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The main conjecture for CM elliptic
curves at supersingular primes

By ROBERT PoLLACK and KARL RUBIN*

Abstract

At a prime of ordinary reduction, the Iwasawa “main conjecture” for ellip-
tic curves relates a Selmer group to a p-adic L-function. In the supersingular
case, the statement of the main conjecture is more complicated as neither the
Selmer group nor the p-adic L-function is well-behaved. Recently Kobayashi
discovered an equivalent formulation of the main conjecture at supersingular
primes that is similar in structure to the ordinary case. Namely, Kobayashi’s
conjecture relates modified Selmer groups, which he defined, with modified p-
adic L-functions defined by the first author. In this paper we prove Kobayashi’s
conjecture for elliptic curves with complex multiplication.

Introduction

Iwasawa theory was introduced into the study of the arithmetic of elliptic
curves by Mazur in the 1970’s. Given an elliptic curve E over Q and a prime p
there are two parts to such a program: an Iwasawa-Selmer module contain-
ing information about the arithmetic of E over subfields of the cyclotomic
Z,-extension Q. of Q, and a p-adic L-function attached to E, belonging to
a suitable Iwasawa algebra. The goal, or “main conjecture”, is to relate these
two objects by proving that the p-adic L-function controls (in precise terms,
is a characteristic power series of the Pontrjagin dual of) the Iwasawa-Selmer
module. The main conjecture has important consequences for the Birch and
Swinnerton-Dyer conjecture for E.

*The first author was supported by an NSF Postdoctoral Fellowship. The second author was
supported by NSF grant DMS-0140378.
2000 Mathematics Subject Classification. Primary 11G05, 11R23; Secondary 11G40.
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For primes p where E has ordinary reduction,
e Mazur introduced and studied the Iwasawa-Selmer module [Ma],
e Mazur and Swinnerton-Dyer constructed the p-adic L-function [MSD],

e the main conjecture was proved by the second author for elliptic curves
with complex multiplication [Ru3],

e Kato proved that the characteristic power series of the Pontrjagin dual
of the Iwasawa-Selmer module divides the p-adic L-function [Ka].

The latter two results are proved using Kolyvagin’s Euler system machinery.

For primes p where E has supersingular reduction, progress has been much
slower. Using the same definitions as for the ordinary case gives a Selmer mod-
ule that is not a torsion Iwasawa module [Rul], and a p-adic L-function that
does not belong to the Iwasawa algebra [MTT], [AV]. Perrin-Riou and Kato
made important progress in understanding the case of supersingular primes,
and independently proposed a main conjecture [PR3], [Kal.

More recently, the first author [Po] proved that when p is a prime of super-
singular reduction (and either p > 3 or a,, = 0) the “classical” p-adic L-function
corresponds in a precise way to two elements EJF,CE of the Iwasawa alge-
bra. Shortly thereafter Kobayashi [Ko] defined two submodules Sel! (E/Qx),
Sel, (E/Qx) of the “classical” Selmer module, and proposed a main con-
jecture: that L’% is a characteristic power series of the Pontrjagin dual of
Selg,t(E /Qx). Kobayashi proved that this conjecture is equivalent to the Kato
and Perrin-Riou conjecture, and (as an application of Kato’s results [Kal)
that the characteristic power series of the Pontrjagin dual of SeI;t(E /Qoo)
divides Ejg.

The purpose of the present paper is to prove Kobayashi’s main conjecture
when the elliptic curve E has complex multiplication:

THEOREM. If E is an elliptic curve over Q with complex multiplication,
and p > 2 is a prime where E has good supersingular reduction, then £§ s a
characteristic power series of the Iwasawa module Hom(SeI;t(E/QOO), Qy/Zy).

See Definition 3.3 for the definition of Kobayashi’s Selmer groups
Sel;E (E/Qso), and Section 7 for the definition of £E. With the same proof (and
a little extra notation) one can prove an analogous result for Selzjf(E /Q(1yee)),
the Selmer groups over the full p-cyclotomic field Q(gt,e)-

The proof relies on the Euler system of elliptic units, and the results and
methods of [Ru3] which also went into the proof of the main conjecture for
CM elliptic curves at ordinary primes. We sketch the ideas briefly here, but
we defer the precise definitions, statements, and references to the main text
below.
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Fix an elliptic curve E defined over Q with complex multiplication by an
imaginary quadratic field K, and a prime p > 2 where E has good reduction
(ordinary or supersingular, for the moment). Let p be a prime of K above p,
and let X = K(E[p™]), the (abelian) extension of K generated by all p-power
torsion points on E. Class field theory gives an exact sequence

(1) 0—¢/C—U/IC—X¥—A—0

where U, £, and C are the inverse limits of the local units, global units, and
elliptic units, respectively, up the tower of abelian extensions K (E[p"]) of K,
and X (resp. A) is the Galois group over K(E[p*]) of the maximal unrami-
fied outside p (resp. everywhere unramified) abelian p-extension of K(E[p™]).
Further

(a) the classical Selmer group Selp(£/X) = Hom(X, E[p]),

(b) the “Coates-Wiles logarithmic derivatives” of the elliptic units are special
values of Hecke L-functions attached to F,

(c) the Euler system of elliptic units can be used to show that the (torsion)
Iwasawa modules £/C and A have the same characteristic ideal.

