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Abstract

The Quillen-Bismut-Freed construction associates a determinant line bundle with connection to an
infinite dimensional super vector bundle with a family of Dirac-type operators. We define the regularized
first Chern form of the infinite dimensional bundle, and relate it to the curvature of the Bismut-Freed
connection on the determinant bundle. In finite dimensions, these forms agree (up to sign), but in infinite
dimensions there is a correction term, which we express in terms of Wodzicki residues.

We illustrate these results with a string theory computation. There is a natural super vector bundle
over the manifold of smooth almost complex structures on a Riemannian surface. The Bismut-Freed
superconnection is identified with classical Teichmiiller theory connections, and its curvature and regu-
larized first Chern form are computed.
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0. Introduction

A finite rank hermitian super vector bundle £ = £t @£~ has an associated determinant bundle Det(£) =
(Det £)" ® Det £~. A connection V¢ on & with curvature Q° induces a connection VP € on the

determinant bundle, with curvature Qe € = —str(Qf) equal to minus the first Chern form on the original
bundle £.

In this paper, we investigate whether this property carries over to infinite rank bundles of physical
interest. The immediate problem is that str(Qg) involves a divergent sum. The paper breaks the problem
down into two parts: (i) constructing the determinant bundle associated to an infinite rank superbundle,
following [BF], [Q1]; (ii) defining the first Chern form of the superbundle, and relating it to the curvature
on the determinant bundle.

As background, Quillen [Q1] constructed the determinant bundle with a natural metric associated to a
family of Cauchy-Riemann operators on a Riemann surface, and computed its curvature. Later, Bismut and
Freed [BF] equipped the determinant bundle associated to a family of Dirac-type operators with a connection
compatible with this Quillen metric, and computed the curvature in terms of local invariants of the underlying
spin manifold. Freed [F] considered characteristic forms on loop groups, overcoming divergence problems
via an ad hoc summation technique. In [AP], [MRT], more natural (but less tractable) heat kernel and zeta
function regularization techniques were used to renormalize divergent expressions.

While these constructions involve no regularization in finite dimensions and hence are compatible, the
regularization techniques introduce unavoidable discrepencies measured by Wodzicki residues in infinite di-
mensions. The choice of technique depends on the physical problem at hand. The Bismut-Freed definition
of the regularized first Chern form is the curvature of the Bismut-Freed connection, which characterizes the
local geometric obstruction to trivializing the determinant bundle, the (local geometric) chiral anomaly. In
contrast, our definition of the regularized first Chern form differs from the Bismut-Freed one by a Wodz-
icki residue. However, our regularization applies to a larger class of infinite dimensional bundles, such as
the tangent bundle to loop groups and other infinite dimensional manifolds, and may lead to a theory of
characteristic classes in infinite dimensions generalizing [F].

In more detail, in §§1-3, we formalize the construction of Quillen-Bismut-Freed determinant bundles in
terms of determinant bundles associated to “half weighted super vector bundles.” We first restrict ourselves
to a class of super vector bundles £ = £t &£, where £F are vector bundles with fibers modeled on Sobolev

+ . . . . -
spaces H% (M, Ei) of sections of some finite rank vector bundles EE over a closed Riemannian manifold

M. A half-weighted vector bundle is such a superbundle together with a field/family L = [ L0+ LO] of

odd operators locally given by constant order elliptic operators (satisfying a common Agmon-Nirenberg
condition) acting on smooth sections of E = ET @ E~. This local characterization makes sense globally if
the transition maps are themselves zero order, grading preserving elliptic operators on M. If £ comes with
a hermitian structure, as in our main example of families of Dirac operators, we will demand that L be
self-adjoint. To a half weighted super vector bundle (£, L) we associate a determinant bundle Det(&, L), the
Quillen determinant bundle of the family L*.

Given a half-weighted vector bundle (£, L), we have a family Q = L? = L~LT @ LTL™ of positive,
self-adjoint, locally elliptic operators acting fiberwise on €. As in [Pa], we call (£,Q) a weighted vector
bundle. The weight ) can be viewed as metric data on the infinite dimensional vector bundle £, and the
existence of L allows us to view £ as a spinor bundle with Clifford multiplication given by the half weight L.

Starting in §4, we construct regularized first Chern forms. Using Q, we define Q-weighted traces tr<
and Q-weighted supertraces str?, which are linear functionals on sections of CL(E), the bundle of operators
which are locally given by classical pseudo-differential operators on the fibers of £&. We define the weighted
first Chern form of a superconnection V¢ on (€, Q) as the Q-weighted supertrace strQ(Qg ) of the curvature
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of the connection, provided Q¢ is a two-form with values in pseudo-differential operators on the fibers of €.

Our main results (§6, Theorems 3, 5) show that the curvature of the Bismut-Freed connection on
the determinant bundle associated to a half-weighted superbundle with connection differs from (minus)
the weighted first Chern form on the superbundle by a linear combination of Wodzicki residues. This
obstruction to the finite dimensional formula arises from the nonvanishing of [V¢,str?], a feature of the
infinite dimensional weighting procedure. We express this obstruction in two ways:

— via zeta function regularization, using weighted supertraces and evaluating the obstruction [V¢,tr?]
in terms of a Wodzicki residue (Theorem 3);

— via heat kernel regularization, using a one-parameter family of Bismut connections [B] and evaluating
the obstruction in terms of regularized trace forms (Theorem 5).

We also show (Corollary 6) that the weighted first Chern form is more local than the curvature of the Bismut-
Freed connection in a certain technical sense. In the proof of the Corollary, we see that the curvature of the
superbundle is a multiplication operator and therefore not trace-class. Thus regularization procedures are
necessary to define the first Chern form.

In §7, we illustrate the main results with a string theory/Teichmiiller theory example. Here the action of
H5*1 diffeomorphisms of a closed surface A on the manifold A(A) of smooth almost complex structures on A
gives rise to a family ay : HSTH(TA) — H3(T{A), J € A(A) of elliptic operators. Setting £ = T A%(A) Laca)

*
and £~ = A(A) x H5(T}A), we can view (5 =¢fte& L= [2 06

We identify the Bismut-Freeed superconnection with classical connections in Teichmiiller theory.

]) as a half-weighted superbundle.

In Appendix A, we collect some superconnection calculations. In Appendix B, as suggested by the
different proofs of Theorems 3 and 5, we relate Wodzicki residues to the trace forms of [JLO].

eNotation: Let F be a finite rank hermitian or Riemannian vector bundle over a Riemannian manifold
M. The natural L? inner product on the smooth sections of E is defined by

(o,7) = /M<a<a:),r(x)>xdu(x),

where p is the volume measure on M, and (-, -); the inner product on the fiber of E above z.

We denote by CL(M, E) the algebra of classical pseudo-differential operators (PDOs) acting on smooth
sections of E, by Ell(M, E) the multiplicative subset of elliptic PDOs, by Ell*%(M, E) the subset of self-
adjoint elliptic PDOs and by Ell* (M, E) the subset of positive elliptic PDOs. Adding the subscript ord > 0
to these sets restricts to operators of strictly positive order. Adding the superscript * restricts to injective
operators.

In the following we take s > M. Recall that for s > dianM, we have HE¥tS(M,E) ¢ C*(M, E) for
any k € N where HY (M, E) (resp. C¥(M, E)) denotes the space of H (resp. C*) sections of the bundle E.

1. A class of vector bundles

We say that a Hilbert space H lies in the class CH if there is a closed smooth Riemannian manifold M,
a finite rank hermitian/Riemannian vector bundle E over M, and s > d‘mTM such that H = H*(M, E).
For example, for G be a Lie group and Lie(G) its Lie algebra, the Lie algebra H*(M,Lie(G)) of the Hilbert
current group H*(M,G) lies in CH.

Let CE be the class of Riemannian Hilbert vector bundles £ — X over a (possibly infinite dimensional)
manifold X with fibers modeled on a separable Hilbert space H = H*(M, E) in CH and with transition maps
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in CL(M, E). Note that these PDOs have coefficients only in some Sobolev class. However, the PDOs in
the examples below are locally given by multiplication operators, and are as tractable as PDOs with smooth
coefficients.

CX denotes the class of infinite dimensional manifolds X with tangent bundle TX in C£. Since the
transition maps are bounded, they correspond to operators of order zero. Moreover, the transition maps are
invertible, so they in fact lie in Ell(M, E).

We now give examples of manifolds in CA" and vector bundles in C&.

e Examples:

i) Finite rank vector bundles lie in CE. To see this, we take as base manifold a point {*}, and as the bundle
E the trivial bundle {*x} x R% (or {*} x C% if the bundle is complex). The transition functions belong to
Ell({+},E) = Glg(R) (or Gl4(C)). We say that M is reduced to a point.

ii) If G is a Lie group and s > M, the current group H*(M, Q) is a Hilbert Lie group having a left

invariant atlas ¢(u)(z) = exp,(;)(u(z)), for ¢ € M, v € H*(M,G), where exp, ;) is the exponential
coordinate chart at y(x) induced by a left invariant Riemannian metric on G. The transition functions are
given by multiplication operators, which indeed are PDOs.

iii) Let M = A be a closed, oriented, Riemannian surface of genus p > 1, and let A%(A), s > 1, be the space
of almost complex structures on A of Sobolev class H?, i.e.

AS(A) = {J € H*(T}{A), J? = —Idg, J, preserves orientation of Ty A for z € A}.
A%(A) is a smooth Hilbert manifold with tangent space at J € A%(A) given by [T
T;AS(A) = {H € H*(T{A), HJ + JH = 0}.

(The set of smooth almost complex structures A(A) = (1,51 A*(A) is only a Frechet manifold.) We de-
termine the transition maps. The charts are given pointwise by the matrix exponential map exp; H(z) =
expj(z) H(z). Hence the transition maps as maps on H® (T{A) are multiplication operators, so they are
PDOs of order zero. Thus T.A%(A) is in C€ with fibers modeled on H*(A, E) where E = T{'A. In the string
theory example in Appendix B, we consider the subbundle given by restricting T'.4%(A) to the manifold
A(A):

ET =TA%(A) laca) - (1.1)

£~ has an almost complex structure defined fiberwise by
J (J)(H)=J-H,

where - denotes pointwise matrix multiplication. Notice that if J is smooth and H of class H®, then JH is
of class H®. J~ induces a splitting

=" o™,
where the fibers of the subbundles above J € A(A) are

1,0 . 0,1 -
£ EKer(jJ — 1), £ EKer(jJ +14).

