Available online at www.sciencedirect.com -
oo . Journal of
*»” ScienceDirect Differential

Equations

ELSEVIER J. Differential Equations 231 (2006) 359423

www.elsevier.com/locate/jde

Homoclinic bifurcations at the onset
of pulse self-replication

Arjen Doelman *>*, Tasso J. Kaper ¢, Lambertus A. Peletier ¢*

& C.W.I. Centrum voor Wiskunde en Informatica, Kruislaan 413, 1098 SJ Amsterdam, The Netherlands
b Korteweg—de Vries Institute, University of Amsterdam, Plantage Muidergracht 24,
1018 TV Amsterdam, The Netherlands
¢ Department of Mathematics & Center for BioDynamics, Boston University, 111 Cummington Street,
Boston, MA 02215, USA
4 Mathematical Institute, Leiden University, P.O. Box 9512, 2300 RA Leiden, The Netherlands

Received 14 February 2006
Available online 18 May 2006

Abstract

We establish a series of properties of symmetric, N-pulse, homoclinic solutions of the reduced Gray—
Scott system: u” = uv?2, v” = v — uv?, which play a pivotal role in questions concerning the existence and
self-replication of pulse solutions of the full Gray—Scott model. Specifically, we establish the existence,
and study properties, of solution branches in the («, §)-plane that represent multi-pulse homoclinic orbits,
where o and B are the central values of u(x) and v(x), respectively. We prove bounds for these solution
branches, study their behavior as « — 0o, and establish a series of geometric properties of these branches
which are valid throughout the (¢, 8)-plane. We also establish qualitative properties of multi-pulse solutions
and study how they bifurcate, i.e., how they change along the solution branches.
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1. Introduction

In this article, we analyze the existence, nonexistence, bifurcation, and qualitative properties
of positive, symmetric, N-pulse, homoclinic orbits of the following system of ordinary differen-
tial equations:

' =uv? and V' =v—uv’ (1.1)
where x € R, u = u(x), v = v(x), and prime denotes d/dx. Symmetric solutions of (1.1) are
identified by their values at the origin,

u()=«a and v(0)=2g, (1.2)

where « and B are positive constants. Moreover, since ' = 0 and v" = 0 at the origin for sym-
metric solutions, any pair (o, 8) determines a unique local solution of (1.1).

For some values of (o, B) the corresponding solution (u, v) exists for all x € R and has the
property that

v(x) >0 asx— +oo. (1.3)

Although u(x) — 00 as x — £o0 with u’(x) — £ p for some poo for such solutions, we refer
to solutions endowed with property (1.3) as homoclinic orbits. Let us denote the set of such
points by X, i.e.,

Y ={(a, B) eRT x R": the corresponding solution (u, v) is homoclinic}. (1.4)
Our main objectives in this article are to study fundamental aspects of:

(1) the location of the set X' in the («, 8)-plane,
(ii) the structure of X' as a family of curves, including their bifurcations, and
(iii) qualitative properties of the different homoclinic orbits.

In order to determine the location of X', we define the family of hyperbolas
Krn={(@ p):a>0 B=1r/a}, 1>0. (1.5)

We will show that the set X' lies below K3/ and that it straddles KC; . In Fig. 1, we display some of
the curves from the set X in the (o, 8)-plane, as well as portions of the hyperbolas Ky and KC3>.

It follows from the equation for v in (1.1) that v”(0) < 0 if B > 1/a, whereas v (0) > 0 if
B < 1/a. Thus, for points in X' which lie above Ky, the graph of v(x) must have an odd number
of local maxima; while, for those lying below K1, the number of local maxima must be even. In
Fig. 2, we present the graph of v(x) of several homoclinic orbits, two starting at points above K;
and two starting from points below Cy.

The location of the set X' may be determined more precisely by analyzing homoclinic orbits
with an odd number of local maxima and those with an even number of local maxima separately,
and by defining admissible sets Aoqq and Aeven, respectively. Plainly, Ayqq lies between the
curves K32 and Ky, and Aeven must lie below ;. We then obtain an explicit curve which
connects K32 and K; and which serves as an upper bound for A,qq. Bounding Aeyen is a more
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Fig. 1. In the («, B)-plane, several branches of symmetric, N-pulse, homoclinic orbits obtained from numerical simula-
tions of (1.1) (solid curves) and the hyperbolas /C and K3/, (dashed curves). All of the branches lie below K3 5. For

(o.¢] o0 o0 o0 o0 o0 o0 [o¢] [o¢] o0
large «, they are ordered as Cl s C3 ) C5 s C7 s C9 s ClO’ C8 N C6 ) C4 s C2 from top to bottom.

delicate operation; here, we prove the existence of an upper bound and a positive lower bound.
See Fig. 3 for an illustration of these sets.

The second objective concerns the structure of the set X' as a family of curves of initial condi-
tions corresponding to symmetric, N -pulse, homoclinic orbits. We begin with the regime where «
is large and use ideas and methods which have been developed in [7,11] for the purpose of study-
ing the asymptotic properties of stationary pulse solutions of the Gray—Scott system (1.14) and
more general systems. For each N > 1, and for « sufficiently large, i.e., greater than some & (N),
we find that X' consists of a series of unique branches

Cy ={B):a>alN), B=Bn(@)}, N=1,2,3,..., (1.6)

of homoclinic orbits such that v(x) has N local maxima on C57. These branches must lie above
K1 if N is odd and below C; if N is even. Specifically,

3.3 (11 8
) =~ <—+—(N2—1)>+o(a3) asa — oo if Nisodd and (1.7)

a 223\ 8 5
372 1
ﬁN(a):%No7+0(a2) as @ — oo if N is even. (1.8)

Moreover, in the process of establishing these results, we show for each N that the N-pulse
homoclinic orbits with initial conditions on C3 lie in the transverse intersections of invariant
manifolds of system (1.1) when o >> 1. Finally, in the special cases of N =1 and N = 2, these
results agree with the matched asymptotic results obtained in [24] for one- and two-pulse solu-
tions of system (1.1).

The geometric construction and the resulting asymptotic expansions (1.7) and (1.8) imply
that for each « large enough there exists an N large such that the set X' consists of a family of
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Fig. 2. (a) The graphs of v(x) for a 1-pulse solution and a 3-pulse solution lying on ClOo and CSOO, respectively, the first
and the second branches from the top in Fig. 1. Here, 8 &~ 0.2404422 and 8 ~ 0.2100454, respectively. (b) The graphs of
v(x) for a 2-pulse solution and a 4-pulse solution, lying on Cgo and ijo, respectively, the first and the second branches
from the bottom in Fig. 1. Here, 8 ~ 0.1101287 and B = 0.14084, respectively. (c) The graph of u(x) for the same
1-pulse solution as in the left frame with pso = u’(00) & 0.5033. In all frames a = 6.

curvesC®, with N =1,2,..., N. These curves are neatly ordered like a mille-feuille cake; alter-
nating being near the hyperbola /32 and near the «-axis. See Fig. 1. Moreover, the asymptotics
also allow us to conclude that the bounds on the regimes Aoqq and Aeyen are optimal for large
enough «.

The geometry of the curves CJ’ anchors the main results of this article about the structure
of X', which we now describe. The invariant manifolds, in whose transverse intersections the
N-pulse orbits lie for « large, can be continued to (O(1) values of « into the region of the (o, 8)-
plane in which there is no longer a small parameter in the governing equations (1.1) and in which
the four variables (u, u’, v, v’) evolve on the same scale. Moreover, by continuing these invariant
manifolds and by using some of the qualitative properties of homoclinic orbits, we will be able
to track the intersections of these manifolds, and hence the curves C]‘\’,o as well, into the region in
which « and 8 are both O(1).

For each N, let X' denote the subset of X' containing symmetric, N -pulse homoclinic orbits,
i.e., the orbits (u, v) with the property that the function v(x) has N local maxima, and let us addi-
tionally assume that the maxima (and minima) are nondegenerate. We shall prove the following
series of results about X'y, for each N:
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Fig. 3. A sketch in the (o, B)-plane of the curves K3/, (upper hyperbola—partly dashed and partly solid), KCy (lower
hyperbola—partly dashed and partly solid), Bupper (the solid curve segment connecting the two hyperbolae between the
middle and lower dots), Bcap (the solid line segment connecting /C; at the upper dot to the f-axis), and Bjower (solid
curve at the bottom). The boundaries on the admissible sets Ayqq and Aeven are given, respectively, by the solid portion
of K32, the solid curve segment Bupper, and the lower, dashed portion of K, and by the solid portion of K| between
the upper and middle dots, the solid line segment Bcap, a piece of the vertical () axis, and the solid curve Bjgyer-

(1) The set X'y consists of a finite collection of smooth segments Cx v, k =1,2, ..., Ky, where
Ci.n=Cy.

(2) The segments Ci y are bounded in length when k > 2. In particular, if we parameterize the
segments Cx, v = {(ax N (5), Br.n(5)): s € Iy} then the intervals I; y are finite when k > 2.
By contrast, the intervals /1 y are semi-infinite.

(3) The functions oy, n(s) and B n(s), as well as their first derivatives, have finite, nonzero
limits as s — 01k, n, when 91} y is finite.

(4) At the finite endpoints of the segments Ci, y—referred to as bifurcation points—the number
of pulses changes and different segments begin.

(5) If a bifurcation point lies on K1, then the adjacent segments correspond to symmetric homo-
clinic orbits with 2n — 1 and 2n pulses, respectively.

These results also enable us to rule out a number of different bifurcation scenarios. For ex-
ample, result (3) implies that a curve C{7 cannot spiral into an accumulation point or approach
some type of nontrivial limit set. Also, along the way to establishing these results, we show that
bifurcations between homoclinic orbits with 2n and 2n 4 1 are not possible (note the contrast
with result (5) above) and that bifurcations between a curve C; y and a curve Ci y+, forn > 2
and any k are also not possible (where we restrict to N +=n > 1). We remark that these results do
not say anything about bifurcations to asymmetric homoclinic orbits, which may occur.

In numerical simulations, we observed the following continuation results:

(i) The curves C°, Céx’ , and CSoo continue all the way until they hit C;, where they meet
the curves C5°, C3°, and C¢°, respectively, at the points Pj 3 & (3.02,0.3314), P34 ~
(3.83,0.2612), and Ps¢ ~ (4.40,0.2274). These are also illustrations of results (2)—(5)
above.
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(i) For decreasing «, the curve C?o becomes a new branch of 5-pulse orbits, Cp 5, at
(5.0, 0.2248), changes back into a branch, C; 7, of 7-pulse orbits at (4.065, 0.26), and then
hits Ky, meeting the curve Cg°, at the point P7 g ~ (4.86,0.2058). The set cI(C?° U Cp, 5 U
(2,7 UCg®) appears as one smooth branch in Fig. 1, where cl denotes the closure of a set. At
the first transition point, the local minima on either side of the origin and closest to it merge
with the local maxima that are further from the origin and that are immediately adjacent to
them. Hence, there is a loss of two local maxima. At the second transition point, there is a
gain of two (symmetric) local maxima. These are also illustrations of results (2)—(5) above.

(iii) As o decreases, the curve Cgo becomes a new branch, C3 7, of 7-pulse orbits at (6.0, 0.1842),
then becomes a new branch, C> 9, of 9-pulse orbits at (5.2, 0.1926), before merging with Cf(‘)’
at Py 10 ~ (5.24,0.1908) on K. The set cl(C5° U C3,7 U C2,9 UCPp) is a smooth branch in
Fig. 1.

Note that the numerical simulations indicate that there are (at least) three different discon-
nected branches of 7-pulse orbits, and two branches of 5- and 9-pulse orbits, i.e., K7 > 3 and
Ky =2 for N =5,9. The simulations also suggest that Ky = 1 if N is even. Thus, the bifurca-
tional structure of the set X' is surprisingly complex, and X' has more structure than suggested
by Fig. 1.

The third objective concerns qualitative properties of homoclinic orbits. There is a monotonic-
ity property; namely, the maxima and the minima in the graph of v(x) decrease as one moves
away from the origin, as is also illustrated in Fig. 2. We prove that this is a general property
of homoclinic orbits of (1.1). In particular, we show that if (u, v) is a homoclinic orbit of the
system (1.1) and v has local maxima (minima) at the points &; and &;, then

0<é1 <& = v >v&). (1.9)

Our analysis of this monotonicity property, and that of other qualitative properties, is inspired by
methods for fourth-order systems of ordinary differential equations presented in [35].
A useful qualitative property of (1.1) is the energy-type function

1 1 1
H=H(u,u/,v,v/)=§(v’)2—Evz+§uv3, (1.10)

which is naturally suggested by the v equation in (1.1). It is important to emphasize, however,
that this function H is not a conserved quantity for the full system. Writing H = H(x), we see
via a direct calculation that

dnH 1, 3
E_gu (x){v(x)} (L.11)

along orbits. More precisely, on x > 0, H is increasing along orbits whenever v > 0, because
u’ > 0 along orbits. The function H plays a crucial role in the construction of the admissible
regions Aeven and Apqq (Fig. 3).

The asymptotic results (1.7) and (1.8) and the continuation results are strongly based on
Fenichel theory for normally hyperbolic invariant manifolds, see [16,23,39] and [15], respec-
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tively. Writing (1.1) as a system of four first-order differential equations

u' =p,
/_ 2
p = (1.12)
vV =gq,
q =v—uv?,
we see that the plane
M={(,p,v.q): v=0, ¢ =0} (1.13)

is normally hyperbolic. The stable and unstable manifolds of M intersect transversely, as
we will show, and the various homoclinic orbits connecting (u, p, v, q) = (00, —Poo, 0,0) to
(u, p,v,q) = (00, pso, 0, 0) lie in these intersections, where the value of po, depends on the or-
bit. Thus, the homoclinic orbits studied in this paper are homoclinic to the invariant manifold M.
Moreover, the demonstration of the existence of these homoclinic orbits will rely also on the re-
versibility symmetry (u, p, v, q,t) - (4, —p, v, —q, —t) that (1.12) inherits from the symmetry
of (1.1).

Overall, our analysis of system (1.1) represents a blending of analytical and geometric meth-
ods for differential equations. We found it fruitful and essential to combine the analytically-
obtained and geometrically-derived results in order to prove the main existence and bifurcation
results (see especially Theorem 7.1).

