the A-algebra generated by the Hecke operators acting on the finite-dimensional
F-vector space §°(m,x). The eigenform Fy. gives rise to surjective A()-algebra homo-
morphisms .

¢1: TR ANq)—F, Gr4e : TROAHYy—FE

sending ¢t € T ® A(;) to the associated eigenvalues of ¢ acting on F} and F., respectively.
Write Ty for the localization of T ® A(;) at the maximal ideal m := ker ¢;. The homo-
morphisms ¢; and ¢, factor through T;), and we will often view them as defined on this
quotient of T ® A(yy. Likewise, we will write m for the maximal ideal of T'y).

Representations associated to A-adic forms

In Section 4 we exploit the homomorphism ¢;4. to construct the desired cocycle x. Let F)
denote the total ring of fractions of T y):

Fay = {%, a,b€ Ty, bisnot a zero divisor} .

A key ingredient in the construction of x is the two-dimensional Galois representation
a(o) b(o
p: Gr—GLa(F));  plo) = ( () o) )

attached to the space of ordinary A-adic cusp forms. The existence and basic properties of
this representation, which were established by Wiles in [16], are recalled in Section 4.1. It is
shown in Section 4.1 that p can be conjugated so that, for all o € G,

a(0),d(o) belong to T,

Under the assumption that Lg(x,0) # 0, it is further shown in Section 4.2 that there is a
multiple b of the matrix entry b (by some element of F(;y) for which:

1. The function o — K (o) := b(0)/d(0) takes values in the maximal ideal m C T ).

11



2. Up to scaling by E*, the function k given by the formula
P14e(K(0)) =: K(0)e
has the required properties—namely, it is a 1-cocycle representing a class
(k] € Hy(F, E(x™"))™

that satisfies
resp(["i]) = _gan(X)Hnr + K/Cyc-

1 Duality and the Z-invariant

We begin by recalling some notations and conventions regarding characters of F. Fix an
ordering of the n real places of F, and let sgn, : R* — {41} denote the associated sign
function. For a vector r € (Z/2Z)" write sgn(a)” =[]}, sgn,(a)".

Let b be an integral ideal of F'. Let I denote the group of fractional ideals of F' that are
relatively prime to b. A narrow ray class character modulo b is a homomorphism

il —Q

that is trivial on any principal ideal (a) generated by a totally positive element a@ = 1
(mod b). The function ¢ may be extended to a function on the set of all integral ideals of
F by defining ¢)(m) = 0 if m is not relatively prime to b. The character ¢ may be viewed as
a character modulo ba for any integral ideal a. If there exists a narrow ray class character
1o modulo ¢ for some proper divisor ¢ of b, with ¢y(m) = ¢)(m) for all m relatively prime
to b, then v is called an imprimitive character. The minimal such divisor of b is called the
conductor of 1, and 1)y is called the associated primitive character.
Given a narrow ray class character ¢» modulo b, there exists an r € (Z/2Z)™ such that

Y((a)) =sgn(a)” fora=1 (modb).

The vector r is called the sign of @. The character v is said to be totally even if r =
(0,0,...,0) and totally odd if r = (1,1,...,1).

We place ourselves in the situation of the introduction regarding the character y and the
finite sets R and S of places of the totally real field F'. More precisely, we assume that y is
a primitive character of conductor n and that S consists exactly of the set of places dividing
npoo, while R =S — {p}. Recall that E is a finite extension of Q,, containing the values of
the character y.

Lemma 1.1. The following are equivalent:
1. The special value Lg(x,0) is non-zero.

2. For all places v € R, we have x(v) # 1. (In particular, the character x is totally odd.)

12



3. The vector space U, is one-dimensional over E.

Proof. Since y is non-trivial, the L-series Lz(x~',s) (viewing x as a complex character)
is holomorphic and non-vanishing at s = 1. A consideration of the local factors in the
functional equation relating Lr(x ™', s) and Lr(x,1 — s) shows that

ords—o Lr(x,s) = #{v € R such that y(v) = 1}. (33)

This implies the equivalence of (1) and (2). (See, for example, Prop. 3.4 in Ch. I of [14].)
Dirichlet’s S-unit theorem implies the equivalence of (2) and (3). (See also Ch. 1.4 of [14].) O

Recall that the character x is said to be of “type S” in the terminology of Greenberg
(cf. the first paragraph in [17]) if H N F, = F, where F,, is the cyclotomic Z,-extension of
F'. This condition is satisfied, for example, if y has order prime to p. The following lemma
(whose proof is deep, relying on the full force of the main conjecture for totally real fields)
essentially disposes of Conjecture 1 in the case where Lg(x,0) = 0.

Lemma 1.2. Suppose that H N Fy, = F. If Lp(x,0) =0, then L (x,0) = 0, and therefore
Conjecture 1 holds for x and R.

Proof. Theorem 1.2 of [17] implies that
ords—g Lg,(xw, s) = ords—g fy, (34)

where f, corresponds to the characteristic power series of the A = Z,[Gal(H/H)]-module
X, C Gal(L/Hx) defined on p. 409 of [15]. (Here H., denotes the cyclotomic Z,-extension
of H and L, is the maximal unramified abelian pro-p-extension of H,.) It is known by an
explicit construction (cf. the statement at the top of p. 410 of [15], or [1], [5]) that

#{v € S such that x(v) = 1} < ords— fy- (35)
Since x(p) = 1 and p € S, equations (33) and (35) combine with (34) to give

ords—g Lsp(xw, s) > ords—o Lr(x, s) + 1.
In particular, L (xw,0) = 0 when Lg(x,0) = 0. O

Thanks to Lemma 1.2, we assume for the rest of this article y satisfies the equivalent
assumptions of Lemma 1.1.

Let E(1)(x) and F(x ') be the continuous one-dimensional representations of G defined
in the introduction, following equation (14). We will now study certain Galois cohomology
groups (both local and global) associated to these p-adic representations.

If K is a field and M is a finite Gx-module, we denote by H*(K, M) the Galois coho-
mology group of continuous i-cocycles on G with values in M, modulo i-coboundaries. If
Op denotes the rings of integers of E' and 7 is a uniformizing element of O, then recall the
definitions:

HY(K,Op(x™)) = lim H(K, Og/7"(x)),
HI(K7E(X_1>> = HI(K70E(X_1)) Roy L.
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1.1 Local cohomology groups

Let v be any place of F, and let G, and [, C G, denote a choice of decomposition and
inertia group at v in Gp. Given any finite Gp-module M, the inflation-restriction sequence
attached to I, yields the exact sequence

resy,

0—HYG,/I,, M")—HY(F,, M) —% H"(I,, M)%/T (36)

A class in HY(F, M) is said to be unramified at v if its restriction to H(F,, M) lies in the
kernel of resy, .
Recall that local Tate duality gives rise to a perfect pairing

HY(F,,Z/p"Z) x H(F,, pipn)—H*(Fy, ipn) = Z/p"Z.

After tensoring this with O /7", twisting by x ™!, and passing to the limit as n — oo, one
obtains perfect Og-linear and E-linear pairings

(, )+ H'(F,Op/m"(x™") x H'(F,,Op/7"(1)(x)—Or/", (37)

(et HAE, BcY) x HY(F, B(1)(x))—F. (39)

If x(v) # 1, then HY(G,/I,, Og/7"(x ")) = (Op/7"(x ")™)/(x ' (v) — 1) has cardi-

nality bounded independently of n, and there are no unramified classes in H'(F,, E(x™!)).
If x(v) =1, we have:

1. The group HY(F,, E(x™')) = H'(F,, F) = Homgs(G,, F) contains a distinguished
unramified class: the unique homomorphism
Kor € Hom(Gal(E)"/F,), OF)
sending the Frobenius element Frob, at v to 1.

2. If v divides p, then the restriction to Gp, of the p-adic logarithm of the cyclotomic
character
Keye 1= 108, (€cye) € Hom(Gp, E) = H'(F, E)

gives a ramified element of H 1(FU, E). The elements kp, and Ky, will sometimes be
referred to as the unramified and cyclotomic cocycles respectively.