If E has ordinary reduction at p, then &/C and X are torsion Iwasawa
modules. It then follows from (1) and (c) that &/C and X have the same
characteristic ideal, and from (b) that the characteristic ideal of U/C is a
(“two-variable”) p-adic L-function. Now using (a) and restricting to Qo C K
one can prove the main conjecture in this case.

When E has supersingular reduction at p, the Iwasawa modules ¢/ /C and
X are not torsion (they have rank one), so the argument above breaks down.
However, Kobayashi’s construction suggests a way to remedy this. Namely, one
can define submodules V*, V™ C U such that in the exact sequence induced
from (1)

0—&/C—U/CH+VE) — X/image(VE) — A — 0
we have torsion modules U/(C + V*) and X /image(V*), and the Kobayashi
Selmer groups satisfy

(a) Selff(E/Qoo) = Hom(X /image(VT), E[p™])%Q.

Using (b) (to relate U /(C + V*) with £3) and (c) as above this will enable us
to prove the main conjecture in this case as well.

The layout of the paper is as follows. The general setting and notation
are laid out in Section 1. Sections 2 and 3 describe the classical and Kobayashi
Selmer groups, and Sections 4 and 5 relate Kobayashi’s construction to local
units, elliptic units, and L-values. Section 6 applies the results of [Ru3] to our
situation. The proof of the main theorem (restated as Theorem 7.3 below) is
given in Section 7, and in Section 8 we give some arithmetic applications.
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1. The setup

Throughout this paper we fix an elliptic curve F defined over Q, with
complex multiplication by the ring of integers O of an imaginary quadratic
field K. (No generality is lost by assuming that End(E) is the maximal order
in K, since we could always replace E by an isogenous curve with this property.)
Fix also a rational prime p > 2 where F has good supersingular reduction. As
is well known, it follows that p remains prime in K. It also follows that
ap =p+1—|E(F,)| =0, so we can apply the results of the first author [Po]
and Kobayashi [Ko]. Let K, and O, denote the completions of K and O at p.

For every k let E[p*] denote kernel of p* in E(Q), Ep>®] = ULE[p"],
and T)(E) = @E[pk] Let X = K(E[p™]), let K denote the (unique)
Zg—extension of K, let Qs C K4 be the cyclotomic Zj,-extension of Q, and
let Keye = KQoo C Ko be the cyclotomic Z,-extension of K. Let p denote
the character

p:Gr — Auto,(E[p™]) = O,
Let E denote the formal group giving the kernel of reduction modulo p on E.
The theory of complex multiplication shows that F is a Lubin-Tate formal
group of height two over O, for the uniformizing parameter —p. It follows that
p is surjective, even when restricted to an inertia group of p in Gg. Therefore
p is totally ramified in X/K and p induces an isomorphism Gal(X/K) = O.
We can decompose

Gal(K/K)=AxT, xT_

where A = Gal(K/Ky) = Gal(K(F[p])/K) is the non-p part of Gal(X/K),
which is cyclic of order p?—1, and 'y is the largest subgroup of Gal(X/K (E[p]))
on which the nontrivial element of Gal(K/Q) acts by £1. Then I'y and T'_
are both free of rank one over Z,,.

Let M (resp. L) denote the maximal abelian p-extension of K(E[p*>])
that is unramified outside of the unique prime above p (resp. unramified
everywhere), and let X = Gal(M/X) and A = Gal(L/X). If F' is a finite
extension of K in X let Op denote the ring of integers of F, and define sub-
groups Cp C Ep C Up C (Op ® Z,)* as follows. The group Up is the
pro-p-part of the local unit group (Or ® Z,)*, EF is the closure of the projec-
tion of the global units O into Up, and C is the closure of the projection of
the subgroup of elliptic units (as defined for example in §1 of [Ru3]) into Up.
Finally, define

C=lmCprCcé=limEr CU =1limUp,

inverse limit with respect to the norm map over finite extensions of K in XK.
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Class field theory gives an isomorphism Gal(M /L) = U /E. We summarize this
setting in Figure 1 below.

Figure 1.

If K C F C X we define the Iwasawa algebra A(F') = Z,[[Gal(F'/K)]]. In
particular we have

AX) = Zp[[Gal(K/K)]] = Zp[[A x 'y x I'_]],
AMKwx) = Zp[[Gal(Kw/K)]] = Zp[[T' x T_]],
AKeye) = Zp[[Gal(Keye/K)]] = Zp[[T1]] = Zp[[Gal(Qoo/ Q)]]-

We write simply A for A(Kcyc), and we write Ap(F) = A(F) ® Op and Ap =
A® O,.

