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RIEMANNIAN GEOMETRY ON LOOP SPACES
YOSHIAKI MAEDA, STEVEN ROSENBERG, AND FABIAN TORRES-ARDILA

ABSTRACT. A Riemannian metric on a manifold M induces a family of Riemannian
metrics on the loop space LM depending on a Sobolev space parameter s. In
Part I, we compute the Levi-Civita connection for these metrics for s € Z*. The
connection and curvature forms take values in pseudodifferential operators (?DOs),
and we compute the top symbols of these forms. In Part II, we develop a theory
of Wodzicki-Chern-Simons classes CSY € H*~1(LM?**~1), for K = (ki,...., k) a
partition of 2k — 1, using the Wodzicki residue on ¥DOs. We use C'SY to prove that
certain actions on S? x S? are not smoothly homotopic, and that my (Diff (5% x $3))
is infinite.
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1. Introduction

The loop space LM of a manifold M appears frequently in mathematics and mathe-
matical physics. In this paper, using an infinite dimensional version of Chern-Simons
theory, we develop a computable theory of secondary characteristic classes on the
tangent bundle to loop spaces. We apply these secondary classes to distinguish circle
actions on S? x S3, and we prove that 7 (Diff (5% x S?)) is infinite.

The theory of primary characteristic classes on certain infinite rank bundles was
treated via Chern-Weil theory in [20], and depends on the choice of a trace on the
algebra of nonpositive order classical pseudodifferential operators (YDOs). While
these classes can be nonzero for some traces [16], the Chern classes vanish on mapping
spaces Maps(N, M) for the trace used in this paper. Thus we are forced to consider
secondary classes.

In finite dimensions, a characteristic class on a manifold M can give rise to two
types of secondary classes: (i) if a characteristic form of degree 2k vanishes for a
specific connection V, there is an associated “absolute” Chern-Simons form C'S(V) €
H?*=1(M,R/Z); (ii) if the characteristic forms are equal for two connections Vg, V1,
there is an associated “relative” Chern-Simons class C'S(Vg, V1) € H*~1(M,R). For
technical reasons, it is easier to work with the relative classes in our context.

Since Chern-Weil and Chern-Simons theory are geometric, it is necessary to un-
derstand connections and curvature on loop spaces. We work with Sobolev spaces
of highly differentiable loops, as this is a Hilbert manifold, although we could work
with the Fréchet manifold of smooth loops. A Riemannian metric g on M induces a
family of metrics ¢g° on LM parametrized by a Sobolev space parameter s > 0, where
s = 0 gives the usual L? metric, and the smooth case is a kind of limit as s — oo.
Thus we think of s as a regularizing parameter, and pay attention to the parts of the
theory which are independent of s.

In Part I, we compute the connection and curvature for the Levi-Civita connection
for ¢° for s € Z*. These forms take values in zeroth order pseudodifferential operators
(UDOs) acting on a trivial bundle over S, as first shown by Freed for loop groups
[10]. We calculate the principal and subprincipal symbols for the connection and
curvature forms. In contrast, there is no Levi-Civita connection for nonintegral values
of s in a precise sense, but we can define a family of modified connections which vary
continuously in s.

In Part II, we develop a theory of Chern-Simons classes on loop spaces. The struc-
ture group for the Levi-Civita connection for (LM, ¢g°) is the set of invertible zeroth
order ¥DOs, so we need invariant polynomials on the corresponding Lie algebra. The
naive choice is the standard polynomials Tr(QF) of the curvature 2 = Qf, where Tr is
the operator trace. However, QF is zeroth order and hence not trace class, and in any
case the operator trace is impossible to compute in general. Instead, as in [20] we use
the Wodzicki residue, the only trace on the full algebra of YDOs. Following Chern-
Simons [6] as much as possible, we build a theory of Wodzicki-Chern-Simons (WCS)
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classes, which gives classes in H?*~1(LM?*~1) associated to partitions of k. The
main difference from the finite dimensional theory is the absence of a Narasimhan-
Ramanan universal connection theorem. As a result, we do not have a theory of
differential characters [4]. In contrast to the operator trace, the Wodzicki residue
is locally computable, so we can write explicit expressions for the WCS classes. In
particular, we can see how the WCS classes depend on the Sobolev parameter s, and
hence define a‘“regularized” or s-independent WCS classes. The local expression also
yields some vanishing results for WCS classes. More importantly, we produce a non-
vanishing WCS class on L(S5? x S?). This leads to the topological results described
in the first paragraph.

The paper is organized as follows. Part I treates the family of metrics ¢° on LM
associated to (M, g). §2 discusses connections associated to g°. After some preliminary
material, we compute the Levi-Civita connection for s = 0 (Lemma 2.1), s = 1
(Theorem 2.2), and s € Z* (Theorem 2.10). In contrast, the Levi-Civita connection
does not exist in a precise sense for nonintegral s (Theorem 2.12). Nevertheless,
by removing the “bad terms” from this calculation, we can construct a family of
connections, called the H® connections, which depend continuously on s (Proposition
2.13). These connections allow us to track how the geometry of LM depends on s.

Both the Levi-Civita and H® connections have connection and curvature forms
taking values in WDOs of order zero. In §3, we compute the symbols of these forms
needed in Part II. In §4, we compare our results to Freed’s on loop groups [10].

Part II covers Wodzicki-Chern-Simons classes. In §5, we review the finite dimen-
sional construction of Chern and Chern-Simons classes, and use the Wodzicki residue
to define Wodzicki-Chern (WC) and WCS classes (Definition 5.1). We prove the nec-
essary vanishing of the WC classes for mapping spaces (and in particular for LM) in
Proposition 5.2. In Theorem 5.5, we give the explicit local expression for the relative
WCS class CSY_,(g) € H* Y(LM?*~1) associated to the trivial partition of k. We
then define the regularized or s-independent WCS class. In Theorem 5.6, we give a
vanishing result for WCS classes.

In particular, the WCS class which is the analogue of the classical dimension three
Chern-Simons class vanishes on loop spaces of 3-manifolds, so we look for nontrivial
examples on 5-manifolds. In §6, we use a Sasaki-Einstein metric constructed in [12]
to produce a nonzero WCS class C'SY € H?(L(S? x 5%)). We prove CSY # 0 by an
exact computer calculation showing f[aL] CSYW =0, where [al] € H5(LM) is a cycle

associated to a simple circle action on S? x S3. From this nonvanishing, we conclude
both that the circle action is not smoothly homotopic to the trivial action and the
71 (Diff(S? x §3)) is infinite. We expect other similar results in the future.

Our many discussions with Sylvie Paycha are gratefully acknowledged. We also
thank Kaoru Ono for pointing out an error in a previous version of the paper.

Part I. The Levi-Civita Connection on the Loop Space LM
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In this part, we compute the Levi-Civita connection on LM associated to a Rie-
mannian metric on M and a Sobolev parameter s € Z*. In §2, the main results are
Lemma 2.1, Theorem 2.2, and Theorem 2.10, which compute the Levi-Civita con-
nection for s = 0, s = 1, and s € Z", respectively. For s ¢ Z*, the Levi-Civita
connection does not exist (Theorem 2.12), but there are closely related connections
(Proposition 2.13) which depend continuously on s. In §3, we compute the relevant
symbols of the connection one-forms and the curvature two-forms. In §4, we compare
our results with work of Freed [10] on loop groups.

2. The Levi-Civita Connection for Sobolev Parameter s > (

This section covers background material and computes the Levi-Civita connection
on LM for integer Sobolev parameter s. In §2.1, we review material on LM, and
in §2.2 we review pseudodifferential operators and the Wodzicki residue. In §2.3, we
give the main computation for the Levi-Civita connections for s = 0,1. In §2.4, we
extend this computation to s € Z*. In §2.5, we show that the Levi-Civita connection
does not exist for s € Z*. In §2.6, we modify the Levi-Civita connection for s € Z*
to a torsion free connection, called the H® connection, which extends to all s > 0.
In this sense, the H® connection behaves better than the Levi-Civita connection. In
§2.7, we discuss how the geometry of LM forces an extension of the structure group
of LM from a gauge group to a group of bounded invertible ¥DOs.

2.1. Preliminaries on LM.

Let (M, (, )) be a closed oriented Riemannian n-manifold with loop space LM =
C>(S', M) of smooth loops. LM is a smooth infinite dimensional Fréchet manifold,
but it is technically simpler to work with the smooth Hilbert manifold of loops in some
Sobolev class s > 0, as we now recall. For v € LM, the formal tangent space 1), LM
is T'(y*T'M), the space of smooth sections of the pullback bundle v*T'M — S*. For
some s > 1/2, we complete I'(v*T'M @ C) with respect to the Sobolev inner product

2
(X, V), = % /0 (1+ AV X (@), Y(@))wda, X,Y € T(+TM).
Here A = D*D, with D = D/d~y the covariant derivative along . (We use this
notation instead of the classical D/dt to keep track of 7.) We need the complexified
pullback bundle v*T'M ® C, denoted from now on just as v*I'M, in order to apply
the pseudodifferential operator (1 4+ A)®. The construction of (1 4+ A)?® is reviewed in
§2.2. We denote this completion by H*(y*TM).

A small real neighborhood U, of the zero section in H*(y*I'M) is a coordinate
chart near ~ in the space of H® loops via the pointwise exponential map

exp, : Uy — LM, X — (o exp,,) X (). (2.1)

The differentiability of the transition functions exp;ll -exp,, is proved in [7] and [11,
Appendix A]. Here 7,7, are close loops in the sense that a geodesically convex
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neighborhood of 7 () contains v,(#) and vice versa for all 6. Since v*T'M is (non-
canonically) isomorphic to the trivial bundle R = S' x C* — S, the model space
for LM is the set of H® sections of this trivial bundle.

The complexified tangent bundle T'LM has transition functions d(exp;l1 0exp., ).
Under the isomorphisms 7., LM ~ R ~ T,,LM, the transition functions lie in the
gauge group G(R), so this is the structure group of TLM.

2.2. Review of VDO Calculus.

We recall the construction of classical pseudodifferential operators (YDOs) on a
closed manifold M from [13, 22|, assuming knowledge of ¥DOs on R™.

A linear operator P : C®°(M) — C*°(M) is a YDO of order d if for every open
chart U C M and functions ¢, ¢ € C°(U), ¢P1 is a WDO of order d on R™, where we
do not distinguish between U and its diffeomorphic image in R". Let {U;} be a finite
cover of M with subordinate partition of unity {¢;}. Let ¢, € C°(U;) have ¢; = 1
on supp(¢;) and set P, = 1;P¢;. Then Y . ¢;P); is a WDO on M, and P differs
from ), ¢; Pi; by a smoothing operator, denoted P ~ > . ¢; Py1);. In particular, this
sum is independent of the choices up to smoothing operators. All this carries over to
VUDOs acting on sections of a bundle over M.