3. For each positive integer n, the connecting homomorphism of Kummer Theory yields

an isomorphism
Som : FX @ Z)p"Z—H(F,,Z/p"Z(1))

As n varies, the maps 4, , are compatible with the natural projections on both sides.
Passing to the limit with n, and then tensoring with E, we obtain an isomorphism

6y : FX @ E—H(F,, E(1)), (39)

where
FfQFE = (lim Fre® Z/p"Z) ®z, E.
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4. For each u € F* ® E, we have

(Knr, 0y (1)) = — ord, (u), (Keyes 0o () = Ly (u), (40)

where ord, and L, are the homomorphisms FX @ E—E defined as in (5) and (6) of
the introduction. The equations in (40) are direct consequences of the reciprocity law
of local class field theory. In particular, the subspace of H!(F,, E(1)) that is orthogonal
to iy under the local Tate pairing is equal to d,(Op, ®E).

Lemma 1.3. Let v be any place of F. The dimension of HY(F,, E(1)(x)) is given in the
following table:

v { poo 1 0
v | oo 0 0
vlp | [Fo:Qp+1][F Q.

The same is true for HY(F,, E(x™1)).

Proof. For v infinite, the lemma is clear. For v finite, Tate’s local Euler characteristic formula
(see the “Corank Lemma” of [7, Chapter 2]) and Tate local duality yield

dimgH'(F,, E(1)(x))

0
— dimg H(F,, E(1)(x)) + dimg H*(F,, E(1)(x)) + vfp
[Fy: Q] vlp
: - 0 vip
=dimg H(F,, E(x ")) + ,
[Fo:Qp] vip
which explains the remaining values in the table. O

1.2 Global cohomology groups

We now define certain subgroups of the global cohomology groups H!(F,E(1)(x)) and
HY(F,E(x™!)) by imposing appropriate local conditions.
Recall that

E- Knr if X(U) = 1a

Hy (Fy, E(x7 ") ~ H Gy /1, E(x)") = .
0 otherwise.

denotes the subgroup of unramified cohomology classes. We denote by H! (F,, E(x)(1)) the
orthogonal complement of H! (F,, E(x™')) under the local Tate pairing, so

{O;ﬂ ®FE if x(v) =1;

Hér(Fu,E(X)(l»g HY(F,, E(x)(1)) otherwise.

15



Let
Hy(F,E(™) € HY(F.E(X)

denote the subgroups of H'(F, E(x™!)) consisting of classes whose restriction to G, belong
to H. (F,, E(x™")) for all v # p, and which are trivial/arbitrary, respectively, at the prime
p. Similarly, we denote by

HY(FE(1)(x)) € Hy(F, E(1)(X))

the subgroups of classes in H'(F, E(1)(x)) whose restrictions lie in H! (F,, E(x)(1)) for all
v # p, and which are trivial/arbitrary, respectively, at the prime p.

Recall the group U, of Gross-Stark units that was defined in equation (4) of the intro-
duction.

Proposition 1.4. The natural map
6+ Uy—H,(F, E(1)(x))

induced by the connecting homomorphism of Kummer theory is an isomorphism. In partic-

ular,
dimpg H;(F, E(1)(x)) = 1.

Proof. If G = Gal(H/F), then the restriction map
HY(F, E(1)(x)) — H'(H,E(1)(x)" (41)

induces an isomorphism. Indeed, the kernel and the cokernel of this map are given by
HY(G,E(1)(x)¢) for i = 1,2 where Gy = Gal(F/H), and E(1)(x)“# = 0. Thus

H'(F,E(1)(x)) — H'(H,E(1)(x))" = H'(H,E))X ~ (H*©E) ", (42)

where the superscript of y ™! affixed to an E[G]-module denotes the submodule on which G
acts via y~!. The last isomorphism in (42) arises from (39) with F, replaced by H.
Similarly, in the local situation, we have

H'(F, EQ)(x)) = (Hy @ E)X . (43)

where w is some prime of H over v. The result now follows from the fact that the group
HL(F,, E(1)(x)) corresponds to (O & E)X " under this identification. O

If W is any subspace of the local cohomology group H'(Fy,, E(x™')) = Hom(Gy, F),
define
Hyw(F.E(x™Y) € Hy(FE(x™"))

to be the subspace consisting of classes whose image under res, belongs to .
The following lemma can be viewed as the global counterpart of Lemma 1.3.
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Lemma 1.5. Let x and p satisfy x(p) = 1. Then
ding HA(F, E(¢) = [Fy : Q).

More generally, if W C H'(F,, E) is any subspace containing the unramified cocycle fiy,,
then
dimg H, (F, E(x™")) = dimg W — 1.

Proof. The Poitou-Tate exact sequence in Galois cohomology, applied to the finite modules
Op/m"(x™ 1), gives rise to the exact sequence

0—>H[1p}(F, Op/n"(x™"))—H,(F,Op/m"(x ")) —H"(F,, Og/7"(x "))

L HUE, O (D) (1), (44)

where the last map arises from the local Tate pairing. Now we note that the module
H [lp](F ,Og/m™"(x™!)) maps (with kernel bounded independently of n) to the group of homo-

morphisms from Gy to Og/7" that are everywhere unramified. Hence H ﬁj}(F L Og/7"(x71))
has bounded cardinality as n — oco. Passing to the limit with n and tensoring with E, we
obtain the exact sequence

0—H,(F, E(x™")—H"(F,, E(x™1)—H,(F, E(1)(x))". (45)

We now observe that the element x,, maps to a non-zero element of the one-dimensional
vector space Hp(F, E(x)(1))Y, by (40) and Proposition 1.4. Hence the last arrow in (45) is
surjective, and the same is true for the exact sequence

0—H}y (F, E(x™")—W—H)(F,E(1)(x))",

forany W C H 1(Fp, E) containing k,,. The lemma now follows from Proposition 1.4. ]

1.3 A formula for the Z-invariant

Let Wey. be the subspace of H'(F,, E) spanned by the unramified and cyclotomic cocycles
Knr and Keye. Write

Hy oo (F, E(X7Y)) == Hy ., (FLE(X7))-

By Lemma 1.5, this space is one-dimensional over E. If x is any non-zero element of this
space, we may therefore write

reSy K = &+ Kpy + Y * Keye, (46)

for some z,y € E, and the ratio z/y does not depend on the choice of k. (Note that y # 0,
or else (46) contradicts Lemma 1.3 when W is the 1-dimensional space spanned by x"".)

Proposition 1.6. Let £ (x) be the £ -invariant introduced in equation (7) of the introduc-
tion. Then

Z(x) = —z/y.
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Proof. The global reciprocity law of class field theory applied to d(uy) € H,(F, E(x)(1))
with u, € U, and k € H . .(F, E(x™")) implies that

p7CyC
> (res, &, 6,(uy))o = 0,

(2

where the sum is taken over all places v of F'. By definition, all the terms in this sum vanish
except the one corresponding to v = p. It follows that

(resy . Gyt = 0.

Combining the expression (46) for res, x with (40) yields the proposition. O

2 Hilbert modular forms

2.1 Definitions

We briefly describe the basic definitions of classical Hilbert modular forms over a totally
real field F'. Recall that we have chosen an ordering of the n real embeddings of F'. For an
element z € C", an integer k, and elements a,b € F, define

n

(az +b)F = H(aizi +b)" € C,

1=1

where a;, b; denote the images of a, b, respectively, under the ith real embedding of F'
Let ¢ be a narrow ray class character modulo b with sign r € (Z/2Z)". Let a € OF be
relatively prime to b. The map a +— sgn(a)"¥((«)) defines a character

vr: (Op/0) = Q

associated to .

Let k be a positive integer. In [12, Page 649], Shimura defines a space My(b, 1) of Hilbert
modular forms of level b and character ). Let h denote the size of the narrow class group
CI*(F). An element f € My(b,v) is an h-tuple of holomorphic functions

f)\ZHn—>C

for A € CI"(F) satisfying certain modularity properties that we now describe (see (2.5a) and
(2.15a-c) of [12]).

For each A\ € CI*(F), choose a representative fractional ideal ty. Let GL; (F) denote the
group of 2 x 2 invertible matrices over F' that have positive determinant at each real place
of F. Define

F/\::{(CCL Z)GGL;(F): a,d € Op, betj'07!, cebty, ad—bc60§},
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where 0 denotes the different of F'. Each function f, satisfies

iy =vs(a) fx (47)

for all v € I'y, where
Faly(2) := det(7)"?(cz + d) 7 fr(v2). (48)

In (48), the positive square root is taken in
det(y k/z Hdet Vi) k/z

and

a1z1 + bl anZp + bn
z = e .
7 121 + dl’ ’ CnZn + dn

In [12, Page 648], Shimura defines a Hecke operator S(m) for each integral ideal m
relatively prime to b on the space of h-tuples f = (f\) satisfying (47). We do not recall the
definition of S(m) here. The space My(b, ) is defined as the set of f such that

S(m)f =¢(m)f, forall m with (m,b) = 1.