Definition 1.1. Suppose Y is a A(K)-module. We define the twist
Y(p™) =Y ® Homp(E[p™], K,/O,).

The module Homp (E[p™], K,/Op) is free of rank one over O,, and G acts
on it via p~1. Thus we have T,(E)(p~!) 2 O, and E[p>](p~!) = K,/O,.
If K ¢ F C X we define

YE=Y(p™") @n) MF) =Y (p™1)/{y = 1: 7 € Gal(X/F)),
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the F-coinvariants of ¥'(p~!). We will be interested in Y _ and Vg Con-
cretely, if we write Z for the Ap (K )-submodule of Y ® O, on which A acts
via p, then Y}  can be identified with Z(p~') and Y., can be identified with

(Z/ (% — p(75))Z)(p~1) where 7, is a topological generator of I'_.

2. The classical Selmer group

For every number field F' we have the classical p-power Selmer group
Sel,(E/F) C HY(F, E[p*]), which sits in an exact sequence

0 — E(F) ®(Qp/Zy) — Sely(E/F) — LI(E/F)[p™] — 0

where HI(E/F)[p*] is the p-part of the Tate-Shafarevich group of E over F.
Taking direct limits allows us to define Sel,(E/F') for every algebraic extension
F of Q.

THEOREM 2.1. Sely(E/Keye) = Homo Xy, Kp/Op).

Proof. Combining Theorem 2.1, Proposition 1.1, and Proposition 1.2 of
[Rul] shows that

Sely(E/Keye) = Homp (X, E[p™])SalX/Keve)

= Homo(X(p™1), Kp/op)Gal(K/Kcyc) = HomO(XIp(cychp/Op)‘
O

Remark 2.2. We have TankAo(Koo)X}p(w = 1 (see for example [Ru3,
Th. 5.3(iii)]), so ranky, X lp(cyc > 1. Thus, unlike the case of ordinary primes,
the Selmer group Sel,(E/Kcyc) is not a co-torsion Ap-module. This makes the
Iwasawa theory for supersingular primes more difficult than the ordinary case.
In the next section, following Kobayashi [Ko], we will remedy this by defining
two smaller Selmer groups which will both be co-torsion Ap-modules.

3. Kobayashi’s restricted Selmer groups

If ' is a finite extension of K in X let F}, denote the completion of F'
at the unique prime above p, and for an arbitrary F with K C FF C X let
F, = UnxN,, union over finite extensions of K in F. For every such F' let
mp denote the maximal ideal of F}, and let E(F,) C E(F}) be the kernel of
reduction. Then E;(F}) is the pro-p part of E(F}) and we define the logarithm
map Ag to be the composition

\g: B(E,) - Ei(F,) = E(mp) — F,
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where the first map is projection onto the pro-p part, the second is the canonical
isomorphism between the kernel of reduction and the formal group F, and the
third is the formal group logarithm map.

Definition 3.1. For n > 0 let Q, denote the extension of Q of degree
p" in Qu, and if n > m let Tr,/,, denote the trace map from E(Qup) to
E(Qup). For each n define two subgroups E*(Qup), B~ (Qnyp) C E(Qnyp) by

ET(Qunp) = {z€BEQup): Tr,mz € E(Qu-1p) if 0 <m <n, m odd}
E7(Qup) = {2€ E(Qup): Try/pmr € E(Qm-1p) if 0 <m <n, m even}
T (resp. =)

and let Fif(Qu,) = EX(Qup) N E1(Qy,). Equivalently, let =3
denote the set of nontrivial characters Gal(Q,/Q) — p,» whose order is an
odd (resp. even) power of p, and then

E¥(Qup) = {2 € E(Qup) : Zoecaiqn/q) X(0)27 = 0 for every x € E}

where the sum takes place in £(Qpp) ® Z[p,n]. Note that when n = 1 we get
ET(Qp) = E7(Qp) = E(Qp). When n = oo we define

Ei(Qoo,p) = UnEi(Qn,p)-

We also define E+(KQ,,,) exactly as above with Q,, replaced by KQ,,. The
complex multiplication map E(Qy ) ® O, — E(KQ, ;) induces isomorphisms

(2) El(Qn,p) ® Op — Ey (KQn,p)a Eli(Qn,p) ® Op — Eli(KQn,p)

for every n < oc.

Fix once and for all a generator {(,»} of Zy(1), so (pn is a primitive p"-
th root of unity and anﬂ = (. If x : '+ — pe define the Gauss sum

7(X) = XoecaQu,x)/Q) X(@)-
THEOREM 3.2 (Kobayashi [Ko]).
(i) E*(Qnp) + E7(Qnp) = E(Qnp)-
(il) E(Qnp) N E~(Qup) = E(Qp).

Further, there is a sequence of points d,, € E1(Qu,p) (depending on the choice
of {¢pn} above) with the following properties.

coe — dn_2 /I/fn Z 2’
(iii) Trppn1dn = { LPdy ifn=1.