Finally, we describe our deeper motivation for studying system (1.1). System (1.1) plays an
important role in the analysis of the Gray—Scott model,

— _ 2 _
{UZ_U” UV24+AQ-U), A>0, (1.14)

V, =DV, +UVZ— BV, D>0, B>0,

[18]. The Gray—Scott model was the first system of reaction—diffusion equations in which the
phenomenon of self-replicating pulses was observed [29,34,36,37]. In recent years, the phenom-
enon of self-replication of pulses and spots in the Gray—Scott model has become an active subject
of research [5,6,11,13,24-26,30,31,33,34,36,38,40]. It is known from numerical simulations that
there is a saddle-node bifurcation of homoclinic orbits, which plays a central role in initiating the
pulse self-replication process [5,6,24-26,30,33,40]. The reduced Gray—Scott system (1.1) gov-
erns the leading order (‘spatial’) dynamics near the onset of self-replication [6,24-26,30]. From
the existence of the families of multi-pulse homoclinic orbits for (1.1) constructed and studied in
this paper, one can show that there are also associated families of stationary, multi-pulse patterns
of the Gray—Scott model (see also [24]). Therefore, we will describe the relation between the
reduced and the full Gray—Scott systems. In addition, the relevance of the bifurcations of the
homoclinic orbits studied here for the process of self-replication of pulses in the full Gray—Scott
model is explained.

Finally, we discuss the phenomenon of pulse self-replication in a more general setting, since
it has become clear recently that it is not restricted to the Gray—Scott model. Self-replication of
pulses has for instance also been observed in generalizations of the Gray—Scott model, see [38],
and in the classical and generalized Gierer—Meinhardt equations, see [10,12,25], where we refer
the reader to [17,32] for references on this equation, as well as to other equations of this type. It is
known from numerical simulations that there is a structure of homoclinic orbits and bifurcations
in the stationary problem associated to the Gierer—Meinhardt equations for parameter values near
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the onset of pulse self-replication that is, from a geometrical view point, remarkably similar to the
structure of homoclinic orbits studied here. Moreover, as in the case of the Gray—Scott equations,
it plays a central role in organizing the dynamics in the self-replication regime [12,25].

This article is organized as follows. In Section 2, we show that X must lie below K3 /2, WE
establish the monotonicity property of local extrema, and we prove the first nonbifurcation result
for symmetric homoclinic orbits. In Sections 3 and 4, we establish the bounds on the admissible
sets Aodq and Aeven, respectively, in which X lies. In Section 5, we state the asymptotic results
for « — oo quoted in (1.7) and (1.8). Then, in Section 6, we prove the continuation results; and,
in Section 7, we establish the homoclinic bifurcation theorems. Finally, in Section 8, we discuss
the relation between the Gray—Scott model (1.14) and the reduced system (1.1), and some generic
features of the process of pulse self-replication.

Numerical solutions of (1.1) were computed using XPPAUT [14], with the fourth-order
Runge—Kutta method and dt = 0.01; and, a numerical shooting procedure was used to find the
initial conditions for the homoclinic orbits.

2. Qualitative properties

In this section, we prove a few general properties of solutions of the initial value problem

" 2

u” = uv?, V' =v—uv for x > 0,

(IVP) { @.1)

u=a, u'=0 and v=8, V=0 atx=0.

Specifically, we look for values of & and g for which there exists a solution (u, v) such that
v>0onR" and v(x) — 0, i.e., for which system (1.1) possesses a nondegenerate, symmetric,
homoclinic orbit with central values («, B).

First, we prove that the hyperbola X3,2 is a universal upper bound in the («, 8)-plane for
homoclinic orbits to exist, and then we prove a monotonicity property for the local maxima and
minima of v(x), when (u, v) is a homoclinic orbit.

Lemma 2.1. Let (u, v) be the solution of problem (IVP). If a8 > 3/2, then there exists a point
a > 0 such that

v(x) >0 for0<x<a, v(a)=0, 2.2)
V(x) <0 for 0<x<a. (2.3)

Proof. First, we derive an upper bound for v”. Since u’(x) > 0 for x > 0, it follows that u(x) > «
for x > 0. Hence,

V' =v—uv? <v—av? forx>0. 2.4)

Second, we derive an upper bound for v’. Since af > 3/2 by assumption, we find
1
V'(0)=B(1 —ap) < —58<0.

Hence, v’ < 0 in a right-neighborhood of the origin.
Third, we define the point

Xo = sup{x >0: vv’ <0on (O,x)}.
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To finish the proof, it suffices to show that
v(xg) =0 and v'(xg) <O,

because then (2.2) holds with a = xg.
Thus, suppose to the contrary that v’ (xg) = 0 as well as v(xg) > 0. Multiplying inequality (2.4)
by 2v’ and integrating over (0, x¢), we find that

200
0>v5—p° - ?( 0 — B, vo=v(xp),

since v'(x) < 0 on (0, x9). When we divide both sides by (vg — B) < 0 and rearrange the terms,
we obtain

2 2
?“vg < (1 _ %)(vo 1 B).

Recalling that, by assumption, a8 > 3/2, we conclude that

2
?avg <0,

a contradiction. Therefore, (2.3) holds with a = xq, as claimed. O

This lemma and the fact that v(x) must be strictly positive for all x in order for the solution
to be a homoclinic orbit immediately imply:

Corollary 2.1. In order for the orbit through the initial condition («, 0, 8, 0) to be a symmetric
N -pulse homoclinic orbit, for any N > 1, the pair («, B) must lie below the curve KC3>.

Next, we show in the following lemma that the hyperbola X; is a separating curve.

Lemma 2.2. In order for the orbit through the initial condition («,0, 8, 0) to be a symmetric
N-pulse homoclinic orbit with N odd, the pair («, B) must lie above K1; while for the orbit
through the initial condition (o, 0, 8,0) to be a symmetric N-pulse homoclinic orbit with N
even, the pair (a, B) must lie below K.

Proof. From the v equation in (IVP), one sees that v (0) = B(1 — af). Hence, for B > 1, v(x)
has a nondegenerate local maximum at x = 0, so that any symmetric homoclinic orbit must have
an odd number of pulses. By contrast, for ¢8 < 1, v(0) is a nondegenerate local minimum, so
that any symmetric homoclinic orbit must have an even number of pulses. O

In the next lemma, we prove a useful monotonicity property for solutions of (IVP) with mul-
tiple distinct local extrema. We show that successive minima must be strictly decreasing as |x|
increases. The same holds for successive maxima.

Lemma 2.3. Let (1, v) be the solution of problem (IVP) for initial data o and B, and let v have
distinct positive local minima at n1 and 13, respectively, where 0 < n1 < 12, and no local minima
in the interval (n1, n2). Then,
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v(n1) > v(n2).

Similarly, distinct, successive local maxima must decrease strictly.

Proof. The proof is based on an analysis of the energy function H(x), which is known to be
increasing on R™.
Suppose, to the contrary, that v(n2) > v(n1) > 0. By integrating (1.11), we find

dH _1 , 3
E(x)— 34 (xX)v7(x)

over the interval (x, 172); and, using v(x) > v(12), we obtain

Upl

n2
1 1
M)~ Hx) = 5 / L0 @) dt > 50 () / W (1) dt

1 X3
=3V () {u(m) —ux)}. (2.5)
Now, let
n* = inf{x <n: v>uv(n)on (x, 172)}.
Then, in view of our assumption,
m<n*<m and v(®n*)=v(n).

We substitute x = n* into (2.5) and evaluate the left member using the definition of . This
yields

1 1 1
§v3(n2){u(n2) —u(m™} - 5(v’<n*>)2 > §v3(n2){u(n2) —u(m™},

because v(n*) = v(1n7). Hence, %(v’(n*))2 < 0, which is a contradiction. The fact that the local
maxima also decrease monotonically is proven in the same way. O

Corollary 2.2. For any N-pulse homoclinic orbit (u, v) of the problem (IVP) with N > 1, the
central local maximum will be the largest if N is odd, while if N is even the central two (sym-
metric) local maxima will be the largest.

In the next lemma, we prove results about solutions (u, v) of problem (IVP) for which v has
degenerate extrema, i.e., for which v'(a) = v”(a) = 0 either at a = 0 or at some a > 0.

Lemma 2.4. Let (u(x), v(x)) be the solution of problem (IVP) on x > 0, and let a > 0 be a
critical point of v. Then,

(@) v"(a)=0ifa=0, whereas v"(a) <0 ifa>0.
(b) Ifalso v’ (a) =0, then v (q) <0, irrespective of whether a =0 or a > 0.
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Proof. From the second equation in (1.1), one computes
V" =0 —u'v? = 2uvv.

Hence, v (a) = —u’'(a)v*(a). Since u’(a) =0 if a = 0 and «/(a) > 0 if a > 0, the assertion in
part (a) follows.
Next, we calculate

v(iv) =" — u//vz — Ay — ZM(U/)Z —2uvv”.
Hence, if v (a) = 0, then

vV (@) = —u" (@)v*(a) = —u(a@)v*(a) <0,
as claimed in part (b). O

Next, we exclude certain bifurcations of symmetric multi-pulse orbits, namely those that go
from an odd number (2n + 1) of pulses down to an even number (27n) of pulses. The proof of this
result relies on the previous lemma.

Lemma 2.5. Let n > 1. A symmetric (2n + 1)-pulse orbit cannot bifurcate into a symmetric
2n-pulse orbit (or vice versa).

Proof. Suppose, to the contrary, that a branch Cy,41 of symmetric (2n + 1)-pulse orbits does
bifurcate into a symmetric 2n-pulse orbit at some point («g, fo). Let us parametrize the orbits
on Cy,4+1 by o such that (¢, B5) — (20, Bo) as o — 0. Since 2n + 1 is an odd number, the
graph of v(x) has a local maximum at the origin. Let us denote the two adjacent local minima
by £11 (11 > 0) and the nearest local maxima by £&; (& > n; > 0). Plainly, n; and &; depend
continuously on o. Moreover, since Cy,,4+1 approaches Cy, as o — 0, it follows that

n()—0 and v(xn,0)—>v(0,0) aso—0.

By Lemma 2.3,
v(£ny, o) <v(£ér,0) <v(0,0).
Therefore,
v(+é1,0) = v(0,0) aso — 0.
This implies that
vD(0,00=0 fori=1,2,3,4,5.
However, by Lemma 2.4, this is impossible, so that we have a contradiction. 0O
Remark 2.1. As we will show below in Lemma 7.6, along the hyperbola K1, orbits with an odd

number, (2n — 1), of pulses bifurcate into orbits with an even number, 2n, of pulses, in contrast
to the situation described in Lemma 2.5.
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Remark 2.2. At this stage, one can already see that k3> is a sharp upper bound—at least in the
regime of large «—on the domain in which initial conditions for N -pulse orbits with N odd may
lie, since the curve of 1-pulse orbits, given by (1.8) with N = 1 for large «, lies just underneath it.

Remark 2.3. The nonexistence of homoclinic orbits through initial conditions that lie above K32
also follows directly from analyzing the energy function (1.10) introduced above. We recall from
(1.11) that H'(x) > 0 along homoclinic orbits, since u’(x) > 0 for all x > 0 along homoclinic
orbits. Also,

xli)rgoH(u(x), W' (x), v(x),v'(x)) =0

for homoclinic orbits, since v(x) and v'(x) vanish exponentially for solutions that are backward
and forward asymptotic to (v, v") = (0, 0). Therefore, H(0) must be negative along homoclinic
orbits, but H(0) = (8%/3)(af — (3/2)), which is positive for a > 3/2. Hence, there is a contra-
diction.

3. Boundaries on .A,q4q, the region in which N -pulse orbits with N odd can lie

We have seen that the region in the («, 8)-plane in which we may find N-pulse homoclinic
orbits with N odd is bounded above by K3,2 and bounded below by K;. However, the region
between these two hyperbolas is unbounded as o — 0. In this section, we find an upper bound
on this region for small values of «.

It will be convenient to introduce the variable y = . For points between the two hyperbolas,
we have y € [1, 3/2]. We shall construct a curve

Bupper = { (@ (). B*(»)): 1 <y <3/2},

which connects Ky and K3/3.
We introduce the following quantities: let 7'(y) = cosh™!(2/y) and let u* = u*(y) be the
unique solution of the equation

3-2y 3
cosh(p,T(y)) =1+ D for1<y < 7 3.1

See Fig. 4 for a plot of the function w*(y). Asymptotically,

. 4 \5/3 3 3-
ww) <3T2<3/2>> (E_V) BT

Lemma 3.1. Let (u(x), v(x)) be a homoclinic orbit with an odd number of local maxima and
with initial data (., 0, B, 0). Then the point (a, B) must lie below the curve Bypper defined by

y/2(1 — u*(y))
T(y)

T
; ﬂ*(y)=¢ forl1<y <

32
2(1 = p*(y)) G2

NN [ON]

a*(y) =
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1 1.1 1.2 1.3 1.4 1.5
Fig. 4. Graph of the function p*(y), as given by formula (3.1).
Table 1

The values of the functions T'(y), u*(y), 8*(y) and «*(y) in Lemma 3.1 for a series of
values of y € [1,3/2]

14 T(y) wi(y) B*(y) a*(y)
1.0 1317 0.876 2.647 0.378
1.1 1.205 0.856 2.243 0.490
12 1.099 0.827 1.868 0.642
13 0.996 0.783 1513 0.859
1.4 0.896 0.704 1.163 1.203
1.5 0.795 0.000 0.562 2.667

Proof. As a preparatory step, we scale the variables by setting
ulx) =ay(), v(x) =Bz(t) and = pBx. 3.3)

Equations (1.1) then become

. 2 . 2 1
y=yz5, z=0"z(1-yyz), y=oaB, 0=~

, 34
8 (34

where an overdot in the remainder of this section denotes a derivative with respect to 7. Also, the
initial dataatt =Qare y=1,y=0,z=1and 7 =0.

First, we obtain upper bounds on z(¢) and y(z). We already know that z(¢) < 1 for all ¢, by
Corollary 2.2. Equation (3.4) then implies that j < y, and in turn integration reveals that

y(t) < cosh(t), y(t) < sinh(¢).