An example is the ¥DO (1 + A — X\)~! for A a positive order nonnegative elliptic
UDO and X outside the spectrum of 1 + A. In each U;, we construct a parametrix
P; for A; = ¢;(1 + A — \)¢; by formally inverting o(A;) and then constructing a
UDO with the inverted symbol. By [1, App. A}, B = ). ¢;P1; is a parametrix for
(1+A—=X)"% Since B~ (1+A—=X)"1 (1+A =\t is itself a ¥DO. For z € U,
by definition

o((L+A = X)) (2,§) = o(P)(x,¢) = 0(¢P9)(w,6),
where ¢ is a bump function with ¢(x) = 1 [13, p. 29]; the symbol depends on the
choice of (U, ¢;).

The operator (1+A)* for Re(s) < 0, which exists as a bounded operator on L?(M)
by the functional calculus, is also a WDO. To see this, we construct the putative
symbol o; of 1;(1 + A)*®; in each U; by a contour integral [ Ao[(1 4+ A — X)~1]dA
around the spectrum of 1 + A. We then construct a WDO @; on U; with o(Q;) = oy,
and set Q = >, ¢;Q;v;. By arguments in [22], (1+ A)®* ~ @, so (1 + A)®is a YDO.

Recall that the Wodzicki residue of a WDO P on sections of a bundle £ — M™" is

res(P) = /S*M tr o_,(P)(x,&)dédx, (2.2)

where S*M is the unit cosphere bundle for some metric. The Wodzicki residue is
independent of choice of local coordinates, and up to scaling is the unique trace on
the algebra of UDOs if dim(M) > 1 (see e.g. [9] in general and [21] for the case
M = St).

The Wodzicki residue will be used in Part II to define characteristic classes on
LM. In our particular case, the operator P will be an DO of order —1 acting on
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sections of a bundle over S1 (see (5.10)), so o_(P) is globally defined. Of course,
Jgegr tro_1(P)dédd = 2 [, tro_i(P)df. It is easy to check that this integral, which
strictly speaking involves a choice of cover of S' and a partition of unity, equals the
usual 2 [ tr o, (P)dd.

2.3. The Levi-Civita Connection for s =0, 1.

The H?® metric makes LM a Riemannian manifold. The corresponding Levi-Civita
connection on LM, if it exists, is determined by the six term formula

AV X, Z)y = X(V,2)+Y(X,Z) — Z(X,Y), (2.3)
+<[X’ Y]7Z>s + <[Z>X]7Y>s - <[K Z]’X>s-

In particular, the Levi-Civita connection exists if for fixed X, Y, each term T; on the
right hand side defines a continuous linear functional T; : H*(v*TM) — C in Z. If
so, Ty(Z) = (T}(X,Y), Z), for a unique T7"(X,Y) € H*(v*TM), and V5. X = $ 5, T/,
We first discuss local coordinates on LM . For motivation, recall that
(X, Y]*=X(Y")0, — Y(X*)0, = dx(Y) — 0y (X) (2.4)
in local coordinates on a finite dimensional manifold. Note that X'9;Y* = X(Y*) =
(0xY)* in this notation.

Let Y be a vector field on LM, and let X be a tangent vector at v € LM. The
local variation dxY of Y in the direction of X at v is defined as usual: let (e, #) be
a family of loops in M with 7(0,0) = ~v(6), &£|__,v(e,0) = X(6). Fix 6, and let (z°)
be coordinates near y(6). We call these coordinates manifold coordinates. Then

SxY(7)(0) di Y(4(6)).

=0
Note that dxY* = (0xY)* by definition.

Remark 2.1. Having (z%) defined only near a fixed 6 is inconvenient. We can find
coordinates that work for all 8 as follows. For fixed ~, there is an ¢ such that for all
0, exp,(g) X is inside the cut locus of y(0) if X € T, )M has |X]| < e. Fix such an ¢.
Call X € H*(v*TM) short if | X(0)| < ¢ for all §. Then

U, = {0 — exp, ) X (0)|X is short} C LM

is a coordinate neighborhood of 7 parametrized by {X : X is short}.

We know H*(y*T'M) ~ H*(S' x R™) noncanonically, so U, is parametized by
short sections of H*(S' x R™) for a different e. In particular, we have a smooth
diffeomorphism 3 from U, to short sections of H*(S* x R™).

Put coordinates (z) on R", which we identify canonically with the fiber R} over
6 in S* x R™. For n € U, we have 3(n) = (B(n)*(8), ..., 5(n)"(6)). As with finite
dimensional coordinate systems, we will drop ( and just write n = (7(0)*). These
coordinates work for all n near v and for all #. The definition of dxY above carries
over to exponential coordinates.
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We will call these coordinates exponential coordinates.

(2.4) continues to hold for vector fields on LM, in either manifold or exponential
coordinates. To see this, one checks that the coordinate-free proof that LxY (f) =
(X, Y](f) for f € C®(M) (e.g. [24, p. 70]) carries over to functions on LM. In brief,
the usual proof involves a map H (s, t) of a neighborhood of the origin in R? into M,
where s, t are parameters for the flows of X, Y, resp. For LM, we have amap H (s, t,6),
where 6 is the loop parameter. The usual proof uses only s,t differentiations, so 6
is unaffected. The point is that the Y are local functions on the (s,t,6) parameter
space, whereas the Y are not local functions on M at points where loops cross or
self-intersect.

We first compute the L? (s = 0) Levi-Civita connection invariantly and in manifold
coordinates.

Lemma 2.1. Let V¢ be the Levi-Civita connection on M. Let evg : LM —
M be evg(y) = v(0). Then DxY (v)(0) o (evy VEO) XY (7)(0) is the L? Levi-Civita

connection on LM . In manifold coordinates,

(DxY)*(1)(0) = 0xY*(7)(0) + (v (O) X" (1) (O)Y“()(0). (2:5)

Proof. evy; VEC is a connection on evy TM — LM. We have evg.(X) = X(0). If U
is a coordinate neighborhood on M near some (#), then on ev, ' (U),

(evy VEO) XY (1) (0) = (6xY)*(7)(0) + ((evgwi)Y) ()
= (0xY)"(N)(O) + T5.(+(0) X" (1) ()Y (7)(0)

Since ev; VLC is a connection, for each fixed 6, v and X € T,LM,Y
(evy; V) xY (v) has Leibniz rule with respect to functions on LM. Thus D is a
connection on LM.
D is torsion free, as from the local expression, DxY — Dy X = dxY —dy X = [X,Y].
To show that DxY is compatible with the L? metric, first recall that for a function
fon LM, Dxf =dxf =&, f(1(e,0)) for X(0) = £| _ ~(c,6). (Here f depends

de le=0
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only on 7.) Thus (suppressing the partition of unity, which is independent of ¢)

d

DX<X? Y>O - d_€
e=0

[ a0y, 0) 22 (e, 0))d9
= [ Bl (e.0) XY (4. 0) 2" 2. 0) 0

= [ )Y () 2 e )

+ [ a0V (. 0) 65 20 e.0))dp
- / T, gep XY 20 + T gae XY 27

S1

+9a(0xY ) 2 + gapY “(6x Z)"df
= (DxY,Z)o+ (Y, DxZ)o.
0

Remark 2.2. The local expression for DxY also holds in exponential coordinates.
More precisely, let (e1(6), ..., e,(0)) be a global frame of v*T'M given by the trivializa-
tion of v*T'M. Then (e;(0)) is also naturally a frame of TxT g M for all X € T M.
We use exp,, ) to pull back the metric on M to a metric on T, M:

9i5(X) = (explg) 9)(€i, €5) = g(d(exp,g)) x (€i), d(exD,(g)) x (€5) Jexp. g X -

Then the Christoffel symbols I'?.(v(#)) are computed with respect to this metric. For
example, the term Jygp. means egg(e,, ep), etc. The proof that DxY has the local
expression (2.5) then carries over to exponential coordinates.

The s = 1 Levi-Civita connection on LM is given as follows.

Theorem 2.2. The s = 1 Levi-Civita connection V = V! on LM is given at the loop
v by
1
VxY = DxY + 2(1 + A) T =V4(R(X,9)Y) — R(X,¥)VY
—V;(R(Y, )X) R(Y V)V X

We prove this in a series of steps.

Proposition 2.3. The Levi-Civita connection for the s = 1 metric is given by

1 1
VY = DxY + 5(1 +A) ' [Dx, 1+ AY + 5(1 + A) Dy, 14+ A]X + AxY,
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where we assume that AxY is well-defined by
1
—§<[DZ, 1+ A)JX,Y) = (AxY, Z);.

Proof. By Lemma 2.1,

XY, Z)1 = X{(14+A)Y,Z)o=(Dx((1+A)Y), Z)g+ {((1+A)Y,DxZ)
Y(X,Z); = (Dy((1+A)X),Z)o+ ((1+ A)X,DyZ)g
—ZX,Y)1 = —(Dz(1+A)X),Y)o—{((1+A)X,DzY)o
(X,Y],Z)1 = ((1+A)(0xY —dvX),Z)o = ((1+A)(DxY — DyX),Z)g
(12, X], Y = (1+A)(DzX — DxZ),Y)o
—([Y,Z], X1 = —((1+A)(DyZ —DzY),X)o.

The six terms on the left hand side sum up to twice the s = 1 Levi-Civita connection
V = V1. After some cancellations, we get

2VxY, Z)1 = (Dx((1+A)Y),Z)o+ (Dy((1+A)X), Z)
(1 +A)(DxY — Dy X), Z)o — (Dz((1 + A)X),Y)o
+((1+A)DzX),Y)o
— ((1+A)DxY, Z)o + {[Dx,1+ AY, Z)o
+{(1+ A)Dy X, Z)o+ ([Dy,1 + AlX, Z)
(1 + A)(DxY — DyX), Z)o — (D, 1+ AlX, Y
= 2(DxY,Z); + ((1 + A)fl[Dx, 1+ AlY, Z)
+((14+A) Dy, 1+ A]X, Z); — (AxY, Z);.

O
Now we compute the bracket terms in the Proposition. We have [Dx,1 + A] =
[Dx,A]. Also,
0=9(X,Y)o=(V;X,Y)o+ (X, V;Y)y,
SO
A=ViV,=-V:i (2.6)

Lemma 2.4. [Dx,V,]Y = R(X,%)Y.

Proof. Note that v”,4" are locally defined functions on S' x LM. Let 7 : [0, 27] x
(—&,€) — M be a smooth map with (6, 0) = (), and |,_¢7(6,7) = Z(6). Since
(6, 7) are coordinate functions on S' x (—¢,¢), we have

26 = oi) =2 = | | (i) 27)
= 200 Sy —azr=2

0 0
00 Ot 1+=0
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We compute
(DxVsY)* = 5x(ViY)* + T XV, Y°
= Ox(YOY* + T3AY ) + e XO(40;Y + Te YY)
= X9,V +470;6x Y + OTEX"4PY ¢ 4+ TE XPY 4 T34 05 Y
T3 X A0,V + TR Te XY
(V5DxY)* = 4(9;(DxY)" + T34 (DxY) )
= A9;(0xY " + TLXPY®) 4 TLAY(0x Y + T, XYY)
= A19;0xY + A OTLX Y + Tg XY° + T X'V + T4 05 Y

+I TS A XYY
Therefore
(DxV5Y = ViDxY)" = 0,5, X"3"Y = ;T34 XY + Tp. T, X 4°Y 7
—Ilepyt Xyt
= (@'Fgc - 8br?c + F?erzc - FZ@F;C)WijYC
= R, X/3'Y°
SO

DxV:Y —V,DxY = R(X,)Y.
0

Corollary 2.5. At the loop vy, [Dx,AlY = =V (R(X,%)Y) — R(X,4)V:Y. In par-
ticular, [Dx, Al is a zeroth order operator.