Because the almost complex structure is defined pointwise by (J - H)(z) = J(z)H(z) for z € A and hence
defines a PDO, the transition functions of these subbundles are also given by PDOs. Thus EJ_LO, 5;0’1 lie

in C€.



iv) In Appendix B, we also consider the trivial bundle
ET = A(A) x HS'H(TA), (1.2)

which clearly lies in C€. £T has a natural almost complex structure J 1 defined fiberwise by the almost
complex structure on the tangent space to A:

Tt (N = Ju.

With respect to the complex structure J, TA splits into TA = THOA @ TO1A, with T1OA = Ker(J —
i), TO'A = Ker(J +1i). £T therefore splits into subbundles,

gr=ct" e,
whose fibers above J € A(A) are

5}_1,0 _ Ker(Jj’ —i) = Hs+1(Ker(J —1i)), g}Lo,l = Ker(J}L +1) = Hs+1(Ker(J +1)).

2. Weighted vector bundles and half-weighted super vector bundles

A weighted Hilbert space is a pair (H,Q) with H in CH and Q € Ellg'rd>0(M, E).

e Bundles of elliptic operators: Let £ be a vector bundle in CE over a manifold X with £ modeled on a
separable Hilbert space H. For z € X, let CL(E;) be the set of operators Az acting densely on the fiber &
above z such that for any local trivialization ¢ : €|, — Uz X H near z, the operator M A(x) = ¢p(x)Agp(z) 1
liesin CL(M, E). Here ¢(z) : £, — H is the isomorphism induced by the trivialization. Similarly, let Ell(Ey)
be the set of operators A, acting densely on T X such that for any local trivialization ¢ : €|y, = Uz x H
near z, the operator ¢#A lies in Ell(M, E). From this point on we will omit the subscript .

These definitions are independent of the choice of local chart. Indeed, since transition functions are given
by operators in the group CL*(M, E) of invertible elements in CL(M, E), the condition ¢! A € CL(M, E)
is independent of the choice of ¢. Since the principal symbol is multiplicative and since ellipticity is charac-
terized by invertibility of the principal symbol, the condition ¢! A(z) € Ell(M, E) is also independent of the
choice of ¢. Notice that the order of ¢! A is independent of the choice of local chart, so we can speak of the
order of A. This gives rise to bundles CL(£), Ell(E) with fiber at x given respectively by CL(Ey), Ell(Ey).
In particular, a section of the second bundle is a family of elliptic operators parametrized by the base.

o Weighted bundles: A local section @ of Ell(£), with £ modeled on some H*(M, E), is positive self-
adjoint if for all z in the support of Q, and in any local chart (U, ¢) around z, the operator ¢!Q(z) lies
in ElIT(M,E). A weighted bundle is a pair (£,Q) with £ in C€ and @ a section of positive self-adjoint
operators of constant order in Ell(£). A weighted manifold (X, Q) is a manifold in CX such that (T'X, Q) is
a weighted vector bundle. The operator d)le is by definition a weight on the model space H of X.

As mentioned in the Introduction, if £ has no hermitian structure, we can relax our definition of weight to
be those ) which are locally elliptic of constant order with the Agmon-Nirenberg condition (i.e. with leading
symbol having all eigenvalues lying outside some common fixed angle at the origin). In this generality,
the choice of a weight @ replaces the structure group GL(H) = GL(H*(M,E)) of £ by the subgroup
CL§(M,E) = CL*(M,E)NGL(H). (This is not a classical reduction of structure group, since CL§(M, E) is
not a Lie subgroup of GL(H) in the standard topologies.) Putting a hermitian structure on £ is equivalent
to a true reduction of CL§(M, E) to CLy(M,E)NU(H).
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¢ Examples: We return to examples i)-iv).

i) When £ is a rank n bundle, we can view it as before as a bundle of sections over a manifold reduced to
a point. Then GL(H) = CLj(M, E) = CL*(M,E) = GL(n, C), so a choice of weight is irrelevant. However,
CL*(M,E)NU(H) = U(n), so the “true reduction” amounts to a choice of hermitian metric.

ii) For the current groups H%(M,G), let Qg = A® Iie(q) be the Laplace-Beltrami operator on M with
values in the Lie algebra Lie(G) of the group G, for A the Laplace-Beltrami operator acting on complex
valued functions on M. For v € H5(M,Q), setting Q(v) = Ly 1Q0L7, where L is left multiplication by -,
yields a weighted manifold (H*(M,G), Q).

iii) and (iv) We consider the bundles £¥ defined above. For J € A(A), let oy : H*TL(TA) — H*(T{A)
be the operator defined by the Lie derivative of J:

d
aju = a(f;,tJL (2.1)

where f,; is the flow of the vector field u. a; is a first order elliptic operator with range T; A%(A) = {H €
HS(T{A),HJ + JH = 0} [T]. Its adjoint o is defined with respect to the hermitian products:

(u,0)F = /A dpiy () (u,0),g,, (2.2%)
(H,K); EAduJ(m) (H,K),,. (2.27)

Here g; is the unique metric of constant curvature —1 among the conformal class of metrics for which J
is orthogonal [T], and du s is the associated volume form. Note that (H, K) = tr(HK*), where K™* is the
hermitian adjoint of the matrix representing the (1,1) tensor K with respect to g;. Since a’ja; and aja’
are elliptic, the families

QY ={Qf =ajay,J € AN}, Q7 ={Q; = ayaf, J € AN},
yield weighted bundles (£T,QT), (£7,Q ), respectively. Thus we get a weighted super vector bundle:

(=t ,Q=QTaQ). (2.3)

eHalf-weighted super vector bundles: For a super vector bundle £ in C€ with fibers modeled on some
ol (EXY@HS (E™),s* > M, via local charts we can write a local section L of Ell(£) in matrix form
_ | L++ L4-
L= [L_+ L__
operators, i.e. those which locally have only off-diagonal terms. We define a half-weighted superbundle to be
a pair (£, L), where & is a superbundle in C€ with even transition maps and L is a section of odd self-adjoint
operators in Ell(£) of non-zero order.

]. Provided the transition maps are even, it makes sense to consider the class of odd

To a half-weighted superbundle (£, L) we can associate a weighted superbundle (£,Q = L?). Since L is
0 L =(L)"

odd, we can write L = I+ 0

, so the weight ) can be written as

Q=Q"eQ =L LTeL'L-=LH'LTe@L")'L".

0
(2.1), is a half-weighted super vector bundle. If a; stablizes the fiber 5}’0 for each J € A(A), we can build
a complex half-weighted bundle (£1:0, L1.0 = {Ll’o, J € A(A)}), where Lb’o = aJ|g§,0.

*
e Examples: (5 =¢teé L= { L‘OJ aj] ,J € A(A)}), with £F as in (1.1), (1.2), and a; as in
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As shown in Lemma 7, LlJ’O is a Cauchy-Riemann operator, the historically first case of examples
provided by spinor bundles on even dimensional manifolds [Q1], [BF]. Let 7 : Z — B be a smooth fibration
of even dimensional spin manifolds {Mp,b € B}, and let £ — B be an infinite dimensional super vector
bundle with fiber H®(My, Ep) for a smooth family {Ep,b € B} of Clifford bundles on M. The Dirac
operators Dy = DI;" ® Dy act on H*(My, Ep) as elliptic operators. For

- _ _|_*
L, = 0 D, =(D;")

= 2.4)
+ 7 (
D; 0

(€, L) is a half-weighted superbundle.

e From group actions to half-weighted superbundles: Half-weighted superbundles also arise from group
actions. Let G and P be two infinite dimensional Hilbert manifolds modeled respectively on H st (M,ET)
and H® (M,E~), where E = ET @ E~ is a superbundle over M, such that:

a) G has a smooth group multiplication on the right: R,, : G = G, v+ vy, for v € G.

b) G acts on P on the right by © : G x P — P, (v, p) — p.7, inducing a smooth map 6, : G = P, v — p.y,
forpeP.

c) The differential oy = db) : T,G — T is elliptic, with order independent of p.

Let £ = B x Lie(G), where B is a submanifold of P, Lie(G) = TeG, and £~ = TP|g. Then

*
(5:5+@g_,£:{LbE[O ab],beB})
Qap 0

is a half-weighted superbundle.

e Example: In the notation of Examples (iii) above, let G = Diffg‘H(A) be the group of isotopies
(i.e. diffeomorphisms homotopic to the identity) of A of Sobolev class H*11. Although G is not a Lie group,
it is a Hilbert manifold modeled on H5t1(T'A) with a smooth multiplication on the right. G acts on A%(A)
(which we recall is modeled on H*(T})) by pullback, and this action satisfies a) and b) above (see [T]). Since

*
ay in (2.1) is elliptic, the family L = { [0? e
J

0 ] ,J € .A} yields a half-weighted structure on the bundle
€ in (2.3).

3. From a half-weighted super vector bundle to the determinant bundle

Let (£,L) be a half-weighted super vector bundle over a manifold B, which as above determines the
weighted superbundle (£,Q) with Q = L?. From (£, L) we construct the determinant bundle Det(£,L) =
Det(£), following [BF], [BGV], [Q1].

As before, set & = £ @ £~ where £ has fibers modeled on o (M, E*), and write a section L

0 L~ =(LT)
L+ 0

of Ly,b € B, and set sy = s— + m. This yields a family of Fredholm operators L; : H5+(M, Et) =
H® (M,E™). As Quillen shows, there is a line bundle, the determinant bundle Det(£) over B, with fiber
Det(€), =~ (APKer L;)* @ APCoker L;, where A™P denotes the top exterior power. Det(£) has a
canonical section Det LT (b) given by a(b)(e1 A ... Aen)* ® (fi A... A fm), where {e;}, resp. {f;} are
orthonormal bases of the eigenvalues of L;L;, resp. L;Lb_, lying below some a € R not in the spectrum

of Ell(£) consisting of odd, self-adjoint operators in the form . Let m be the order

of either operator, and a(b) is the determinant of the matrix of LI‘)" with respect to the bases {e;}, {f;};
equivalently, LI;"el A A L;'en =a)fi A...A fn. Note that Det LT is zero iff L(‘)" is noninvertible.
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e A family of connections on the determinant bundle: Fix ¢ > 0. At any point b € B where L is
injective, the e-cutoff determinant of the self-adjoint elliptic operator Q;’ = Lb_L;J" is defined by

o0 1 +
dethl‘)F = exp [—/ Ztr(e—th ) dt| .
3

For noninvertible Lg’, we subtract off the dimension of the the zero eigenspace before taking the trace in the
integral. The cutoff determinants yield a one-parameter family of Quillen metrics {|| - ||g,¢,€ > 0} on Det(&)
defined by

|Det LF|% . = deteQy, L} invertible;
bieeT detEQ& >a) 'detQ?;, <a)’ L; noninvertible.