Next, we use these upper bounds to derive lower bounds for z(¢) and y(¢). Substitution of the
upper bounds into (3.4) directly yields

7> azz{l — ycosh(t)}.
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For each y choose T = T (y) > 0 such that y cosh(7T) = 2. Then, 1 — y cosh(¢) > —1 for all
t € (0, T), since cosh(t) is an increasing function. Hence, the upper bound on z implies that

i>—0%7>—-0% forO<t<T. 3.5

Integration of this inequality and use of the initial conditions leads to the desired lower bound,
1 2.2
z(t)>1—§o t© forO<t<T. 3.6)

Moreover, z >0on [0,T) if o T < ﬁ, ie., if g > T/\/E. Also, a lower bound on y(¢) is now
readily at hand. Substitution of (3.6) into (3.4) implies

1 2
j> (1 - Easz) v, (3.7)
so that
1
y(t) = cosh(ur) forO<r<T, wherepu=1— EGZTZ. (3.8)

Finally, we use the energy function
2 2

1
H (D)= H(y (1), 300,20, 2()) = 5(2) = %zz + %ya

where we emphasize that H is not a conserved quantity of the full system (3.4). Instead, H=
(02y/3)yz>, and we find that

T
1 3
H(T)= 502{y/j1(s)z3(s)ds — (5 - y) }
0

because H(0) = (—o2/3)((3/2) — y). We will show that H(T) > 0, which implies that z(z)
cannot be a homoclinic orbit, in contradiction to the hypotheses. Indeed, because z(t) > w on
(0, T) by (3.6) and y > pusinh(ut) by (3.7), we have

T

/y'(s)z3(s)ds > ,u3{cosh(uT) -1}
0

Hence, H(T) > 0 if
3 3
yw{cosh(uT) — 1} > 577
or equivalently if

3-2
cosh(uT) > 1+ ;/
2y

(3.9)
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Now, there exists a unique value u* of u such that

1
h(W*T) =1+ ——,
cosh(u*T) + VGE

because cosh(uT) is increasing and 1/2u3 is decreasing in . Thus, (3.9) certainly holds for
w > u*, ie., for

1
1— EGZTZ > u*,

or equivalently

T
V2=’

where we recall that 7 = T'(y), and hence also u* = u*(y) and g* = g*(y). O

o’T? <2(1—p*) = p<pB'=

Corollary 2.1 and Lemmas 2.2 and 3.1 now directly imply:

Corollary 3.1. In order for the orbit through the initial condition («, 0, 8, 0) to be a symmetric
N -pulse homoclinic orbit with N odd, the pair («, B) must lie in the connected set Ayqq bounded
above by K32 and Bypper and bounded below by K.

See also the illustration in Fig. 3.
4. Boundaries on Agyen, the region in which N-pulse orbits with N even can lie

We consider symmetric, N-pulse homoclinic orbits with N even. We already know that the
initial conditions («, B) for these orbits satisfy «ff < 1 and that they must lie below the separating
curve K, by Lemma 2.2. However, K| has a vertical asymptote at « = 0, so that it does not
provide a finite upper bound for all « down to zero.

In this section, we show that there is a finite upper bound valid as « — 0. More precisely,
we show that there exists a constant B¢ap > 8*(y = 1) (where *(y) is defined in the previous
section) such that the horizontal line segment Beap = {(r, B) | B = Beap, @ € (0, 1/Beapl} is the
desired finite upper bound. See Lemma 4.3 in Section 4.1 below.

In addition, we show that there exists a function 8 = S («) for all @ > 0 such that the curve
Biower = {(«, B) | B = BL()} is a nontrivial lower bound on the set of initial conditions that can
correspond to these orbits. See Lemma 4.5 in Section 4.2 below. The results of this section are
summarized in Corollary 4.1 below.

4.1. The cap Bcap

In this section, we establish the desired cap, Bcap. As a preparatory step, we change variables
in (IVP) so that « and 8 appear in the equations and in the energy function. Let

u(x) =ay(x) and v(x)=pBz(x). “4.1)
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This is the same change of dependent variables used in the previous section; however, we do not
rescale the independent variable here. The equations become

y//zﬂzyzz and Z”ZZ—O!,ByZQ, (42)
with initial conditions (y(0), y'(0), z(0), z/(0)) = (1, 0, 1, 0) and energy function

@? 22 oz,B 3
2 2 3

H(y,y'. z,2) =

with a slight abuse of notation (note H(y, y’, z, 7)) = ﬂzH(u, u',v,v")). Equivalently,

H(x) ="H() —I—/H (s)ds = —% + =+ = op /y (s)z (s)ds. “4.3)

Also, we emphasize that H(0) < 0 for «8 < 1 and that d’H/dx > 0 along orbits.
Our strategy for establishing the cap, Bcap, is to show that there exists a value of f = Bcap SO
that H(x) vanishes at some x¢ for each («, 8) with « € (0, ﬁc%p) and B = Beap. In turn, to show

that H must vanish, we derive a lower bound on H and show that it has a finite zero, which then,
in turn, forces H through zero.
We employ the following explicitly computable lower bounds for z(x), y(x) and y’(x). Let

20(x) = cosh(x) 4.4)
and let yp(x) = Co(B sinh(x)) be the solution of the problem,
¥ = B*(cosh®(0))yo.  30(0) =1, y§(0) =0. 4.5)

This is a modified Mathieu equation. See Remark 4.1 below. A lower bound for z(x) is given in
the following lemma.

Lemma 4.1. We have
Z2(x) > z1(x) =z0(x) —aB1(x), aslongaszi(x) >0, (4.6)

where

X

Z1(x) = / sinh(x — s) cosh(,B sinh(s))z(z)(s) ds. “@.7
0

The condition that z; be positive is needed, since z; will have a first zero due to the fact that
1 eventually grows faster than zg. This will be shown in the proof of the lemma. In fact, it will
be useful to introduce the notation £(z1) and &(z) for the first, positive roots of z;(x) and z(x),
respectively.

Lower bounds for y(x) and y’(x) are given in the following lemma.
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Lemma 4.2. We have

y(x)>yi(x) and y'(x) > yj(x), 4.8)

again as long as z1(x) > 0, where y1 is the solution of the following problem:
W = B*z5(0)y1 = =20’ cosh(Bsinh(x)) 20 ()¢t (), y1(0) =1, yj(©) =0.  (4.9)

The proofs of Lemmas 4.1 and 4.2 are presented in Appendix A.
The following lemma gives the desired cap.

Lemma 4.3. There exists a value of B, Bcap, which is greater than B*(y = 1), such that for each
a € (0, 1/Beap] there exists an xo = xo(a) such that H(xo) = 0. Moreover, the solutions of (IVP)
with the initial conditions (a, 0, Beap, 0) cannot be symmetric N-pulse homoclinic orbits.

Proof. Substituting the lower bounds from Lemmas 4.1 and 4.2 into formula (4.3) for H, we
find the following, explicitly computable, lower bound on H:

1 af aB [,
H(x)>H1(x)z—§+?+?/yl(s)zl(s)ds, (4.10)
0

as long as 0 < x < &(z1). Moreover, there exists a value of 8, which we label Bc,p, such that, for
each o < 1/Bcap, H; first vanishes at some x = &(H ), where &(H) depends on @ and &(H) <
&(z1). Specifically, direct evaluation shows that the value Bcap = 4 works, and this value is greater
than 8*(y = 1), as may be checked from formula (3.2). Hence, for each a < 1/fcp, the energy
function itself, H, must also first vanish for some x = &£(H), where §(H) < £(H), since H; is a
lower bound on H. In turn, therefore, the orbit through the initial condition (a, Bcap) cannot be a
homoclinic orbit, because along homoclinic orbits H(x) < 0 for all x and lim,_, 5, H(x) = 0.

To complete the proof, we need to show that the above results continue to hold in the limit as
o — 0T. We establish the following lemma, which contains the asymptotics of the zeroes & (1)
and £(z1) in the limit as & — 0. Define £* implicitly by

B sinh(£¥) = ln<$>, A.11)

and observe that, as « — 0T,
. 2. /1
E* ~In E In a . 4.12)

Lemma 4.4. In the limit that « — 07T,

T ) (0]

Then, we have:
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Table 2

The values of the zeroes &£(H ;) and &£(z1) as obtained from symbolic algebra (symb) for the functions
H1(x) and zj(x) and the values of the zeroes £(H) and £(z) from numerical simulation (num) of the
differential equations for a series of values of «, again using XPPAUT [14]. The zeroes are ordered from
smallest to largest, confirming the analytical results, as discussed in the text. Note that here 8 =4

o §(H) (num) §(H,) (symb) £(z1) (symb) §(z) (num)
0.01 0.8561 0.8571 1.390 1.614
0.05 0.6090 0.6098 1.155 1.424
0.10 0.4758 0.4763 1.037 1.315
0.25 0.3839 0.3842 0.962 1.242
0.20 0.3087 0.3088 0.906 1.186
0.25 0.2409 0.2410 0.863 1.134

[2 (1>] : |: (1):“: <1>:|_1 |: <1>:|_1

EH1) ~In|=In{ — ) [ — = In[In{ — In| — +In(K)|In| — . 414
B o 2 o o o

Moreover, for a sufficiently small, y{ (x), z1(x) and H(x) are all positive at x = &*.

This lemma is proven in Appendix B. It implies that, also in the limit @ — 07, the zeroes £(z;)
and &(H) exist and remain ordered as £(H1) < £(z1). Hence, the functions H(x) and z(x) also
have zeroes for all « down to zero, and they are ordered as £ (H) < &(H1) < &(z1) < &(2). This
completes the proof of the lemma. O

The data presented in Table 2 are the values of the zeroes &(H), £(H1), £(z1) and £(z) for
a series of values of « between zero and 1/Bcap. Here, H and &(z) were evaluated via direct
numerical simulation of the differential equations and H; and £(z1) via symbolic algebra. They
are ordered from smallest to largest. We see that £(H) < £(H1), confirming that the energy
function H vanishes (and becomes nonnegative) before the lower bound H; does so. Also, the
data confirms that £(z1) < &(2), i.e., that the z component vanishes (and becomes nonpositive)
only after the lower bound z; does so. Finally, £(H) < £(z1), confirming the analytical result
that H; must first increase through zero before z; can decrease through zero.

Remark 4.1. The equation y” = /32(cosh2 (x))y may be put into the standard form for modi-
fied Mathieu equations, y” — (a — 2¢ cosh(2x))y = 0, with a = ?/2 and ¢ = —%/4, because
(cosh(x))? = %(cosh(Zx) + 1). See [1, Chapter 20]. To obtain the equation in algebraic form, set
t = Bsinh(x) and n(¢) = y(x) in the original equation. This yields 7 + (t/(ﬁ2 + t2))1'7 —n=0,
and the fundamental two linearly independent solutions are Ey(t) and Eg(—t), where Eo(t) is
defined in terms of a series, satisfies E£g(0) =1 and E(/) (t) > 0 for all ¢, diverges as t — o0, and
vanishes as t — —oo. They are the analogs of the exponential functions that satisfy w” —w = 0.
We also define Cq(t) = %(Eo(t) + Eo(—1)), which is the analog of w(z) = cosh(¢). Moreover,
from this form of the equation, one sees that it has regular singular points at + = i and an
irregular singular point at # = oco. Finally, it reduces to a modified Bessel equation in the limit as
t — oo, and Co(t) ~ Iy(t) ~ ﬁe’(l + %t’l) as t — oo, where I is the zeroth order modified
Bessel function.

Remark 4.2. The value of Bc,p is not unique, and there are many other values greater than
B*(y = 1). There may even be values of B¢, less than g*(y = 1). However, the result of
Lemma 4.3 with ., = 4 suffices for our purposes here.
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4.2. The lower bound Biower
In this section, we establish the desired, nontrivial lower bound, 8 = B («).

Lemma 4.5. For each o > 0 there exists a constant B, = BL(o) > 0 independent of N such
that, if B € (0, BL), then the solution of (IVP) with the initial condition («, 0, 8, 0) cannot be a
symmetric N-pulse homoclinic orbit with N even. Moreover, B (&) varies continuously with o.

The proof of Lemma 4.5 is given in Appendix C. We shall use Bjower to denote the curve
BL(a) in the parameter plane given by this lemma, see Fig. 1. Homoclinic orbits can only exist
for initial conditions («, 8) that lie above it.

Lemmas 2.2, 4.3, and 4.5 now immediately imply:

Corollary 4.1. In order for the orbit through the initial condition («, 0, 8, 0) to be a symmetric
N-pulse homoclinic orbit with N even, the pair («, B) must lie inside the connected set Aeyen
bounded above by K| and By, bounded to the left by a segment of the B-axis, and bounded
below by the curve Biower-

Remark 4.3. The asymptotics for B («) as o« — oo imply that the boundary Bigwer is a sharp
lower bound on Aevyey in the regime with o large given the asymptotic location of the curve C5°
(recall (1.8) with N =2) and given the fact that the curve C5° lies below all of the other C3°. See
the end of Appendix C.

Remark 4.4. The conclusion of Lemma 4.5 also holds for N-pulse homoclinic orbits with N
odd, since the proof is independent of the number of pulses.

5. Existence of multi-pulse orbits for large o

In this section, we demonstrate the existence of symmetric N-pulse homoclinic orbits for
large «. Specifically, we establish the existence of the curves Cj?f for o > a(N), where a(N) is
sufficiently large, and determine their leading order approximations in this limit. These results
follow directly from [11, Theorem 4.1], where the existence of symmetric N-pulse homoclinic
orbits in the Gray—Scott model is shown. Nevertheless, we present the proof here, because it is
based on concepts that will be essential to the forthcoming sections. Also, the proof we present
here differs in several important respects from that given in [11]. Most significantly, we follow
the approach used in [7, Theorem 2.1], where the existence of symmetric N-pulse homoclinic
orbits for a class of generalized Gierer—Meinhardt equations is shown, because this approach
more readily lends itself to generalization to other systems with hierarchies of homoclinic orbits.