() 1/ x: Gal(Qu/Q) > pyn then

> x(0)Ae(d]) = { (;1)[%170() if n>0,

€Gal(Qn/Q) Pl ifn=0.
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(v) Ife = (—1)" then
ET(Qn,’p) = Zp[Gal(Qn/Q)]dn and Efe(Qn,p) = Zp[Gal<Qn—1/Q)]dn—1~

Proof. The first two assertions are Proposition 8.12(ii) of [Ko].
ntl
Let d, = (—=1)[*2 ]TrQanH)/QnC;ZH where ¢}, 11 € E1(Q(pyn+1)p) cor-

responds to the point ¢, € E (Q(peyn+1)p) defined by Kobayashi in Section 4
of [Ko]. Then the last three assertions of the theorem follow from Lemma 8.9,
Proposition 8.26, and Proposition 8.12(i), respectively, of [Ko]. O

Definition 3.3. If 0 < n < oo we define Kobayashi’s restricted Selmer
groups Sellf(E/Qn) C Sel,(E/Qy) by

Sl (B/Qu) = ke (861, (B/Qu) — H' Qg Ep™) /(B (Qur) © Qy/2,) )

Since F(Qn.v) ® Qp/Zy = 0 when v { p, a class ¢ € H'(Q,,, E[p™]) belongs to
Sel?f(E/Qn) if and only if its localizations ¢, € H'(Qy, , E[p™]) satisfy ¢, =0
ifv{pand

Cp € image(Ei(Qn,p) ® Qp/zp - Hl(Qn,pa E[poo])> :

(If we replace E*(Q,p) by E(Qy ) we get the definition of Sel,(E/Qy).)
We define Sel;,t(E /Kcye) in exactly the same way with Q,, replaced by
KQ,, using E¥(KQ,,), and then

Sel;t(E/Qoo) ® O)p = Sel;f(E/Kcyc)-

4. The Kummer pairing

The composition
E(:Kp) ® Qp/zp I Hl(g{p» E[p™]) — Hom(G’g(p, E[p™])
— Hom(U, E[p]) = Homo (U (p™"), K,/ O,),

where the third map is induced by the inclusion U < Gy, of local class field
theory, induces an O)-linear Kummer pairing

3) (BE(Xp) ® Qp/Zyp) x Up™) — p/ Op-
PROPOSITION 4.1.  The Kummer pairing of (3) induces an isomorphism
uﬁcyc = Homo (E(Kcyep) ® Qp/Zp, Kp/Op).

Proof. This is equivalent to Proposition 5.4 of [Ru2]. O
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Definition 4.2. Define V¥ C Z/{I’}Cyc to be the subgroup of Uﬁcyc corre-
sponding to Homo (E(Kcyc,p)/E* (Kcycé,) ®Qp/Zy, K,,/O,) under the isomor-
phism of Proposition 4.1. Since Homp( - ,K,/Op) is an exact functor on
Op-modules we have

(4) Ei(Kcyqp) ® Qp/Zy = Homo(L{f}Cyc/fii, Kp/Op),
(5) U;}cyc/?i = Homo (E™ (Keye,p) ® Qp/Zp, Kp/Op).

Let a: U — X be the Artin map of global class field theory. The following
theorem is the step labeled (a’) in the introduction.

THEOREM 4.3 Sely (E/Keye) = Homo (X /a(VE), K,/Op).

Proof. This is Theorem 2.1 combined with Definition 3.3 of SelziIE (E/Keye)
and (4). O

PROPOSITION 4.4. (i) Uy is free of rank two over Ao(Kx) and Uﬁcyc
18 free of rank two over Ao.

(i) V* and L{;}Cyc/ﬁi are free of rank one over Ao.

(ii) There is a (noncanonical) submodule VE C Uy whose image in L{;}Cyc
is VE and such that V¥ and U[’}m JVE are free of rank one over Ao (Ko).

Proof. By [Gr], Uy is free of rank two over Ap(Ks), and then the
definition of Z/l;}cyc shows that Z/l;}cyc is free of rank two over Ap. Theorem 6.2
of [Ko] (see also Theorem 7.1 below) and (5) show that Z/l[’}cyc JVE is free of
rank one over Ap, so the exact sequence 0 — VE Z/{;}Cyc — U;}cyc / VE 0
splits. Thus VEisa projective Ap-module, and Nakayama’s lemma shows that
every projective Ap-module is free. This proves (ii). B

Let u be any element of Uﬁoo whose image in Uﬁcyc generates V*, and let
VE = Ao(Koso)u. Then V¥ is free of rank one, and it follows from (ii) and

Nakayama’s lemma that Uf. /V* is free of rank one over Ap(Ko) as well.
U

5. Elliptic units and the explicit reciprocity law

Let g denote the Hecke character of K attached to F, and for every
character y of finite order of G let L(¢gx, s) denote the Hecke L-function. If
X is the restriction of a character of Gq then L(¢¥gx,s) = L(E, x, s), the usual
L-function of E twisted by the Dirichlet character x. Let Qg € R denote the
real period of a minimal model of E.