The modularity property (47) implies that f) has a Fourier expansion

f = CL)\ —|- Z a)\ €F bz
bety
b0
where ep(x) = exp(2mi - Trp/q(x)). We call the coefficients ay(b) the unnormalized Fourier
coefficients of f, and define also the normalized Fourier coefficients c(m, f) and ¢, (0, f) of f
as follows. Any non-zero integral ideal m may be written m = (b)t;* with b totally positive
(and b € ty) for a unique A € CIT(F). Define

c(m, £) i= ax(b) N(ty) 2. (49)

The right side of (49) is easily seen to depend only on m and not on the choice of b since
fr(ez) Ne®/2 = f\(z) for every totally positive unit € of . Similarly we define

ex(0, ) = ax(0) N(tx) ™

for each A\ € CI"(F). Note that our normalized Fourier coefficients c(m, f) are denoted
C(m, f) in [12]; we have chosen to remain consistent with the notation of [17].

If for each v € GL3 (F) and A € CI7(F), the function f,|, has constant term equal to 0,
then f is called a cusp form. The space of cusp forms of weight k, level b and character ¢
is denoted Sk(b, ).
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2.2 [Eisenstein Series

The most basic examples of Hilbert modular forms arise from Eisenstein series attached to
pairs of narrow ideal class characters of F.

Let a and b be integral ideals of F', and let 1 and ¢ be (possibly imprimitive) E-valued
characters of the narrow ideal class group modulo a and b, respectively, with associated signs
q,7 € (Z/2Z)". Let k > 1 be an integer satisfying

qg+r=(kk,....,k) (mod 2Z").

We view the characters ni) and 11 ~! as having modulus ab. Here and elsewhere, an expres-
sion like L(yn~', 1 — k) without a subscript on the L is assumed to be taken with the set
S in equation (1) equal to the set of archimedean primes and those dividing the modulus of
the given character.

Proposition 2.1. For all k > 1, there exists an element Ey(n, ) € My(ab,n) such that

elm, Bi(m,v)) = > (T ) vle) N, (50)

tjm

for all non-zero ideals m of Op. When k > 1, we have

A0, Bul ) = {ﬁ_"”_l(”“w”_l’l e 1)
When k = 1, we have Ey(n, %) = Er(, 1), and
(&) Ly, 0) ifa=1andb 41,
(0. Ey(n. ) = 2 )L™ 0) fo=landa#l, .

H)L(Wn ™ 0) + ()L, 0) ifa=b=1,
ifa#1 and b # 1.

o 3

Remark 2.2. This proposition is well-known to the experts, and follows easily, for example,
from Katz’s computation of the g-expansion of Eisenstein series in Chapter IIT of [9]. Since
our notations differ somewhat from those of [9], we have supplied the details of the proof
of formulae (51) and (52) for the sake of being self-contained. Furthermore, some of the
objects that are introduced in our proof of (51) and (52) will be used in later calculations.
But the reader willing to take Proposition 2.1 on faith may wish to skip the proof on a
first reading; in fact, in the remainder of Section 2.2 we assemble computations of constant
terms of Eisenstein series at various cusps, and we recommend that the reader continue on
to Section 2.3 and refer back to Section 2.2 as necessary.

Proof of Proposition 2.1. The existence of the Eisenstein series Ej(n,) satisfying (50) is
given by [12, Proposition 3.4]. We recall the definition of Fy(n,1) given there. Let

U={ucO;:Nu*=1,u=1 (mod ab)}.
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For k > 1, we set Ex(n,v) = (fy), where fy(z) is defined via Hecke’s trick as follows. For
z € H" and s € C with Re(2s + k) > 2, define

fes) im0 X s~ g g el
5) 2

k 2s
b e = (az 4+ b)*laz + b|
beo o e 53
(a,b) mod U, (a,b)#(0,0) ( )

Z sen(c) y(ct; 'v)ep(—be)

CEiAtfl/bb\tfl

where VT T
[OF : UJN(0)(—2mi)kn

The sums in (53) run over representatives t for the wide class group CI(F’), representatives
(a, ) for the non-zero elements of the product t x 071b~!t; 't modulo the action of U (which
acts by diagonal multiplication on the two factors), and representatives ¢ for tyt=!/btyt™1.
The term sgn(a)?n(ar™') in (53) for @ = 0 should be interpreted as being equal to 0 if a # 1
and equal to n(t™!) if a = 1; a similar interpretation holds for ¢ = 0. Let us now assume
that v is a primitive character, i.e. that the conductor of ¢ is b. From [12, (3.11)], we find

that the last sum in (53) may be evaluated as follows:

C =

(54)

> sgn(e)v(ety v)ep(—be) = sgn(—b) v (—bobtyr )T (). (55)

Cef)\tfl/btktfl

Here 7(1) is the Gauss sum attached to 1, defined by

T() = Y sgn(x)"y(xbd)er(x). (56)

zeb—1p-1/p—1

When b = 1, we interpret (56) as 7(¢) = ¥(0).

For fixed z, the function f)(z,s) has a meromorphic continuation in s to the entire
complex plane. The function fy(z) is defined as f\(z,0). Note that if & > 2 the Hecke
regularization process is not necessary; the series in (53) with s = 0 converges and yields the
definition of f)(z).

Suppose that & > 1. By [12, (3.7)], the unnormalized constant term a,(0) of fi(2) is
equal to 0 if a # 1, and is equal to the value of

o MO S s s e

Nb Nb¥|Nb|?
veCl(F)  bea ot /U

b£0

at s =0 if a = 1. Note that this is the value obtained by sending each z; — oot in (53).
The map
(t,b) — f = (b)obtyr ™
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is a surjective [Of : U]-to-1 map from the set of pairs (v,b) in (57) to the set of non-zero
integral ideals of F. We therefore find that a,(0) is the value at s = 0 of the function

Vi N(6)"2 N@b)* T (k)" (v) 3 ()
n(ebty)(2mi)*” Nt N(o-1b-1t; ef)2s’

(58)

fCOFr

where t is the chosen representative of C1(F) equivalent to 0bty§f~'. The value at s = 0 of the

sum in (58) is evidently L(ny ', k). Since 7(¢¥m~') = 7()n~'(0b), the functional equation

for Hecke L-series (see [10, Theorem 3.3.1]) yields

N(t)"2n 7! (t)
2n

ax(0) = L(yn™", 1~ k)

as desired.
When k =1, [12, (3.7)] shows that the formula (57) requires an extra term equal to

N(tk)l/%'(@b) ro—1 —1 q —1 —2s
SO TING 2 R 2 s (NN (59

teb ol e/ e b#0
The value of (59) at s = 0 is easily seen to equal 0 if b # 1, and to equal

N(tA)1/2¢—1
2n
if b = 1. This completes the proof when ) is primitive.

If ) is imprimitive with conductor bg | b, let 1y denote the associated primitive character.
Raising the modulus of v at a prime already dividing by affects neither L(ny;*,s) nor
Ex(n,10). Therefore it suffices to consider the case when the modulus of 1, is raised at
a prime q { by, that is, when b = boq. Then L(ni ™', s) is obtained from L(nyg*,s) by
removing the Euler factor at q. Meanwhile, Fy(n,1) is obtained from Ejy(n, ) as follows.
For every modular form f € Mg(bg, ), there exists a modular form f|q € My(b,v) such
that for nonzero integral ideals m we have

oo = {00

) gy 0)

and for A € CI7(F) we have
(0, fla) = exq(0, f)
(see [12, Proposition 2.3]). Then it is easy to verify from (50) that

Ey,(n,v) = Ex(n, vo) — ¥o(a) Ng* " Ey.(n, vo)|a.