We assume o > 1. Moreover, based on the bounds on the sets Aoqq and Aeven, we see that it
suffices to examine the regime in which 8 = O(1/a) <« 1. Hence, we scale « and v accordingly:

u(x) =ay(x), v(x):Z(a—x). 5.1

Thus, y and z are taken to be O(1) with respect to the small parameter § = é < 1; and, by
Eqgs. (1.1), they satisfy the system

y'=8%yz> and 7'=z-yz’ (5.2)
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The coupled equations (5.2) are equivalent to the singularly perturbed, fourth-order dynamical
system

y' =4dp,

r— S ZZ’
f,_qy (5.3)
g =z—yz%,

where the variables y and z differ from those used in Sections 1 and 2, and the variables p and ¢
differ from those used above. The reversibility symmetry is given, just as in (1.12), by

X—>-—x, p—>-p, 4> —q. G4

5.1. The manifolds M, W* (M), W*(M)
Both for § =0 and § # 0, system (5.3) has a 2-dimensional invariant manifold, M, given by
M={(.p.z.9): =0, g =0}, (5.5)

because the third and fourth components of the vector field vanish identically on this set.
For § =0, M is the collection of saddle fixed points of the fast reduced system

y =)o, P = po, 7 =q, q' =1z — vz’ (5.6)

where yg and pg are real constants, and we will be interested in the half-plane {(yg, po): yo > 0}.
The unions of the stable and unstable manifolds of these individual saddle fixed points over all
yo and py are the stable and unstable manifolds, Wj (M) and W (M), respectively, of M.

We are interested only in the branches that lie in the regime with z > 0. For § = 0, these two
branches coincide in a homoclinic manifold,

Wi (M) = W5, (M) ={(y, p.2.9): y=y0>0, p=po€R, 2=Z1(30), 4 = Z},(0)},
(5.7)

where

3 1
Zp(y0) = Zp(x; yo) = I sechz(—x> (5.8)
Yo 2

is the homoclinic orbit of (5.6) that connects the saddle fixed point to itself. In addition, the
limiting stable and unstable manifolds W (M) and Wf (M) can equivalently be seen as part of
the level set H(y, p, z, q) = 0 of the energy function

1 2 l2 1 3
Dy q)==q" — = ~yz°, 5.9
Hy, p.z,9) 79— 52 +3yz (5.9)

with y, z > 0, which is a scaled version of the energy function.
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By contrast, for § > 0, orbits on M evolve slowly according to the shear flow,
y=68p and p =0, (5.10)

and M is a normally hyperbolic slow manifold of (5.3). It has 3-dimensional stable and unsta-
ble manifolds, W*(M) and W*(M). The local components of these manifolds are C" — O(§)
close to Wé’” (M), respectively. Orbits that are forward asymptotic to M must lie in Wj (M),
and similarly orbits that are backward asymptotic to M must lie in W (M). Hence, these orbits
asymptotically satisfy y(x) — £o00 and p(x) — constant as x — 00, since z(x) — 0 exponen-
tially and p(x) grows only linearly for any orbit that is forward/backward asymptotic to orbits
on M, such as these orbits are.

Remark 5.1. The coincidence of the manifolds M for § = 0 and § # 0 is special, since in general
there is a family of slow manifolds each of which is only O(§) close to its singular (or reduced)
limit, [16]. Moreover, W% (M) and W* (M) are uniquely determined here, as well, since M is
given explicitly, and hence known uniquely.

5.2. The proofs of (1.7) and (1.8)

Since WOY »(M) and WO » (M), which coincide, transversely intersect the hyperplane {g = 0},
the local components of the perturbed manifolds W* (M) and W*(M) also intersect the hyper-
plane {g = 0} transversely in one or more 2-dimensional manifolds for all § sufficiently small,
see [16]. We define the 2-dimensional manifold ZH! to be the first intersection of W* (M) with
{g = 0}, and similarly the 2-dimensional manifold Z~! to be the first intersection of W*(M)
with {g = 0}.

Lemma 5.1. The manifolds T+' and T~ are given by

Iil = {(y’ Pz, (]) y=Yy0 > 0, P = Po, Z:Zil(yo,po)’ q :O}’ (511)

where z1(y, p) and z_1(y, p) are smooth functions of p and y such that

z-1(y, p) <z1(y, p) forp >0,
z-1(y, p) > z21(y, p) for p <0,
213,00 =z21(y,0) forp=0,

and where z11(y0, po) = 5, + O(38). Moreover,

2\’0
TN ={0.p.z,@): y=y0>0, p=0, z=221(3.0), g =0}.  (5.12)

From this lemma, we see that the 2-dimensional manifolds Z*' are parameterized by yo
and po, and we see how their relative orientations vary with p, specifically on which side of
the unperturbed homoclinic orbit z = 3/2y the manifolds Z*! lie. Also, we see that the inter-
section Zt! N Z~! is a subset of {p = 0}, and it is parameterized by yo.
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Proof of Lemma 5.1. We first prove the latter statement, (5.12). A homoclinic orbit I" =
>y, p,2,q) € W*(M) N W* (M) must satisfy

o0

0
1
AH = f H/|p(x)dx=§5fp(x)z3(x)dx=o, (5.13)
—00

—0o0

since H| a4 = 0. Note that AH is in essence the Melnikov function that measures the distance
between W*(M) and W*(M) in {g = 0}, [7,11], and we remark that the improper integral
converges, because z(x) decays exponentially for these solutions, while p(x) grows only linearly.
Equation (5.13) is exact; and, it can be approximated by setting p(x) = po + O(8) and z(x) =
Zp(x;5 y0) + O(9),

o
1
AH:ngO/Zi(x;yo)dx+(9(52)=0.
—00

Hence, the p-coordinate of W5 (M) N W*(M) N {g =0} =ZT' NZ~! must satisfy p = po =
O($), because otherwise it would not be possible for a zero of AH to exist.

We now go further and show that po must actually vanish. In fact, by the reversibility symme-
try (5.4), an orbit that has initial conditions in W*(M) N {p = g = 0} is also homoclinic to M,
i.e., the initial conditions are necessarily in W*(M) N W*(M) N{g =0} =Z+t' NZ~'. More-
over, if pg(yo) is not identically O, then we can apply the reversibility symmetry (5.4) to obtain
a second intersection ZH1 NZ—1, given by p = —po(y9). However, such a second intersection
cannot exist, because W*(M) and W* (M) are uniquely determined and the local manifolds are
C" — O(9) close to Wgy » (M) and W(’i 5 (M), respectively, as stated above. Thus, AH = 0 for
po =0, and the desired result (5.12) follows.

Next, the 2-dimensional manifolds Z*! can be parameterized by p = py and y = y with
yo > 0 as in (5.11), because there are unique fast stable and unstable fibers for each base-point
(3o, po) on M. Also, the z-components z+1(yo, po) must be O(8)-close to 3/2yp, because this
is the z-coordinate of Wg!h(./\/l) N{g=0}= W(’ih(M) N {g = 0}, which has H = 0.

Finally, we consider the orbits I'y1(x) = (y1(x), p1(x), z1(x), g1 (x)) which lie in W* (M)
with initial conditions (yo, po,z1(po, ¥0),0) € T +1 and we consider the homoclinic or-
bits I'_1(x) = (y—1(x), p—1(x), 2—1(x), g—1(x)) which lie in W¥(M) with initial conditions
(0 Po- 2-1(p0. ¥0),0) € T~ Let

o o
artr= [Hirydx=35 [ p1w war,
0 0
0 0
AHHE/H’m dx=§5/p1(x)z§(x)dx.
—0o0o —00

Both AH_; and AH 4 exist, since H| ¢ = 0. Therefore, if pg > 0, then AH_1 > 0, since p’ > 0
by (5.3). In turn, H(yo, po, z—1(po, y0), 0) < 0. Similarly, H(yo, po, z1(po, y0),0) > 0. Hence,
by (5.9), z—1(po, Yo) < z1(po, Yo0)- The case pg < 0 follows by applying the symmetry (5.4). O
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Remark 5.2. In the subsequent analysis, we will often choose pg = § pg in (5.11). It immediately
follows from the above arguments that

3 5 5 3
— 4+ 0(8%) = z-1(y0, 8p0) < 2130, 8 o) = =— + O(8%). (5.14)
2y0 2y0

The stable and unstable manifolds W*(M) and W* (M) may have additional intersections
with the hyperplane {g = 0}. In fact, the flow generated by (5.3) defines a ‘half’-Poincaré map,

Pilg=0}— {g =0}, (5.15)

where the image of (yg, po, zo) under P is the point (y, p, z) corresponding to the next intersec-
tion of the orbit I7(x) with {g = 0} and IH(0) = (yo, po, zo, 0). With this definition, P? defines a
more standard Poincaré map. We also define 7" C W* (M) N{g =0} (n > 1) to be the nth inter-
section of W* (M) with {g =0}and Z=" C W¥(M)N{qg =0} (m > 1) to be the mth intersection
of W% (M) with {g =0}, i.e.,

P =1, P HT ™) =I" nm>1, (5.16)

where P! is the inverse map (backwards time) that is naturally related to 7 through the symme-
try (5.4). In general, P~1(Z") ; 7"~! (n > 2), because P might not be defined on parts of 7",
and, similarly, P(Z~™) S =" (m > 2), since P~! might not be defined on parts of Z~"*!
(see the proof of Lemma 5.2 below). However, by construction,

PI'NT™) =1""' T n>=1,m>2,
Pl nT ™) =1"""nT ", nz2, m>1. (5.17)
Next, it is also not clear a priori whether 7" and Z~™ exist, because we have not yet shown that
P is defined on 7! or that P~ is defined on Z~""*!. However, due to the singularly perturbed
nature of (5.3), we have a certain control over the intersections of W*(M) and W* (M) with

{g = 0}; and, hence, we can establish the nonemptiness of these intersections in the following
lemma.

Lemma 5.2. Fix any n, m > 1. There exists a positive 5y = 8o(n, m) sufficiently small such that,
Sforall § € (0, 80), " # W and T=™ # (. Their asymptotic expansions are given by

3
ZH’I—mz{y=y0>0, P = po, ZZZ"’_m(yO’pO)ZZ—y()+O(8)}’ forn,m odd,

(5.18)
T = {y =y0>0, p=po, 2=2n.-m (o, po) = (9(\/5)}, forn,meven.  (5.19)

Furthermore, for p > 0, they are ordered, as follows:

20, p)<zaly,p)<z6(y,p) < K- <2500, p) <230y, p) <210y, p),
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7220y, p) <724y, p) <z-6(y,p) < K- <z-5(y,p) <z-3(y,p) <z-1(y, p), and
(5.20)

2n(y, p) <z0(y, p) forn=>=1odd, whilez_,(y,p)>z,(y,p) forn=2even,

where the ordering for p < 0 follows by (5.4).
In addition, I" N Z™™ # ) when either both n and m are odd, or when both are even. More

specifically, for any fixed N > 1 there exists a 8¢ sufficiently small such that T* exists for k =
—2N,-2N+1,...,—1,andfork=1,...,2N — 1,2N, and such that

ITNNIT N ={y=y >0, p=0, z=2:n(3.0), ¢ =0} (5.21)
for§ € (0, 80). Moreover, for =N < j <N,

. . 3]
TN+ NN+ = {y:yo >0, p= y—i5+(’)(52), z=2zn+;(Y0, P)s 61=0}, (5.22)

so that TTNTINT Nt c{p> 0} for j > 0and T*NTINZTN*ti c {p <0} for j <O.

This lemma gives more details than are necessary for the proof of (1.7) and (1.8). However,
the information on the structure of Z" for all n, Z~™ for all m, and their intersections Z" N Z~™
will be useful below.

Proof of Lemma 5.2. First, we need to determine which part (if any) of Z+! € {g = 0} is
mapped by P to {g = 0}. Therefore, we consider an orbit I (x) = (y1(x), p1(x), z1(x), g1 (x))
with I'1(0) = (y?, 613?, z?, 0) € 7!, where 813(1) is strictly O(8). For such an orbit, I'1(0) is not
too close to Z~!. Thus, I'{ (x) has its minimal distance (= (’)(\/g)) from M at some point x = X,
where X = O(|logé|), because I} is O(§)-close to an unperturbed homoclinic solution of (5.6).
Then, we see that

o0

X
1,
H(IM(X)) = f H/|p1(x)dx=§32p?fz,f(x;yo)dx+o(52+/’), (5.23)
—00

—0o0

for some p > 0, because I'1(x) - M as x — —oo and because H|rq = 0. Moreover,
signum(H(/7(X))) = signum(ﬁ?), which implies that only those I'1 (x) with 15(1) <Ohave H <0
when they approach M, i.e., only those /7 (x) with 15(1) < 0 are inside the family of unperturbed
homoclinic orbits (5.7) as they return to M. Therefore, the return map P is only defined for
points with ﬁ? < 0, because orbits with 13? > 0 are outside H = 0 and do not return to M. Also,
one finds that the p-coordinate & py of P(y1, 8p1,z1) is

X 00
- - , - - 3
S2 =01+ [ (p1) dx = a[m o [ Zieiydxr o(ap)} _ a[pl + o(ap)}
0 0

(5.24)

for some p > 0 (by (5.8)). Hence, both § p2» < 0 and §p, > 0 are possible. Although P is only
defined on Zt! for p < 0, its image Z12 is unbounded in the p-coordinate. This is due to the
singular character of the flow, that stretches the part It N {p < 0} near (v, p) = (0, 0). By
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increasing pi (or §pp) toward 0, the orbit I (x) remains near M for an arbitrarily long time.
During this period, p approaches the limit value given by (5.24)—recall that p’ = 0 on M
(5.10)—that becomes arbitrarily large by choosing y; small enough. The y-coordinate grows
along with the (slow) flow on M (5.10), and becomes arbitrarily large by taking p; < O close
enough to O (i.e., by increasing the ‘time’ that I'j (x) remains near M). See [9] for a detailed
analysis of this stretching mechanism in singularly perturbed systems.

It also follows from the above analysis and the character of (5.3) that P(y1, p1,21) =
(2, p2,20) € 12 with y) = y; + O(8) > 0, pr = p1 + O(S) and z» = O(V/3). This establishes
(5.18) for n = 2. Moreover, (5.24) implies that p, = 0 if

o0
3
p1=38p1 =—8y / Zi(x; y)dx +0(8°) = ——8 + 0(8°) <0 (5.25)
Y
0

for some p > 0.

The proofs of the existence of the third intersection, Z13, of W (M) and {¢g = 0} and
of the fact that it is an unbounded manifold run along essentially the same lines. Moreover,
the third intersection of W*(M) with {g = 0} must lie in between the first and the second
intersections, ZT! and 712, respectively, because W* (M) cannot have self-intersections and
because W*(M) is of co-dimension one. In terms of the z coordinates, this translates into
22(y, p) < 23(y. p) < 21(y, p), with 22(y, p) = O(V/8) and 21 (v, p), z3(y. p) = 3/2y + O(5),
because the third intersection W* (M) N {g = 0} must also be C" — O($) close to the unperturbed
homoclinic family (5.7).