Proof.
[Dx,AlY = (=DxV;V;+V:V;Dx)Y
= —(V3;DxV.Y + R(X,¥)V:Y)+ V;V.,DxY
= —(VyV:DxY + V5(R(X,9)Y) + R(X,9)V:Y) + V;V;DxY
— V4(R(X,4)Y) — R(X,4)V5Y.
O

Now we complete the proof of Theorem 2.2. In the proof, we justify that AxY in
Proposition 2.3 exists.

Proof of Theorem 2.2. By Proposition 2.3 and Corollary 2.5, we have
1
VxY = DxY + 5(1 +A) M Dx, 1 +A]Y + (X < Y) + AxY

= DY 4 (14 A) (VAR A)Y) ~ RGA)VY) + (X o ¥) + AxY,

where (X < Y') denotes the previous term with X and Y switched.
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The curvature tensor satisfies

pointwise, so

1
<AXY72>1 = _§<[DZ71+A]X7Y>O

_ _%<(_v7(R(Z, 9)X) = R(Z,4)V5X,Y)q

1 . 1 :
= —RIZA)X,V5Y )0 + 5(RZA)V3X, Vo

1

Lo .
= —S(RX,V3Y)Z.A)0 + 5 (R(V5X,Y)ZA)o

1 . 1 )
= §<Zv R(X7 V’YY>’)/>0 - §<Z7 R<V’YX7 Y)W)O

= (2,04 AR V5V~ RIVX, Y.

Thus AxY = (1 + A)"HR(X,V4Y)¥ — R(V;X,Y)5). For X,Y smooth and in
H' = HY(v*TM), AxY € H? C H', since R is zeroth order. It follows that AxY
takes H' to H! continuously as a map on either X or Y. Thus taking the H! inner
product with AxY is a continuous linear functional on H*!. ([l

Remark 2.3. Locally on LM, we should have DyY = §&MY +wiM (V). Now 65MY
can only mean -£| _o<%|._oy(e,7,0), where 7(0,0,0) = v(6), de|—ov(€,0,0) = X(6),
dt|r=0v(€,7,0) = Yyc0,9(0). In other words, SEMY equals dxY. Since DyY? =
dxY*+T¢ (v(0)), the connection one-form for the L? Levi-Civita connection on LM
is given by

WM (V) (1)) = Th(v(0) XY = w¥ (V)" (7(0)).

By this remark, we get

Corollary 2.6. The connection one-form w = w' for V! in exponential coordinates
18

wx(Y)(1)(0) = wx (Y)(4(0)) + %{(1 +A)7H -V (R(X,9)Y) = R(X,9)V5Y
VL(R(Y,4)X) — R(Y,4)V5 X (23)
FROX, VY )i — R(V4X, Y)A1}(0).
2.4. The Levi-Civita Connection for s € Z™.
For s > 0, the proof of Prop. 2.3 extends directly to give

Lemma 2.7. The Levi-Civita connection for the H® metric is given by

1 1
V%Y = DxY + 5(1 + A)°[Dx, (1 +A)]Y + 5(1 + A)*[Dy,(1+ A)°]X + AxY,
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where

—%([DZ, (1+ AP)X,Y)o = (AxY, 2),, (2.9)

provided that for each X,Y € H®, Z — —1([Dz, (1 + A)*]X,Y)o is a continuous
linear functional on H®.

We now compute the bracket terms.

Lemma 2.8. For s € Z", at the loop 7,

[Dx, (L+A)TY =) (-1)F ( Z ) i VI(R(X,4)VIY). (2.10)

Proof. The sum over k comes from the binomial expansion of (1 + A)®, so we just
need an inductive formula for [Dx, A®]. The case s = 1 is Proposition 2.3. For the
induction step, we have

[Dx,A*] = DxA*'A—A°Dx
= A'DyA+[Dx,A* A — A*Dy
= A*Dyx + A Dy, Al + [Dx, A* A — A*Dy
A=V (R(X,9)Y) = R(X,9)V5Y)

_Z s 1vj ’)/)VQk j— 1( V,%Y)

= (=) (—Vis 1(R(X,7)Y)—(—1)8‘1V§S‘Z(R(X,"V)V7Y)
+i X, )V H(=VEY)

— i(_nsvg(R(X,»y)vg“jY).

We now show that AxY exists for s € ZT.

Lemma 2.9. For s € Z* and fizxed X,Y € H*, the left hand side of (2.9) is a
continuous linear map from Z € H® to H®. Thus AxY € H? is well defined.
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Proof. For smooth X,Y € H® and j,2k—1—j € {0,1,...,2s — 1}, a typical term in
(2.10) is

(VI(R(Z,/)VETX),Y)o = (=1)/(R(Z,A)VETX, VY ),
= (-1y
= (-1)
= (-1)

2k—1— j 0
gu(R(Z,A4) V21X (VY ) do

1

g Z* R, (vi’“—l—jX)”(vgY)fde

1

gtmgkthZmernz’yr(v?yk_l_JX)n(vng)zde

(=1(Z, 8" giu Ry (V3 XM (VAY ) D)o
(—1)(Z, R, " (V3 X) (V1Y) D0)e

= (-1"(Z, Rm NV XM (VAY ) D)o
(—1)"(Z, RV X, VIY)A)

= (—1)J+1<Z,(1+A) *R(VITIX, VIY)A)..

(In the integrals and inner products, the local expressions are in fact globally defined
one-forms on S, resp. vector fields along ~y, so we do not need a partition of unity.)

(1+ A)_SR(Vzkflij, V%Y)‘y is of order at least one in either X or Y, so this term
is in H**' C H*. Thus the last inner product is well defined. 0

By (2.9), (2.10), we get

m\m\m\

s 2k—1

AxY = (-1)! ( ; ) D (DT A) T R(VETTX VY)Y,

k=1 Jj=0
This gives:
Theorem 2.10. For s € Z*, the Levi-Civita connection for the H® metric at the loop
v 15 given by
s 2k—1

WY0) = Dxve)+ 48 Y (1) > VAR AT
k=1
+(X «<Y)
St () 0 ) R Y,

2.5. The Levi-Civita Connection for s € Rt \ Z*.

In this subsection, we show that the results for s € Z* do not carry over to
nonintegral s.
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By Lemma 2.7, we have to examine if ([Dz, (1 + A)*]X,Y ), is a continuous linear
functional on Z € H?*.

Lemma 2.11. (i) For Re(s) # 0, [Dz, (1 + A)*|X is a VDO of order 2s — 1 in X.
(11) 025k ([Dz, (1 + A)?®]) has k 8-derivatives of Z.

Proof. (i) For f : LM — C, we get [Dgz, (1 + A)*|fX = f[Dz, (1 + A)*]X, since
[f,(1+ A)*] = 0. Therefore, [Dz, (1 + A)*]X depends only on X|,.

By Lemma 2.1, Dy = 0z + ' - Z in shorthand exponential coordinates. The
Christoffel symbol term is zeroth order and (1 + A)® has scalar leading order symbol,
so [['- Z, (1 + A)*] has order 2s — 1.

From the integral expression for (1 + A)®, it is immediate that

07, 1+ APIX = (0z(1+A) )X+ (A +A)0X - (1+A)0X (2.11)
= (0z(1+A)%)X.

dz(1 4+ A)® is a limit of differences of YDOs on bundles isomorphic to y*T"M. Since
the algebra of WDOs is closed in the Fréchet topology of all C* seminorms of symbols
and smoothing terms on compact sets, dz(1 + A)* is a WDO.

Assume Re(s) < 0. As in the construction of (1 + A)*, we will compute what the
symbol asymptotics of dz(1 + A)® should be, and then construct an operator with
these asymptotics. From the functional calculus for unbounded operators, we have

i

Sz(1+A) = §z (QW/FAS(l + A — A)ldA)

= [ A1+ A= X)) (2.12)

2 Jr
S / N1 +A=N)"H0A)(1+A = X)) ta),
2 Jp

where I' is a contour around the spectrum of 14+ A, and the hypothesis on s justifies
the exchange of §7 and the integral. The operator A = (1+A—X)"15,A(1+A—-\)"!
is a YDO of order —3 with top order symbol

o (A0, = (€ —NlL(—27i0TE 5 — 2 Z)E(E — N)o!
_ 7 { v { v 2 -2
= (20Tl - 2T 2 - W)
Thus the top order symbol of d(1 + A)® should be

i ] % 7V -

025-1(62(1 +A)S)(0a€)§ = o F)\S(—QZ’@iFfﬂ - 2Fij )E(E? — N)2dA
i — i LV 7V -

= — [ sXNTN (=270, 4" — 21, Z27)E(E2 — N)~HdA

2 Jp

= s(=2Z'0TL; 4 — 210, Z¥)E(€% — N (2.13)
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Similarly, all the terms in the symbol asymptotics for A are of the form B¢ (£ —\)™
for some matrices B = Bf(n, m). This produces a symbol sequence Y, ;. 02—, and
there exists a WDO P with o(P) = ) 095_. (As in §2.2, we first produce operators
P, on a coordinate cover U; of S', and then set P = > ®iPi;.) The construction
depends on the choice of local coordinates covering ~, the partition of unity and cutoff
functions as above, and a cutoff function in &; as usual, different choices change the
operator by a smoothing operator. Standard estimates show that P — dz(1 + A)® is
a smoothing operator, so dz(1 4+ A)® is a YDO of order 2s — 1.
For Re(s) > 0, motivated by differentiating (1 + A)™% o (1 + A)® = Id, we set

Sz(1+ A = —(1+A)o0dz(1+A) %0 (1+A)"

This is again a YDO of order 2s — 1.
(ii) The covariant derivative along v on Y € I'(v*T'M) is given by

D (VM) (Y) = B + (M) @)Y

dry
= 0p(Y)0; +4'Y"T.0;,
where VM is the Levi-Civita connection on M and w™ is the connection one-form in

exponential coordinates on M. For A = (%)*%, an integration by parts using the
formula 0;ga,r = I'},grn + '} gen gives

(AY)F = —95V* — 2% 47 0pY* — (0oL + Thsi” + T Th374") Y°.
Therefore, by (2.7)
(GA)Y)r = (=2Zi9T% 4~ —oT Z)V* — (Z’@ Tk 57+ 7Tk 5 4+ Tk, 7
+ ZIOTEA + Ths 2 + Z70TE DAy + Th ZI0,TH A"
FTE, T 255 4 T T3 27 ) Y. (2.14)

v e

Thus (07A)Y is a second order differential operators in Z and a first order dif-
ferential operator in Y. It follows from (2.12) that dz(1 + A)°Y is a second order
differential operator in Z. As in (2.13), a symbol calculus calculation shows that
o_r(A) has k — 2 derivatives of Z. It follows that for Re(s) < 0, o9s_x(dz(1 + A)?)
has at most k derivatives of Z, and the same result then holds for Re(s) > 0.