Here QE’;’ >a) is the restriction of Q(‘f to the eigenspaces above a, with determinant computed as for Q,‘f, and

QE’,’) <a) is the restriction of Q;’ to the finite dimensional eigenspaces below a, with the determinant computed

as usual. Since our formulas involve regularization only on the eigenspaces above a fixed, locally defined a,
for notational simplicity we will assume from now on that Lit is invertible. In general, our formulas can be

modified via the cutoff operator sz >a)*

Given a connection V€ on &, as in [BF] we can define a one-parameter family {VP¢€) ¢ > 0} of
connections on Det(&) compatible with the metrics {|| - |, & > 0} by

(Det L) ~1vPetE)eDet Lf

tr((Lg—)—lvHom(E)L;—e—sQ;') -
1 o Hom(&)» '
5 (2o det @y +str ((Ly) L VHORE L=< )).

Here VHO™M(E) denotes the connection on Hom(£1,£7) induced by V¢, and str denotes the supertrace,
defined by
At X

str(A) = str { v A-

] = tr(AT) — tr(A7). (3.2)

This definition is motivated by the corresponding formula for the natural connection (5.3) on the determinant
line bundle for a finite rank superbundle.

eRenormalized limits: Following [BGV, Ch. 9], from the family of connections {VP¢t€) ¢ > 0},
we build a renormalized connection by taking a renormalized limit as ¢ — 0. More precisely, for (m,n) €
(N\{0}) xN, a € R, let Fyy n,a be the set of functions f : RT\ {0} — C such that there exist aj,b;,c;,5 € C

with
o o o0 .
fle) ~ Z aja)‘j + Z bja)‘jlog €+ Z cje’,
7=0 j:O,/\jEZ 7=0

as € = 0, where \j = 12~ In other words, for J € N and K = [a] + mJ +n € N, we have

Ky Ky J
fle) = Z aJa)‘J + Z bjs’\J log e + Z cje’ + o(e”)
7=0 J=0,X;€Z j=0

(cf. (4.3)). (If @ € Z, there is a redundancy since constant terms can arise in the first and last sum.) We call
such a function renormalizable, and for f € Fp, = UneN,aeR Fm,n,a, we define the yu—renormalized limit
of f at zero by:

Limg_mf(s) = aa+n + €0 — pbatn, (3.3)
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where we set aq+n = 0 and bgp, = 0if a+n & N. Thus Limg _,0f(€) is the constant term in f’s asymptotic
expansion minus p times the coefficient of log €. ([BGV] only consider the case p =+, the Euler constant.)

If there is no logarithmic divergence, then Lim = Lim#* = Limg _,0 is independent of p.

¢ A renormalized connection on the determinant bundle: As in [BF], [BGV], we set
-+
(Det L) tVPh#Det L = Lim‘g‘_)otr((L;')*l(VHom(f) Le = B )
1
=3 (dlog det NQIT + Lim! | jstr ((Lb)—l(VHom(S)Lb)e—eQb)) ,

where 1
+
detqu' = exp (—Limg_m/ ;tr(e_th ) dt) .
19

The renormalized connection VP¢HE)s# = yPebk s compatible with the renormalized Quillen metric given

by
| Det L(_;F”Q,u = \/detNQ;'.

The curvature of VPe%# is denoted by QPet#,

4. First Chern forms on weighted vector bundles

The first Chern form on a finite rank hermitian bundle with connection is the trace of the curvature. In infinite
rank, one cannot expect curvature to be trace-class in general, so we need to regularize (or renormalize) the
trace. We will use extra data of the weights of §2 to define weighted traces in two steps: (i) defining a
one-parameter family of weighted traces; (ii) taking a renormalized limit.

Let (£,Q) be a weighted vector bundle in CH with fibers modeled on H%(M, E), and let A be a section of
CL(E). Q is positive elliptic with strictly positive order, so for ¢ > 0, e~¢¥ is infinitely smoothing when
seen in a local chart. Thus Ae €9 is trace-class when considered in a local chart as a trace-class operator
acting on L?(M, E). We remark that a trace-class operator for the L? inner product {-,-) can be considered
equally well as a trace-class operator with respect to the H® scalar product

(U, p>S = <(Q + 1)s/ord Qa, (Q + l)s/ord Qp).

oA family of weighted pseudotraces: We define a one-parameter family of Q-pseudotraces of A by
tr@(A) = tr(de49), (4.1)

for £ > 0. Again this definition should be understood in a local chart, but it is easily independent of the choice
of chart, since for an invertible operator C, we have tr(CAC_le_ECQC_l) = tr(CAe~QC~1) = tr(4e—¢9).

We emphasize that pseudotraces are not traces in the usual sense. First, trg‘?[Al,Ag] # 0 in general.
Moreover, unlike the finite dimensional case, if {Q¢,t € R}, is a one-parameter family of weights and
{A¢,t € R} is a one-parameter family of PDOs, then for fixed £ > 0,

d . .
2| @A) # 020 (d) - etr0(40Q)

t=0

(where T' = % li—0T¢), as one would expect from a formal differentiation of (4.1), since in general neither Q
nor Ag commutes with Qq. (If either Q or Ay commutes with Qg, this equation holds by [G, §1.9].) These
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obstructions can be analyzed more carefully using the renormalized pseudotraces in the next paragraph (see
[CDMP], [Pa)]).

By (4.1), the one-parameter family of connections on the determinant bundle given by (3.1) is
(Det L)1 vPet Epet [+ = Q7 (L)1 wHom(E) L +)
1
=3 (dlog det :Q + str€ (L_IVHom(g)L)) )
As before QT = LFLT and Q = QT & Q.
eRenormalized pseudotraces: From the classical theory of heat expansions [G], [K], [Le, (3.18)], for a
positive elliptic operator ) of positive integer order and a PDO A acting on sections of a vector bundle over

a closed manifold M, the map & — tr(4e™¢?Q) lies in the class F, of §3, where ¢ = ord(Q). More precisely,
there exist N = N(dim M) € N*, a = a(ord(4)) € R and o(Q, A), 5;(Q,A4), 7;(Q,A) € C such that

_ Q i ]7a7N 00 j—a—N
e Z T+ > Bi(Q,A)e T loge+ Zyj Q, A (4.3)
j=0 j:O,j_a'_NEZ 7=0

as € = 0. (As before, constant terms can arise as both vy and a4 if ord(A) € Z.) We define the
Q-renormalized trace of A as the pi-renormalized limit of the map € — tr(4e~¢%), as in (3.3):

1 (A) = Lim# (1@ (A) = a1 (Q, 4) +70(Q; A) — - Bar v (Q, A). (4.4)

If we set u = 0, resp. p = 7, the Euler constant, we get a heat kernel renormalized trace, resp. a zeta
function renormalized trace, and these two are related via a Mellin transform. In the following, we will
usually consider the case p = 0, and write tr® for tr@?. The results can easily be extended to the general
case of tr@H.

¢ Renormalized supertraces: (4.4) extends to Q-renormalized supertraces in the obvious way for Q =
RTeQ™:
str@H(A) = tr@Tr(A+) — Q@747

for A as in (3.2) with AT PDOs. Renormalized pseudotraces/supertraces appear in the geometry of deter-
minant bundles [BF], where the connection on the determinant bundle can be written as

(Det L)' WPeDet L) = tr@" o (1)) wHom(E) 1f) s

% (dlog det ,Q + str@H ((Lb)—1VHom(5)Lb )) :

They also have been used (i) to define minimality of infinite dimensional submanifolds of manifolds of
connections and metrics [AP], [MRT], and (ii) in relation to determinants of elliptic operators [KV 1], for a
special class of operators on which they are actually traces.

These renormalized traces are related to Wodzicki residues, as we briefly recall; see [KV1, 2], [Pa]
for more details. Let (£,Q) in CH be a weighted vector bundle with fibers modeled on H*(M, E), and
let A be a section of CL(E). Since @ is positive elliptic with strictly positive order, for any z € C with
Re(z) > dim M/ord Q, the operator (Q+Pg)~7 is trace-class on L?(M, E) in any local chart. Here Pg is the
orthogonal projection onto the kernel of Q. Similarly, for Re(z) > (dim M +ord A)/ord @, A(Q + Pg)~*
is trace-class. For such z, we may define

stre (4) = str(A(Q + Pg) ™).
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Because A+, Q%, P+ are classical PDOs, it is standard that éfsz (A) has a meromorphic continuation to C
with at most simple poles. By the Mellin transform, we have

Bo(Q, A) = res,—o(stre (A))

in the notation of (4.3); in particular, Sy(A) = Bo(Q, A) is independent of Q. It follows that

str@H(A) = lim (st’\fg(A) - zflreszzo(éar?A)) +(y—- u)reszzo(fr? (A)) .

z—0

Renormalized pseudotraces thus arise as the finite part of a divergent expression. The infinite part is built
from the Wodzicki residue [W] res(A4):

res(A) = (ord Q) -resz:()(tNr?(A)), (4.6)

which defines a trace on the algebra of pseudo-differential operators [W], [K]. In summary:

stret(A) zh_r}rb (strz (A) ~ord Qres(A)) + ord Qres(A).

We can now define Q-weighted first Chern forms on a weighted vector bundle.

Definition: Let (£, Q) be a weighted hermitian (super) vector bundle over B with connection V¢ and curvature
Of. Assume that for any X,Y € T(TB), Q¢ (X,Y) € T(CL(E)). Define

i) the one-parameter family of Q-weighted first Chern forms by

r@F(X,Y) = str9 (95 (X, Y)) , £>0, (4.7)

i1) the one-parameter family of Q-renormalized first Chern forms

ROH(X,Y) = str@H (Qf (X, Y)) , weER (4.8)

5. The curvature on the associated determinant bundle in finite dimensions

Let & be a finite dimensional bundle with connection V¢, and let o be a Hom(E, £)-valued form. Writing
V€ = d + 6 in a local trivialization, we have:

d tr(a) = tr([d, a]) = tr([d, o)) + tr([8, a]) = tr([Vg, o)), (5.1)

since the trace term tr([f, «]) vanishes. The final expression is of course independent of the choice of local
trivialization. Thus the trace of a covariantly constant form is closed. In particular, since the curvature ¢
is covariantly constant by the Bianchi identity, the first Chern form r‘f = tr(QF) is also closed. This form is
a representative of the first Chern class in de Rham cohomology.