Statements (5.18)—(5.20) follow inductively by the above arguments (in backwards time in the
case of —m < 0).

To show that 7" NI~ # @, we first show that Zt2 N Z~2 exists by mimicking the proof
of (5.12) in Lemma 5.1. We observe that Z+2 N {p = 0} = {p = 0} by (5.24), so it follows
immediately that 7 2NI2>5{p=0}, by the symmetry (5.4). To show that { p = 0} is the unique
intersection of Zt2 and Z—2, we observe that (5.13) must hold for all orbits that are homoclinic
to M, and hence it holds in particular for those homoclinic orbits that have their initial conditions
in Zt2NZ~2, which is the second intersection W* (M) N W*(M) N {g = 0}. These orbits make
two full circuits through the fast field between touch-down and take-off from M. During this
excursion, they are (O(8)-close to a homoclinic orbit of the fast reduced system (5.6). Hence,
(5.13) can again be approximated by setting p(x) = pg + O(8) and z(x) = Z,(x; yo) + O(5) so
that

o]

1
AH=2<§5P0 / Zi(x;yo)dx>+0(62),

—00

which implies that the po-coordinate ZT2 N Z~2 must satisfy p = po(yo) = O(8) in order for
AH to vanish at O(82). The (C" — O(8))-closeness of W*(M) and W* (M) to Wgyh(/\/l) and
W(')" » (M) implies that po(8) = 0. Similar arguments may be used to show that ItNNIN+£g
andthat 7TV NZ-N c {p =0} forall N > 1.

Finally, we note that (5.25) can be interpreted as the leading order approximation of the
p-coordinate of the curve in ZT! that is mapped by P to Z72 N {p = 0} = Zt> N Z~2. Thus,
by (5.17), (5.25) represents P~ (ZT2NZ2) =TIt NnZI73, ie., we have obtained (5.22) for
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N =2 and j = —1. The above leading order calculation (5.24) of the image of p under the map
P, i.e., over a half-circuit of the unperturbed homoclinic orbit, holds for any I'y (x) with initial
conditions in Zt¥ . Hence, for j = 1,(5.22) follows immediately from the fact that ItNNI-N ¢
{p=0}and that P(ZTN NZ~N) =Z+tN+1 0 Z7-N+! where we recall (5.17). The general state-
ment in (5.22) follows by induction, through repetitive applications of P or P~1. O

Proof of (1.7) and (1.8). The key to the proof lies in defining the curves Cx,o for any given N in
the («, B) parameter space in terms of the intersection manifold Z" N Z~" for certain n and m.
First, we observe that an orbit Iy (x) that is homoclinic to M must be in W* (M) N W* (M),
i.e., the intersections of such an orbit with {¢g = 0} must be points in Z" N Z~™ for some n
and m. Moreover, a symmetric homoclinic orbit with initial condition I'y (0) = (ay, 0, By, 0) in
I*¥N NI~V (C {g = 0}) makes N half-circuits through the fast field associated to (5.3) before
touching down on M. Thus, such an orbit Iy (x) makes N full loops through the fast field
between taking off and touching down on M. During each of these loops, the z (x) coordinate of
Iy (x) has one nondegenerate maximum (at the intersection of I'y (x) with {g(= z") = 0} where
zn(x) =3/2y9 + O(8) by (5.18)). Thus, by definition, I'y (x) must have its initial conditions
in C5’, and hence 7 +N NI~V corresponds identically to Cy’ - Finally, we unscale (5.1) and find

NNz V= {(yo, 0. z+n (30, 0),0) = (%N 0, B, o): (an, BN) € c;’f}, (5.26)

by (5.21). Therefore, both the existence of the curves Cj‘f,o for all N > 1 and their leading order
approximations, see (1.7) and (1.8), follow from Lemma 5.2. This completes all but one part of
the proof. It only remains to derive the higher order terms, which give more accurate formulas
for the locations of the curves C3 for large a. We do so in the next lemma. O

5.3. Higher order approximations of ¥ N T~ and of CY

Apart from giving a more accurate description of Z+¥ N Z~" and of Cy . the following result
also gives analytic confirmation (for u’ = 0) of the ordering (5.20) obtained above by geometric
arguments.

Lemma 5.3. Fix any N > 1, let ZtN NI~V be represented by {(y, p,z.q): y=yo, p =0,
72=24Nn(0,0), g =0}, recall (5.21). Then, there exists a 8o(N) sufficiently small such that for
8 < 8§p(N)

3 82 /11 32
ZiN()’O’O):—{l - —2<—+k(k— 1);) +O(82+")}, ifN=2k—-1, k>1,
Yy

2y0 0 8
62 8 .
22N (30, 0) = —=k— + O(8'FP), ifN=2k, k>1, (5.27)

for some p > 0. Equivalently, by (5.26), if C3; = {(«, B): B = By ()}, then for o > a(N),

—3 1 L k(k 132 () ! ifN=2k—1,k>1
lgN(a)—Z —Eg‘i‘(—)?‘f‘ 0[2—+p,lf——,/,

6v2 1
ik—+(9
V5 oa?

Bn(a) = ), ifN=2k, k>1. (5.28)

o2th
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Proof. The result follows by computing in two independent ways the value of H|z+~v~7-~ for
orbits I'yy(x) = (YN (x), pLn (x), zen (x), g+n (x)) for which the initial condition, Iy y(0) =

(y0, 0, z+n (30, 0), 0), lies in the intersection ITN N TN First,

1 2 3
Hlzennz-~ = g(ZiN(yO, 0)) —3 + yoz+n (Yo, 0)

by (5.9). Second, we also have

00 00
1
Hlz+NAz-N =—/H/“_,iN(x)dx:—§5/piN(x)ZiN(x)dx,
0 0

because H| ¢ = 0. In this second formula, we expand /4 (x) in 82

1
yan(X) = Y0 + 8y (x) + O(8*1P),  pan(x) = 50000,

2an () = Zh (x5 30) + 82 Z1(x) + O(82T7),  qen(x) = (zan) (x)

by (5.14) for some p > 0. Hence, from (5.2) and (5.8), we see that y(x) satisfies

9 1
v = —sech4<—x>,
4yp 2

to leading order, which yields

/( )= 3 3tanh ! tanh3 L /(0)
X)=— —X — —x |+ .
1 2y0 2 2 N

(5.29)

(5.30)

(5.31)

(5.32)

Now, we observe that we have (in general) shifted the position of x = 0 by setting z+y(x) =
Zn(x; y0) + (9(82) in (5.31); with this leading order approximation of zy(x) we necessarily
have z+y (0) = 3/2y0 + O(8%). Of course, this is exactly the correct choice for N = 1, and hence

for N =1 we set yi (0) =01n (5.32) and approximate (5.30) as

00
1

H|z+1 071 = —552 / YI () Zj (x; yo) dx + O(8*17)

1 3N T 1 1 1
= -8 = / 3tanh —x — tanh® —x | sech®( =x ) dx + 0(82+p)
3° 2y 2 2 2
0

82 (3\’11 24p
———4<§> ﬂ+0(5 )-
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Therefore, equating the two expressions (5.29) and (5.33) and using the approximation
241 (0, 0) = 3/2y0 + O(8?) obtained in (5.14) in the expression (5.29), we find

1 3\/ 3 2 82 /3\?11
- O =2 )= +006)) =-Z(2) — +0(s*t),
3<yOZ:|:1(y0 ) 2)(2y0+ (s )) y3<2> Tt (8°1°)

which is equivalent to (5.27) for N = 1.

Next, we consider the case N = 2. We have to translate the initial condition to the next in-
tersection of I'y»(x) with {g = 0}, because z4(x) = 3/2yo + O(82) at this intersection. This
intersection lies in P(Z+> NZ~2) =Z+t3NZ~! by construction. Now, the only information we
need on the initial conditions in the above analysis is the value of yi (0) (in the shifted coordi-
nates). It follows from (5.22), with N =2 and j = 1, that the p-coordinate of I'1, N {g = 0}
is 38/yo + O(8%). Hence, for N = 2, we have to set yi(O) = 3/yp in (5.32). We introduce the
return time X1 < 0 as the value of x for which (the translation of) 'ty (x) intersects {g =0},
ie, XL <0 exactly defines the translation of x =0, Iio(XY) e 72N 772, Thus, by (5.30)

e¢]

1
Hlz+207-2 = —352 / VI () Zj (x; yo) dx + O(8*1°)

1 3N\ T 1 1 1
S — / 3tanh —x — tanh® —x | +2 | sech®( =x ) dx + (’)(82+”)
3° 2y 2 2 2
o0

o
2.,/ 3\* of 1 5 52 (3\*32 5
— 82 = W —x Jdx + O8> ) =—— (=) = +0O(s*),
3 (2)’0) /sec <2x) x4+ O(877) 2 Thi (8°%°)
—0o0

where we used the property that y| (x) — y{ (0) is an odd function of x. We now equate expressions
(5.29) and (5.33) to obtain

%ziz(yo, 0) (—% + (’)(8)) = %(;) iz + 0(52+p),
which yields (5.27) for N =2.

Finally, we prove (5.27) for general values of N. Since the approximation zipy(x) =
Zn(x; yo) + O(8?%) in (5.31) is valid over at most a full circuit through the fast field, we have
to approximate the orbit Iy y(x) for N > 3 separately over each of its several circuits/loops.
The orbit I'y7;(x) makes k circuits through the fast field between I 2k 0 eZtNNzZINa

at its touch down on M. Therefore, we split Ity (x) into k parts: I} ey ), j=12,. k
For each I} 1o (X), we translate the point x = 0 to the intersection of ri! o (x) with I+N +2/ 'n
I N1 = p2i-{(T+N NZN) j=1,2,... k, so that we can use expansion (5.31). Also,
we recall that 7~ is only O(8)-close to 3/2yg for n,m odd by (5.18). Hence, it follows
from (5.22) that the approximation (yl) (x) given by (5.32) has a (translated) initial condition
(y]) 0)=3@2j — 1)/yo. We define Xi = O(]logd|), X/ <0< Xi, as the values of x for
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which FiZk(x) has its (first) intersections with {g = 0}, O(V/8) near M (with XX = 00), i.e.,
Il (XL e THNF2IEI q T=N+2/=1£1 (j < k). Hence, up to terms of O(82°),

X/

H|z+267- 2k———822/ y1 (x)Zh(x vo) dx

Jj= IXJ

4 k P
= <2y0) Z/[<3tanh —x — tanh® %x>+2(21—1):| sech6<; )dx
=—-52< ) Z(2]—1)/S€Ch6< )

Ks 82 /3\?32
= = 2j—1)= =) =K
<2) Z( a y“(z) 5

Equating this expression with (5.29) yields (5.27) for N = 2k. The result for N =2k — 1 is
obtained by a similar decomposition of Iy (2x—1)(x), and we note that &(N) may be taken to be
1/ 8o(N). This completes the proofs of this lemma and of the validity of (1.7) and (1.8). O

Remark 5.3. This lemma implies that the first order corrections are of higher order than can
be expected from (5.18) and (5.19). However, the result (5.14) can be applied, because the
p-coordinate of an orbit with initial conditions in Zt¥ N Z~V is O(8), so that the first-order
corrections are indeed of higher order than expected.

6. Continuation of the invariant manifolds

In this section, we study the invariant manifolds of the original system (1.12) for general val-
ues of o and B. All four components of the vector field (1.12) are of the same size, a priori.
Nevertheless, we can derive sufficient information about the existence and geometry of the in-
variant manifolds to continue the intersection manifolds Z+~ NZ~¥ obtained in the preceding
section for o >> &(N) and < 1 to the regime here in which «, 8 > 0. Hence, we may continue
the curves C3’ of N-pulse homoclinic orbits, as well.

6.1. The invariant manifolds M, W,

(M) and WS (M)

loc loc

The manifold
M={w,p,v.q): v=0, ¢ =0} (6.1)
is invariant under the flow ¢, of the original system (1.12). The restricted vector field on M is

u' =p, p' =0. (6.2)
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In addition, M is normally hyperbolic, with Lyapunov type numbers v® = e~ A* = ¢~ !, and
o*(m) =0 for all m € M (where the general definitions of these type numbers are given in
[15, Chapter V]). Hence, by the unstable manifold theory presented there, M has local stable
and unstable manifolds, denoted again by W (M) and W} (M), respectively. The manifolds

Wi . (M) and Wy¢ (M) are 3-dimensional and consist of all of the initial conditions near M
such that solutlons through them approach M exponentially in forward and backward time,
respectively. More finely, let ¢} denote the restriction of the flow map to points on M. Then, we
have

Wi M= Fiupy: wE. M= )" 6.3)
(u,p,0,00e M (u,p,0,00e M

where F. SL is the stable fiber with base point (u, p, 0, 0) € M consisting of initial conditions
that are (exponentlally) forward asymptotic to ¢¥ (u, p, 0,0) as x — oo and F, .p) is the unsta-
ble fiber with base point (u, p, 0,0) € M consisting of initial conditions that are asymptotic to
@i (u, p,0,0) as x — —oo. These fibers are invariant as a family. For example,

S TS
ST p) = F i py- (6.4)

Remark 6.1. The invariant manifold M given by (6.1) is not compact, and the u components of
the orbits of interest on M grow without bound in the limits x — f00. Moreover, no compact
subset of M is overflowing invariant. Hence, in order to apply invariant manifold theory, which
is developed for compact manifolds and which requires the manifold to be overflowing invariant
if it has a boundary, we take the standard preparatory steps. One needs to work with sufficiently
large compact sets of M that contain the portions relevant to the homoclinic orbits under consid-
eration. Also, one needs to employ C° bump functions at the boundaries of these compact sets to
make the reduced vector field (6.2) point outward along these boundaries. Moreover, the notion
of solutions approaching a compact set on M exponentially in time only makes sense as long
as the orbits of the base-points stay in that same compact set. (Alternatively, one may analyze a
version of the original vector field (1.12) in which the u variable has been compactified.)