U

Remark 2.4. (i) For s € Z*, 6z(1 + A)* differs from the usual definition by a
smoothing operator.

(ii) For all s, the proof shows that o(dz(1+ A)®) = dz(a((1 + A)*)).

We now determine if there exists AxY € H* such that —3([Dz, (1 + A)*]X,Y ) =
(AxY, Z), for each XY, Z € H*. As above, we write Dy = 7 + I'- Z, and consider
each term separately.
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For the I' - Z term, we have

(02,0 + 81X, V)= |

gab(r.z(1+A)8X)aYb—/ gu((L+AYT-Z. X)y?,
St St

(2.15)
where we have omitted the partition of unity. The first term on the right hand side
of (2.15) equals

[ anlrazi @+ 2750y = [ g Z%ng 51+ A7 XY
= (Z, 99 T5.((1 + A)* X)Y"0.)q (2.16)
= {Z,(1+ A)[garg™T.((1 + Ay X)Y*D,])s.

Since the components of (1 + A)*X and Y are in H, 7 and Hj _ respectively, the

product ((1+A)*X)Y?isin H. Thus (1+A)*[gaug® T ((1+A)* X)Y*0,] € H?,
so the inner products in (2.16) are well defined. A similar argument shows that the
second term on the right hand side of (2.15) can be rewritten as an H*® inner product
with Z.

We now consider the term [0z, (1+A)*]X = (0z(14+A)*)X (by (2.11)). By Lemma
2.11, 0z(1 + A)® is a WDO with explicitly computable symbol o ~ >, /. 09,1, and
09s—, contains at most k derivatives of Z. Fix ¢ and let P = Pz, be a YDO with
symbol Zi:l 09s—i. Here P =" ¢; Pp; with respect to some cover {(a;,b;)} of S*.
Q = 6z(1 + A)®* — P is an operator of order at most 2s — ¢ — 1. Suppressing the i
dependence of the symbols, we have

/ gapdz(1 4+ AP X2Y?
Sl

= [ POy s [ awoxyy? 2.17)
_ i(0—0")-¢
> o (Z L., e
L
3 (o 200, €0 (6 >Xc<9'>d5de'> Yo

k=1
+ Z / 09 QXY

Strictly speaking, P is given by integrating its symbol plus a smoothing term, which
we absorb into Q).

In the next to last term in (2.17), consider a term in a fixed o9s_j, of the form
(Z49)® A2 with k < ko derivatives in Z. In order to write this term as an inner
product with Z, we have to perform k integration by parts in #. For example, if k
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(k)
f-derivatives act on ¢;, replace this term with (bi%, noting that this function extends
by zero to {¢; = 0}. This gives the expression

Z\/al b) gbz ¢l gab
;/(%bi) Qbiﬁgdegwgab

(Z /T s i(0=-00€ 74 pa (9,5)¢j(9)¢j(9’)XC(e’)d5d9’> Yde,

(Z / AL, €050 >¢j<9’>XC(9’>d5d0’> Yhdg

which locally is the L? inner product of Z = Z49, with
(Z / A <0,£><z>j<0>¢j<9’>XC<0'>dfde'> Y.

This is the (local) H® inner product of Z with
(k)
¢z

This term is a YDO of order —2s as an operator on Y.

There are similar expressions if k 6-derivatives act on g, on ¢, or on
A%.(0,£)¢;(8), and in each case we get terms which are WDOs of order —2s as an
operator on Y. Finally, if k£ 6-derivatives act on Y, we get the local H® inner product
of Z with

(1+A)~°

a WO00E AL (6,€)d(0);(0)) X (0)dedd’ | YO,
s g<2/() (0, )6,(0)05(0) X“(0)dg )

(1+A)"°

WO00E A0 (0,€) 0 (0));(0)) X (0')dsde’ | YW, | |
gg<2/() (0, €)6,(0)5(0) X (0') e ) ]

which is of order —2s + k as an operator on Y.

In general, each of the k£ integrations by parts will act as in one of the previous
cases, so the final result can be written as an H® inner product with Z.

In summary, for fixed £, AxY’, if it exists, is the sum of two operators, (1+A)™* Py,
and (1 + A)7°QY,. Here (14 A)7°Py , is of order at least —2s + ¢ and defined by

| Py = [ guPi (V)2 = (14 8P (¥).2) (218)
St St

By a similar argument, (14 A)™°Q , is defined by

[ awQud XY = [ Qi V2 = (148 Q). (219
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Since Q = Qz, has symbol 372 | 0ask, (1+A)7°Q’ , has order at least —2s+/(+1.
Adding (2.18) and (2.19), we see that

D2 (L AYIX.Y)o = (14 A) (P 4 Q)xiV). Zhr (220)

provided the right hand side exists. In particular, AxY can only equal (14+A)~*(P'+
Q) xe(Y). However, for £ > 2s+1and Y € H*, (14+A)*(P' + Q" )x,(Y) & H® in
general, so the right hand side of (2.20) is not defined.

This proves that there is no Levi-Civita connection in this case. To be precise, let
H*(TLM) consist of the smooth sections Y =Y., of TLM such that Y, € H*(y*TM)
for all ~.

Theorem 2.12. For s € RY \ Z*, there is no Levi-Civita connection for the H®
metric on LM , in the sense that there exists no map V® : H*(v*TM)x H*(TLM) —
H*(TLM), (X,Y) — V%Y, which is linear over C*°(LM) in X and a derivation in
Y, and such that
UVLX,Z)y = X(Y.2)s+Y(X,Z)s — Z(X,Y),
+<[X’ Y},Z>5 + <[Z>X]7Y>S B <[Yv Z]7X>5'

2.6. Connections on LM that Vary Continuously in s.

We now find a family of connections on LM that depend continuously on s. By
the previous subsection, this family cannot consist of Levi-Civita connections for the
H?® metric, but they can be used to construct Chern-Simons invariants in Part II.

Lemma 2.13. The family of operators
1 1
VY = DyY + S+ 2) 7 [Dx, (L4 APY + S(1+ 4) 7 [Dy, (1+ A)]X
are torsion free connections on T'LM for each s > 0.
V14 is just the connection in Lemma 2.7 with the AxY term dropped.
Proof. For f € C*(LM), (14+ A)~*[D¢x, (1 + A)°]Y = f(1 + A)*[Dx, (1 + A)*)Y,
since (1 4+ A)™5f = f(1 + A)~® for fixed v. Also, (1 + A)*[Dx, (1 + A)’]fY =
f(1+A)*[Dx, (1 + A)’)Y, since (1 +A)*X(f) = X(f)(1 +A)~*. Thus (X,Y) —
(14+A)*[Dx, (1+ A)*]Y is in AY (LM, End(TLM)), asis (1+ A)~*[Dy, (1 + A)*|X.
DxY is a connection on TLM, so adding these elements of A'(LM,End(TLM))
produces new connections V1.
Since 3(1+ A)~*[Dx, (1 + A)*]Y + (1 + A)~*[Dy, (1 + A)*]X is symmetric in X
and Y, we get
VY —Vi*X = DyxY — Dy X = [X,Y].

Definition 2.1. V* is called the H® connection.
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2.7. Extensions of the Frame Bundle of LM. In this subsection we discuss the
choice of structure group for the H® and Levi-Civita connections on LM.

Let ‘H be the Hilbert space H*(y*T'M) for a fixed sq and . Let GL(H) be the
group of bounded invertible linear operators on H; inverses of elements are bounded
by the closed graph theorem. G'L(H) has the subset topology of the norm topology on
B(H), the bounded linear operators on H. GL(H) is an infinite dimensional Banach
Lie group, as a group which is an open subset of the infinite dimensional Hilbert
manifold B(H) [19, p. 59], and has Lie algebra B(H). Let YDO<y, YDO; denote
the algebra of classical YDOs of nonpositive order and the group of invertible zeroth
order WDOs, respectively, where all ¥DOs act on H. Note that YDO; C GL(H).

Remark 2.5. The inclusions of YDOg, VDO« into GL(H), B(H) are trivially con-
tinuous in the subset topology. For the Fréchet topology on YDO<«, the inclusion is
continuous as in [16].

We recall the relationship between the connection one-form € on the frame bundle
F'N of a manifold N and local expressions for the connection on T'N. For U C N, let
X : U — FN be alocal section. A metric connection V on T'N with local connection
one-form w determines a connection Opy € A'Y(FN,0(n)) on FN by (i) Opy is the
Maurer-Cartan one-form on each fiber, and (i) Opn(Yy) = w(X,), for YV, = x. X,
[23, Ch. 8, Vol. 1], or equivalently x*0py = w.

This applies to N = LM. The frame bundle FLM — LM is constructed as in
the finite dimensional case. The fiber over 7 is isomorphic to the gauge group G of R
and fibers are glued by the transition functions for TLM. Thus the frame bundle is
topologically a G-bundle.

However, by Corollaries 2.5 and 2.6, the H® connection one-form

1 1
WYY = oMY + F(1+2)7[Dx, (1 A)Y + S (1+4) 7 [Dy, (1+A)]X

takes values in YDO«j. The curvature two-form QY% = dppyw'® + Wb A wh* also
takes values in WDO«. (Here dryw!*(X,Y) is defined by the Cartan formula for the
exterior derivative.) These forms should take values in the Lie algebra of the structure
group. Thus we should extend the structure group to the Fréchet Lie group ¥DOy,
since its Lie algebra is WDO«q. This leads to an extended frame bundles, also denoted
FLM. The transition functions are unchanged, since G C WDO{. Thus (FLM, 6%)
as a geometric bundle (i.e. as a bundle with connection 6* associated to V%) is a
UDOg-bundle. Similar remarks hold for the Levi-Civita connection if s € Z™.
In summary, for the H® connections we have

G — FLM VDO, — (FLM, %)

l l
LM LM
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Remark 2.6. If we extend the structure group of the frame bundle with connection
from WDO; to GL(H), the frame bundle becomes trivial by Kuiper’s theorem. Thus
there is a potential loss of information if we pass to the larger frame bundle.

The situation is similar to the following examples. Let £ — S* be the GL(1,R)
(real line) bundle with gluing functions (multiplication by) 1 at 1 € S* and 2 at —1 €
St E is trivial as a GL(1,R)-bundle, with global section f with limy_, .+ f(e?) =
1 f(1) = 1,limg__.- f(e) = 1/2. However, as a GL(1,Q)"-bundle, E is nontrivial,
as a global section is locally constant. As a second example, let £ — M be a
nontrivial GL(n,C)-bundle. Embed C" into a Hilbert space H, and extend E to an
GL(H)-bundle £ with fiber H and with the same transition functions. Then & is
trivial.