456 ROBERT POLLACK AND KARL RUBIN

The explicit reciprocity law of Wiles [Wi] together with a computation
of Coates and Wiles [CW] leads to the following theorem, which is the step
labeled (b) in the introduction.

THEOREM 5.1.  The Ap (K )-module C%oo of elliptic units is free of rank
one over Ap(Kw ). It has a generator & with the property that if K C F C K,
v € E(Fy), and x : Gal(F/K) — e, then the Kummer pairing { , ) of (3)
satisfies

> v (o) a® @ p* ) = il Y XY o) As().

o€Gal(F/K) Qp o€Gal(F/K)

Proof. See [Wi] and [CW, §5], or Theorem 7.7(i) of [Ru3] and Theorem 3.2
and the proof of Proposition 5.6 of [Ru2]. O

COROLLARY 5.2. (i) The map Cf(cyc — L{I’}Cyc is injective.
(ii) Cf(cyc is free of rank one over Ao and C%Cyc Nyt = Cpoyc NYy- =0.

(iii) rankp, (k. )k, =1 and E _NVT =& NV~ =

Proof. Since CIprC and U;}Cyc JV* are free of rank one over Ay (Theorem

5.1 and Proposition 4.4(ii)), the map C%Cyc — /VjE is either injective or
identically zero. Thus to prove both (i) and (i ) it Wlll suffice to show that the
image §~ € U}'}Cyc of the generator £ € Cf(oo of Theorem 5.1 satisfies f ¢ V* and
E¢ v

Rohrlich [Ro] proved that L(E, x, 1) # 0 for all but finitely many charac-
ters x of Gal(Kcye/K). Applying Theorem 5.1 with « = da, for large n and
using Theorem 3.2(iv) it follows that the image of £ in Homp(E™ (Keyep) @
Q,/Z,, K,/O,) is nonzero. Hence 3 ¢ V*. Similarly, using the points dap41
for large n shows that & ¢ V. This proves (i) and (ii).

By Corollary 7.8 of [Ru3], £ is a torsion-free, rank-one Ao (K )-module.
Just as in (i), since U _ JVE is torsion-free (Proposition 4.4(iii)) the map
Ef(oo — Z/{;}w /V* is either injective or identically zero. But we saw above that
3 ¢ VE so € ¢ VT and Sf(oo — Ll;}oo /V¥ is not identically zero. This proves
(ii). O

6. The characteristic ideals
If B is a finitely generated torsion module over Ap(K) (resp. Ap,

resp. A), we will write chary (g )(B) (resp. chary, (B), resp. chary(B)) for
its characteristic ideal.
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The following theorem is Theorem 4.1(ii) of [Ru3], twisted by p~!. Tt is
the step labeled (c) in the introduction.

THEOREM 6.1 ([Ru3]). The Ao(Koo)-modules Ay and €. [Ch.  are
finitely generated and torsion, and

CharAO(Koo)(A%oo) = CharAO(Koo)(g[p(oo /Cf(oo)

COROLLARY 6.2. Let o : U — X denote the Artin map of global class
field theory. Then Xf_[a(VF) and Uy /(VE + Ci_) are finitely generated
torsion Ao (K )-modules and

chary g (g ) (X /a(VF)) = chary, (o) Uk /(VE +Ch ).
Proof. Class field theory gives an exact sequence

0—&/C—UIC - X — A—0.

1

Twisting by p~ and using the fact that A has order prime to p gives another

exact sequence
0 — & [Ch. — Ug [Ch_ = Xg  — A — 0.
Since Eﬁoo N V* =0 by Corollary 5.2, we get finally an exact sequence
(6) 0= & [Ch, — UK JVFH+Ch ) = X [a(VE) = A —0.

Since Cf(oo N V* = 0, it follows from Theorem 5.1 and Proposition 4.4 that
the quotient Uy /(V*+Cl_) is a finitely generated torsion Ap(K)-module.
Now (6) and Theorem 6.1 show that X/ a(V*) is a finitely generated torsion
Ao (K )-module as well, and that the two characteristic ideals are equal. O

THEOREM 6.3. The Ao-modules Xﬁcyc/a(ﬁi) and L{f}cyc/(f/i +Ch.,)
are finitely generated torsion modules and

chars (XL, [a(V*)) = charso @l /(V* +Cl ).
Further, le(cyc/a()}i) has no finite Ap-submodules.

The proof of Theorem 6.3 is given below, after a few lemmas. The proof
is essentially contained in Section 11 of [Ru3], but since it is crucial for our
main result we recall some of the details.

If A is an ideal of Ap(K), let A C Ap denote the image of 2 under
the projection map Ap(K~) — Ap. Fix a topological generator v, of I'_ =
Gal(Koo/Keyc).