Remark 6.2. Any initial condition Q = (u(t), p(to), v(t0), q(tp)) on Wy ., with |v(t)| and
|g (to)| small but nonzero, must lie on a fiber .7-“0 for some base point by = (ug, po, 0, 0). Also,
the image of any such base point satisfies 7,¢} (1o, po) = po for all x due to the simple flow
on M. Therefore,

u(t) >oo and p(t)— po, (6.5)
which are conditions homoclinic orbits must satisfy.
6.2. Continuation of the manifolds TtN NI~ and of the curves Cy

In proving (1.7) and (1.8) in Section 5, we showed that for each N > 1 there exists an @(N)
sufficiently large such for each o > @, there is a unique symmetric N-pulse homoclinic orbit.
The good initial conditions lie on the curves C$°, and the asymptotics of their locations were
determined up to sufficiently high order for « > @ (). In this section, we continue the curves
Cy’ into the regime where « is not large.
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The main result of this section, see Theorem 6.1 below, states that if it is known that there is
a symmetric N-pulse homoclinic orbit through a given initial condition (g, 0, Bo, 0) for which
(g, Bo) is on CSY, then there exists a segment of a smooth 1-D path in the («, 8)-plane such that
solutions through the initial conditions on this segment are also symmetric N-pulse homoclinic
orbits and such that this segment contains the given («g, Bo) pair. Specifically, the theorem states
that there exists an s > 0 such that the curve Cy’ can be extended to a point that is a Euclidean
distance of s away from (¢, Bo), and that this is a balanced extension, which is locally flat to first
order in s. It is reminiscent of continuation results obtained from the Implicit Function Theorem.

Theorem 6.1. Fix an arbitrary N > 1 and consider the curve C3 that exists for a > a(N).
Assume that CX,O has been extended to (ag, Bo) € CSL, i.e., assume that there is a smooth para-
metrization (« (o), B(0)) of Cx,o for o > o9 with (a(o0g), B(00)) = (o, Bo) and a(c) — o0 as
o — 0. Then, there exist 01,61 > 0 such that the parametrization (a (o), B(0)) of C;,O can
be extended smoothly to o € [0y — o1, 00) with ||[(a(og — 01), B(og — 01)) — (xo, Bo)ll = s,
and such that there is a point (a(og + 61), B(00 + G1)) on the known segment of C37 with
Il (a(o0 +051), B(og + 1)) — (g, Bo)ll = s and || (e (o0 — 071), B(og — 1)) — (a(00 +61), B(op +
o)l ~ 2s.

Remark 6.3. Here, the extension may be said to be balanced because the new point («(og — o1),
B(op — o1)) is at the same Euclidean distance from («(op), B(00p)) as is the point (« (oo +
61),B(00 + 01)), which is on that part of the curve C5’ whose existence was already known,
and because all three points are almost collinear.

Remark 6.4. We trust that the parametrization variable o here will not be confused with the
o =1/ used in Section 3.

The proof of Theorem 6.1 will depend strongly on the normally hyperbolic character of
the invariant manifold M and on the corresponding structure of the flow near M. First, we
introduce some notation and establish a proposition about tubes of solutions that contain a so-
Iution through an initial condition of the type (g, 0, Bp,0). Let r > 0 be small enough and
consider the 3-dimensional ball Bg (r) C {g = 0} of radius r centered at (g, 0, 8o, 0). Solu-
tions I"(x; (ug, po, vo, 0)) of (1.12) through initial conditions (ug, po, v, 0) € BS (r) constitute
an open, 4-dimensional set 7., which is topologically a tube; i.e.,

T, = {(u, p,v,q): 3x > 0 and (ug, po, vo, 0) € Bg(r); u,p,v,q)= F(x; (1o, po, vo, 0))}.
(6.6)

Proposition 6.1. Define I'y(x) by I'h(x) = I (x; («o, 0, Bo, 0)) with I'H(0) = («p, 0, Bo, 0) and
let I'y(x) be in T... There exists an ¥ > 0 such that for each x| > 0 the 4-dimensional ball Bf(f)
of radius ¥ centered at I'y(xy) lies inside T..

Proof. Fix an 7 > 0 small. For each x < 0, consider the set of initial conditions inside the
4-dimensional ball Bf(?) centered at I(x). Now, flow each initial condition in each of these
balls forward for all x, and label the union of all of these forward solutions by 7'!. Clearly, 7!
is a 4-dimensional tube, an open set, and forward invariant under the flow of the differential
equation. In particular, Iy(x + x1) € 7! for any x; > 0, and this solution intersects the hyper-
plane {g = 0} at x = —x at the point («g, 0, Bo, 0), by definition. Moreover, this intersection
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is transverse if agBo # 1, because then ¢'|,=—x, # 0, recall (1.12); whereas, if «gBp = 1, then
this intersection is still topologically transverse, because then ¢”|y=—,, =0 but ¢"’|x=—y, #0
by Lemma 2.4. Therefore, in both cases («gBo # 1, = 1), the orbits through all of the initial
conditions in Bf(?) must also intersect {g = 0}, as long as 7 is small enough. In addition, the
distance between the intersection of such an orbit with {g = 0} and the point («g, 0, By, 0) can be
made arbitrarily small, by continuous dependence on initial conditions. Of course, there can be
additional intersections of 7! with {g = 0}. However, for the intersection nearest («, 0, o, 0),
T'n{g=0}cC BS (r), as long as 7 is taken to be small enough. This proves the proposition. O

Remark 6.5. Theorem 6.1 above concerns symmetric N -pulse homoclinic orbits that have non-
degenerate local extrema, due to the definition of these orbits given in the Introduction. Hence,
in the proof below it is the case that «gBg # 1. The other case, «gBo = 1, which corresponds to
orbits with degenerate extrema, will be treated separately in Corollary 6.1 below.

Remark 6.6. The statement of the proposition might be false if the intersection of IjH(x + x1)
with {g = 0} is not at least topologically transverse.

Proof of Theorem 6.1. Fix an arbitrary N > 1. Let I(x) = I'(x; (a0, 0, Bo, 0)) denote the
symmetric N-pulse homoclinic orbit through (g, 0, By, 0).

There is a well-defined, closed neighborhood X' of M in which the flow generated by (1.12)
can be transformed smoothly into Fenichel normal form:

a= Ay(a,b,ci,cr)a,

b=—Ag(a,b,c1.c2)b,

¢1 = fi(a, b, c1, c2)ab + gi(c1, c2),

¢ = fo(a, b, cy,cr)ab + ga(cy, c2), (6.7)

where Ay s(a,b,c1,c2) are C*°, A, (0,0,c1,¢2) =1, and Ay s(a, b, c1,c2) > 0, for all
(a,b,cy,c2) € X aq, [15,16,23]. Note that one may also use the results presented in [21]. These
transformed coordinates are chosen so that the invariant manifold M is given by {a = b = 0}, and
so that W¥(M) = {a = 0} and W*(M) = {b = 0}. The neighborhood X can be represented
by Y ={—X <a,b < X} for some X > 0, and we will use 75 to denote the transformation
of the tube 7, given by (6.6) in Fenichel coordinates.

The forward orbit Ih(x), which lies in W¥(M) for x > 0, can be represented in X'y by
Fo &) =1(0,bp(&), c1,0(6), c2,0(5)), where we note that sometimes a rescaling of the independent
variable is needed [15,16], so that here £ is a rescaling of x (and we trust there will be no
confusion with the different variable & used in earlier sections). This orbit 1:0(5 ) enters X pq
through the hyperplane {b = X'}. ~

Now, by Proposition 6.1, the intersection 7, N {b = X'} defines an open 3-dimensional neigh-
borhood, Z:l?_, of Fo (6)N{b= X} inthe {b = X'} hyperplane. Then, the intersection Zjlj_ N{a =0}
is non-empty, because 1 (§) C {a = 0}, and we can define the following set

SE=U WM =T:N{b=Z}N{a=0}#0. (6.8)

The set gf is 2-dimensional, and it is open as subset of {a =0, b = X'}. The forward orbits of
initial conditions in it generate a subtube, 777, of 7 consisting of solutions I" (&) of (6.7) that
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u
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Fig. 5. A schematic illustration of a portion of the normally hyperbolic invariant manifold M, portions of its local stable
and unstable manifolds, the orbit I7), the set S}r, and the tube ’Tf. Note that the dimension of each set in the figure is
one less than it is in reality in this projective drawing.

are forward asymptotic to M. This implies that, back in the original coordinate space, there is
an open 3-dimensional subtube 77 of 7 that consists of orbits I" (x; (1o, po, vo, 0)) € W¥(M).
Clearly, I'y(x) € 7. The intersection 7} N {g = 0} defines the 2-dimensional subset S_% - BS r)
of initial conditions of solutions of (1.12) in W*(M). See Fig. 5 for a schematic illustration. Of
course, 7 j may intersect {g = 0} several times; and, here, we focus on the intersection centered
at («p, 0, Bo, 0). (Also, we remark that whereas the tilde always denotes the set transformed into
the Fenichel coordinates, there is one exception. Namely, Si and gf are not the same set under
the transformation to Fenichel coordinates.) ~

Now, let § > 0 be small enough and consider the 2-dimensional ball Eﬁ_ 5) C S_% of radius s,
centered at 1:0(5 ) N {b = X}. The image of Ei(f) under the transformation from the Fenichel
coordinates back into the original coordinates of (1.12) is a transformed ball, which we denote
by F _l(fﬁ (§)). This transformed ball, F~1 (I§_2‘_ (5)), is a smooth 2-dimensional manifold that
is flat to leading order, i.e., it is linear in s to leading order, because the Fenichel transformation
is smooth and because § is small enough. Next, let F;z denote thg 2-dimensional subset of
S_% C {g = 0} of initial conditions of orbits that pass through F -1 (Bi (5)). This subset is also
smooth and linear in § to leading order, because the time-of-flight along I'y(x) from (g, 0, Bo, 0)

to X'aq is bounded. We can now choose an s > 0 and a closed 3-dimensional ball BS (s) of

radius s, centered at («g, 0, Bo, 0) such that BS ()N Si C F_;z. This 2-dimensional set can be
represented by

B3(s) N S% = {(us(s1,52), ps(s1,52), vs(s1, 82), 0) with 57 + 53 < 52}, (6.9)

where

us(s1,82) = o + cfs1 + 52+ O(s?),
ps(s1,52) = cf's1 + )52+ O(s%),

Vg (51, 52) = Bo + cls1 + cysa + O(s?); (6.10)
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and cﬁ’f "V are constants. Note that (i (0, 0), ps(0, 0), vs(0, 0), 0) = (ap, 0, By, 0) by construc-
tion.

Exactly the same construction can be made in backwards ‘time,’ i.e., for x < 0. This leads to
a subset S2 of Bg (r) of initial conditions of orbits that lie in W* (M), i.e., of solutions of (1.12)
that are backward asymptotic to M. It follows by the reversibility symmetry of (1.12) that

B3(s) NS2 = {(us(s1,52), —ps(s1,52), v5(s1, $2),0) with s7 + 53 <s%},  (6.11)

with ug, py, vy as in (6.10). Solutions of (1.12) with initial conditions in S2 N S? are homoclinic

to M. Most significantly, within the ball BS (s), the intersection 8_% N &2 is explicitly given by
ps(s1,sz)=cfs1 +c§sz+(’)(s2)=0. (6.12)

We now show that the coefficients cf and cf are nonzero, so that (6.12) defines a linear rela-
tion between s and s; to leading order, which, in turn, can be substituted into the components u
and v to obtain the desired balanced extension of the curve C5;.

The orbit I'p(x) intersects the hyperplane {g = 0} 2N — 1 times, because («g, Bo) € Cﬁ,".
These intersections correspond to N nondegenerate maxima and N — 1 nondegenerate minima
of the v-component of IH(x) by the definition of Cf{,". Hence, all intersections of Ij(x) with
{g = 0} are transverse, and thus, by choosing s small enough, all intersections with {g = 0} of
orbits homoclinic to M that have initial conditions that are determined by (6.12), (6.10) and
(6.9)/(6.11), are also transverse. As a consequence, the local curve

{ (51, 52), Bs1.52)) = (1 (51, 52), v (51, 52)) With 57 + 53 < s* such that p,(s;, s2) = 0}
(6.13)

must be part of C5’. The smooth parametrization assumption, which guarantees that there is
a smooth parametrization of the set of solutions of (6.12) that is given by («(c), (o)) for
o € [0y, o9 + 71], therefore also implies that this parametrization is linear to leading order with
(@(00), B(00)) = (0. Bo) and (a (00 + 51),0, B(oo + 61)) € B (s). Hence, (¢!, c}) # (0, 0);
and, in turn, we see directly that (6.12) defines—to leading order—a linear relation between s
and s7. Thus, the local parametrization («(o), (o)) can be extended to all o € [og — 01, 09+ 01]
for some o7 > 0 so that also (x(og — 01),0, B(ocp — 01)) € 838(3) with ||(x(og — 01),0,
B(og —o01)) — (a(og + 61), 0, B(og + 61)) || = 2s, to leading order. O

The second result, see Corollary 6.1 below, concerns possible accumulation points of initial
conditions for which symmetric N-pulse homoclinic orbits are known to exist. These accumula-
tion points may lie on the curve X; or a priori also anywhere inside the regions Aqgq Or Aeven,
and for now our treatment of accumulation points is general. Specifically, we show that the ini-
tial condition corresponding to such an accumulation point also gives rise to a homoclinic orbit,
although it need not be a homoclinic orbit of exactly the same type, because it may have degen-
erate maxima/minima. We also show that, by an argument similar to that used above in proving
Theorem 6.1, homoclinic orbits even exist past such accumulation points. This situation arises,
for example, at the point on /C; where the curves C1°° and Cgo meet, as we will see in Section 7.

Remark 6.7. It is also possible, a priori, that more than two curves Cy meet at such an accumu-
lation point. However, the arguments of Section 7 can be used to show that this cannot occur.
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Corollary 6.1. Fix an arbitrary N > 1. Let (aj, B;) lie on Cy for j =1,2,3,... and as-
sume that lim;j_.oo(aj, Bj) = (@*, B*) exists. Let I'*(x) = I'(x; (@*,0, 8*,0)) be the solu-
tion of (1.12) that is determined by (a*, B*). Then, I'*(x) € W* (M) N WS (M), i.e, I'*(x)
is homoclinic to M. Furthermore, there are s > 0, 01,01 > 0, and at least one curve
(x(0), B(0)) through (a*, B*), parameterized by o € [—o1, 1], so that the solution I, (x) =
I'(x; (a(0),0, B(c),0)) is homoclinic to M for all o € [—o1,061]. The curve (x(o), (o)) €
Cy for o € [—01,0), and («(0), B(0)) = (a*, B*). There is a sequence {&j}?‘;z C [—01,0)
such that (a;, /éj) = (a(0}), B(G})) is a subsequence of the (a;, B;)’s; |(a(—0o1), B(—01)) —
(a*, B = ll(x(ay), B(61)) — (o™, BY)|| = 5. The parametrization of (a(o), B(0)) is smooth
foro €[—01,0) and for o € (0, 61], but not necessarily at o # 0; the limits limg 4o (a (o), B(0))
and lim, | o(a(0), B(0)) exist, but are not necessarily equal.