3. Local Symbol Calculations

In this section, we compute the 0 and —1 order symbols of the connection one-form
and the curvature two-form of the s = 1 Levi-Civita connection. We also compute
the 0 and —1 order symbols of the connection one-form for the H® connection, and
the 0 order symbol of the curvature for the H® connection. These results are used
in the calculations of Wodzicki-Chern-Simons classes in §6. The formulas show that
the s-dependence of these symbols is linear, which will be used to define regularized
Wodzicki-Chern-Simons classes (see Definition 5.2).

3.1. Connection and Curvature Symbols for s = 1.

Using Corollary 2.6, we can compute these symbols easily.
Lemma 3.1. (i) At v(0), oo(wx)? = (W¥)s =T9 X¢.
(i)
1
ilg1=2¢
Equivalently,

L(C2R(X.4) — R(,4)X + R(X. ).

0_1(wX) = 5

1
ilg=%¢
Proof. (i) For oy(wx), the only term in (2.8) of order zero is the Christoffel term.
(ii) For o_1(wx), label the last six terms on the right hand side of (2.8) by (a), ...,
(f). By Leibniz rule for the tensors, the only terms of order —1 come from: in (a),
—V4(R(X,9)Y) = —R(X,¥)V;Y+ lower order in Y; in (b), the term —R(X,¥)V;Y;
in (c), the term —R(V,Y,4)X; in (e), the term R(X, V;Y)5.
For any vectors Z, W, the curvature endomorphism R(Z, W) : TM — TM has
R(Z, W) = R, " ZW*.
Also, since (V5Y)* = LY plus zeroth order terms, o1(V4) = i& - Id. Thus in (a) and
(b), o1 (=R(X, )V ) — R X,

a 1 a a a C_
o1(wx)y = §<_2Rcdb — Ry + Ryy") X A7
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For (c), we have —R(VY,4)X = —R,;,*(V+Y)54X%3,, so the top order symbol
is — R, o1XY = — Ry, 264 XC.

For (e), we have R(X,V:Y )y = R, X°(V+Y)?0,, so the top order symbol is
Rog" XE P = Ry X ¢y,

Since the top order symbol of (1 + A)~! is |¢]72, adding these four terms finishes
the proof. O

We now compute the top symbols of the curvature tensor. o_;(f2) involves the
covariant derivative of the curvature tensor on M, but fortunately this symbol will
not be needed in Part II.

Lemma 3.2. (i) 0o(Q(X,Y))¢ = RM(X,Y)¢ = R, XY
(it)
1

TEEree QX)) = 5 (VX[2R059) = REAY + Y3

—(X«<Y)
—[2R([X,Y],%) — R(.9)[X, Y]+ R(X, Y], )9]) -

Equivalently, in exponential normal coordinates on M centered at (),

“ﬂ%%(jA(Q(X’ i = %X[(_2Rcdba — Ry + Rapg" )Y — (X = Y)
- %X[_QRcdba — Ry + Ry WY = (X < Y) (3.1
+%[_2Rcdba — Ry + Ry XYe — (X < Y)
Proof. (i)

oo(UX,Y))y = oo((dw+wAw)(X,Y)),
= [(doo(w) + oo(w) A oo(w))(X,Y)]}
= [(dw™ + WM AWM (X, Y))2
= RM(X,Y)} = R, "XY"

(ii) Since o¢(wx) is independent of &, after dividing by i|¢|72¢ we have

o1 (QX,Y))y = (do1(w)(X,Y))5 + oo(wx)eo(wy); + o (wx)ioo(wy )y

—0oo(wy)eo_1(wx)y + o1(wy)eoo(wx )

As an operator on sections of Y*T'M, Q™ — QM has order —1 so o_1(QM) =
o_1(QFM — QM) is independent of coordinates. In normal coordinates at a fixed
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point y(0), oo(wx) = go(wy) = 0, so
o1 (QUX,Y))y = (do1(w)(X,Y))y

= X(o_1(wy))y —Y(o-1(wx))y —o-1(wixy))y

1 a a a Cz
= §X[<_2Rcdb — Ry + Ry 1Y 4 — (X < Y)
1 a a a C
_5(_2Rcdb — Ry + Ry [X, Y]

The terms involving X (Y¢) — Y (X¢) — [ X, Y]¢ cancel (as they must, since the symbol
two-form cannot involve derivatives of X or Y'). Thus

a 1 a a a C
o1 (UX,Y))y = §X[<_2Rcdb — Ry’ + Ry )Y Y — (X < Y).

This gives the first coordinate expression in (3.1). The second expression follows
from X (44) = X7 (see (2.7)).

To convert from the coordinate expression to the covariant expression, we follow the
usual procedure of changing ordinary derivatives to covariant derivatives and adding
bracket terms. For example,

= XiRcdba;iYc"Vd + R(VxY, %) + R Y (Vx¥)~.

In exponential normal coordinates at v(6), we have X'R_ ;% = X'OiR 5" = X (R, ")
and (Vx¥)¢ = X (§). Thus

Vx(R(Y.9) = (X < Y) = R([X,Y],4) = X (Rg" 7)Y — (X < Y).
The other terms are handled similarly. ([l

3.2. Connection and Curvature Symbols for general s.

The noteworthy feature of these computations is the linear dependence of o_; (w"*)
on s.
Let g be the Riemannian metric on M.

Lemma 3.3. (i) At v(6), oo(wy®)¢ = (W¥)e =T% X,
(ii) oo (5 (X,Y))¢ = RM(X,Y)¢ = R, " XY
1,5 a

(i1i) M%an_l(wX )g = sT(X,5,9), where T(X,7,g) is tensorial and independent
of s.

Proof. (i) By Lemma 2.11, the only term of order zero in Lemma 2.13 is w.

(ii) The proof of Lemma 3.2(ii) carries over.

(ili) By Lemma 2.13, we have to compute o_; for [Dx, (1 + A)*] and for
1D, (14 A)*X.

Write Dx = 0x +1"- X in shorthand. Since (1+A)® has scalar leading order symbol,
[T - X, (14 A)*] has order 2s — 1. Thus we can compute o9, 1([I" - X, (1 + A)?]) in



RIEMANNIAN GEOMETRY ON LOOP SPACES 23

any coordinate system. For fixed 6, at the center point () of exponential normal
coordinates, the Christoffel symbols vanish. Thus o_; (3T - X, (1 + A)*]) = 0.

By (2.11), (2.13), 02s_1(5[0x, (1 + A)®]) is s times a tensorial expression in X, ¥, g,
since 9;T,; = +(R,,;* + R;;,") in normal coordinates. Thus o_y(5(1 4 A)~*[dx, (1 +
A)*]) is s times this tensorial expression.

The argument for oa,1(35(1 + A)7*[D., (1 + A)*]X is similar. The term with T
vanishes, and the term [d., (1 + A)?] is treated by (2.14) and the functional calculus
as in (2.13). O

4. The Loop Group Case

In this section, we relate our work to Freed’s work on based loop groups QG [10].
We find a particular representation of the loop algebra that controls the order of the
curvature of the H! metric on QG.

QG C LG with base point e.g. e € G has tangent space 1T,QG = {X € T,LG :
X(0) = X(27) = 0} in some Sobolev topology. Instead of using D?/d~?* to define the
Sobolev spaces, the usual choice is Agi = —d?/df? coupled to the identity operator
on the Lie algebra g. Since this operator has no kernel on 7,Q2M, 1+ A is replaced by
A. These changes in the H® inner product do not alter the spaces of Sobolev sections,
but they do change the Levi-Civita connection. In any case, for XY, Z left invariant
vector fields, the first three terms on the right hand side of (2.3) vanish. Under the
standing assumption that G has a left invariant, Ad-invariant inner product, one
obtains

VY = (X, Y]+ AX, ASY] + A5V, AX]

[10].

It is an interesting question to compute the order of the curvature operator as a
function of s. For based loops, Freed proved that this order is at most —1. In [15], it
is shown that the order of {2* is at most —2 for all s # 1/2,1 on both QG and LG,
and is exactly —2 for G nonabelian. For the case s = 1, we have a much stronger
result.

Proposition 4.1. The curvature of the Levi-Civita connection for the H' inner prod-
uct on QUG associated to —% ® Id is a DO of order —oo.

PrOOF: We give two proofs.
By [10], the H' curvature operator 2 = Q' satisfies

ez wy = ([ 122, [ 1) < orer)

where the inner product is the Ad-invariant form on the Lie algebra g. We want to
write the right hand side of this equation as an H' inner product with W, in order
to recognize Q(X,Y’) as a YDO.
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Let {e;} be an orthonormal basis of g, considered as a left-invariant frame of TG
and as global sections of 7*T'G. Let ¢}, = ([e;, 5], ex)g be the structure constants
of g. (The Levi-Civita connection on left invariant vector fields for the left invariant
metric is given by VxY = 1[X, Y], so the structure constants are twice the Christoffel
symbols.) For X = X'e; = X'(0)e;, Y = YJe;, etc., integration by parts gives

QUX,Y)Z, W), = (/Sl YiZjdH) ( . XeWde) wcﬁmékn — (X «Y).
Since

/Sl X W™ = /Sl <5mCC£ch€m,Wbeb) = <A71(5mccecX€em) W> ,

g 1
we get

QX,Y)Z W), = YiZI| 0™ AT (X ), W) — (X &Y
s ] ls
! 1

_ <US af(@,@’)Zj(G’)dG’] ek,W>1,

A5(0.0) = V(0,5 (A7 (Xlen)) (0) — (X = ), (A1)

We now show that Z — (fsl (0,0')27(¢')d#') ey, is a smoothing operator. Apply-
ing Fourier transform and Fourler inversion to Z7 yields

/ ak(0,0) 27 (0)d0’ = / ab (0,0 "< 71 (0")do" d¢db’
St S1xRxS1t

with

— / |k(0,0)e000E| 00 20 (0" a9 dead
S1xRx St

so Q(X,Y) is a YDO with symbol

bﬁ(@,g):/ﬁl a(0,60)e =< qp’, (4.2)

with the usual mixing of local and global notation.

For fixed 6, (4.2) contains the Fourier transform of Y#(¢') and X*(¢'), as these are
the only ¢’-dependent terms in (4.1). Since the Fourier transform is taken in a local
chart with respect to a partition of unity, and since in each chart Y and X' times
the partition of unity function is compactly supported, the Fourier transform of a;? in
each chart is rapidly decreasing. Thus b?(&, €) is the product of a rapidly decreasing
function with €€, and hence is of order —oo.