Since
(7' (ta) — vo(a) Ng* "7 (taq)) L(vhon ", 1 — k) = n~ " () L(¥n~ ", 1 — k)
and
(%0 (ta) = vo(a)ty ' (trg)) Lnthg ', 0) = 0,
we obtain the desired result for imprimitive ¢ as well. O
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We will also need to compute the constant terms in the Fourier expansions of certain
Eisenstein series at particular cusps different from oo. More precisely, let

A=(4,) = ( LI ) € SLy(F)", (60)
X YN S zeart (p)

where x), 9\, and «a) are chosen such that
Q) € poty, Ty € D_lt)_\l, and Yy € N,
Recall that for any Hilbert modular form f = (f)), the slash operator is defined by

fla = (fila,)

Proposition 2.3. Fix k > 2. Suppose that p is the only prime of F' above p. Let n and
1 be narrow ray class characters of conductors a and b, respectively, with ab = np and
mp = xw'=*. Then

ex(0, Ei(n, ¥)|4) =0
unless a = n, b = p, and there exists a narrow ray class character v of conductor 1 such that

n=x-v"' w=w"ru

In this case, we have

v(t/n?) 27
(Nt 7()

Proof. Write Ey(n,v) = (f\). For k > 2, the series (53) with s = 0 converges and yields f.
If for each a € v and b € 07167, 't we define u and v by the matrix equation

(a b)Ax=(u v), (61)

ex(0, Er(n,9)|a) = sgn(aa)x(axp~'t,'071) - -Lg(x w1 — k).

then

NCYRGE k sgn -1
flay(z) = C - =D Nt* (ur + . ngn U(cty)ep(—be),  (62)

t,a,b

where the indices of the sums are as in (53). To compute the unnormalized constant term
of (62), we send each z; — ooi; the only contribution arises when v = 0. This occurs when
a = —bay and v = b. By the choice of a,, the conditions bay € v and b € 0~ 1b~t; 't imply
that b € 97 1(p,b) 't 't. If p 1 b then p | a and bayt™! C p; thus n(ar™!) = 0, and the
constant term of fy|4, is 0. We therefore suppose p | b, and obtain for the constant term

o N(b) ™ sgn(ay) m(axp~ 071G DY sgn(—b)"n(—boptye™")

Nb Nok
€ClF)  beolp~l /U
b£0 (63)

Z sgn(c) y(ct; 'v)ep(—be).

CEtAtfl/iAtflb

23



If b # p, then a prime q # p divides the conductor of 1) since ab = np and 7y = yw!'=* is
primitive away from p. For ¢ € t\t™!/t,v71b in a fixed residue class modulo tyt~!'p, the value
er(—bc) is constant; the existence of q dividing the conductor of ¢ implies that the sum of
sgn(c)"(ct; 't) over the c in each such class is 0.

Therefore, we are reduced to considering the situation b = p, a = n. Now 1 = yw'*p~!
has conductor indivisible by p. Therefore 1 = w'~*v for some narrow ray class character
v of conductor 1, and n = yr~'. When k # 1 (mod (p — 1)), the character 1 is primitive,
and we may apply (55). Then an argument following the proof of Proposition 2.1 using the
change of variables f = (b)obtyt~! and the functional equation for L(ny =1, k) shows that the
value of (63) is equal to

v(t/n?) 27"
Nt 7(T)

N(t:)"2 - sgn(ay)x(aap 07 - CLs(x'w' M2 T — k). (64)

When k£ =1 (mod (p — 1)), the sum over ¢ in (63) is easy to evaluate directly, and via the
same technique one again arrives at (64). O
For weight & = 1, the analogue of Proposition 2.3 requires a separate treatment.

Proposition 2.4. Suppose that p is the only prime of F' above p and that n # 1. Then

T(x~1)

Proof. Since x is primitive of conductor n, the function fy|4,(2) is given by the value of the
function

LR(X_la O)

ex(0, Bi(1,x)]4) = sgn(an)x(axp~ ')

sgn(—b)x "' (=bontyr ™) 7(x)
(uz +v)|uz + v|?

N(t)\)—l/Z

C .
Nn

laxz 4 ya|* - ZNt-

t,a,b

(65)

at s = 0. Here the indices of the sum are as in (53) and (u,v) is defined in (61). The map
(a,b) — (u,v) induces a bijection between the sets

(rxo ' e —{(0,0)}) /U

and
(en™' x o7 e — {(0,0)}) / UL

Furthermore, since b = —x\u + v and vontyt~! € n, we have
sgn(—b)x '(—bontye™!) = sgn(xyu)x(zyudntyrTh)
(—1)"sgn(an)x(anp™ 071 ") - sgn(u)y ™ (une ™),

where the last equality uses zyay = —1 (mod n) and x(p) = 1.
Let ' = tn! and t}, = tyn~! denote new representatives for CI(F') and C1*(F), respec-
tively. Thus the function in (65) may be written as the product of the constant

Nn=2 - (=1)" sgn(an)x(axp~ 0715 - 7(x) (66)
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and the function

sgn(u)x” (u(¥')™)
(uz +v)|uz +v|?s’

C-N(t)?lanz + >+ YN

v u,v

(67)

where (u,v) ranges over representatives for

(v xo7'(t) " = {(0,0)}) / U.

The expression in (67) at s = 0 is precisely the An™! component of E;(x~', 1) given the

representatives ty for C17(F). Therefore, its unnormalized constant term is equal to
N(t))'?
2n

L(x',0). (68)

Using the fact that
T()T(x™") = (=1)"Nn

and that N(t}) = N(t,)/ Nn, the expressions (66) and (68) combine to show that the nor-
malized constant term of fy|a, is

—n

2
sgn(ax)x(axp™ 07" - T(X—l)LR(X_l’ 0)

as desired. O
When L(, 1 — k) # 0, we define the normalized Eisenstein series

Gul1,0) = 7o B D), (69)

(,’l}?l - k)

each of whose constant coefficients c\(Gg(1,%),0) is equal to 1. The Eisenstein series
Gr_1(1,w' ") plays an important role in our constructions. The following proposition com-
putes its constant term at the cusp Aoo, where A is given in (60).

Proposition 2.5. Suppose that p is the only prime of F' above p. For k > 2 we have
C)\(O, Gk_l(l, wl_k)|A) =1.

Proof. We must show that

_ 1 _
C)\(()?Ek—l(lvwl k)|A) = Q_nL(wl k72 - k)

The argument used in the proof of Proposition 2.3 with (, n, yw!=*) replaced by (1,1, w' %)
gives the desired equality. The details are left to the reader. O
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2.3 A product of Eisenstein series

Recall that x is a primitive character of conductor n and that p | p satisfies x(p) = 1. Set
S={A|npc}, R=25-{p}.

Adjoining a finite prime g { np to S multiplies Lg (xw,0) and Lgr(x,0) by 1 — x(q), and
leaves .Z(x) unchanged when x(q) # 1, so it suffices to prove Theorem 2 with this minimal
choice of S. Let p’ denote the ideal of F' given by

= 1] «

alp, a#p

and define
ng = lem(n,p’), ng=lem(n,p'p).

We will denote by x g the character x viewed as having modulus ng (in particular, we have
xr(q) = 0 for all q | p’). We always view the character yw!~* as having modulus ng, even
when it has smaller conductor. In particular, yw® # ¥, since xw’(p) = 0 while x(p) = 1.
Occasionally, we will write yg instead of yw°.

In this section, we consider the modular form

Pk = E1(17 XR) ' Gk—l(lawl_k) < Mk(n»S? le_k)' (70)

It is a fact that every modular form in M (ng, yw!'™*) can be written uniquely as a linear
combination of a cusp form and the Eisenstein series Fy(n, 1), where (n,1)) run over the set
J of pairs of (possibly imprimitive) characters of modulus m,, and m,, respectively, satisfying

—k
mymy =ng, oy =xw .

(For k = 2, this is explained in [15, Prop. 1.5], and the case of general k£ > 2 follows from
the same argument.) For each (n,v) € J, let ax(n,v) € E be the unique constant such that

P - ( A cusp ) S a9 En, ). (1)

form
(nyp)ed

We will be particularly interested in the coefficients ay (1, yw*~!) and ax(x, w*!) that appear
in this linear combination. It turns out that these coefficients can be expressed as ratios of
special values of the classical L-function Lg(x,s) and of the p-adic L-function Lg,(xw, s).