LEMMA 6.4. Suppose B is a finitely generated torsion Ao (K )-module
with no nonzero pseudo-null submodules. Then

charp ,(x ) (B) # 0 if and only if B/(y« — 1)B is a torsion Ao-module,
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and in that case

chary, (B/(v« — 1)B) = chary, (k. )(B).

Proof. See Lemma 4 of [PR1, §1.1.3] or Lemma 6.2 of [Ru3]. O

LEMMA 6.5. Suppose B is a finitely generated Ap(Koo)-module with no
nonzero pseudo-null submodules. If B is a free Ao (K )-submodule of B then
B/B'’ has no nonzero pseudo-null submodules.

Proof. By induction we may reduce to the case that B’ is free of rank one,
and may reduce further to the case that B/B’ is pseudo-null. Since Ap(Ko)
is a unique factorization domain it follows that B = B’. O

LEMMA 6.6. Suppose B is a finitely generated torsion Ao (K )-module
with no nonzero pseudo-null submodules, and both B/(v. — 1)B and
B/(v+ — p~ Y (7)) B are torsion Ao-modules. Then B/(v« —1)B has a nonzero
finite submodule if and only if B/ (v« — p~(v«))B has.

Proof. This is Lemma 11.15 of [Ru3] O

Proof of Theorem 6.3. By Proposition 4.4 and Corollary 5.2, L{;}Cyc and
VE 4+ Cf(cyc are free of rank two over Ap, and L{;}w and YVt + Cf(oc are free of
rank two over Ap(K). Therefore (using Lemma 6.5) L{f(cyc/(f)i + C%Cyc) and

U;}oo J(VE —i—Cf(oo) are torsion modules with no nonzero pseudo-null submodules.
By Lemma 6.4 it follows that

(7) chary, U,/ (VE +C, ) = charag e Uz /(VE +CR ) # 0.

Class field theory shows that the kernel of a : Uy — X is .
Therefore by Corollary 5.2 « is injective on V¥, so a(V¥) is a free, rank-one
Ao (Koo)-submodule of X7 . By [Gr], ranky,x. )Xk = 1 and XZ_ has
no nonzero pseudo-null submodules, so (using Lemma 6.5) X /a(VF) is a

torsion Ap (K )-module with no nonzero pseudo-null submodules. Further,
Corollary 6.2 and (7) show that

(8)  chary, (k) (X /a(VE)) = chary, (k) Uk /(VE+Cl ) # 0.
Thus we can apply Lemma 6.4 to conclude that
charp, (Xg,  /a(VF)) = chary,(x0) (X /a(VF)),

and together with (7) and (8) this proves

charpo (X /a(VF)) = charp, Uz, /(VF +Ch ).
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It remains to prove that X Ip{cyc Ja(VE) has no nonzero finite submodules.
This will follow from Lemma 6.6. We give the argument briefly here; see the
proof of Theorem 11.16 of [Ru3] for more details.

We can identify Xg /(s — pfl(';/*))XIp(Oo with a subgroup of

(X/ (3 = DX) (7).
Standard techniques (for example [Gr, §2]) identify X' /(y« — 1) with a sub-
group of Gal(Mo/Kcyc(E[p])) where My is the maximal abelian p-extension
of Keyc(E[p]) unramified outside p, and by [Gr|, Gal(My/Kcy.(E[p])) has no
nonzero finite submodules. Hence X7 /(7% — p L)X %, has no nonzero
finite submodules.

Let B = X{_/a(V+). Lemma 6.5 now shows that B/(v. —p~'(7+))B has
no nonzero finite submodules, and we observed above that B has no nonzero
pseudo-null submodules, so Lemma 6.6 shows that B/(y.—1)B = X Ip(cyc Ja(V¥)
has no nonzero finite submodules. O

7. Local units, elliptic units, and the p-adic L-functions

Fix a topological generator v of I'y = Gal(Kcy/K) = Gal(Qo/Q). For
every n > 1 define

and define w;® € A by
w; = H Vi, W, = H V.
1<i<n,2li 1<i<n, 2t

THEOREM 7.1 (Kobayashi [Ko]). The Ap-module
Hom(Ei(Qoo,p) ® Qp/Zy, Qp/Zyp)

is free of rank one, with a generator u* such that for every k,n € Z%, and
every character x : Gal(Q,/Q) — Hyn,

> XA pF) = x(wh)p .
€Gal(Qn/Q)

Proof. An easy exercise shows that for 0 < n < oo

(9) Hom(E*(Qn,p) ® Qp/Zp, Qp/Zy) = Hom(EE(Qnyp), Zyp).