This generalizes to supertraces on superbundles:
d str(a) = str([V¢,a]), (5.2)
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where [-, -] is now a supercommutator and V¢ a superconnection on the superbundle £. The first Chern form

r{ = str(Q%) is therefore also closed.

We recall the relation between the first Chern form of a superbundle and the curvature of the associated

determinant bundle. Let £ be hermitian vector bundles with connections V‘Si over a manifold B. V¢ =

induce a connection V€ on & = £t ®E~. The bundle Hom(E1,£7) ~ (£7)* @&~ has the natural connection
E3 -

vHom(€) = (V‘€+) ®1+10VE ™, given by VHm(E) [+ = [V€ L +] for LT € T(Hom(ET,£7)) (cf. Appendix

A). Assuming for convenience that £+ have the same rank, the determinant bundle Det(€) = (AfPET)* @

A'PE~ has the hermitian metric

|Det LT || = y/det((LT)*L+)

for LT € T(Hom(E1,£7)) and Det LT the corresponding section of Det(£1,£7). V¢ induces a connection
VPet € on Det(€) compatible with this metric, defined at points where Lt is injective by:

(Det L)~ 1WPe €Det, L = te((LT) ' [VE, LT)).
— L dog det o L7V, L (53)
—5( og det @ +str( Ve, ])),

where L =L* & (L*)*, QT = (LT)*L* (cf. (4.3), (4.5)). The following lemma is well known.

Lemma 1: The curvature QP € of the connection VP € on the determinant bundle Det(E) associated to
the connection V¢ on the superbundle £ = E1 ® £ satisfies

QP € = —str(Q%) = ch(V¥)y, (5.4)
where QF is the curvature of V¢, and ch(Vg)[Q] is the degree two component of the Chern character
str(exp[—Q¢]) of the connection: i.e. the curvature of the determinant line bundle is minus the first

Chern form of the superbundle.

Proof: For later purposes, we give a basis free proof. Pick M, N € Ty B, where LT is injective at b. Extend
L7 near b so that [V€, L], = 0. By (5.3), we have

Qbet £ (37, ) = %d (ste(z1v%, L)) (31, N)

- %str ([Vg,L_l[Vg,L]]) (M, N).

Using the Cartan formula da(M,N) = M (a(N)) — N(a(M)) — a([M, N]), we get

QPet (7, N) = %(—str ([L’l[V%,L],L*I[VfV,L]]) +str (L*l[gg ,L]) (M, N))

%str (L—1 [Qf, L]) (M, N) (5.5)
= —stx(Q°) (M, N),

where we have used str(A~![B, A]) = —2-str(B) for A odd, B even. The second equality in (5.4) is standard.

6. The curvature on the determinant bundle in infinite dimensions
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The main goal of this paper is to see how (5.4) extends to the infinite dimensional setting. More
precisely, the Quillen-Bismut-Freed theory of determinant bundles constructs a determinant bundle with
connections (4.3), (4.5), for certain half-weighted superbundles, with the curvature of (4.5) computed in [BF].
Via weighted traces, we have constructed weighted and renormalized first Chern forms of such superbundles,
and it is natural to ask if (5.4) continues to hold.

The proof of (5.4) uses the facts tr([4, B]) = 0 and d str = str([V,]), both of which fail for weighted
traces. Thus we cannot expect (5.4) to hold in infinite dimensions. Indeed we will show by two methods
that (5.4) holds up to an obstruction given by Wodzicki residue terms defined in (4.6). The two methods
lead to different expressions for these obstructions which seem difficult to identify directly.

The first zeta function regularization approach uses weighted traces to express the supertrace of a
commutator and the obstruction to d str = str([V,-]) in terms of Wodzicki residues. The appearance of
Wodzicki residues is natural, since they are defined via zeta function regularization. The second heat kernel
regularization approach uses a one-parameter family of superconnections introduced by Bismut [B] to avoid
weighted traces, and closely follows the methods used in [BF], [BGV] to compute the curvature on the
determinant bundle for families of Dirac operators.

e First approach using weighted traces

Let E=&T @& in CE be a superbundle with connection V¢ with even transition maps acting on a
model space H*(M, E), s > M Let @ be a weight on £. The following lemma expresses the obstruction
to d str = str([V,]) as a Wodzicki residue.

Lemma 2: [CDMP] Let (£,Q) be a weighted vector bundle with connection V over a manifold B, and let a,
B be CL(E)-valued one-forms on B. For u € R,

1) strH[a, 8] = — res([log @, a]B). (6.1)

ord )

2) if [V,log Q] and [V, a] are CL(E)-valued one-forms, then

1
ord )

d (strQ’“(a)> = str@H([V,a]) — res(a - [V,log Q). (6.2)

For completeness, we outline the proof of (6.2) for traces, which easily extends to supertraces, and refer
the reader to [CDMP] for (6.1). As before, tr? denotes the renormalized trace tr?# at yu = 0; the results
extend to p # 0.

One first shows that for one-parameter families of operators Ay € CL(M, E), Q: € Ell('; a>0(M, E) of
constant order, we have

d 1 d
Q¢ — @ [ 2 _ il
(tr (At)) tr (dt ‘t_oAt> ord Qo res (AO 7 tzolog Qt> .

This uses the fundamental property of the canonical trace of Kontsevich-Vishik [KV 2]. Similarly, in a fixed
local trivialization of £, we have

t=0

1
ord @

Let V = d+0 in the local trivialization. Since [V, a] = da+[0, a] € T'(CL()), and since da, the differential of
a PDO, also lies in T(CL(£)), it follows that [6, o] lies in CL(M, E) pointwise. Using again the fundamental
property of the canonical trace, one shows

d tr9(a) = tr®(da) — res(a - dlog Q). (6.3)

tr[0,a] = —

or; Qres([log Q,0]a). (6.4)
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Combining (6.3) and (6.4) gives

d tr9 (@) = tr9(da) — ——res(a - dlog Q)

d Q
=tr?([V,a]) — tr <[0,a]) -

1
ord Qres(a-dlog Q)

—res([log Q,0)a) —

= u?(V.0) + rgresta- dlog Q)

= rQ([V, a]) -

or; ) res(a[V,log Q]).

The residue term in (6.2) is the source of the infinite dimensional obstruction to identifying the first
Chern form of a superbundle with (minus) the curvature of the determinant bundle:

Theorem 3: Let (E=Et®E~,L=L1T®L™) be a half-weighted super vector bundle with connection
V¢ over a manifold B. The curvature QPe4# of the associated determinant bundle differs from the Q-

weighted first Chern form R?’“ of (4.8) on the weighted superbundle (8, Q= L2) by a Wodzicki residue.
More precisely, for M,N € T,B we have

QDet,u(M, N) — —RlQ’”(M, N) + RQ,VS (M, N),

with

2ROV (M, N) = res([log QLY | L7V, L]
“1v&, L] [V, log Q]

19, 1] - V6 log Q]).

1
ord Q

Proof: We follow the proof of Lemma 1, replacing traces by renormalized supertraces and keeping track of
obstructions due to (6.1) and (6.2) via Wodzicki residues. We obtain

20Dt (A, N) = d (strQ L7YVE, L])) (M, N)
v

= —str@ [L—l L], L7V, L]])

(
+5tr@ (L—l[ﬂ‘g (M, N),L])
1

rd @
1

ord )

res(L™'[V&, L] - [V5/,log Q])

o

+ res(L_l[Vg ,L]- [VS ,log @Q)),

using (6.2) and calculating as in (5.5). Thus

20P% (M, N) = —2 str@ (95 (M, N))

res ([log Q, LY [V4,, L]| L7 [V4 ,L])

res(L V&, L] - [VS;, log Q])

res(Lil[Vﬁ/j,L] . [V‘]Ev,log Q)),
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using (6.1). o

o The heat kernel approach: Here we deform the weight Q = Q¢ = L? to a one-parameter family
Qo+ Q1,e, € > 0 via a deformation of the superconnection V¢ into a family V? of Bismut superconnections.
We need a preliminary formula.

e Volterra series: [BGV, (2.5)] Let Q@ = Qo + Q1, where Qg is a positive elliptic operator of strictly
positive order, and @7 is a PDO of order strictly less than that of Q9. We have

o

e—c(Qo+Q1) — Z(_E)k/ e905R0(),¢915Q0(); ... Q1”4 dgydo - - - do,
Ak

k=0

where AF = {00,...,0 >0: Zi‘c:o o; = 1}. We can avoid convergence issues, since we will only be using a
finite number of terms. In analogy with the notation in [JLO], we set

(Ao, A1, Akde b,y = / St (A0€7005Q0A167”15Q0A2 e Akefa’“sQO) dogdoy - - - doy,,
A

for PDOs Ay, ---, A, acting on sections of the model bundle E of £. The supertrace is clearly finite for
€ > 0. The Volterra formula implies

str (Ae_g(QO—"Ql)) = Z(_E)k<AJ Qla T Q1>€,kaQ0’
k=0

for any PDO A.

e Bismut superconnections: Starting from a half-weighted superbundle (§ = £T @ £~, L) with a metric
superconnection V€ = V* @ V—, we form the one-parameter family of superconnections

vl =v¢ + eL,

for € > 0 [B]. For any one-parameter family of superconnections Ay, we have the important transgression
formula: for an analytic function f,

(a2 = d(su (Gaus'cad) ). (65)

The derivation of this formula in [BGV, Prop. 1.41] essentially relies on the fact that d (str(a)) = str[4, a]
for Hom(&, £)-valued one-forms «. Thus in the proof below, we avoid the obstructions to (5.1), (5.2), for
the weighted supertraces str<.