Proposition 2.6. For all integers k > 2, we have

L
ak(l,xwl_k) _ R(X70>

= - _gan 7k _1'
Loyl 1) O £)
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Proof. The result follows by comparing the constant terms on both sides of (71). More
precisely, since the constant terms of Gj_1(1,w!™*) are equal to 1, it follows that

LR(X> 0) if ng 7£ 1
LR(X>0) +X_1(t)\)LR(X_1,0) if np = 1.
On the other hand, the constant terms of Fy(n,) for (n,1) € J are equal to 0 except for

the h characters n with m, = 1. For such 7, the h-tuple of constant terms c,(0, Ex(n,v)) is
equal to

C)\(O, Pk) = C)\(O, El(l, XR)) =27". { (72)

27" La(nxw' TN 1= k) x (07 (ty), - (6)):
The linear independence of the characters of C17(F') implies that these h-tuples are linearly
independent. It follows that ax(n,) = 0 for all unramified n ¢ {1, x}, and that

_ Lr(x,0)
1 1-k — )
ak( y XW ) LS,p(XW71 _k)a

as desired. ]

Consider now the special case where p is the unique prime of F' lying above p, so in
particular xg = x is a primitive character of conductor ng = n. We will be interested in the
coefficient ay,(y, w'™") of Ex(x,w!™*) in the linear combination (71). If np = n = 1, observe
that the n = x coefficient in the proof of Proposition 2.6 yields

_ Lr(x™,0)
1—-k\ __ R )
a'k(X>w ) - LS,p(X_lwa 1— k’)

(73)
The following proposition shows that a similar formula holds more generally whenever p is
the unique prime of F' lying above p.

Proposition 2.7. Suppose that p is the unique prime above p in F. For an integer k > 2,
we have

_ Lg(x*,0)
1—k\ __ R )
ak(X7w ) - LS7P(X_1(‘U7 1— k)

(NP = — (T E) T (N

Proof of Proposition 2.7. Since we have proven the result in the case n = 1 in equation (73)
already, we assume n # 1. The computation of ay(, w!™*) will proceed by slashing equation
(71) with the collection A = (A),) of matrices given in (60), and then comparing constant
terms.

By Proposition 2.3, we know that cy(Ex(n,1)|a) = 0 unless a = n, b = p, and the
characters n and v are of the form

n=x-v" Y=y, (74)
where v is a narrow ray class character of conductor 1. In this remaining case, Proposition
2.3 asserts that
v(ty/m?) 2™

1 1k
(Nt ey BT TR

ex(0, E(n,¥)|a) = sgn(on)x(cxp~'507") -
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As in the proof of Proposition 2.6, we see that for the A unramified characters v corresponding
to the pairs (n,v) of the form (74), the h-tuples c)(Ex(n,1)|a)) are constant multiples of
the vectors (v(ty,),...,v(ty,)). By the linear independence of these h-tuples, the coefficients
ar(n,1) can once again be read off from the constant terms of Py|4. But it follows from
Propositions 2.3 through 2.5 that

-n

2
cx(Pila) = Sgn(%)x(axp‘ltxlb‘l) : WLR(X_l, 0).

Therefore we conclude that

- Lr(x",0) -
1—k R ’ k-1
- (N
and that ax(n,v¢) = 0 for (n,v) as in (74) when v # 1. O

2.4 The ordinary projection

Recall that E is a finite extension of Q, containing the values of the character y, and that
we have fixed an embedding Qp C C. Let My(ng, xw'™*; Og) denote the Og-submodule of
My (ng, xw'™") consisting of modular forms with all normalized Fourier coefficients lying in
Opg. The ordinary projection operator

e = lim (H Uy)"
e qlp

gives rise to an idempotent in the endomorphism ring of Mj(ng, xw'™*; Or). We extend it
to My(ng, yw'™%; E) by E-linearity, using the fact that

My (ng, xw' ™ E) = My(ng, xw' ™" Og) ®0,, E.

The projection e preserves the cusp forms as well as the lines spanned by the various Eisen-
stein series Ej(n,1) with (n,v) € J. More precisely, if q | p, then q | ng = m,my, so we
have:

Uqu(U,w) = (n(q)+¢<q>(Nq)k_l>Ek(7},¢)
I RIC) if q 4 m,
N { ¢(q)(Ng)¥=tif q | my, } X Ex(n,9).

It follows that for £ > 2:

_ [ Ei,y) if ged(p,my) =1,
eEy(n,) = { 0 otherwise. (75)
Let
PP =P, (76)

denote the projection of P, to the ordinary subspace.
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Proposition 2.8. The modular form P¢ can be written

o ( An ordinary ) £ Y aln B ), (77)

cusp form
P (n)ee

where (n,1) ranges over the set J° of pairs (n,v) € J satisfying

mymy =ng, Y =xw' " (p,m,) =1

Note that for (n,v¢) = (1, xw'™*) and (x,w!'™*), the coefficients ax(n,) are the ones
given in Propositions 2.6 and 2.7, respectively (the latter only in the case where p is the only
prime of F" above p).

2.5 Construction of a cusp form

We begin by defining a modular form Hj as in the introduction, by taking a suitable linear
combination of the Eisensein series Ei(1, xyw!™%) and Ej(x,w!™*) and the form P?. It is
useful to distinguish two cases.

Case 1. The set R contains a prime above p, i.e. F' has a prime above p other than p.
This case is the simplest of the two, but did not arise in the introduction since p = (p) when
F=Q. We set

Hk = UkEk(l, le_k) + ka,;’, (78)
where . 20 k)
S — _ZamOR)
T Zalok) T I Zulo k) )

Note that the vector (ug,wy) is proportional to the vector (ax(1, yw!=*), —1), but has been
normalized to that u; + wy = 1.

Case 2. The set R contains no primes above p, i.e. p is the unique prime of F above p.
In this case the definition of Hj, involves the Eisenstein series E(y,w"*!) as well:

Hy = g B (1, xw' ™) + v B (x, w' ™) + wi Py, (80)
where P 11 ¥ L)1 Ny k-t
an\X» B an(X s - ~ 1
Uy 1= M, Vg 1= (x )~ (Nn) , Wy = —, (81)
Cr Ck Ck
with

In this case, the vector (ug, vy, wy) is proportional to (ax(1, xw'=*), ar(x,w*™*),—1) and is
normalized so that u; + v, + wy = 1.

It follows that the modular form Hj, € My(ng, xw'™¥) is a linear combination of a cusp
form and the Eisenstein series Ej(n, 1), where (n,1) ranges over the elements J° with n # 1
in case 1, and n # 1, x in case 2.
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Lemma 2.9. We have the following:
1. For each (n,%) € J° with n ¢ {1, x}, there is a Hecke operator Ty, ) satisfying

T(Wﬂ/’)Ek(Th @Z}) = 07 T(T],z/J)El(lv XS) 7& 0.
2. In case 1, there is a Hecke operator T(, -~ satisfying
Toowr B w' ™) =0, TwsEi(1,xs) # 0.

Proof. Let us write n ~ 1’ if the two characters n and 7’ agree on all but finitely many
primes, i.e., if they come from the same primitive character.

Let (n,7) be any element of J°. If  ~ 1, then ¢ ~ yw!~* and the condition (n,v) € J°
implies that ¢ has conductor ng. Therefore n has conductor 1 and n = 1. If n ~ x, then
7 is necessarily of modulus n when (n,p) = 1, and hence n = y. Hence, in proving part 1
we may assume that n 4 1, x. Let H, 4 be the abelian extension of F' that is cut out by 7
and 1 by class field theory, and view 1 and ¢ as characters of Gal(H,)/F). Let o be any
element of Gal(Hy, ) /F) that does not belong to ker(n) Uker(nx ™). Such an element exists
because a group cannot be the union of two of its proper subgroups. By the Chebotarev
density theorem, there is a prime A { ng of F' whose Frobenius element is equal to o. For
such a prime we have

(), P TN} 2 {Lx(N)}, () x gt A) = 1 x x ().
It follows that
n(A) + Y1) # 14+ x(N).
Now, set
Ty = Th—n(A) — (N (NN (82)
= Ty —n(A) — g ) (NN
It is easy to see that the operator 17, has the desired properties, in light of the fact that

TEi(1,xs) = (1+x(\)Ei(1,xs),
TaEp(n,v) = (n(X) + (M) (NX E(n, ¥).