Proof. Define the ball Bf (r), centered around (a*, 0, *) and the tube 7 (6.6) around I"*(x)
as in the proof of Theorem 6.1. By the convergence of the sequence («;, 8;), there is a J such
that I'; (x) = I'(x; («, 0, B;,0)) C 7 for all j > J. The orbits I";(x) are all asymptotic to M,
thus, the tube 75 has to intersect the neighborhood X'y of M in which the flow can be given
in Fenichel normal form (6.7). As a consequence, the transformed tube ’ir and the transformed
solutions I* (&) can be defined as in the proof of Theorem 6.1. Moreover, the 2-dimensional set
S2 (6.8) also exists and is non-empty.

The orbit I'*(x) is asymptotic to M if it can be shown that the transformed orbit F*(S )
intersects Si, i.e., that there is a certain value &* of S such that F*(é )€ S2 Since the F (&)-
orbits are homoclinic to M there exist &;’s such that F &) e S (for j > J). By the continuous
dependence of initial data and by the fact that the time-of- ﬂlght between B (r) and X4 is

bounded, it follows that §; — £* and F (i) — F*(§ )€ S+ as j — oo (recall that S2 is open as
subset of {a =0, b = X'}). Proposition 6.1 implies that F*(S )€ S2 5o that r'*(x)ye Ws(mM)n
W4 (M) by the reversibility symmetry of (1.12).

As a consequence, the next steps in the proof of Theorem 6.1 can also be mimicked. The
‘locally flat’ 2-dimensional sets Bﬁ ()N 842_ and Bﬁ ()N S2? can be defined as in (6.9) and
(6.11). Moreover, the intersection Si N S? within the (closed) ball B3(s) is also given by (6.12),
so that the subset {(x(s1, s2), B(s1, 52))} of the («, B)-plane given in (6.13) indeed defines ini-
tial conditions of orbits that are homoclinic to M. However, here it cannot be concluded that
(cf , cf ) # (0, 0). In general, the expression ps(sy,s2) in (6.12) will, at leading order, be a ho-
mogeneous polynomial in s; and s, of degree k > 1. The expression p;(s1, s2) = 0 must have
(countably many) zeroes, because («;, 8;) € (S_ZI_ N SE) N BE (s) for j > J; for some Js (and
(a*, B*) € (S_%_ ns2)n %). Hence, (6.11) may define up to k > 1 curves through the point
(s1,$2) = (0, 0), so that there may be up to k parameterized curves (¢ (o), Bi(0)), [ =1,2,...,
through the point («*, 8*). By picking one of these curves, one may show that the statement of
the corollary follows by the same type of arguments as used in the proof of Theorem 6.1. O

Remark 6.8. It cannot be concluded that the parametrization of (« (o), (o)) is generally smooth
at o =0, i.e., at (a*, 8*). For instance, it cannot be excluded by the above arguments that the
manifolds Si have a fold structure and that (6.12) is given by s% = sg’ + O(s4).
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7. Homoclinic bifurcations

In this section, we prove Theorem 7.1, which for each N establishes the five results about Xy,
the subset of the set X' corresponding to N-pulse orbits. These results were labelled (1)-(5)
in the Introduction. In brief, for each N, this theorem establishes that there are finitely many
components of Xy, that all of the curves C; y = Cy’ inside Xy are semi-infinite in length, that
the components Cy, y with k > 2 have finite length, that the curves Cy y remain locally flat at their
endpoints, and that there are allowable and nonallowable bifurcations between different types of
multi-pulse orbits.

Many of these results are established in a sequence of lemmas (see Lemmas 7.1-7.4 below),
which in turn build on earlier results from Sections 2—6. Hence, this theorem is the culmination
and fruitful blending of the analytic and geometric methods employed in Sections 2—6.

7.1. Bifurcations along the curves Cy

In this section, we introduce a definition of a bifurcation on a curve Cp, a definition which
agrees with the natural idea that the v-component of a bifurcating homoclinic orbit must have
degenerate critical points, and we show that bifurcations must be nondegenerate, see Lemma 7.1
below.

A symmetric N-pulse homoclinic orbit I'y(x; (¢, B)) = (un(x), py(x), vy (x),gn(x)) C
WH*(M) N W$ (M) intersects the hyper-plane {g = 0} in 2N — 1 points, G%, j = —N + 1,

.., N — 1; the v-components of the Gf\,’s correspond to the maxima and minima of vy (x) as
function of x. The homoclinic orbit 'y (x; (o, B8)) is assumed to be nondegenerate, which by
definition means that all maxima and minima of vy (x) are nondegenerate, i.e., that vy (x) has
nonvanishing second derivatives at its extremal points—see Remark 7.1. The center (or point of
symmetry) of I'y(x; («, B)) is represented by G% = (un(0),0, vy (0)) = (a, 0, B). In general,
the coordinates x3, are defined by gy (x3,) =0 so that

G{;, = (uN(xIJ;,),pN(xIJ;,),UN(x{;,)), j=—-N+1,...,N—1. 7.1

Note that xjjv = —x;" by the reversibility symmetry. By definition, va eItNHinZT-W=-7 j=
—N+1,...,N — 1. Here, I", respectively Z~™, are the 2-dimensional manifolds in (u, p, v)-
space as defined in Section 3, i.e., the nth intersection of W* (M) with {g = 0}, respectively the
mth intersection of W*¥(M) with {g = 0}. Note that 7>~ are defined in a scaled context in
Section 5, formulas (5.1), here we consider the unscaled equivalents of Z™ =" (see also (5.26)).
In fact,

TN nT-W=D = JG). j=-N+1...N-1, (7.2)
Iy

ie., IVt NZT-W=1) consists of the union over the (u, p, v)-coordinates of the jth extremes of
the v-components of all symmetric N-pulse homoclinic orbits I'x (x) (again counting from the
center of 'y (x)). The family of all symmetric homoclinic N-pulse orbits can be identified as

oy =6} =J(un (), vx (). (7.3)

I'n I'n
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see also (5.26). This family will consist, in general, of several branches, i.e.,

Kn
2N = U Ck.N- (74
k=1

It follows from Lemma 5.2 that K > 1 forevery N, and we recall that C; y = CX,O was defined to
be the unique branch that extends to &« — oo for every N. The numerical simulations presented
in Fig. 1 show three distinct branches Cy 7, i.e., K7 > 3, while so far K1 = K3 =1, K5 =2,
K9 =2, and K>, = 1, at least. We plan to carry out a more extensive search using AUTO with
HomCont.

As the initial condition (e, 0, 8, 0) varies, a nondegenerate, symmetric, N-pulse, homoclinic
orbit Iy (x) may bifurcate into a symmetric M-pulse orbit Iy (x) (N % M) when maxima and
minima of vy (x) are created or annihilated. More precisely, we define a point («*, 8*) as a bifur-
cation point of the branch Cy y if (a*, 8*) € Ci.y while (a*, B*) ¢ Cxn, so that Iy (x; (a*, %)),
the orbit with initial conditions (a*, 0, 8*, 0), is homoclinic to M—see Remark 7.1.

There are two kinds of generic bifurcations. At both flanks of the graph of vy (x; ¢, 8), a max-
imum may merge with a minimum (in a symmetric fashion), so that (a*, 8*) € Cy N Cy42
for some N > 1, but (a*, 8*) ¢ Cy U Cny42. At the bifurcation, vy (x; (@*, 8*)) has two de-
generate extrema, i.e., there is an x* > 0 such that v}, (£x*; (a*, %)) = vy, (£x*; (¥, B*)) = 0.
The bifurcation may also occur at the center of the graph, which corresponds to
(a*,B*) € Cy N Cy4 for some odd N > 1 (Lemma 2.5). In this case, vy (0; (o, B*)) =
vy (0; (o, B*)) = v (0; (™, B*)) = 0. A bifurcation is degenerate (by definition) if also either
W (£x*; (@, B%)) = 0 with x* > 0 or v (0; («*, *)) = 0 at the bifurcation point.

Lemma 7.1. The bifurcation associated to a bifurcation point (a*, *) of a branch Cy n,
k, N > 1, cannot be degenerate.

Proof. This is an immediate consequence of Lemma 2.4. O

Corollary 7.1. Let (a*, B*) be a bifurcation point of a branch Cy_y. The v-component of the
homoclinic orbit I'y(x; (a*, 8*)) has a degenerate maximum in the point of symmetry x = 0
if (@*, B*) € K1. If (a*, B*) ¢ K1, then the v-component of I'y(x; (a*, B*)) has degenerate
extrema in two points x = £x*, x* > 0.

Remark 7.1. The definitions of nondegenerate homoclinic curves Iy and their bifurcations are
based on the character of the graphs of the v-components vy (x) of I'y as functions of x and
on how these graphs change as the initial conditions («, 8) vary. Therefore, the concepts of
nondegeneracy and bifurcation of homoclinic curves we introduced here differ from the standard
definitions in dynamical systems theory (see, for instance, [28]). In that more general setting, the
bifurcations of I'y as a homoclinic orbit in the phase space are considered as functions of the
problem parameters. There is in general no ‘classical’ homoclinic bifurcation associated to the
transition from an N-pulse orbit Iy to an M-pulse orbit '), that we are aware of.

7.2. The curves C5; and their bifurcation points in Aodd

In this section, we restrict the analysis to the curves le,o in Aodd, i.e., N must be odd. The
more general setting will be considered in Section 7.3. The asymptotic approach of Section 5
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gives detailed information on the bifurcation curves C’ for « large enough. Therefore, we define
the region

Aotd = {(@, B) € Aoaa: @ < &}, (1.5)

where « is sufficiently large that the results of Section 5 apply for « > &. Note that by choosing &,
we also implicitly choose a bound on N, since N must be O(1) with respect to 1/c.

Now, it is known from Theorem 6.1 that the curves Cg,o are smooth. Therefore, we may intro-
duce the arc-length parametrization of each Cy’ C Ayaa by

Cw ={(@¥ (), BV (): s €10, L)}, (7.6)

where «37(0) = & and L is the length of the curve C5 inside /Todd. Note that L = 0o is a
priori possible and that—in this case—the arc-length parametrization may only give a part of
CY C Aogd. It follows from Section 3 that (a3’ (s), BY (s)) € Aoda for all s € [0, L). We now
establish:

Lemma 7.2. The limit limg_, 1 (a5 (s), B (s)) exists for L < oo and for L = oo, and it is defined
as

Tim (7). B () = (k- BY) € Aoa- (7.7)

Moreover, if L < 0o, then (a}k\,, ﬂ;{,) is the unique bifurcation point ofCXf in -/Zodd~

Note that it is not claimed in this lemma that (ozj‘v, ,37\‘,) is a bifurcation point when L = oo,
because the possibility that (ay, By) € Cy if L = oo is not excluded by the upcoming proof.
However, we will show in Lemma 7.4 that L < oo, so thgt it will indeed follow from Lemma 7.2
that (a},, B ) is the unique bifurcation point of CR° in Aoqq (see also Theorem 7.1).

Proof of Lemma 7.2. If L < oo, then it follows from Corollary 6.1 that the limit (7.7) must exist
and that the associated orbit I'y (x; (ary, B%)) is homoclinic to M. By construction, we have that
(an. By) € 510\,0. Now, if it is assumed that (a3’ (L), B3 (L)) € Cy, i.e., that this point lies inside
the set, and not just in its closure, then it follows from the continuation result of Theorem 6.1 that
the length of C3 in .Zodd is at least L + 51 for a certain s1 > 0, which contradicts the assumption
that the length of C3 inside «Z(odd is L. Thus, (ay, By) is indeed the (unique) bifurcation point
of C¥.
o

If L = oo, then we choose a sequence {s;} =1 such that s; — 00 as j — oo. Herewith,

we define the sequence {(aR’(s;), By (s j))}c;o: 1 C Aodd. Since Auqq is compact, it follows that
{(alo\,o(sj),ﬁf,o(sj))}j?il must have an accumulation point (o, By) € 57\," C .Zodd. Now, we
assume that there are two such sequences, {si, j}§‘;1 and {s2, j}?‘;l, that generate two distinct
accumulation points, (oz’lk N ﬂf ~) and (ozik N /3;‘ ~)» Tespectively, and derive a contradiction.

It may be assumed without loss of generality that

§1,j <82,j <S1,j+1 <S2,j41 forall j > 1. (7.8)
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Let £* be the line segment that connects (ai" N ,Bi N) to (a;’ N ﬁ;" N e,

= {(a* (). B W) = (1 = Maf y +ra3 y. A =DBF y + 485 ). A€[0,11}, (7.9)

and let n} be the line normal to £* for each A € [0, 1] so that n} N £* = (™ (1), B*(1)), as
in (7.9). Choose a A € (0, 1). It follows from the smoothness of the curve C3’ (Theorem 6.1)
and from the ordering (7.8) that, for j > J, with some J, large enough, there exist s; ; such
that sy, ; <5 ; <s2,; and (af/ (s1,;), By (sa.j)) € Cy’ Nnj. Now, the curve CF; cannot have any
self-intersections (Theorem 6.1), and hence the (bounded) sequence {(a3 (53, ;). By (Si., j))}?‘; A
must have a limit point on r}, i.e.,

lim (i (s2,/), B (52,)) = (s (M), By (1)) € n}.

J—>00

The application of Corollary 6.1 to the sequence {(ay’ (sx,;), By (51, j))}?‘; 7 implies that there
is a subsequence {3}, ; }?O:I of {Sz\,j}?; and a smooth curve through (e’ (1), B,(1)) such that the
points (a3’ (55, 7). By (a,;)) lie in n}, which is part of C37.