Proposition 4: Let (£, L) be a half-weighted superbundle with connection V¢ over a manifold B. Fore > 0
we have
QP £ = ch(VE)p) = =1 + (1, [V, L1, [V%, LD 2,qp»

where Qy = L?, 7‘?’5 = str,g20 (Q%) is the weighted first Chern form of V¢ as in (4.7), QP €< s the
curvature of VP € as in (8.1), and ch(VEL)[z] = str (exp (—(VSL)Z))[Q] is the degree two component
of the Chern character of VL.

Proof: We first compute the degree k piece of the Chern character of VEL in two ways. On the one hand,
since

(Vf)Q =eQo +Ve[VE, L]+ (VS)Q =e(Qo + Q1,e),
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with Qg = L?, Qe = T[V‘S, L+ % (V‘E)2, by the Volterra formula we have

o0

Z I Ql €y"” 7Q1,5)5;j7Q0:|[k)]'

As promised, we need only consider a finite number of terms in this sum.

On the other hand, we have

(V) = str [exp[—(V£)2]] — [str /:O (%(exp[—(vtL)?])ﬂ " dt

® d
= —/E pr [str (exp[—(VtL)Q])][k] dt.
Applying the transgression formula (6.5) to f(x) = e™%, we get
/ “d [str ((divtL) exp[—(VtL)Q])] dt
e ¢ [k—1]

L P st (L expl— (V1?2

e S ], )
_d /

ch(VE) k)

(L, Q1" ,Ql,t)t,j,Qo][kq]'

Combining (6.6) and (6.7) yields

o0

1 2 (—t)!
Z I Ql gy " 7Q1 E) £,7, QO 5 / Z \/— L Ql,t:"'7Q1,t)t,j,Q0][k_1}'
: JZO t
Using Lemma 1 and recalling that Qg = L%, we have
Qbet &5 — %d (str(Lfl[vg ,L]e*EQO = _—d / Zstr(L V¢, Lle t0)dt

§d/ str(L[V, L]le '@0)dt = —d/ ,IVE, L)1, dt

1 o =2 ]
=54 [/ VL, Q1 t)t,1,Q0dt] = ——d/ L,Qut,-- an,t)t,j,Qo][l]dt-

(6.8)

We used [L, Qo] = 0 in the second line, and the last equality follows since the only term in the infinite sum of
degree one is the integrand in the next to last integral. By (6.7) and (6.9), we see that QP¢t €6 = _ch(VL )i2]-

Finally, by (6.8) and (6.9), we get
Det £, £)? £ £
Pet & — (1, (VE) ) 1,gp + (1,195, ILIVE, L 2.gq
= _Str(ﬂge_EQO) + E(I, [vga L]: [Vg7 L])s,Q,Qoa
which finishes the proof.
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Remark: (1) In fact, (6.8) vanishes for k odd, since the integrand is the supertrace of an odd operator, and
hence vanishes.

By taking the renormalized limit in Proposition 4, we obtain:

Theorem 5: For any p € R, the renormalized first Chern form R?’“ defined in (4.8) and the curvature
QPebH of the determinant line bundle are related by

QPUH = Lim oh(VE)p) = —RP™ + Lim# (1, [V%, 1, [V¥, L) 5., ) -

Our approach differs somewhat from [BF], as Bismut and Freed calculate QP¢%0 as Lim? _)Och(egL )i2)>

where 65 =VE +el/2L 471/ 2 A, is the Bismut superconnection (for an explicit term Ao of degree two).
The proof of Prop. 4 applies to VEL; starting with (6.7), we have additional terms involving As, which do
not contribute to QPe4# the k = 2 term in (6.7). Therefore, the Chern characters of the superconnections

VSL , 65 both compute the curvature of the determinant line bundle, although they have different expressions
(cf. Theorem 5 and (6.13)). In the next paragraph, we will relate these expressions.

e Bismut-Freed connections: For the connection on the infinite dimensional bundle £ = £T @ £~ considered
in [BF], we can say more about the renormalized first Chern form. As in (2.4), we consider a fibration
m : Z — B of manifolds, with fiber an even dimensional spin manifold My,b € B, and with finite rank
hermitian bundles E* with unitary connections over Z. The Levi-Civita connection VC for a given metric
on Z and the associated orthogonal horizontal splitting Tp,Z = TyMy @ Hy, for z € 7 1(b), induces a
connection V¥ on F, the tangent bundle along the fibers of = by

vl = pTMylC, (6.10)

where PTM s the orthogonal projection to F. We lift V¥ to a connection on the spinor bundle S = St @S5~
associated to F. For an auxiliary bundle with connection W on Z, we set £ = £T @ £~, a bundle over
B with fiber H5(M,, (S* ® W)lu,) for &*. The induced connection V¥ on E = S ® W in turn induces a

connection V on & given by: _
(Vyh)(®)(z) = (VER) (@), (6.11)

where Y is the horizontal lift of Y € TB to Hy. This connection need not be unitary, but it is shown in
[BF] that adding the divergence of the volume form at z in base directions to the right hand side of (6.11)
produces a unitary superconnection V%, the Bismut-Freed connection on £.

We claim that the curvature form Q¥ for V¥ is an endomorphism in the fibers:
Qf € A*(Hom(S ® Wi, S © W1ag,))-

First, the local nature of the Bismut-Freed connection show that if ) € I'(£) has support in U x V', where U
is a open set in B and V is an open set containing z in 7~ (U), then %uw also has support in U x V. This
implies the same result for Q%(X,Y’), a combination of first and second covariant derivatives of V. Since
Q% is tensorial, after multiplying ¢ by bump functions with decreasing support in base directions, we can
shrink U x V' to the point b. In other words, (Q¥(X,Y)9)(x) is determined by Q%(X,Y), and ¢(z) alone.
Since QY is linear, it must be an endomorphism in the fibers.

This allows us both to compute the renormalized first Chern form R? = str?(Q%) and to relate
d (str?(Q%)) and str@([V¥,Q¥]) = 0. Here Q = L?, with L a first order differential operator as in (2.3).
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Since @ (which in [BF] is the square of the Dirac operator in the fibers) is a second order differential operator,
we have the asymptotic expansion for the heat kernel e? (e, z, z):

J
(eme) = (4)<d+M>/2 ( > aj@e?+oE ”/2)>.
™ .

j=—dim M

aj(r) € Hom(Ey, Ey) is locally computable from the metric on M} at = and the symbol of @ at z. Q" is
an endomorphism and @ is a differential operator, so str(Q“e‘sQ) has an asymptotic expansion in € with
no logarithmic terms, and str?(Q%) = str®#(Q%) is consequently independent of u. In fact, by the standard
“remarkable cancellations” of local index theory, str(Q%e~*%) is O(1) as & — 0. Thus we can replace Lim?'

in the definition of the renormalized first Chern form R? = R?’” by an ordinary limit:

R? = str?(Q%) = lim str(Q%e ¢%) = lim str(Q%e® (e, z, x))
e—0 =0/

. (6.12)

- - U(OU
= @ /M strh (g (),

where we have used that Q% is a homomorphism in the fibers. Also,
(4r)(dim M)/2g o, Qqu) = ¢ / str(Qag (z)) = / str([¥, O%ag(z))
M M

= [ (9%, 0"a0 + 2T a0l) = [ str(@[T, o).
M M

Thus the obstruction to R? = str?(Q%) being closed is given by the integral of str(Q [6%, ag)])- The integrand
is a local expression except in its dependence on V.

Corollary 6: In the Bismut-Freed setting of a fibration 7 : Z — B as above, assume that the metric on w1 (b)
is flat and the connection on E is flat in fiber directions in 7r_1(b). Then the Bismut-Freed curvature
at b reduces to a Wodzicki residue; i.e. in the notation of Theorem 3,

QPebi(ar, Ny = RV (M, N).

Proof: Since oy = 0 under the hypotheses, it follows from (6.12) that the term R?’“ in Theorem 3 vanishes
and hence only the residue terms remain. .

The significance of the Corollary is that the curvature of the Bismut-Freed connection on the determinant
line bundle of a family of Dirac operators, given by

QPet0 — [ /M A@F )ch(QW)] o (6.13)

does not have this vanishing property; here QF is the curvature of VF. Thus Theorems 3 and 5 split the
Bismut-Freed curvature into two terms. The first term —R?’“ = —str@(Q), the analogue of the finite
dimensional curvature, is localized on the fiber in the sense of the Corollary. The second obstruction term
is a Wodzicki residue, which by Wodzicki’s work is locally computated from the symbol of the (non-local)
PDOs in Theorem 3. Thus the Bismut-Freed curvature breaks into two terms with locality properties in
these technical senses.
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e Remarks: (1) We can define a Chern character form as " str@(Q¥)/k! for weighted bundles, and
hence Chern forms via Newton’s formulas. These forms will not be closed in general, and their significance
is unclear.

(2) Theorems 3 and 5 compute the infinite dimensional obstruction to the finite dimensional equality of
the curvature on the determinant bundle with (minus) the first Chern form on the original vector bundle.
The different looking obstructions in these theorems are related by the fact that renormalized limits of
expressions of the type (Ag, A1,---, Ag) ke,Qo can be expressed in terms of Wodzicki residues. More precisely,

in Appendix C we show that the coefficients of divergent terms in the asymptotics of (I, [V¢, L], [V¢, L))e 2,00
as € =+ 0 are combinations of Wodzicki residues.

(3) In fact, Proposition 4 is a more refined result than Theorems 3 and 5. Indeed, zeta function regular-
ization only detects logarithmic divergences, while heat kernel regularization keeps track of all divergences
in fractional powers of ¢.

7. The Bismut-Freed connection and the curvature of the determinant bundle
over the manifold of almost complex structures

In this section, we apply the theory of §6 to study the Bismut-Freed connection on the fibration associated
to the string theory example of diffeomorphisms acting on the space of almost complex structures A(A) on
a surface. We show that this connection agrees with a classical connection in Teichmiiller theory, and we
compute the renormalized first Chern form for the infinite dimensional bundle.

Let A be a smooth closed Riemannian surface of genus greater than one, and fix a Sobolev index s > 1.
As in §1, Example iii), we set
ET = A(A) x HSTY(TA),

E=TA |qn= |J {HeH(T{A),JH=-HJ}.
JEA(A)
e Almost complex structures on the bundles £*: Each of the real bundles £* over A(A) has an almost
complex structure. On £T, the almost complex structure is defined on the fiber above J € A(A) by J itself:
]f(u) = Ju, u € H¥T(TA).