This proves part 1. Part 2 is proved by choosing a prime q of I’ above p different from p,
and setting

Tiur+y 7= Uqg = x(a)- (83)
Since U, acts with eigenvalue x(q) on Ey(x,w'™*) and with eigenvalue 1 on E;(1, xs), the
result follows (recall that x(q) # 1 by Lemma 1.1). O

Corollary 2.10. The modular form

Fk = H T(WP) Hk,
()

where the product is taken over all (n,1) € J° with n # 1 in case 1 and n # 1,y in case 2,
belongs to Si(ng, xw!™*).
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3 A-adic forms

3.1 Definitions

We now recall the basic definitions of A-adic forms. Let x be any totally odd E-valued
narrow ray class character of ' modulo n. Recall from the introduction the Iwasawa algebra
A ~ Og[T], which is topologically generated over O by functions of the form k +— a* with
a €1+ pZ,. For each k € Z,, write

v, N — Op

for the evaluation map at k. We will write A,y C F, for the localization of A at ker v, and
sometimes view v as a homomorphism from A, to E.

In Section 2, we recalled the definition of the space M} (ng, xw'™*) of classical Hilbert
modular forms of weight &, level ng, and character yw!'=*. To each such form f is associated
its set of normalized Fourier coefficients c¢(m, f), indexed by the nonzero integral ideals of F
and normalized constant terms ¢, (0, f), indexed by the narrow class group C1*(F).

Definition 3.1. A A-adic form .% of level n and character x is a collection of elements of
A:

c(m,.Z) for all nonzero integral ideals m of F
cx(0,.F) for X € CIT(F),

such that for all but finitely many k > 2, there is an element of M (ng, yw!™%; E) with
normalized Fourier coefficients vy (c(m,.#)) for nonzero integral ideals m, and normalized
constant terms v, (cy(0,.F)) for A € CIT(F).

The space of A-adic forms of level n and character x is denoted M(n, x). A A-adic form
Z is said to be a cusp form if vy (F) belongs to Si(ng, xw'™*) for almost all k > 2, and
the space of such cusp forms is denoted S(n, x). The action of the Hecke operators T for
A fnp and U, for q | np on M (ng, xw'™; E) lifts to a A-linear action of these operators on
M(n, x) that preserves the subspace S(n, x) (see §1.2 of [16]).

Hida’s ordinary projection can still be defined by

e = lim (H Ug)™.
alp

The image of e is the submodule of ordinary forms:
M°(n, x) == eM(n, x), S°(n, x) :=eS(n, x).

The spaces M°(n, x) and S°(n, x) are finitely generated torsion-free A-modules. Let T and
T denote the A-algebras of Hecke operators acting on M?°(n, y) and S°(n, x) respectively.

By extension, we also call any element of M°(n,y) @ Fa or §°(n, x) @5 Fa a A-adic
modular form or A-adic cusp form, respectively. Note that if .# is such an element, then its
weight k specialization vy (%) is defined for almost all k£ € Z,.
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3.2 A-adic Eisenstein series

The most basic examples of A-adic forms are the Eisenstein series. Let n and ¥ be a pair of
narrow ray class characters modulo m, and m,; respectively, such that 7 is totally odd.

Proposition 3.2. There exists a A-adic modular form

En,¥) € M(mymy,np) @ Fa

such that
ve(€(n,¥)) = Br(n, Yw' ™).

Proof. The Eisenstein series Ey(n, yw!~%) satisfy

e(m, Bln,vw' ™) = 37 (5) wle) (Ne)! (84)

(v,p)=1

and
27" () Ly(n Ww, 1 — k) ifm, =1

. (85)
0 otherwise.

ex(0, Ex(n, pw'™")) = {
One sees by inspection that the expressions on the right of (84), viewed as functions of k,
belong to the Iwasawa algebra A . That the function &k +— L,(n~'tw, 1 — k) belongs to Fy

is equivalent to the known assertions about the existence and basic properties of the p-adic
L-functions L,(n 'Yw, s) (see, for example, [17, (1.3)]). O

We remark in passing that the idea of realizing the special values L,(n '¢w,1 — k) as
the constant terms of Eisenstein series whose other Fourier coefficients lie in A is a key
component of the construction of p-adic L-functions for totally real fields due to Serre and
Deligne-Ribet.

Recall the normalized Eisenstein series Gj_;(1,w'™*) with constant term 1. Its p-adic
interpolation is most conveniently described in terms of the space M’ of A-adic forms “with
weights shifted by 1”. An element of M’ is a collection of elements ¢(m,.#) and ¢, (0, .#) of
A with the property that the specializations {v(c(m,.%)), vx(cA(0,.%)} are the normalized
Fourier coefficients of an element in Mj_(p, w'™%; E). There exists an element &4 € M'® F,
satisfying

I/k(g) = Gk_l(l,wl_k).

It is defined by the data:

o(m, @) =2"G(F,2— k)~ Y (No) "(Ne)* ', y(0,9) =1, (86)

tjm
(v;p)=1

where (,(F,s) = L,(1,s) is the p-adic zeta-function attached to F. We see by inspection
that all of the coefficients of ¢4 belong to Fj, and that 14(¥) = Gx_1. The specialization of
¢ at k =1 plays a crucial role in our argument.
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Proposition 3.3. Assume Leopoldt’s conjecture for F'. The form & belongs to M’ ® A,
and

l/l(g) =1.

Proof. By a result of Colmez (cf. the main theorem of [2]), the non-vanishing of the p-adic
regulator of F' is known to imply that the p-adic zeta-function (,(F, s) has a simple pole at
s = 1. Therefore (,(F,2 — k)~! is regular at k& = 1 and vanishes at that point. The result
follows. O

3.3 A A-adic cusp form

In order to invoke Proposition 3.3, we assume Leopoldt’s conjecture for F' in the rest of
Section 3. In case 2, we also assume that assumption (11) holds.

Recall the classical modular forms Py, P¢ and Hj, in M(ng, yw'™*) that were defined
in Sections 2.3 and 2.4 (see equations (70), (76), (78), and (80)), and the cusp form Fj €
Sk(ng, xw'™*) that was constructed in Corollary 2.10 in Section 2.5.

Proposition 3.4. There exist A-adic forms & € M(n, x)®Aqy, P°, H € M°(n, x)@Aq),
and F € 8°(n, x) ® Ay satisfying, for almost all k > 2:

Vk(gz) :Pk, Vk(gzo) :Pko, I/k(%) :Hk, Vk(y) :Fk (87)
Proof. The forms & and &?° are simply defined by setting
P =Ei(1,xr)¥9, P’ =eP.

To define the modular form 57, recall first the coefficients uy, v and wy that were defined in
equations (79) and (81). In case 1, we set v, = 0 so that in all cases we have uy +vg+wg = 1.
We observe that the coefficients ug, vp and wy can be interpolated by elements u, v, w € Fi
satisfying u(k) = wug, v(k) = vy, and w(k) = wy for almost all k¥ > 2, since the functions
L, k)7 and L (x !, k) belong to Fa. A direct calculation then shows that u, v and
w belong to A(;). More precisely,

u(l) =1; v(1) = 0; w(l) =0 in case 1; (38)
_ _ 200 —0 88
v =z z@orny W= Zgniaiery W) =0 incase,

where ¢ denotes the common order of vanishing of %, (x, k) + L (x4 k) and L (x 71, k)
at k = 1. It is at this stage that we use the hypothesis (11) appearing in Theorem 2. In
both case 1 and case 2, it can be seen that the coefficients u, v and w belong to A(;) and
that u is even invertible in this ring. In particular, the A-adic form

H = ub(1,x) +vE(x 1) + wP?

belongs to M?(n, x) ® A1y and satisfies vy () = Hj.
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Finally, we note that the Hecke operators T, ) of Lemma 2.9 that are defined in equations
(82) and (83) can be viewed as elements of the ordinary A-adic Hecke algebra T. We may

therefore set
F = [ T
()

to obtain the desired A-adic cusp form satisfying vy (%) = F}.. Proposition 3.4 follows. [

From now on, we will write u;, vy, and w; for u(1),v(1), and w(1), respectively. We now
analyze the weight 1 specialization of the A-adic forms of Proposition 3.4.

Lemma 3.5. We have
n(Z) =wn(2°) = Ei(l,xr), wn()=Ei(l,xs),

and
n(F)=t-E(l,xs), forsometée E*.

Proof. Proposition 3.3 directly implies that 14 (%) = Ei(1, xg). (It is here that Leopoldt’s
conjecture is required in our argument.) To study v;(Z#°), we note that the operator U,
preserves the two-dimensional subspace W, of M;(ng, x) spanned by E;(1, xg) and E(1, xs),
and acts non-semisimply on this space, with generalised eigenvalue 1. More precisely, we
have

UpE1(17XS> = E1(17XS>7
UsEr(1,xr) = Ei(1,xr) + Ex(1, xs).