In Section 8 of [Ko], especially Proposition 8.18 and Theorem 6.2, Kobayashi
shows that for every n and € = £+1, the map

fo Y ocCal(Qn/q) [ (d7)o %f (-D"=e
YocCal(Qn/) [ (dp_1)o i (=1)" = —¢
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is an isomorphism from Hom(E®(Qy.p), Zp) to w, Z,[Gal(Q,/Q)], and that
for m > n > 1 these maps are compatible in the sense that the following
diagram commutes

Hom(E*(Qmp), Zy) ———— whZy[Gal(Qm/Q)]

| |

Hom(E*(Qnp). Zp) —— wlZp[Gal(Qn/Q)].

Here the left-hand vertical map is restriction, and the right-hand vertical map
sends w,, to w,l.

In the limit it follows ([Ko] Theorem 6.2) that Hom(E*(Qoo ), Zyp) is free
of rank one over A with a generator f satisfying >°,cqaiq,/q) fe(d2)o =w,].
If we take u* to be the map corresponding to fi under (9), then u satisfies
the conclusions of the theorem. O

Let EfEE € A denote the p-adic L-functions defined by the first author in
Section 6.2.2 of [Po|. These are characterized by the formulas

L(E, y,1
(10) x(Lf) = (—1)(+D/2 () LE X, 1) if ¥ has order p” with n odd,

x(wi)  Qp
L(E,x,1

(11) x(Ly) = (—1)"/2+1 T(X) (E,x,1) if x has order p™ > 1 with n even.

X(Wn ) Qg
In addition, if xg is the trivial character then

L(E, 1 _ L(E, 1
12 v = o-DEED g =MD
QE QE

THEOREM 7.2. There is an isomorphism Uﬁcyc/(f)i—i—Cf(cyc) = Ao/LEAo.

Proof. By (5) and (2) we have

ufp(cyc/i}i = HomO(Ei(Kcyc,p) ® Qp/Zyp, Kp/Op)
Hom(E*(Qoo,p) @ Qp/Zp, K/ Oy)
Hom(Ei(Qoom) ® Qp/Zp, Qp/Zp) @ Op.
Let uF be as in Theorem 7.1, let & be the generator of Cf(oo from Theorem 5.1,
and let p* be the image of ¢ in Home (E* (Keyep) @ Qp/Zyp, E[p*]). For some
h* € Ap we have
(13) o = htpt,

and then Uy, /(VE+Cf ) = Ao/h*Ao.
It follows from (13) that for every k,n > 1 and every nontrivial character
X :TH — pyn,

Yoo xle)etdgep ™)y =x(F) > x(o)pF(dg epT).
c€Gal(Qn/Q) 0€Gal(Qn/Q)

I

Il
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Using the formulas of Theorems 3.2(iv) and 5.1 to compute the left-hand side,
and Theorem 7.1 for the right-hand side, we deduce that if the order of y is
p" >1and e = (—1)"*! then
L(E, X, 1)
Qp
for every k. It follows from (10) and (11) that h* = —LF. O

(D7 (x) = x(h*)x(wg)  (mod p*)

The following theorem is our main result.
THEOREM 7.3. chary (Hom(Sel::(E/Qu), Qp/Zp)) = LEA.
Proof. We have
chary,, (Hom@(Selpi(E/KCyc), K,/0p,)) = chary, (Xf(cyc/a(f/i))
= chary, Uk, /(V* +CF.)
= LiAo
by Theorems 4.3, 6.3, and 7.2, respectively. Since
SelF(E/ Keye) = SelX(E/Qoo) ® Oy,
we also have
Homo (Sl (E/Keye), Kp/Op) = Hom(Sely (E/Qoo), Kp/Op)
= Hom(Sel; (E/Qu), Qp/Zp) ® Oy,

and the theorem follows. O

8. Applications

We describe briefly the basic applications of the supersingular main con-
jecture. As in the previous sections, we assume that E is an elliptic curve
defined over Q, with complex multiplication by the ring of integers of an imag-
inary quadratic field K, and p is an odd prime where E has good supersingular
reduction. For this section we write I' = T'", so A = Z,[[T']].

Remark 8.1. The results below also hold for primes of ordinary reduc-
tion, and can be proved using the main conjecture for ordinary primes.

The following application was already proved in [Ru3], as an application
of Theorem 6.1.

THEOREM 8.2 ([Ru3, Th. 11.4]). If L(E,1) # 0, then E(Q) is finite and

m(e) = 2D
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where r € Q* satisfies ordy,(r) = 0, as predicted by the Birch and Swinnerton-
Dyer conjecture.

If L(E,1) = 0, then either E(Q) is infinite or III(E)[p™>] is infinite.
Before proving Theorem 8.2 we need the following lemma.

LEMMA 8.3. The natural restriction map Sel,,(E/Q) — Selg(E/Qoo)F is
an isomorphism.