Similarly, the action
J;y(H)=H-J, HeT;A*(A)

is an almost complex structure on £~.
Let M? ;(A) be the space of H®* Riemmanian metrics on A with curvature —1, and set
®: A°(A) > M (A), ®(J) =gy, (7.1)

where g7 is the unique Riemannian metric gy on A with curavutre —1 in the conformal class defined by J.
® is a diffeomorphism between the Hilbert manifolds A*(A) and M? ;(A), and the derivative of ® at J in
the direction N is given by (D j®(N)) 4 = (97)qc(NJ)j [T]. For oy as in (2.1), the operator

Py=P;,=D;®oa;0Dy, & * (7.2)

plays a fundamental role in the Faddeev-Popov procedure for string theories (see [AJPS]).

Lemma 7: The bundle map o : ET — £~ defined in (2.1) is compatible with the almost complex structures
J* in the sense that

aJ(Ker(Jj' —i)) =Ker(J; —i), ajKer(J; +1i)) =Ker(J; +1), VJ € A(A).
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Moreover, ay is a first order elliptic operator.

Proof: We first show that a; is first order elliptic. In isothermal coordinates for g, the complexified operator
Pf is

0 0 5 0 0 _
ch(u g—%u 5) 6zuz§ ®dz+8zuza— ®dz (7.3)

[AJPS], so PC 0 ® @ where 9 is the Cauchy-Riemann operator Py, is therefore first order elliptic, and
hence so is a 7, since its principal symbol differs from Py;’s by the isomorphisms in (7.2).

It is easy to check that Ker(Jj’ —i) = {uza%} and Ker(Jj’ +1i) = {uza%}, and that
Ker(J; —1i) = {Hz—dz}7 Ker(J; +1) = {Hz—dz}.
Indeed, since J11 = J22 =0 and J21 = —1 in isothermal coordinates, we have

- %((Hj)l —i(HJ)]) = 1(HllJZ} —iH3J)

(—Hi —iHy) = 2(H2 —iHj) = —iH}.
Similarly, (JJ+H )2 = iHZ. The lemma then follows from (7.3), since
u€Ker(J) —i) = u? = 0= (Py,(u)? = 0= Py, (u) € Ker(J; —i).
L]

e Hermitian metrics on £*: £* have the L? Riemannian metrics v& given by (2.2%), which are
compatible with the almost complex structures J=+. Indeed, for tangent vector fields u,v on A, we have

(TTu, TT0) T = (Ju, Jv)} = (u,v)7,

since g7 is compatible with J. Similarly, for (1,1) tensors H, K on A, we have
BT K = LKD) = [ aws @@ K = [ duy@u@Eke)

since J* = —J and J? = —

Using the family of elliptic operators {Q s = Q}' ©Q; = afay®ajay, J € A(A)}, we have H® metrics
%% defined on the fiber £F above .J by

(u,0)5F = (QF + 1)°u,0)F = (QF +1)2u, (QF +1)20)T. (7.4)

e Connections on £*: We now define L2 and H* connections on EE. As €1 is trivial, let VT =d + 6+
where

6 (N)==NJ, (7.57)

N | =

for N € T;A(A), J € A(A). Here NJ acts on u € HSTHTA) by NJu(z) = N(z) - J(z) (u(z)), with -
denoting matrix multiplication. Since N,J € C°°(T}A), multiplication by N.J preserves H5T1(TA), so 6+
is a Hom(H*TY(TA), H5+1(TA))-valued one-form on A.
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The local charts on the manifolds A*(A) and A(A), given pointwise by the matrix exponential map as
in §1, induce a local trivialization of £~ over the base space A(A) with fibers T7A%(A), J € A(A). In a local
chart at J € A(A), we set VT =d + 60—, with

o= (N) =~ (N, 3, (7.57)

for N € T;A(A). Here {M,N} = MN + NM. 6~ is a Hom(H*(T}A), H*(T{A))-valued one-form on A(A),
since we again matrix multiply elements in H*(T} A) by elements in C°° (T} A). This connection corresponds
to the “algebraic connection” defined in [T, (5.6)].

Lemma 8: 1) V* are compatible with the L2-metrics v= and with the almost complex structures J* in
horizontal directions. In other words, the L? superconnection V is Kahler in horizontal directions.

_s s
2) Vst = (QjE + I) PAVES (Qi + I) 2 are compatible with the HS-metrics v>* and with the almost
complez structures J= and J~ in horizontal directions. In particular, the connection

VE= (V8T @14+1@ V5™
is Kdhler in horizontal directions.

Remark: It is shown in [T, Thm. 5.2.2] that in horizontal directions, V™ equals the L?-Levi-Civita connection
on the manifold of almost complex structures.

Proof: 1) The compatibility of V™~ with J—,v~ is shown in [T, Thms. 5.2.1, 5.2.2]. We adapt this proof
to VT and refer the reader to [T] for details.

To prove the compatibility of V* with 4, first note that the derivative of the map g — g sending
a Riemannian metric g on A to the corresponding volume form pg vanishes in the direction of a traceless

covariant two tensor. Indeed, we have Dy, (ug) = %trg(h)ug = 0. For any horizontal vector field N at .J, we
set n = Dj®(N), for ® in (7.1), n is a traceless covariant two tensor [T, Thm. 2.5.6]. For u,v € T'(£T), we
have

N(U,'l})}— = n/Adp,ngJabua'l)b
= /Aduanabu“vb + /AdungJabDnuavb + /A d,ungJabuaDnvb
= /Adﬂ!],]gJaCN((i:JI;iuavb + (Dyu,v)F + (u,Dyv)} (7.6)
= (NJu,v)}' + <DNU,’U)_J'_ + (u,DNU)}'
1 1
= §(NJu,U)}' - E(u, JNU)}' + (DNu,v)}' + (u,DNv)}'
= (Vhu,o)} + Vo),
where we have used JN = —NJ and N* = N.

For the compatibility with the almost complex structure J+, we have

1 1
[V}, T lu= Dy (Ju) + SNT*u — IDyu — 5 INJ
1 1
:N __N _ 2N
U 2 u+2J U
:0‘
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2) This is a straightforward consequence of 1), once we check the compatibility of QfJE with the almost
complex structures th, which follows from Lemma 7. .

o A half-weighted vector bundle: The bundle
Hom (5+,1,075—,1,0) = (5+,1,0)* ®E—10

now has a connection V¢ = (V¥1)* ® 1+ 1 ® V*~ which is horizontally Kahler. In a local chart, we have

VS =d+0°=d+ 6% — 6%, so we can equivalently view V* as a superconnection on the superbundle
eV =gth10gg10, (7.7)
0 L; =04

The family J — Lb’o = , where 07 is the Cauchy-Riemann operator for (A,.J),

L+ = 5] 0
defines a section of the bund{e Ell (5 1’0). By Lemma 8, Lb’o is a self-adjoint elliptic operator for the
hermitian product built from the almost complex structure J = J+ @ J~ and the scalar product (-, )}' )
(-,)7. (cf. [AIPS], [T] for a string theory perspective). Thus (€10, L10) is a half-weighted vector bundle.
QM0 = LFLE are positive self-adjoint sections of EII(E+1:0). Here LT is either the L? or the H®

adjoint of L* with respect to the inner products (7.5%). This data determines a weighted superbundle
(EI,O’QI,O = Q+,1,0 D Q—,l,O)‘

e The first Chern forms of £+:1.0;

Lemma 9: Let (£,Q) be a weighted vector bundle with an almost complex structure J compatible with @Q
(i.e. QT = JQ), let (£19,Q10) denote its (1,0) part, and let A € T(CL(E)) satisfy AT = JA. Then

00" (410) = 694) 41 w9(7 ).

Proof: Let AL be the (

1,0) part of A€, the fiberwise complexification of A with respect to J. Tt is
standard that tr(A'0) = tr(4)

+ 4 tr(JA). Then
trQl’O(Al’O) = Lim, _otr(AM0(QY0) %) = Limz—mtf((AQ_z)l,o)
= Lim, 0 (tr(AQ ) + iLim; 0 t(JAQ %)) = tr2(4) +in? (T A).

We now compute the curvature of V5% on £*.

Lemma 10: For s > 1, the curvatures Q5=, of the connections V% are zero order PDOs given by

Q5N (M,N)H = —i (@ +1)

Q5 (M,N)H = (Q~ + I)_% (—%[M, NlopH + %(—MHN +NHM)

[

2 [M, NlopH (QF +1)2

—jlonm, vy @ + 0t

for M,N,H € Ty A(A).
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Here [M, N]op denotes the multiplication operator in the fiber over J associated to the bracket (pointwise
over A) of the matrices M, N. In contrast, [M, N] denotes the bracket of vector fields on A which are given
by local extensions of the tangent vectors M, N at J. At a fixed J, we may extend M, N so that [M,N] = 0.

Proof: We prove the first equality only, since the second is similar. Using M (J) = M,JM = —M J,J? = —Id
and similar formulas for NV, we have

>t (M, N) = (V1) (M,N) = [V ;j,v”] VLA
= (Qt+1)” %(VL,V}] o) (@ + 1)
= (Q* +1)72 (do* (M, N) +o+/\a+(M N)) (QT+1)2
= (Q* +1)7 (M(B(N) - NOF (M) - 07 (M, N]) + 0+ A0+ (M, N)) (QF +1)?
=@ +1)" 7( %MN]OP [MJ,NJ]) (@t +1)*
Q++I‘5( EMN]OP) (@*+1)%.

Proposition 11: The weighted first Chern form R? on the weighted vector bundle (Sl’O,Ql’O) with the
connection V¥ is independent of the parameter p used in the renormalization procedure and independent
of s> 1. For M,N € T;A(A), we have

R?(M, N) =i tr9" (%J[M, Nlop — %(—M(-)N +N(-)M) + iJ[{M, -+ {N, }])

+ 69 (JIM, Nlop).

The traces are taken with respect to the L? inner products. Note that, in agreement with Corollary 6,
the curvature on the associated determinant bundle is the Q-weighted trace of a multiplication operator.