The Hecke operators U, for q | p and q # p act on W, as the identity. It follows that
e acts as the identity on W,, and in particular eE;(1, xg) = Ei(1, xg). This shows that
v (2°) = E1(1, xr). The calculation of v () is a direct consequence of the fact that

n(&1,x)) =un(&(x,1) =FEi(l,xs), u+v =1, w; =0.

Finally, the conditions satisfied by the Hecke operators T{, ) in Lemma 2.9 and the fact
that Ey(1, xs) is an eigenform show that vy(.%#) is a non-zero multiple of Ey(1,xs). This
concludes the proof. O

3.4 The weight 1+ ¢ specialization

Let v, : Agy—E = El[e]/(?) be the “weight 1 4 ¢ specialization” that was discussed
in the introduction (cf. equation (31)). We now consider the form Hii. := v14.(5), and
calculate its Fourier coefficients in terms of the homomorphism k.y. defined in (16). The
Fourier coefficients of the form vy () = E;(1, xs) are given, for primes q # p, by the sum
of the two characters 1 and y. The key observation is that the Fourier coefficients of the
infinitesimal lift Hq,. are still given by the sum of two characters lifting 1 and .
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Define these two characters ¢,y : Gp — E* as follows. The character 17 is unramified
outside p and satisfies

P1(q) = 1+ v1Keye(q)e for all q 1 p. (89)

The character 1, is unramified outside S and satisfies

Ya(q) = x(a0)(1 + urkicye(q)e) for all q ¢ S. (90)

As usual, we extend the definitions of ¥; and v to totally multiplicative functions defined
on the set of ideals of F' by the following formulas, for prime q:

Yi(q) = 1lifq]p,
Ya(q) = 0ifges.

Proposition 3.6. The Fourier coefficients of Hy.. satisfy ¢(1, Hi1e) = 1 and, for each
prime ideal q of F', we have

c(q, Hive) = ¥i(q) +2(q)  ifg#p (91)
c(p, Hipe) = 1+w'(1)e. (92)

Furthermore, Hy4. is a simultaneous eigenform for the Hecke operators Ty for ¢ € S and Uy
for q € S with eigenvalues given by (91) and (92).

Proof. We will only consider case 2, i.e. the case when p is the only prime of F' above p. (The
analysis of case 1, where v = 0, can be treated by a similar but simpler calculation.) Write
O14e(u) = ug + ule, and likewise for v and w. Let us also write E1,.(1,n) = v141(& (Y, n)).
Given an integral ideal m of I, write m = bp’ with p 1 b. We note that

C(maEl—F&(l?X)) = ZX 1+’icyc ) ) (93)
/b

c(m, Erie(x, 1)) = D X(0)(1 + Feye(b/0)2). (94)
/b

It follows from the equations w; = 0 and v, (£?°) = E;(1, x) that

H1+€ = (ulEl—i-s(la X) + U1E1+5(X, 1)) + (u/lEl(lv XWO) + U1E1<X7 wO) + w/1E1(17 X)) €
= (uB(1,x) + niBiie(x, 1) + wi (Bi(1,x) — Ei(1, xs)) €. (95)

We have used the facts Fy(1, xw®) = Ey(x,w®) = Ei(1, xs) and v} + v} +w} = 0 in deriving
(95). Using (93) and (94), the mth coefficient of the first term

u1 By (1, x) + v1B14e(x, 1)
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n (95) may be written:

ZX (1 + Keye(t)e) | + 11 ZX (1 + Keye(b/1)e)

b )b
= Z X(t)(l + Ullﬁcyc(t)ﬁ + Ul“cyc(b/t)g)
)b
= 3 (b)),
)b

Here we have used the fact that u; +v; = 1, by (88).
The remaining term

wll (El(lv X) - E1(17 XS)) €
in (95) has mth coefficient equal to

wh - (Y x(@))e
/b

so we obtain

c(m, Hip) = D wi(b/e)ia(r) +tw) Y x(v)e (96)

/b /b

S (b/e)n(e) | x (1+wie)"

)b

Equations (91) and (92) follow immediately from (96). We leave to the reader the exercise,

using (96) and the definition of the Hecke operators (see for instance equation (1.2.5) of [15]),

that Hy,. is indeed an eigenvector for the Hecke operators with the specified eigenvalues.
U

The eigenform H,. determines a A()-algebra homomorphism valued in the dual num-
bers: ) )
Pr4e : T® Ay—F = E[g]/(£?),

defined by sending a Hecke operator to its eigenvalue on H;,.. The homomorphism ¢,
lifts the homomorphism .
(bl . T ® A(l) —>E

describing the eigenvalues of the Hecke operators on the Eisenstein series vy () = E1(1, xs).
Geometrically, ¢; corresponds to a point on the spectrum of T, and ¢11¢ describes a tangent
vector at that point.

The fact that the cusp form .% is obtained by applying a Hecke operator to 7, and that
v (F) # 0 (cf. Lemma 3.5), shows that Fy,. is (up to multiplication by an element of £*)
a normalized cuspidal eigenform with Fourier coefficients in E and with the same associated
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system of Hecke eigenvalues as H,.. Hence ¢, factors through the quotient T ® Ay of
T ® Aw.

Let T(;) be the localization of T ® Ay at ker ¢;. We will view ¢1,. as a homomorphism
on Ty, which is possible since ¢, factors through the natural map T ® A)—T(;). The
following theorem summarizes the main results of this section.

Theorem 3.7. Assume Leopoldt’s conjecture for F', and in case 2 assume further that (11)
holds. Let 1)y, be as in (89) and (90). There exists a A1y-algebra homomorphism

G14e 1 Ty—Ele]/(€%)

satisfying
d11(Ty) = 1(a) +va(q) ifqégs; (97)
¢11:(Uq) = ti(a) ifq€R, (98)
11(Up) = 1+ uZn(x)e (99)

Proof. Equations (97) and (98) simply restate (91). Equation (99) is a consequence of (92)
and the identity (cf. equations (79) and (81))

w(k) = u(k)Lun(x, k),

which implies that w} = u1-Zun(Xx)- O

4 Galois representations

In this section, we parlay the homomorphism ¢;,. of Theorem 3.7 into the construction of
a cohomology class k € Hy(F, E(x™")) satisfying

resp b = —Zan(X)Fnr + Keye- (100)
This class will be extracted from the Galois representations attached to the eigenforms in

S°(n, x).

4.1 Representations attached to ordinary eigenforms

Recall that Ty is the localization of T® A1) at ker ¢1. Let F(;) be the total ring of fractions
of the local ring T ;). It is isomorphic to a product of fields:

f(l):f1><~-~><ft,

where each F; is a finite extension of F,. Fix a factor F = F; in this decomposition. We
will write Ty and Uy to denote the images of the corresponding Hecke operators in F under
the natural projection F(;)—F.
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Recall the cyclotomic character €y : G F%Z; that was introduced in equation (13) of
the introduction, and satisfies

€cyc(Frobg) = Ng,  for all q { p.

The A-adic cyclotomic character
ey - G [o—

is given by
Ecye(Frobg) (k) = (Ng)* .

The following key result is proved in [16] (cf. Theorems 2 and 4 of loc. cit.).

Theorem 4.1. There is a continuous irreducible Galois representation
p: Gr — GLy(F)
satisfying

1. The representation p is unramified at all primes q € S, and the characteristic polyno-
mial of p(Frobg) is
o® = Tyr + x(a)(Ng)* . (101)

In particular, det p = xe

cyc*

2. The representation p is odd, i.e., the image of any complex conjugation in Gr under p
has characteristic polynomial x> — 1.

3. For each q | p, let G4 C Gg denote a decomposition group at q. Then

-1
( chyénq * ) (102)

Tq

12

pla,

where 14 is the unramified character of G4 satisfying
nq(Frobg) = U, (103)
Let V = F? be the representation space attached to p. For any choice of F-basis of V

there is an associated matrix representation

_(alo) blo) o
plo) = < (o) d(o) ) , a,bcd: Gp—F. (104)

Let R denote the image of T(;) under the projection F;)—F. The ring R is a quotient
of T (1) and hence is also a local ring having E as residue field. For x € R, write 7 € E for its
reduction modulo the maximal ideal m of R. Fix a choice of a complex conjugation ¢ € Gp.
Since the representation p is totally odd, we may choose an F-basis of V' such that

o= )

Assume once and for all that the basis of V' has been chosen in this way.
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Theorem 4.2. The representation p satisfies the following properties.