Proof. For every number field F' let Sel;(E /F) denote the Selmer group
of E over F with no local condition at p:

Sell(E/F) = ker : H'(F, E[p™]) — @uwpH' (F,, E[p™])

(note that E(F,) ® Qp/Z, = 0 when v { p). Thus we have a commutative
diagram
(14)
0 —  Sel,(E/Q) — Sel(E/Q) —  HYQEp™])/A
! ! !
0 — Sel;(E/Qx)" — Sel(E/Qx)" — H'(Qoop, E[p™])/AZ,

where A and A% are the images of E(Q,) ® Q,/Z, and E*(Qep) ® Qp/Zp,
respectively, and the vertical maps are restriction maps. It follows from the
theory of complex multiplication that E(Qup) has no p-torsion, and then
standard methods (see for example Proposition 1.2 of [Rul]) show that the
restriction maps

HY(Qp, E[p™]) — H' Qoo BIp™])",  Sel,(E/Q) — Sel,(E/Qux)"

are isomorphisms.

We will show that for every n the map E(Q,) ® Qp/Zy — (E(Qup) ®
Q,/Z,)" is surjective. It will then follow that the right-hand vertical map in
(14) is injective, and then (using the remarks above and the snake lemma) that
the left-hand vertical map in (14) is an isomorphism, which is the assertion of
the lemma.

To show that F(Q,) ® Q,/Zp, — (EX(Qup) ® Qp/Zy)" is surjective it
suffices to check that dimp,(E*(Q,,) ® Fp)'' = 1, since E(Qp) ® Qp/Z, =
Qp/Zy. Identify Fy[Gal(Qn/Q)] with Fy[X]/(X7" —1) = Fy[X]/(X — 1)7".
Since E+(Qy,,) is cyclic over Z,[Gal(Q,/Q)] (Theorem 3.2(v)),

E*(Qup) ® Fp = Fp[X]/(X —1)°

for some a > 0. Under this identification (E*(Q,p) ® F,)' is the kernel of
X — 1, which is visibly one-dimensional. O
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Proof of Theorem 8.2. By Lemma 8.3 we have

Sel,(E/Q)| = [Hom(Sel,(E/Q), Qp/Zy)|
= |Hom(Se1;t(E/Qoo)F, Q,/Zy)|
= |Hom(Sel; (E/Qo0), Qp/Zp) @ Zyp.

By Theorems 4.3 and 6.3, Hom(Sel;t(E/Qoo),Qp/Zp) has no nonzero finite
submodules, and by Theorem 7.3 its characteristic ideal is L%A. Writing xo
for the trivial character of I', standard techniques (for example [PR1, Lemma 4
of §1.1.3]) show that

\Hom(Selif(E/Qoo), Qp/Zp) @7 Zp| = ‘Zp/XO(EJiE)ZM = |Zy/(L(E,1)/QE)Zy|
using (12) for the last equality. This proves the theorem. O

Fix a generator v of I'. Define vy = v — 1 and for every n > 1 let
Up = Zf:_ol ~#" "1 If y is a character of I’ of finite order, let Z,[x] denote the
ring obtained by adjoining the values of x to Z,. We view Z,[x] as a A-module
with I" acting via x, and if M is a A-module we define MX = M ®4 Z,[x]. Then
X(vm) = 0 if and only if the order of y is p™, and if M is finitely generated
or co-finitely generated over Z, and x has order p™, then MX is infinite if and
only if M¥m=0 is infinite, where M*"=0 is the kernel of v,,, on M.

For every n write G,, = Gal(Q,,/Q).

THEOREM 8.4. Suppose x is a character of G,. If L(E,x,1) # 0 then
E(Qn)X and UI(E/Q)X are finite. If L(E,x,1) = 0 then either E(Q,)X is
infinite or I(E/Qy)X is infinite.

Before proving Theorem 8.4 we need the following lemma.

LEMMA 8.5. Suppose x is a character of G, of order p™ > 1, and let
e = (=1)"™. Then Sel;(E/Qn)"™=" is infinite if and only if Sel,(E/Qy)"=°
s infinite.

Proof. We have Sel;,(E/Qy) C Sel,(E£/Qy), so one implication is clear.
Suppose now that Sel,(E/Q,)""=" is infinite. By Proposition 10.1 of [Ko,
either Sel;(E/Qn)”"L:O or Selzja(E/Qn)”’":O must be infinite. But localiza-
tion at p sends Sel *(E/Qy)"=" into E~¢(Qp )"~ which is zero, and so
Sel, *(E/Qn)"™=" C Sel;(E/Qn)"™=". Hence Sel;(E/Qy)"=" is infinite. O

Proof of Theorem 8.4. Let p™ be the order of x. If m = 0 then the
theorem is a consequence of Theorem 8.2. So we may suppose m > 1, and we
let e = (—1)™.

Sel,(E/Qy)X is infinite <= Sel,(E/Q,)""~" is infinite
>  Sel;(E/Qy)""=" is infinite
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Sell (E/Qoo)’™=" is infinite
Hom(Sel;(E/Qx), Qp/Zp) ® A/vyy, is infinite
A/(L%, vp,) is infinite

X(£E) =0

L(E,x,1)=0

111t

using Lemma 8.5, Theorem 9.3 of [Ko], Theorem 7.3, and (10) and (11). O
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