We now give a second proof. For all s,

VaY = X Y] - SATIAX, Y] 4 JATX, A,
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Label the terms on the right hand side (1) — (3). As an operator on Y for fixed X,
the symbol of (1) is o((1)) = §Xc,. Abbreviating (£2)™* by £72%, we have

1 2s
U((Q))Z ~ 8 |:€ 2SASX6 . 75—25—166A5X5

ek
N (=25 =1)... (=25 =L+ 1) o yorpsye
_I_Z P 19 Oy A X
(=2
. . > 2s — 1 2s —0+1) _ e
(B ~ 5 WX+Z e kﬁxl
Thus
O'(VX |:2X€ o 23A3X€ + 2—,85_28_189A8X6
1
> (=25 =1)... (=25 =L+ 1) 5 yoprsve
Z o 1S 0p,A° X (4.3)
=2
(=25 —1)...(=2s =L +1) ;0o
Zz: i E 0, X",

Set s =1 in (4.3), and replace ¢ by ¢ — 2 in the first infinite sum. Since A = —97,
a little algebra gives

a a - (_1)Z 0 yre L S (_1)é V4 —0
o(Vx)p~ Y 0, X°¢ " =ad > T OXE" (4.4)

=0 =0
Denote the infinite sum in the last term of (4.4) by W(X,6,¢). The map X
W(X,0,¢) takes the Lie algebra of left invariant vector fields on LG to the Lie algebra
Lg[[¢71]], the space of formal YDOs of nonpositive integer order on the trivial bundle
S! x g — S, where the Lie bracket on the target involves multiplication of power
series and bracketing in g. We claim that this map is a Lie algebra homomorphism.
Assuming this, we see that

o (QX,Y)) = o([Vx,Vy] = Vixy)) ~ o (ad W(X),ad W(Y)] — ad W([X, Y]))
= o (ad ([W(X),W(Y)]) —ad W([X,Y])) =0,
which proves that Q(X,Y) is a smoothing operator.

To prove the claim, set X = 2%™%¢,, Y = 3 ¢™’¢,. Then
00 1 ¢ -
WX Y]) = Wanymeemie,) - ()éﬁ(mamm)s%k
(=0
p+q ¢ md\ 9q (, b imb\ —(p+q) .k
W(X),W(Y)] = Z Z Zerq ne )89 (yme )f T caer

=0 p+q=¢L
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and these two sums are clearly equal. O

It would be interesting to understand how the map W fits into the representation
theory of the loop algebra Lg.

Part II. Characteristic Classes on LM

In this part, we construct a general theory of Chern-Simons classes on certain
infinite rank bundles including the frame/tangent bundle of loop spaces, following
the construction of primary characteristic classes in [20]. The primary classes vanish
on the tangent bundles of loop spaces, which forces the consideration of secondary
classes. The key ingredient is to replace the ordinary matrix trace in the Chern-Weil
theory of invariant polynomials on finite dimensional Lie groups with the Wodzicki
residue on invertible bounded WDOs.

As discussed in the Introduction, there are absolute and relative versions of Chern-
Simons theory. We use the relative version, which assigns an odd degree form to a
pair of connections. In particular, for TLM, we can use the L? and s = 1 Levi-Civita
connections to form Wodzicki-Chern-Simons (WCS) classes associated to a metric on
M.

In §5, we develop the general theory of Wodzicki-Chern and WCS classes for bun-
dles with structure group WDOJ, the group of invertible classical zeroth order pseu-
dodifferential operators. We show the vanishing of the Wodzicki-Chern classes of
LM and more general mapping spaces. As in finite dimensions, we show the exis-
tence of WCS classes in H"(LM,C) if dim(M) = n is odd (Definition 5.1) and give
the local expression for the WCS classes associated to the Chern character (Theo-
rem 5.5). In Theorem 5.6, we prove that the Chern character WCS class vanishes if
dim(M) = 3 (mod 4). In §6, we associate to every circle action a : S* x M"™ — M"
an n-cycle [a] in LM. For a specific metric on S% x % and a specific circle action a, we
prove via exact computer calculations that the WCS class is nonzero by integrating it
over [a]. Since the corresponding integral for the cycle associated to the trivial action
is zero, a cannot be homotoped to the trivial action. We use this result to prove that
71 (Diff (S? x S?)) is infinite.

Throughout this part, H* always refers to de Rham cohomology for complex valued
forms. By [2], H*(LM) ~ H}, . (LM,C).

sing

5. Chern-Simons Classes on Loop Spaces

We begin in §5.1 with a review of Chern-Weil and Chern-Simons theory in finite
dimensions, following [6].

In §5.2, we discuss Chern-Weil and Chern-Simons theory on a class of infinite
rank bundles including the frame bundles of loop spaces. As in §2.7, the geometric
structure group of these bundles is DOy, so we need a trace on the Lie algebra
VDO« to define invariant polynomials. There are two types of traces, one given by
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taking the zeroth order symbol and one given by the Wodzicki residue [17], [21]. Here
we only consider the Wodzicki residue trace.

Using this trace, we generalize the usual definitions of Chern and Chern-Simons
classes in de Rham cohomology. In particular, given a U(n)-invariant polynomial P
of degree k, we define a corresponding WCS class CSY € H**~1(LM) if dim(M) =
2k — 1. We are forced to consider these secondary classes, because the Wodzicki-
Chern classes of mapping spaces Maps(N, M) vanish. In Theorem 5.5, we give an
exact expression for the WCS classes associated to the Chern character. In Theorem
5.6, we show that these WCS classes in H**3(LM*+3) vanish; in contrast, in finite

dimensions, the Chern-Simons classes associated to the Chern character vanish in
H4k+1(M4k+1).

5.1. Chern-Weil and Chern-Simons Theory for Finite Dimensional Bun-
dles. We first review the Chern-Weil construction. Let G be a finite dimensional Lie
group with Lie algebra g, and let G — F' — M be a principal G-bundle over a
manifold M. Set g¥ = g® and let

I*(G) = {P: g" — C |P symmetric, multilinear, Ad-invariant}
be the degree k Ad-invariant polynomials on g.
Remark 5.1. For classical Lie groups G, I*(G) is generated by the polarization of

the Newton polynomials Tr(A*), where Tr is the usual trace on finite dimensional
matrices.

For ¢ € AY(F,g*), P € I*(G), set P(¢) = Po ¢ € A(F).

Theorem 5.1 (The Chern-Weil Homomorphism [14]). Let F' — M have a connec-
tion 0 with curvature Qp € A*(F,g). For P € I*(G), P(Qp) is a closed invariant
real form on F, and so determines a closed form P(Qy;) € A**(M). The Chern-Weil
map

O™ (G) — H* (M), P [P(Qu)]
s a well-defined algebra homomorphism, and in particular is independent of the choice
of connection on F.
The proof depends on:
e (The commutativity property) For ¢ € A*(F, g"),

d(P(¢)) = P(de). (5.1)
e (The infinitesimal invariance property) For 1; € A%(F,g), ¢ € A(F,g) and
P e I*@),
k

S (=1 Py A A ] A - al) = 0. (5.2)

=1
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[P(S2y)] is called the characteristic class of P. For example, the characteristic class
associated to Tr(A*) is the k' component of the Chern character of F.

Part of the theorem’s content is that for any two connections on F'; P(€)—P () =
dCSp(0y,60y) for some odd form CSp(Vy, Vy). Explicitly,

k-1

1 A
CSP<91,60> = / P((91 - eo,Qt, ceey Qt) dt (53)
0
where
Ht - t90 + (1 - t)91, Qt - d@t +9t /\Ht
[5, Appendix].

Remark 5.2. For F — M, 7*F — F is trivial. Take 6; to be the flat connection
on 7 F with respect to a fixed trivialization. Let 6; also denote the connection
x*01 on F', where x is the global section of 7*F. For any other connection 6, on F',
O; = t0y, QY = tQy + (t* — )0y A Op. Assume an invariant polynomial P takes values
in R. Then we obtain the formulas for the transgression form T'P(€2;) on F": for

by = 0y + %(tZ _1[0,0], TPO) =1 / PO At (5.4)
0

dTP(9) = P(y) € A*(F) [6]. TP(Q) pushes down to an R/Z-class on M, the
absolute Chern-Simons class.

As usual, these formulas carry over to connections V = d + w on vector bundles
E — M in the form

1
CSP(Vl,Vo) = / P(wl —wo,Qt, ...,Qt) dt, (55)
0

since w; — wy and §2; are globally defined forms.

5.2. Chern-Weil and Chern-Simons Theory for YDOg-Bundles. Let & — M
be an infinite rank bundle over a paracompact Banach manifold M, with the fiber
of £ modeled on a fixed Sobolev class of sections of a finite rank hermitian vector
bundle £ — N, and with structure group YDOg(E). For such ¥DOg-bundles, we
can produce primary and secondary characteristic classes once we choose a trace on
UDO<o(E). Since the adjoint action of YDO;; on WDO« is by conjugation, a trace
on VDO« will extend to a polynomial on forms satisfying (5.1), (5.2), so the finite
dimensional proofs extend.

These traces were classified in [17], although there are additional traces in our
special case N = S!' [21]. Roughly speaking, the traces fall into two classes, the
leading order symbol trace [20] and the Wodzicki residue. In this paper, we consider
only the Wodzicki residue, and refer to [16] for the leading order symbol trace.

For simplicity, we mainly restrict to the generating invariant polynomials Py (A) =
Ak and only consider & = T LM, which we recall is the complexified tangent bundle.
We will work with vector bundles rather than principal bundles.
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Definition 5.1. (i) The k' Wodzicki-Chern (WC) form of a WDOj-connection V on
TLM with curvature €2 is

V() () = % /S o (@) dede. (5.6)

Here we recall that for each v € LM, o_1(2%) is a 2k-form with values in endomor-
phisms of a trivial bundle over S*S*.

(ii) The k™ Wodzicki-Chern-Simons (WCS) form of two WDOj-connections Vg, V;
on T'LM is

CSy 1 (V1, Vo) = // tro_y ((w — wo) A (Q)F1) dt (5.7)
*Sl

= k! res™ [(wy — wo) A ()] dt.

(iii) The k™ Wodzicki- Chem-Simons form associated to a Riemannian metric g on
M, denoted CS}/_,(g), is C'SY_,(V1, V), where Vg,V refer to the L? and s = 1
Levi-Civita connections on LM, respectively.

(iv) Let ¥ = {0} be the group of permutations of {1,...,k}. Let [ :1 <i; < ... <
iy = k be a partition of k (i.e. with i =0, Z?Zl(z’j —i;_1) = k) . For the symmetric,
U(n)-invariant, multilinear form on u(n)

P (A17A27 ..., = ' Ztr 0-(1) . 0'(21)) (Ag(i1+1) L Aa’(’b2)>

et tr(AU(ig_l) Ceel st Aa(k))7

define the symmetric, YDOj-invariant, multilinear form on YDO<, by

PI (Bla "'7 - k?' Z (/S .51 tro_ 1 B o(1) - Ba(il))

/ tr 0,1(30(1'1+1) Teeet Bcr(i2))
S*s§1

o / tr Ufl(BU(ié—l) T Bg(k))) .
S*S1

The Wodzicki-Chern form associated to Pr for a WDOg-connection on T'LM with
curvature 2 is

() = PY(Q,Q,..,9Q) (5.8)
_ 1 tro_y (M) - / tro_(QF). ... / tro_i (QF)
k;! S*Sl S*Sl S*Sl
kilko! - oo kel 4y

= = (Q)CE;(Q) S CEZ(Q),

where k‘l = il — io, k?g = ig — il, ...,k‘g = ’ig — ’ig_l.
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Setting K = (ki, ..., k), we also denote ¢ (Q) by cif (Q).
(v) Let Vo, Vi be YDOj-connections on T'LM with connection forms wp, w;, re-
spectively. The Wodzicki-Chern-Simon form associated to Py and Vy, V; is

1
CSp(V1, Vo) :/ P (wy — wy, Q, ..., Q) dt.
0

In (iv) and (v), we do not bother with a normalizing constant, since we do not
claim that there is a normalization which gives classes with integral periods. Note
that the k™ WCS class is associated to Py(Ay, ..., Ag) = tr(A4; - ... - Ap), ie. the
partition K = (k), or in other words to the polynomial giving the k*® component of
the Chern character.