Proof: By Lemma 7, Q1 commutes with the almost complex structure, so the (1,0) part Q%+:1.0(M, N) of
Q5T (M, N) satisfies Q%T10(M, N) = Q%+ (M, N))l’0 . Applying Lemmas 9 and 10, we find

1,0
r@T @I, N)) = @ QS (M, N)) +i @ TF (M, N))

+
= —ZtrQ H(J[M, Nlop)-

+
Note that tr¥ ** (Q5F(M,N)) = 0, since the curvature form is a skew-symmetric endomorphism for fixed
M,N. The H? trace trg defined via the inner product (-, )‘;’+ in the first line equals the L? trace in the

s
second line, because the powers (Q"’)jE2 cancel in the computation of trg. Similarly, we obtain

Q@™ @O (M, NY) = 09 BQST(M,N)) +i tr9 H(T; Q% (M, N))
=i @ (LI, Nop — (- MON + NCOM) + {O LM, 3,V )

For a differential operator A, there is no logarithmic divergence in the asymptotics of tr(4de %) as € — 0.
Since p keeps track of the logarithmic divergence, the renormalized traces above are independent of p.
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The result now follows from Definition (4.8). o

Remark: A matrix H € T;A%(A) satisfies HJ = —JH so two such matrices H, K satisfy HKJ = JHK.

Writing J = [(1) _01] in isothermal coordinates, we see that HK is of the form [g _ﬂ a] , as is any even
product of matrices in Ty A%(A). Hence J[M, N]op is of the form [—76 j] In contrast to an incorrect

claim in [PR], @b (g [M, N]op) need not vanish.

e V1 and the Bismut-Freed connection: We now show that the connection V't of (7.5%) coincides with
the Bismut-Freed connection associated to the string theory fibration A — (4 x A)/D — A/D, where
D= Diff8+1 is the (Sobolev s + 1) isotopy group of A. It is equivalent to work with the trivial fibration
A= Ax A — A, and to consider only directions perpendicular to the action of D on A x A with respect to
the natural metric

()13 = IR, + 10l (7.8)
where h € TA,v € TA, and the projection 7 : A x A - A has m(z) = J. Note that the role of V™ of (7.57)
is implicit, since it is the Levi-Civita connection for the metric on T'A.

Let VIC be the Levi-Civita connection on A x A for the metric (7.8). By (6.10), for 1) € T(TA), we
must show that
Vi = PTAVECy, (7.9)

where PTA is the orthogonal projection of T(A x A) to TA. By the six term formula for the Levi-Civita
connection, we have
2(PTAVECy,v) = 2V}, 0)

= h{yp,v) + Y{h,v) — v{h, ) (7.10)
+ ([h, ¥],v) + ([v, B], ) — ([¥, 0], B).

On the right hand side of (7.10), we may extend h,v arbitrarily near x, so we choose h to be horizontal and

v to be vertical near z. Then
(h,v) = (h,9) =0 (7.11)

in (7.10).
Let ¢} be the vertical flow of v. Then
d d
, h, =\7 v <, = = v <
1= G| ooy = G5 @bt -
= (h‘a [_Ua¢]> = <[¢5U]ah)a

(Since D preserves the volume measure dy,,, we may move d/dt past the inner product in the first line.)
Combining (7.10)-(7.12) gives

2PTAVECY, v) = h{sh, v) + ([h, ], v)
= (Vii,v) + (@, Vo) + ([h, ¢],v)
= (h(),v) + (b, h(v)) + {[h, ], 0),

where we have used the third line of (7.6) in the last line. Moreover, [h,9] = h(y) — ¥(h) = h(), since
h € T A may be lifted to be constant in vertical directions. So we finally obtain

2PTAVECY, v) = 2(h(y), v) + (hJeh,v) + (3, h(v))
= 2(h(y),v) + (hJ9,v)
=2Viy,v),
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since the extension of v may be taken to be constant in vertical directions, and so h(v) = 0.
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Appendix A: Superconnection formalism
This appendix summarizes the superconnection formalism used in §5. Useful references are [BGV], [Q2].

e Super vector bundle valued forms: A super vector bundle £ over a manifold B is a Zo graded
vector bundle £ = £T @ £~ over B. Let Q(B,&) be the space of £-valued differential forms on B. Since
Q(B,&) ~ UB) ®coo(p) ['(€), where (B) is the exterior algebra of forms on B, an element of (B, £)
can be written as w ® o with w € Q(B), o € T'(£). The Z grading on Q(B) induces a Zo grading on
Q(B) = Q7 (B) @ Q (B) into forms of even and odd degree, which, with the Zy grading on &, yields a Zg
grading on Q(B, &) = Q1 (B,€) & O (B, £), where

e From a connection to a one-parameter family of superconnections: A superconnection is an odd first
order differential operator: V : Q*(B, &) — QF (B, £) which satisfies the Leibniz rule in the Zo graded sense:

Vwgo)=dvw®o+(-1)¥we V.
A connection V on £ which preserves the Zo grading defines a map
V:T(EF) (c 0 (B,E)) = T(T*B® £Y) C OF(B,£),

which extends uniquely to a superconnection on £.

The Zy grading on € induces a Zo grading on the bundle Hom(&, &) = Hom™ (£) @ Hom™ (€), where the
even bundle maps, the sections of Hom™ (), preserve the Zs grading on £, and the odd bundle maps, the
sections of Hom™ (), take £* to £F. A section L of Hom™ (£) induces an odd map

L:Q%(B,&) - OF(B,E), woo - (-1)¥w e Lo.
V and L induce a one-parameter family of superconnections V¥ =V ++/tL, t > 0, on &.

e From a superconnection on £ to a superconnection on Hom (&, £): A superconnection V on £ induces
a connection on Hom(&, £) defined by

[V,A] = VA - (-1)l44v,

where |[A] = 0if A is even and |4 = 1if Aisodd. If A = L € T(Hom ™~ (£)) and V is a superconnection
induced by a Zg grading preserving connection on &, then

[V, L(w®o) =V(L{w®o))+ LV(wea))
=V <(—1)|“’|w ® La) +L (dw ®o+(-D)¥we Va)
= (-1)“/dw ® Lo + (-1)*I"'dw ® Lo
+ (-1)?¥lw ® VLo + (-1)2¢1+1y @ LVe
=w® [V, Lo.

In the last line, the bracket is an ordinary bracket.
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Appendix B: Trace forms and Wodzicki residues

In this appendix, we express the divergences in the asymptotics of the trace forms (Ao, A1,..., Ag)e k.0
as € = 0 in terms of Wodzicki residues. Such a relation is suggested by Theorems 1 and 3, which compute the
obstruction to the equality of the determinant curvature and the renormalized first Chern form alternately
as such a divergent term and as a Wodzicki residue, respectively. Such trace forms have occurred in quantum
algebras studied by Jaffe, Lesniewski and Osterwlader [JLO] and in local index theory in non-commutative
geometry treated by Connes and Moscovici [CM].

Notation: For j € N and A,Q € CL(M, E) such that the @ has scalar top order symbol, [A]é2 € CL(M,E)
is the operator defined inductively by

[A1) =4, [A =[Q,4T7).

We will often drop the subscript (), and use notation from the body of the paper. Notice that the operator
[A]JQ is of order a + j(q — 1) where a = ord(4), ¢ = ord((Q), and that [A]ZQ = sj[A]JQ for any € >0, j € N.

Lemma B.1: [L, Lemma 4.2] Ifp,e, N > 0 satisfy % —p—e>0, then

N-1 ;

_ —t)? i

e @a=3%" (j') [Alh e "? + Ry (4,Q, 1),
j=0

where for any ¢ > 0 such that Q + c is invertible, there exists C > 0 such that |Ry (A4, Q,t)(Q + ¢)P|| <
N—a
ct ¢ P

Lemma B.2: Given Ag, A1, -+, A, € CL(M,E) and j, < N € N, there exist N1,No,--- ,N,_1 € Z such
that for j; < N; and a; € {0,1},i=1,---,k with at least one a; unequal to one, the operator

Ao (Ry, (41,Q,00)) ™ ([Al]g)al co (R, (A3, Qo0 + D7 ogoy)) % ([Ai]g)ai
=1

k : o
- (R, (Ax, Q, 00 + Zaiai))l_ak ([Akléf) *
=1

is trace-class with trace bounded by
k j N.—a.
(l—a-)( i 'J)
C- oo+ oy) 77\ 7P

for some positive constant C.

Proof: We proceed by induction on k. For k = 1, there is an integer pg such that Ay@Q~P0 is trace-class. By
Lemma B.1, we can choose Ny such that QPORy, (A1, @, 00) is bounded by

Ni—ay

Coy © (B.2)

where a; = ord(A;) and C'is a positive constant. Then AgRy, (A1,Q,00) is trace-class with trace bounded
by an expression similar to (B.2).
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We now assume the lemma, through & — 1 for the induction step. C' will denote a constant Whlch may
change from line to line. By Lemma B.1, there exists N € Z such that Ry, (Ag, Q,00 + ZZ 1 @;0;) is
N —ag
bounded by C(og + Zi:l a;o;) ¢ . For ap =0, by induction we can choose Ni,---, Ni_q such that
L -\ ay k-1 dn1
—a _
Ao (Bn, (41,Q,00)) ([Al]JQl) Ry, (Ap—1,Q,00 + Y agop)[Ap 1]
=1
is trace-class with trace bounded by

N.—a.
C- H U()+Zoz,az (1 “ ( q]_pjj).

It follows from Lemma B.1 that Ry, (A, 4,00 + Zle a;0;) is bounded in norm by

N;—a
C (oo + Zle a;0;) ¢ . Hence (B.1) is bounded by
k—1 J Nj;—a; k Ny —
(l—a')(%) k— %k
C-Tleo+ S aio) N0 ) (g + 3 ajoi) ™ @
j=1 i=1 i=1

Now assume aj = 1. We can choose py_1, Ni_1 large enough that Q_pk—l[Ak]gc is bounded and

% — pg—1 > 0. Then Lemma B.1 implies
k=1 Pl Neraer
1B, (Aky @, (o0 + 3 o) QP11 < Cloo + Y agor) T AL,
=1 =1

If a_1 = 0, this estimate and the lemma for k¥ — 2 produces the upper bound

k—2 J Nj—ay N, a
<1—a-)(f_—?) ASrS
C- oo+ aio) NTT ) - (og + Zam e
for the trace. If ay_1; = 1, there exist py_9, Ni_o such that Q Pk—2[A, k=1 Ay Ik is bounded and
k k k Q Q
% — prp_o > 0. Applying the above procedure gives the desired estimates. .