1. For all 0 € G, the entries a(o) and d(o) belong to R*, and

2. The matriz entry b does not vanish identically on the decomposition group G at p.

Proof. The traces of p(Frob,) are Hecke operators, and hence lie in R. By the Chebotarev
density theorem, the same is true of trace(p(o)) for all ¢ € Gp. The identities

a(o) = % (trace p(o) + trace p(cd)) (105)
and .
d(o) = 3 (trace p(o) — trace p(c9d)) (106)

imply that a(c),d(c) € R. Furthermore, (101) combined with

¢1(Tq) =1+ x(q) for g & S

implies that trace p(c) = 1+ x. Hence part 1 follows from (105) and (106). We now turn to
the proof of part 2. Let B denote the R-submodule of F generated by the b(c) as o ranges
over Gr. A standard compactness argument shows that B is a finitely generated R-module.
Since d(o) belongs to R*, the function K (o) := b(0)/d(o) also takes its values in B. Let

K : Gp—B, B := B/mB

denote its mod m reduction. A direct calculation using the multiplicativity of the repre-
sentation p of equation (104) reveals that the function K is a continuous one-cocycle in
ZYGp, B(x™')). Furthermore, part 3 of Theorem 4.1 gives, for each q | p, a change of basis
matrix

( ‘é: gz ) € GLo(F) (107)

( a(a) b(O’) ) ( Aq BCI ) — ( Aq BCI ) ( chycnq_l(o-) * ) (108)
(o) d(o) Cq Dyq Cq Dy 0 14(0)
for all 0 € G. Comparing the upper left-hand entries in (108) gives the identity

Cab(0) = Aq [Xeoyelly (o) — a(0)] (109)

for all o € G,. Suppose now that q # p. Since x # 1 on Gy, there is a 04 € G4 for
which x(oq4) # 1 and hence for which the expression in square braces on the right of (109),

satisfying
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evaluated at 0 = oy, is a unit in R. It follows that Cy # 0 and that the ratio wq := A,/C,
belongs to B. Equation (109) can be rewritten as the equation in B:

[Xeeyelty (o) — alo)]
d(0)

K(o) = wy, foralloeGy. (110)

In order to reduce this equation modulo m, we note that

Vl(gcyc) = 17 ¢1(7Iq(Fr0bq)) = C(C], El(laXS)) = 17
and hence ¢1(ng(c)) =1 for all o € G4. Part 1 of Theorem 4.2 then yields
K(o)=(1—x"Yo))w, forall o € G, (111)

It follows that K is locally trivial at all q | p’, and hence yields a class [K] € Hy(F, B(x™')).
Suppose that b vanishes on Gy. The same is then true of the cocycle K, which is therefore
trivial at p. Hence by Lemma 1.5, the cohomology class [K] is trivial. We may therefore

write K as a coboundary: B
K(o)=(1-x7"(0))0, (112)

for some € B and all 0 € Gr. Evaluating (112) at ¢ = § shows that in fact § = 0,
and hence K = 0 as a cocycle on Gp. But the image of K generates the R-module B by
definition, and hence B = 0. Since B is a finitely generated R-module, Nakayama’s Lemma
implies that B = 0, contradicting the irreducibility of p. This contradiction proves part
2. O

4.2 Construction of a cocycle

In the previous section, we constructed, for each quotient F; of F(y, a specific Galois repre-
sentation

pi  Gr—GLy(F;).

The product of these representations yields a Galois representation
p(l) . GF—>GL2(f(1)).

To lighten the notations we will write p instead of p(;) and use the symbols a, b, ¢ and d to
denote its matrix entries, with the understanding that in this section, these are now elements
Off(l) :fl Xoeee Xﬂ.

We now suppose we are given an A(j)-algebra homomorphism ¢4 : Ty — E lifting the
homomorphism ¢; corresponding to the modular form F;(1,xs). We suppose that ¢q.. is
given by the sum of two characters 11,1, : Gp — E* lifting 1, y, respectively, as in (97)
and (98).

Lemma 4.3. The Galois representation p satisfies the following properties:
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1. For the chosen complex conjugation 0,

o= ).

2. For all o € Gp, the entries a(o) and d(o) belong to T3, and

Pr4e0a = Y, (113)
¢1+£Od = ’QZ)Q. (114)

Proof. Part 1 follows directly from the definition of p. The proof of part 2 is identical to the
proof of part 1 of Theorem 4.2, with R replaced by T\y). O

The following is the main result of this section.

Theorem 4.4. Let ¢1,. be as above. Write 1y = 1+ 1¢, and define aj, € E by
P14:(Up) = 1+ aje.
There exists a cohomology class k € H;(F, E(x™Y)) satisfying
reSp K = —Uyknr + Keye — T€sp(1]).

Proof. Consider the change of basis matrices

Aq By

Cq Dy
with entries in F(yy satisfying (108). Equation (109) with q = p, combined with part 2 of
Theorem 4.2, shows that the projection of A, to each factor F; is non-zero. Hence A, belongs
to F/,. Let

1) c
b(o) := =2 xb
(0) = 12 x o),

and write B for the T;)-submodule of F(;) generated by the l;(a) as o ranges over G . Since
d(o) belongs to T3, the function K (o) := b(c)/d(c) takes values in B as well. For each
q | ¢/, the same reasoning as in the proof of Theorem 4.2 shows that the element C'; belongs
to F(jy (i.e. it is not a zero divisor), and that the element zq := i—z X g—: belongs to B. The
restriction of K to G satisfies

[Xeeyetly (o) — alo)]

Klo)= i)

zq, forall o € G, (115)

At the prime p, we have

for all o € G,. (116)



We now claim that the module B is contained in m C T(;) C F(;). To see this, let
B* = (B+m)/m, and let K* : Gr— B* be the function obtained by composing K with the
natural surjection B — B*. The function

K Gp—TF = B* /mB*
obtained from K* by reduction modulo the maximal ideal m is a one-cocycle yielding a class
575 i, -
(K] € H(F,B'(x™"))-
Equation (116) shows that

K*o) =0, and hence Fﬁ(a) =0, for all o € Gy, (117)

whereas equation (115) shows that [Fﬁ] is locally trivial at all q | p. It follows from Lemma

1.3 that [K ti] = 0, and arguing with ¢ as in the proof of Theorem 4.2, we find that in fact

K' = 0 as a function. Since the K ®(0) generate the finitely generated T (1)-module Bt we
have Bf = mB* and hence B* = 0 by Nakayama’s lemma. Thus B C m, as desired.

We can now complete the proof of Theorem 4.4. Since the function K takes values in
m C T(;), we may consider its composition with ¢;,. and define a function s : Gp — E by

¢1+€ o K(0> = ’%(U)g'

The function £ is a one-cocycle representing a class [k] € H*(F, E(x™')). Since z, € B C m,
(115) implies that [x] is locally trivial at all q | p’ and therefore belongs to Hp(F, E(x™")).
Finally, combining (116) with the equations

Prie O €ye = 1+ Keyet,
Precomp = 1+ a;ffnrffa
¢1+a ca = 1+ 77%57
¢1+a od = X+ ¢é57

(the latter two arising in (113) and (114)) yields
k(o) = —ay - kne(0) + Keye(0) — 1 (0)
for all o € G,. Theorem 4.4 follows. O

Proof of Theorem 2. Applying Theorem 4.4 to the A()-algebra homomorphism ¢;,. con-
structed in Theorem 3.7, we find that 1] = vikey and aj, = u1-%an(X), and hence obtain a
class k € H)(F, E(x™")) satisfying

resp ki = —U1ZLan(X)Enr + (1 — v1)Keye
= ul(_gan(X)Knr + Hcyc)-
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Recall that u; # 0 by (88). Replacing x by x/ui, we obtain (100). This proves part 1 of
Theorem 2, and part 2 for the character y. The proof of part 2 for the character y~* follows
from the observation that, when there is a unique prime of F' above p, the roles of the matrix
entries b and ¢ can be interchanged in Theorems 4.2 and 4.4. This produces a cohomology
class k € H,(F, E(x)) satisfying

resy £ = —Lan(X ) nr + Keye.
Theorem 2 follows. O
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