As in finite dimensions, ¢;" (V) is a closed 2k-form, with de Rham cohomology class

cr.(LM) independent of V, as ¢l () — ¢V () = dCS3Y_,(V1, V).

Remark 5.3. It is an interesting question to determine all the ¥DO{-invariant poly-
nomials on YDO«. As above, U(n)-invariant polynomials combine with the Wodzicki
residue (or the other traces on YDO«) to give VDO -polynomials, but there may be
others.

The tangent space T'LM , and more generally mapping spaces Maps(N, M) with N
closed have vanishing Wodzicki-Chern classes. Here we take a Sobolev topology on
Maps(N, M) for some large Sobolev parameter, so that Maps(/N, M) is a paracompact
Banach manifold. We denote the de Rham class of c%(Q) for a connection on £ by

CP[<5)'

Proposition 5.2. Let N, M be closed manifolds, and let Maps;(N, M) denote the
component of a fized f : N — M. Then the cohomology classes c%(Mapsf(N, M))
of TMaps(M, N) vanish.

Proof. For TLM, the L? connection in Lemma 2.1 has curvature £ which is a multi-
plication operator. Thus o_;(€2) and hence o_;(£2) are zero, so the WC forms cp, (Q2)
also vanish.

Forn € N and h : N — M, let ev,, : Maps;(N, M) be ev,(h) = h(n). Then

DxY (h)(n) o (evi VICM) Y (h)(n) is the L? Levi-Civita connection on

Maps(N, M). As in Lemma 2.1, the curvature of D is a a multiplication operator.
Details are left to the reader. 0

Remark 5.4. (i) These mapping spaces fit into the framework of the Families Index
Theorem in the case of a trivial fibration Z — M —— B of closed manifolds.
Given a finite rank bundle £ — M, we get an associated infinite rank bundle
& = m.E — B. For the fibration N — N x Maps(N, M) — Maps(N, M) and
E =ev*TM, & is TMaps(N, M). A connection V on E induces a connection V¢ on
& defined by

(V55)(b)(2) = ((ev* 9“)(270)%) (b, 2).
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Here u,(b, z) = s(b)(2). The curvature Q° satisfies
QF(Z,W)s(b)(2) = (ev" Q)((Z,0), (W, 0))us (b, 2).
This follows from
Q%(Z,W)s(b)(2) = [VZViy — ViyVy = Vizwls(0)(2).

Thus the connection and curvature forms take values in multiplication operators, and
so cf (£) = 0.

If the fibration is nontrivial, the connection on £ depends on the choice of a hor-
izontal complement to T'Z in T'M, and the corresponding connection and curvature
forms take values in first order differential operators.

(ii) In finite dimensions, odd Chern forms of complexified real bundles like
TMaps(N, M) vanish, because the form involves a composition of an odd number of
skew-symmetric matrices. In contrast, odd WC forms involve terms like o_;(Q) A
QM A A QM where Q' is the curvature of the s = 1 Levi-Civita connection. By
Lemma 3.2(ii), 0_1(Q') is not skew-symmetric as an endomorphism. Thus it is not
obvious that the odd WC forms vanish.

Similarly, in finite dimensions the Chern-Simons form for the odd Chern classes of
complexified real bundles vanish, but this need not be the case for WCS forms. In
fact, we will produce nonvanishing WCS classes associated to c§ (T'LM?) in §6.

In finite dimensions, Chern classes are topological obstructions to the reduction
of the structure group and geometric obstructions to the existence of a flat connec-
tion. Wodzicki-Chern classes for WDOg-bundles are also topological and geometric
obstructions, but the geometric information is a little more refined due to the grading
on the Lie algebra YDO«.

Proposition 5.3. Let £ — B be an infinite rank YDOg-bundle, for YDOg acting
on E — N". If & admits a reduction to the gauge group G(E), then ¢ (£) = 0
for all k, and hence c‘g (&) = 0 for all Pr. If £ admits a WDOg-connection whose
curvature has order —k, then c,(€) =0 for { > [n/k].

Proof. 1f the structure group of £ reduces to the gauge group, there exists a connection
one-form with values in Lie(G) = End(F), the Lie algebra of multiplication operators.
Thus the Wodzicki residue of powers of the curvature vanishes, so the Wodzicki-Chern
classes vanish. For the second statement, the order of the curvature is less than —n
for ¢ > [n/k], so the Wodzicki residue vanishes in this range. O

However, we do not have examples of nontrivial WC classes; cf. [16], where it is
conjectured that these classes always vanish.

The relative WCS form is not difficult to compute.
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Proposition 5.4. Let o be in the group of permutations of {1,...,2k — 1}. Then
CSy1(g )(Xl, oy Xop1) (5.9)

oy ) | 2R, 3) B A) Koty + Ao, )

'(QM) (Xa(2)7 - Xoor-1))]-

Proof.
oo((w1 —wo)x )y = I'GX = T5X =0.
Thus
Sor—1( ro_j(w —w oo(§2))" dt. .
o= [ [ o) A (30(2))" (5.10)
Moreover,
oo(§%) = td(oo(wo)) + (1 —t)d(oo(wr))
—|—(t00(w0) + (1 — t)U()(wl)) A (tO'()(CU()) + (1 — t)ao(wl))
= dw™M + WM AWM
= oM,
Therefore

S ( / /*51 r[o_y(wi) A (QM)F] at, (5.11)

since 0_1(wp) = 0. We can drop the integral over t. The integral over the & variable
contributes a factor of 2: the integrand has a factor of |£|72¢, which equals 41 on the
two components of S*S*. Since the fiber of S*S! at a fixed 6 consists of two points
with opposite orientation, the “integral” over each fiber is 1 — (—1) = 2. Thus

CS3_1(9 )(Xh o Xog-1) (5.12)
B 2k — 1) Z sgn(o / —2R(X501), %) — R(- ) Xo(1) + R(Xo(1), ))
'(QM)k(Xa(Q), - Xo2k-1))]
by Lemma 3.1. U

This produces odd classes in the de Rham cohomology of the loop space of an odd
dimensional manifold.

Theorem 5.5. (i) Let dim(M) = 2k —1 and let P be a U(n)-invariant polynomial of
degree k. Then c¥ (2) = 0 for any YDO}-connection ¥V on TLM. Thus C'SE (V1, Vo)
is closed and defines a class [CSP (V1,Vo)] € H* Y (LM). In particular, we can
define [CSY (g)] € H* Y (LM) for a Riemannian metric g on M.
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i (ii) For dim(M) = 2k — 1, the k™ Wodzicki-Chern-Simons form C Sy, _,(g) simpli-
es to

CSy_1(9)(X1, .., Xok-1)
B ﬁzsg“(f’) /S trl(~RCA)Xo) + RXow,)3) (5.13)

(MY (X 2y, - Xo(an1))]-

Proof. (i) Let Q be the curvature of V. ¢} (Q2)(X1, ..., Xot)(7) is a sum of monomials
of the form (5.8). This is a 2k-form on M, and hence vanishes.

(ii) Since
R(Xl, ’}/) : (QM)k(XQ, ..ngfl) = [Zf\/ tr(Qk>](X1, ...XQkfl) = tI'(Qk)(’}/, Xl; c. ,XQkfl),

the first term on the right hand side of (5.12) vanishes on a (2k — 1)-manifold.
U

Remark 5.5. There are several variants to the construction of relative WCS classes.
(i) If we define the transgression form T'c,(V) with the Wodzicki residue replacing
the trace in (5.4), it is easy to check that Tcx(V) involves o_1(Q2). For V the L?
connection, this WCS class vanishes. For V the H® connection, s > 0, 0_1(Q2) involves
the covariant derivative of the curvature of M (cf. Lemma 3.2 for s = 1.) Thus the
relative WCS class is easier for computations than the absolute class [T'c,(V)].

(ii) If we define C'S}¥(g) using the H' connection instead of the s = 1 connection,
then we omit the term involving R(X,(1), )7 from (5.9) as well. For the H' connec-
tion omits the AxY term in Proposition 2.3, and hence omits the last two terms in
Theorem 2.2 and the last term in Lemma 3.1.

(iii) If we define C'S}¥ (g) using the H* connection instead of the H' connection, the
WCS class is multiplied by s by Lemma 3.3. Therefore we can remove the dependence
of the WCS class on the artificial parameter s by setting s = 1:

Definition 5.2. The reqularized k' WCS class associated to a Riemannian metric

gon M is CS}""%(g) L CSW (VL V), where V1! is the H' connection and V is

the L? Levi-Civita connection.

By (ii), the H' connection one-form is o_;(wy') = i|¢|*¢[~R(X, %) — R(-,%)]. By
Theorem 5.5, the regularized WCS class is therefore the cohomology class of

Cslyreg(g)(Xh---X%—ﬁ
2 . -
= o ) /S tr=R(, )Xo - (A1) (Xoe), - Xotan)):

We conclude this section with a vanishing result that does not have a finite dimen-
sional analogue.

Theorem 5.6. The k™ WCS class CS}Y (g) vanishes if dim(M) = 3 (mod 4).
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Proof. Let dim(M) = 2k — 1. Since QM takes values in skew-symmetric endo-
morphisms, so does (QM)F~1 if k is even, i.e. if dim(M) = 3 (mod 4). The term
—R(-,9)Xoa) + R(Xo(1), )y in (5.13) is a symmetric endomorphism. For in normal
coordinates, this term is (—Rpgea + Rebda) X4 = Aap, say, so the curvature terms in
Aab — Aba are

_Rbdca + Rcbda + Radcb - Rcadb = _Rbdca + Rcbda + Rcbad - Rdbca
- _Rbdca + Rcbda - Rcbda + Rbdca =0.

Thus the integrand in (5.13) is the trace of a symmetric endomorphism composed
with a skew-symmetric endormorphism, and so vanishes. 0

Example 5.7. We contrast Theorem 5.6 with the situation in finite dimensions.
Let dim(M) = 3. The only invariant monomials of degree two are tr(A;A4s) and
tr(Ap) tr(Ay) (corresponding to ¢y and ¢, respectively).

For M, tr(A;As) gives rise to the classical Chern-Simons invariant for M. However,
the Chern-Simons class associated to tr(A;) tr(As) involves tr(w; — wp) tr(€2;), which
vanishes since both forms take values in skew-symmetric endomorphisms.