Proposition B.3: Let Ay, A1,---, A, € CL(M, E). There exist N1, No,---, N € Z such that for ¢ > 0

<A05A15"'3A )ka

Nt Nk ! 511+ +in e X
= Z Ik ()1 - (o +01)2 - (09 + 01 + -
31=0  jn=

+ ak_l)jktr(AO [Al]g s [Ak]ge—fQ)do—o .- doy, + o(e).

Proof: Iterating Lemma B.1, we find

(Ao, A1, Ap)e k,0Q
Ni—1 Np—1

to E]]_"’ +]k .
= Z Z(_ 1)J1tdk / / 00)/1 - (60 + a1)72 - (00 + 01 + -+ + o)1)k

J1=0  jn=0
tr(Ao[A1]] - - [Ak]ge’gQ)dao +~doy + Ry, Ny, N, (€)5
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with Ry N, N, (€) a finite linear combination of terms of the type

/0'0—|—---—|—0'k=1,0'i20

Ny , A\
tr (AR, (41, Q. 0) 1 (Z (oo [A1]221>

Jj1=0 !

No i S\ *2
- (R, (A2, Q,09))' 72 (Z (oo + 10)) [A2]8> :

J2=0 2!

Nn (- Jk[A I\ %k
'(RNk(An;Q;Uk))l_ak (Z ( (UO ki jk!+ akak)) k[ k]Q>

jn:0

: e—s(ao+<1—a1)al+---+(1—ak>ak)o) dog -+~ doy,

with a; equal to O or 1, and (a1,---,ap) # (1,---,1). By Lemma B.2, Ny, No, - - -, N}, can be chosen so that
the integrals in Ry, n,,....n, (€) converge and Ry, N,,... N, (€) = o(e). D

e The asymptotics of regularized trace forms:

We now investigate the asymptotic behavior of the trace forms as € — 0.

Theorem B.4: Let Ag,---, A, € CL(M,E). Then
(i) (Ao, A1,---, An)en,@ has the following asymptotic expansion as € — 0:

o0 o0
(A07A15 o 'aA'fl>&‘,n,Q ~ ZO&j(AO,Al, e 'aAn)E/\j + Zﬂk(AOaAla T 5An)6k log €

oo
+ Z ’Yk(AOJA].J T JAn)EkJ
k=0

where A\j = (j —a —dim M)/q with a =ord Ay +---+ ord Ay, ¢ =ord Q, and

OZj(AO,A]_,"',An),ﬂk(Ao,Al,'",An),’)’k(AO,Al,"',An) € C.
(ii) For j € N with Re()\j) = (j —a —dim M)/q <0, there is a multi-index (N1,---,Np) € N" such that

Ck]'(AO,Al,' 7An) =
—j+a+dim M

M Nn o 1 1/ p(Eifatdim Moy g )
= o Jo q-jilja!- - jn!

Jj1=0 Jn

. , j—a—dim M .. . .
res (Aol (Al Q T SO

where res denotes the Wodzicki residue.

Remark: Assuming Re();) < 0 ensures that T (
(jla T :Jn) e N".

M + (14 +jn)) is well defined for all

The proof of the theorem depends on a lemma whose proof we include for completeness.
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Lemma B.5: Let A € CL(M,E) and Q € Ell;d>0(M, E). There is the asymptotic expansion ase — 0

tr(Ae™9) ~ Y a(A)eN + D Br(A)eFlog e + > i (A)e”, (B.3)
§=0 k=0 k=0

with a;(A), Br(A), 7k(A4) € C, a = ord(4), ¢ = ord(Q), and \j = (j —a —dim M)/q. For j with
Re(A;) <0 (e.g. ord A€ Z), and for k € N, we have

F(fj—i—a—kdirn M) j—a—dim M
0j(d) = =T res(4Q T ),
_ E res(AQ_k)
Br(A4) = (-1) W

Proor: For s € C— {0,—1,—-2,-- -}, we have

q_lreS(AQ_S) = reszzotr(AQ_(z+5))

1 s+z—1 —tQ
= 0| =&=—— A
res;—o (F(s +2) /0 t tr(Ae "%)dt

1 1 1 1)
= T€8z=0 (—/ T e (Ae Q) dt + —/ ts+z_1tr(Ae_tQ)dt>

L'(s) Jo T'(s) J1
_N o4 res, g (/1tz+xj+s_1dt)
7 ['(s) 0 (B.4)
o) 1
Br(A) / ktzts—1
—|~Z T(s) res,—o A t logt dt
k=0
tZ+)\j+5

Z+Aj+s

=T(s) ') aj(A)res,—o
]

0

= I‘(3)_10“—q-:>‘—|—a—|—dim M(A)

since A\j = —s iff j = —¢gs + a4+ dim M. Notice that s € =N iff \; = (j —a — dim M)/q € N, which does
not occur if Re();) < 0. In this computation we use the fact that the terms in (B.3) containing logarithmic
divergences in ¢ or having integral powers of € do not contribute to the residue at z = 0. Similarly, the floo
term in (B.4) does not contribute to the residue.

For s = —1,1 €N, using T'(2) = 2(z = 1)--- (2 =k + 1)T(z — k) and T'(2)~! ~ z as z = 0, we find
-1 (AQil) _ 1 /oo tzf(l—H)t (A 7tQ)dt
g res =res,—o TG =1 J, r(Ae

=TeSy—Q (z(z — 1) F(z()z s 1) /Ooo tz_(l+1)tr(Ae_tQ)dt)

00 2tk
=— I;)ﬂkreszzo <z2(z -1 (z=1+ 1)m>

= (-1 - 118,
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Proof of the Theorem: (i) The operator A()[Al]g;?1 ‘e [An]gL is a PDO of order at most a + (j1 + -+ + jn)q,

o tr(Ao[Al]g ---[An]g?"e_EQ) has an asymptotic expansion as in (B.3) with \; = [(j — a —dim M)/q] —
(j1 + ---+Jn). By Prop. C.1, (A, A1,---, An)e,n,@ has an asymptotic expansion as in (B.3) with A\; =
(j —a—dim M)/q. Let a;(Ag,A1,---,An) be the coefficient of £% in the asymptotic expansion of
tr(Ao[A1]}] - -- [An]ye Q) with Aj = [(j — a — dim M)/q] = (j1 + -~ + jn)-

(ii) By Lemma B.3, if Re(A;) — (j1 4+ --- + jn) < 0 (e.g. if Re(};) < 0), then

T(=\, DRI
dj(AO7A17"'7An7) = ( . - (J1q+ +]n))

. I‘eS(A() [Al]

, in j—a—dim M . +otin
DA 0 Ut

Part (ii) of the theorem follows.

31



References

[AJPS] S. Albeverio, J. Jost, S. Paycha, S. Scarlatti, A Mathematical Introduction to String Theory, LMS
Lecture Note Series 225, Cambridge, UK, Cambridge University Press, 1997.

[AP] M. Arnaudon, S. Paycha, “Regularisable and minimal orbits for group actions in infinite dimensions,”
Commun. Math. Phys. 191 (1998), 641-662.

[B] J.-M. Bismut, “Localization formulae, super connections and the index theorem for families,” Commun.
Math. Phys. 103 (1986), 127-166.

[BF] J.-M. Bismut, D. Freed, “The analysis of elliptic families I,” Commun. Math. Phys. 106 (1986), 159-176.
[BGV] N. Berline, E. Getzler, M. Vergne, Heat Kernels and Dirac Operators, Berlin, Springer-Verlag, 1991.

[CDMP] A. Cardona, C. Ducourtioux, J.-P. Magnot, S. Paycha, “Weighted traces on algebras of pseudodifferential
operators and geometry of loop groups”, preprint, 2000.

[CM] A. Connes, H. Moscovici, “The local index formula in non-commutative geoemetry,” GAFA 5 (1995),
174-243.

[F] D. Freed, “The geometry of loop groups”, Journal Diff. Geom. 28 (1988), 223-276.

[G] P. B. Gilkey, Invariance Theory, the Heat Equation, and the Aityah-Singer Index Theorem, Houston,
Publish or Perish, 1984.

[JLO] A. Jaffe, A. Lesniewski, K. Osterwalder, “Quantum K-theory, I. The Chern character,” Commun Math.
Phys. 118 (1988), 1-14.

[K] C. Kassel, “Le résidu non commutatif [d’aprés Wodzicki],” Séminaire Bourbaki 708, Asterisque (1989),
199-229.

[KV1] M. Kontsevich, S. Vishik, “Determinants of elliptic pseudodifferential operators,” Geometry and Func-
tional Analysis, Max Planck Preprint, 1994.

[KV2] M. Kontsevich, S. Vishik, “Geometry of determinants of elliptic operators” in Functional Analysis on the
Eve of the 21st Century, Vol. I, (ed. S. Gindikin, J. Lepowski, R. L. Wilson) Progress in Mathematics,
Birkh&user, 1994, 173-197.

[L] M. Lesch, “On the non-commutative residue for pseudo-differential operators with log-polyhomogeneous
symbols,” Annals of Global Anal. and Geom. 17 (1998), 151-187.

[MRT] Y. Maeda, S. Rosenberg, P. Tondeur, “The mean curvature of gauge orbits,” in Global Analysis and
Modern Mathematics (ed. K. Uhlenbeck), Houston, Publish or Perish, 1994, 171-220.

Y. Maeda, S. Rosenberg, P. Tondeur, “Minimal orbits of metrics,” J. Geom. and Phys. 23 (1997),
314-349.

[Pa] S. Paycha, “Regularized pseudo-traces as a looking glass into infinite dimensional geometry,” to appear
in Inf. Dim. Anal., Quantum Prob., Rel. Fields.

[PR] S. Paycha, S. Rosenberg, “About infinite dimensional group actions and determinant bundles,” in Anal-
ysis on Infinite-Dimensional Lie Groups and Algebras, (eds. H. Heyer, J. Marion) Singapore, World
Scientific, 1998, 355-367.

[Q1] D. Quillen, “Determinants of Cauchy-Riemmann operators over a Riemann surface,” Funktsional Anal.
i Prilozhen. 19 (1985), 37-41.

[Q2] D. Quillen, “Superconnections and the Chern character,” Topology 24 (1985), 89-95

32



[T] T. Tromba, Teichmiiller Theory in Riemannian Geometry, Boston, Birkhduser Verlag, 1992.

[W] M. Wodzicki, “Non-commutative residue”, Lecture Notes in Mathematics 1289, Berlin, Springer-Verlag,
1987.

33