In contrast, on LM we know that the WCS class C'S}’ associated to tr(A;Ay)
vanishes. The WCS associated to tr(A;) tr(Ay) involves tro_;(w; —wp) = tro_1(ws)
and tro_1(£2). Both w; and €, take values in skew-symmetric YDOs, but this does
not imply that the terms in their symbol expansions are skew-symmetric. In fact, a
calculation using Lemma 3.1 shows that o_;(w;) is not skew-symmetric. Thus the
WCS class associated to tr(A;) tr(As) may be nonzero.

6. An Application of Wodzicki-Chern-Simons Classes to Circle Actions

In this section we use WCS classes to distinguish different S* actions on M =
S% x S3. We use this to conclude that 7 (Diff (M), id) is infinite.

Recall that H*(LM) denotes de Rham cohomology of complex valued forms. In
particular, integration of closed forms over homology cycles gives a pairing of H*(LM)
and H.(LM,C).

For any closed oriented manifold M, let ag,a; : S' x M — M be two smooth
actions. Thus

ai<07 m) =m, ai<97 CL(I/J, m)) = CLZ(Q + ¢7 m)
Definition 6.1. (i) ap and a; are smoothly homotopic if there exists a smooth map
F:[0,1] x S* x M — M, F(0,0,m) = ag(8,m), F(1,0,m) = a1(0,m).

(ii) ap and a; are smoothly homotopic through actions if F(t,-,-) : S' x M — M
is an action for all ¢.

We can rewrite an action in two equivalent ways.



RIEMANNIAN GEOMETRY ON LOOP SPACES 35

e a determines (and is determined by) a? : S' — Diff (M) given by a”(0)(m) =
a(f,m). aP(0) is a diffeomorphism because

a”(=0)(a”(0,m)) = a(—0,a(6,m)) = m.

Since a”(0) = id, we get a class [a”] € m(Diff (M), id), the fundamental group
of Diff (M) based at id. Here Diff(M) is a Banach manifold as an open subset
of the Banach manifold of Maps(M) = Maps(M, M) of some fixed Sobolev
class.

e a determines (and is determined by) a® : M — LM given by a’(m)(0) =
a(f,m). This determines a class [a*] € H,(LM,Z) with n = dim(M) by
setting [al] = al[M]. In concrete terms, if we triangulate M as the n-cycle
> inioi, with o; : A" — M, then [a] is the homology class of the cycle
> ni(at o o).

We give a series of elementary lemmas comparing these maps.

Lemma 6.1. ag is smoothly homotopic to a; through actions iff [a}] = [aP] €
m (Diff (M), id).

Proof. (=) Given F as above, set G : [0,1] x S' — Diff(M) by G(t,0)(m) =
F(t,0,m). We have G(0,0)(m) = ao(0,m) = a”(0)(m), G(1,0)(m) = a;(0,m)
aP(0)(m). G(t,0) € Diff (M), because

G(t,—0)(G(t,0)(m)) = F(t, -0, F(t,0,m)) = F(,0,m) = m.

(This uses that F(t,-,-) is an action.) Since F is smooth, G is a continuous (in fact,
smooth) map of Diff(M). Thus af,a? are homotopic as elements of
Maps(S", Dift(M)), so (o] = [aP].

(<) Let G : [0,1] x ST — Diff(M) be a continuous homotopy from al’(6) = G(0, 0)
to a?(0) = G(1,0) with G(t,0) = id for all t. It is possible to approximate G
arbitrarily well by a smooth map, since [0,1] x S! is compact. Set F : [0,1] x
St'x M — M by F(t,0,m) = G(t,0)(m). F is smooth. Note that F(0,0,m) =
G(t,0)(m) = aP(0)(m) = ap(6,m), and F(1,0,m) = a,(6,m). Thus ao and a; are
smoothly homotopic. 0

There are similar results for a”.

Lemma 6.2. ag is smoothly homotopic to ay iff ak,at : M — LM are smoothly
homotopic.

Proof. Let F be the homotopy from ag to a;. Set H : [0,1] x M — LM by
H(t,m)(0) = F(t,0,m). Then H(0,m)(#) = F(0,0,m) = ag(6,m) = al(m)(9),
H(1,m)(0) = at(m)(0), so H is a homotopy from al to ak. It is easy to check that
H is smooth.

Conversely, if H : [0,1] x M — LM is a smooth homotopy from a} to af, set

F(t.0,m) = H(t,m)(0). O
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Corollary 6.3. If ag is smoothly homotopic to ay, then [ak] = [a¥] € H,(LM,Z).

Proof. By the last Lemma, aff and af are homotopic. Thus [af] = af ,[M] = af ,[M] =
[al]. O

This yields a technique to use WCS classes to distinguish actions and to investigate
m1(Diff (M), id). From now on, “homotopic” means “smoothly homotopic.”

Proposition 6.4. Let dim(M) = 2k — 1. Let ag,a; : S' x M — M be actions.
(i) If f[ag] CSy | # f[aﬂ CSY ., then ag and a; are not homotopic through actions,
and [aP] # [a?] € m(Diff (M), id).
(i) If f[aL] CSY | #0, then m(Diff (M), id) is infinite.
1

Proof. (i) By Stokes’ Theorem, [a}] # [a¥] € H,(LM,C). By Corollary 6.3, ag and
a; are not homotopic, and hence not homotopic through actions. By Lemma 6.1,
[ag’] # [a'] € m(Diff(M), id).

(ii) Let a, be the n' iterate of ay, i.e. a,(0,m) = ai(nd,m).

We claim that [, CSy | = ”f[af] CSY .. By (5.9), every term in CSY | is
of the form [, 4(0)f(6), where f is a periodic function on the circle. Each loop
v € af (M) corresponds to the loop v(n-) € al(M). Therefore the term [, §(0)f(6)
is replaced by

/51 d%W"")f (n6)df = n /0 "30)£(0)do.

Thus [, O3y = nf[aﬂ CSy .. By (i), the [aX] € 7 (Diff (M), id) are all distinct.
U

Remark 6.1. If two actions are homotopic through actions, the S! index of an
equivariant operator of the two actions is the same. (Here equivariance means for each
action as, t € [0,1].) In contrast to Proposition 6.4(ii), the S! index of an equivariant
operator cannot distinguish actions on odd dimensional manifolds, as the S! index
vanishes. This can be seen from the local version of the S index theorem [3, Thm.
6.16]. For the normal bundle to the fixed point set is always even dimensional, so the
fixed point set consists of odd dimensional submanifolds. The integrand in the fixed
point submanifold contribution to the S'-index is the constant term in the short time
asymptotics of the appropriate heat kernel. In odd dimensions, this constant term is
Zero.

In [18], we interpret the S index theorem as the integral of an equivariant charac-
teristic class over [a”].

We now apply these methods to a Sasaki-Einstein metric on S? x S? constructed
in [12] to prove the following:

Theorem 6.5. (i) There is an S* action on S? x S* that is not smoothly homotopic
to the trivial action.

(ii) 7 (Diff (S? x S®),4d) is infinite.
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The content of (i) is that although the S'-orbit ~, through z € S? x S3 is con-
tractible to x, the contraction cannot be constructed to be smooth in z.

Proof. According to [12], the locally defined metric

l—cy,, o . 9 2 1 A 2
= ——2(df* +sin” 0dop°) + ———dy” + —2[d)° — cos Od
ac — 2y + yc

6(a —y?)

2

+w(y) |da [d) — cosOdg]| (6.1)

with
a— 3y* + 2cy?

Ae=¥) ) = ,

1—cy a—1y

w(y) =

is a family of Sasaki-Einstein metrics on a coordinate ball in the variables (¢, 0,9, y, «).
Here a and ¢ are constants, and we can take a € (0, 1],¢ = 1. For p, g relatively prime,
q < p, and satisfying 4p® — 3¢®> = n? for some integer n, and for a = a(p,q) < 1, the
metric extends to a 5-manifold Y7 which has the coordinate ball as a dense subset. In
this case, (¢, 0,1, y) are spherical coordinates on S? x S? with a nonstandard metric,
and « is the fiber coordinate of an S'-fibration S' — YP4 — §2 x §2. YP4 is diffeo-
morphic to S? x 53, and has first Chern class which integrates over the two S? factors
to p and ¢ [12, §2]. The coordinate ranges are ¢ € (0,27),0 € (0,7),¢ € (0,27),
a € (0,270), where ¢ = {(p,q), and y € (y1,y2), with the y; the two smaller roots
of a — 3y? +2y® = 0. p and ¢ determine a, £, y,y» explicitly [12, (3.1), (3.4), (3.5),
(3.6)].

For these choices of p, g, we get an S'-action a; on YP¢ by rotation in the a-fiber.
We claim that for e.g. (p,q) = (7,3),

/ 0S¥ (g #0 (6.2)

By Proposition 6.4(iii), this implies 7;(Diff (S* x S3),4d) is infinite. Since the trivial
action ag has f[ag] CS¥(g) = 0 (by the proof of Proposition 6.4(ii) with n = 0), aq
and a; are not smoothly homotopic by Proposition 6.4(i). Thus showing (6.2) will
prove the theorem.

Set M = 5% x S3. Since a¥ : M — LM has degree one on its image,

/[a . 0S5 (9) = /M al*CsY (g). (6.3)

For m € M,
al*CSY (@) = f(m)dp A dO A dy A dip A da
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for some f € C(M). We determine f(m) by explicitly computing af,(ds), ...,
af . (0a), (e.g. af,(9y)(a"(m))(t) = g|a(m,) ), and noting
f(m) = f(m)dp ANdO N dy A di N da(Oy, 0y, Oy, Oy, On)
= a;" CSY (9)m (g, ..., Oa) (6.4)
= OS85 (9)at (m)(a14(05), -+ a1, (0a))-
Since C'S¥ (g) is explicitly computable from the formulas in §3, we can compute f(m)

from (6.4). Then f[“f] CS¥(g) = [y f(m)do AdO A dy A dip A da can be computed as

an ordinary integral in the dense coordinate space.
Via this method, in the Mathematica file ComputationsChernSimonsS2xS3.pdf at
http://math.bu.edu/people/sr/, f[aL] C'S¥(g) is computed as a function of (p, q).
1

For example, (p, q) = (7,3),

184974
CSsY(g) = - .
/[aﬂ > 19) = 3050

This formula is exact; the rationality up to 7* follows from 4p* — 3¢® being a perfect
square, as then the various integrals computed in (6.3) with respect to our coordinates
are rational functions evaluated at rational endpoints. In particular, (6.2) holds. O

Remark 6.2. For a = 1, the metric extends to the closure of the coordinate chart,
but the total space is S® with the standard metric. 7 (Diff(S®)) is torsion [8]. By
Proposition 6.4(ii), [,z CS¥ = 0 for any circle action on S°. In the formulas in the

Mathematica file, f[aL] CS¥ is proportional to (—1 + a)?, which vanishes at a = 1.
This gives a check of the validity of the computation.
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