The above argument holds for any A € (0, 1), since the choice of A was arbitrary, which im-
plies that C5” D U, an open region in the («, B)-plane. However, this contradicts Theorem 6.1
and Corollary 6.1, which established that CX," is a 1-dimensional curve. Therefore, the assump-
tion that the two sequences have distinct accumulation points is incorrect, and the lemma is
proven. 0O

Lemma 7.3. The limit lims_)L(%aj’vo (s), %,81‘{,0 (s)) exists, both for L < 0o and for L = <.

This lemma implies that C§7 can locally—near its limit/bifurcation point (a},, B5)—be ap-
proximated by a linear expression, and thus that C5’ cannot spiral toward (ety,, By )-

Proof. In this proof, we do not distinguish between the cases L < oo and L = 00, i.e., L may be
either finite or infinite in the forthcoming arguments.

Consider two sequences {si, j}§°=] and {s2, j}?":] that are ordered as in (7.8), so that
si,j —> L as j — oo (i =1,2). Both associated sequences (ocx,o(si,j),ﬂ,‘f,o(si’j)) of points on
Cy¥’ (7.6) must limit on (ay, By) by Lemma 7.2. Moreover, it follows from Corollary 6.1
that there is a local parametrization (oz;foN (), ﬂﬁ‘jv (07)) of Cy° with (a;foN ), ﬁﬁj’v 0) =
(o, By), that is smooth for o; € [—0; 1, 0) for some o7 1 > 0, such that (a3’ (5; ), By (5i,j)) €
{(aﬁoN(ai), ,Bf‘fv(ai)); o; € [—0i1,0)} for a subsequence {5,-,/}?021 of {si’j}?ozl (i =1,2). With-
out loss of generality, we may identify {5;, j}?i | with {s;, j};?i , and assume that (7.8) still holds.
Furthermore, Corollary 6.1 also implies that the limits

. d d def .
lim (Eamoi), aﬂﬁ?\,(m)) = o BoR), i=1.2,

exist. The assumption that (ai’f;\,, ,Bi’f';\,) #* (a;’jv, ﬂéjv) yields a contradiction by arguments that
are similar to those in the proof of Lemma 7.2, as we now show.

Let {h}}ic0,1) be a ‘fan’ of half-lines parameterized by A such that each half-line A}
has (ay, By) as endpoint, and that the fan has the half-lines spanned by (ozi’,’;\,, ﬂi’j\,) and
(ag’jv, ﬂé’jﬁv) as boundaries (as A | 0 or A 1 1), ie., {hi}rec0,1) fills the wedge between the
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half-lines determined by the endpoint (e, B%) and the vectors (ai’jv, ﬁi’j\,) and (aé:’;\,, ,35*;\,)
Choose a A € (0,1). It follows from the smoothness of C,‘i,o and the ordering (7.8) that,
for j > J, with some J, large enough, there exist s ; such that 51 ; < s ; < s2; and
(R (sa,j), By (s1,j)) € C¥ N k. The sequence {(Of;i,"(s;hj),,BIC\’,O(s;hj))};?ozjA must limit on
(a®(X), B*(X)), so that Corollary 6.1 implies that there is a curve through («*(X), 8*(1)) and
the points (a3’ (Sx,;), By (51,;)) € hj that is part of Cj’—here the 5 ;’s form a subsequence of
the original s, ; sequence. By varying A, we generate an open region U in the wedge spanned by
the /3 ’s that must be C C5;. This again is in contradiction with the fact that C is a 1-dimensional
curve. O

Lemma 7.4. The length L of C3; inside Agad is Sfinite.

Proof. Assume that L = oo. Let § > 0, and define the ball Bg‘ as the ball with radius § and center
(e, By)- Since (e (s), By (5)) = (ary, By) as s — oo (Lemma 7.2), there must be an 55 < 00
such that

(aj'vo(s), ﬁ,‘f,o(s)) C Bf foralls > ss.

Thus, for any § > 0, the length of C’ inside B§ must be co. Moreover, by Lemma 7.3 there are
two smooth curves, C* and C, given by

cl ={(a" (o), 1 (0)): o =0},

with (@"1(0), B*1(0)) = (a}, BY)s (" (0), £B(0) = (", By, and C* N C' =
(ery> By, such that for all s > s5, (a3’ (s), By (s)) C the cusped triangle with boundaries
C" N By, cln By, and the part of dBj between C* and C ! Since Cy’ must be of infinite
length in this cusped triangle (that has a surface area < §°), it must oscillate wildly.

We can now apply an argument based on Corollary 6.1 along the lines of the proofs of Lem-
mas 7.2 and 7.3 to show that this implies that C3’ must contain an open subset U. O

7.3. The structure and bifurcation points of the branches Cy n

Lemmas 7.2-7.4 do not depend on the characteristics of the curve C$P, or on the fact that N is
assumed to be odd in Section 7.2. The arguments in the proofs of these lemmas can be applied to
any branch Cy_y (7.3), (7.4) of homoclinic N-pulse orbits for any k or N. It is essential for these
proofs that the full Cy ny branch remains in a bounded part of the («, B)-plane. Now, for Ci n
with k > 2—recall that C1 y = C§’ by definition—this is known via the analysis of Sections 3
and 4, and in particular Corollaries 3.1 and 4.1, and the fact that the only Cy n branches that
can persist as @ — oo are the C y, recall Section 5. For k = 1, we have full control on C]?,o for
oc~large enough (Section 5), and here we introduce the bounded subregions .Zodd C Apgd and
Aeven C Aeven as in Section 7.2, (7.5) and define

A = Aota U Aeven. (7.10)

We know from the asymptotic analysis of Section 5 that we may restrict our attention to A for
the bifurcation analysis.
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Theorem 7.1. The family X' of all symmetric N -pulse orbits consists of finitely many smooth
branches Cy n, k =1,2,..., Ky < 00, that do not intersect, i.e., Cx, y N Cp.p = 9 if (k, N) #
(I, M).

e Fork =1, the branch Ci y = CX/O is unbounded. Inside .Z, Ci N has the arc-length parame-
trization,

Civ = {(e1.n(), Bin()): s €0, Ly )},

where ZLN, the length of C1 n in ;ll, is finite. The limits

lim (a1, (), Bin () = (@ v BT w)s

S‘>L1.N

. d d
lim <—a1,N(S), aﬂl,N(@) G

s—>Lin ds

both exist. The endpoint (o} LN BT y) is the unique bifurcation point of Cy .
e Fork > 1, the branch Cy_y is bounded and has the arc-length parametrization,

1 1
Ck,n = {(ak,N(S)a Br.n(s)): s € (—ELk,N, ELk,N> }

and the length Ly n of Ci n is finite. The limits

lim (e, v (5). Bin (s)) = (v Biw)-
s—>E5LgN

. d d
lim (—ak,N(s), gﬂk,N(S)) = (" Bin™):

s—):l:%Lk.N ds

all exist. The endpoints (aki”[:;, ﬁ,f }:,‘) are the bifurcation points of Cy N.

Each branch Cy n can be extended beyond each of its bifurcation points into another branch of
symmetric homoclinic M -pulse orbits.

Proof. All but two of the statements in this theorem follow from arguments that are identical
to those in the proofs of Lemmas 7.2-7.4, or directly from Corollary 6.1. The first statement
whose proof needs a few additional words is that two distinct branches Cy y and C; » cannot
intersect when k # [, irrespective of whether N = M or N # M but, this statement must hold
since otherwise there would be a contradiction with the definition of the curves (if N # M) or
with Theorem 6.1 (if N = M). The second statement is that Ky < oo, and we now prove it,
hence completing the proof of this theorem.

Assume that Ky = 00, i.e., that Cy consists of infinitely many (smooth, bounded) non-
intersecting branches Ci y. Clearly, Cx.y C A for k >1land Gy N A # {). Therefore,
we may choose on any Ci y a point (o N, Bk.N) € A. Since A is _compact, the sequence
{(ak,ns ﬂkaN)}kzl must have an accumulation point (¢¢acc,n» Bace,N) € A
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We may now apply Corollary 6.1 to conclude that there is a smooth curve Cyec y that repre-
sents symmetric homoclinic N-pulse orbits, and that (&, v, 51(, N) € Cace, v for all elements of
a subsequence {(0, v, 51(, N)},fil of {(ak.n, ﬂk,N)},fi |- Hence, Cycc, v intersects countably many
branches C, v, which contradicts Theorem 6.1. O

We define the open, connected region .Zinner as the interior of A (7.10), i.e.,
Anner = A\ 9.4,
see Fig. 1.
Lemma 7.5. For all k and N, (o y. B y) € Ainner.

Note that this in particular implies that o , > 0 for all k, N.

Proof. It follows from Theorem 7.1 that (0‘1? N BEN) € Z, hence we only have to show that
(o noBin) & 3A. We know from the analysis in Sections 3 and 4 that

avZ {05 =0, B€|0, ,Bcap]} U Bcap U ICI U Bupper U {05 =a, pe [,Blowerv ,Bupper]} upper,

with K 1=K1N aA, etc., and the natural definitions for Browers ,Bupper see Fig. 1. By construc-
tion, (ak N ﬁk ~N) & Beaps Bupper, Blower (Sections 3 and 4); ak ~ 7 @ by definition—recall that
@ is assumed to be so 0 large that the asymptotic analysis of Section 5 is valid for « > &. The fact
that (ak N ,Bk N) ¢ IC1 is a consequence of Lemma 7.6 that will be proved below.

Thus, we only need to show that a bifurcation point cannot have ozk y=0.1If ozk y =0, then
its associated orbit I"(x; (0, 8)) can be determined explicitly, it is, by definition, a solution of
system (1.12) with initial condition I"(0; (0, 8)) = (0, 0, 8, 0), i.e.,

1 1 .
F(x; (0, ,8)) = (0, 0, Eﬂ coshx, 5,3 s1nhx).

This orbit is not homoclinic to M. Bifurcation points («*, 8*) must correspond to orbits
I (x; (@*, B*)) that are homoclinic to M by Corollary 6.1, hence no point (0, 8) can be a bi-
furcation point. O

We know from Corollary 7.1 that a bifurcation point («*, 8*) either corresponds to a ho-
moclinic orbit I"(x; (@, 8*)) that has two symmetric degenerate extrema at its flanks, or to a
I (x; (a*, B*)) that has a degenerate maximum at x = 0. Note that both types of bifurcations
appear in system (1.1)—see the numerical simulations discussed in the Introduction.

In the former case, i.e., if (@, %) € Ainner \ K1, the point (™, f*) marks the transition from
an N-pulse homoclinic orbit to a homoclinic orbit with a v-component that either has N + 2,
N — 2 or again N maxima. As already stated in Theorem 7.1, each branch Ci y can be extended
beyond its bifurcation point(s) (¢ v, ﬂ,’:’ ) by Corollary 6.1. However, Corollary 6.1 (and its
proof) do not give further information on the nature of this extension. It thus does not exclude
the possibility that Cx x extends into another branch of N-pulse homoclinic orbits C; n, [ # k.

In the case that (a,’(“’N, ,BIj“N) € K1, we can be more explicit.
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Lemma 7.6. Let N = 2n, where n > 1, and assume that there is a k € {1,2, ..., Ky,} such
that the branch Ci 2, C Aeven 0Of symmetric 2n-pulse homoclinic orbits has a bifurcation point
(ot,f,z", 5}("72”) € K1. Then, there is a branch C 2,—1 C Aoaa of symmetric (2n — 1)-pulse homo-
clinic orbits with a bifurcation point (a;j2n4 , 'Bl)‘j2n71) such that

(“l*,zn—h ,31*,211—1) = (alt,Zn’ ﬁ;:,zn) e Ky. (7.11)

Thus, we may conclude from this lemma that a symmetric 2n-pulse orbit that is associated
to a point (k. 2,(5), Br.2,(s)) on a branch Ci > that has a bifurcation point on K, transforms
smoothly into a symmetric (2n — 1)-pulse orbit as (o 2,(s), Bk, 2. (s)) approaches K. Note
that this lemma also provides a kind of (topological) transversality result, although the possi-
bility that the combined curve Cy 2, U (a,’{k’zn, ﬂ;ck,Zn) UCj 2n—1 is tangent to K; at the intersection
((x;:,zn, 'Blfln) is not excluded by the lemma.

Proof of Lemma 7.6. By Theorem 7.1 and the assumptions in the lemma, we know that there
is an arc-length parametrization (otx,2,,(5), Bk,22(s)) of Ci 24, such that (ak 2, (), Br.2n(5)) =
(oz,’(6 o ﬁ;: o) @SS — %kazn. Thus, s also parameterizes the associated homoclinic orbits,

Tieon (53 8) = (k20 (x5 8), Pr2n (658), V20 (x5 8), G20 (x58)) = Do (x5 (e, 20(5), Br,2n (),

and the extremal points Gi,Zn = G',i’Zn (s) (7.1). The points G2,2n (s) and Gil (s) merge as s —
%Lkln, since the maximum at x = ( is degenerate on K| (Corollary 7.1). This implies that the
intersection curves 72" N Z~%" and 72"+ N 7=~ also merge as s — %Lk,zn (7.2). Note that
the intersections ZV*+/ N Z~(N=7) also appear in separate branches, but we refrain from adding
the extra labels. Note also that we do not (have to) take the branch spanned by the Gk_én (s)’s into
account.

Since 72" N Z~2" C {p = 0}, it follows that Z>"+!1 N Z=2"=D approaches {p = 0} as s —
%Lk,zn. More precise,

—(On— 1 1 1
7t ng=Cn=h Gllc,2n<ELk,2n> = G%zn(ELk,Zn) e{p=0} ass—> ELk,2na

and, since ug 2,(0; 5) = ok, 2, (s) and vg 2,(0; 5) = Bk.2, () by definition (7.3),

1 1 1
G?,z,, <§Lk,2n> = (Oék,zn (ELk,2n>a0» B, 2n <§Lk,2n)) = (Ot,f,zn, 0, ,B;f,z”) (7.12)

Next we observe that both 72"+ N 7-Cn=D « 7-Cn=1 gpd 727-1 N 7-C@n=D « 7-Cn=D apd
that 72"~ N Z=@"=D corresponds to Ci,2n—1 for some [ (7.2)—(7.4). Moreover, by the symmetry
in the system, Cp,—1 = Z-?"=1 N {p = 0}. Hence, if Z?"*! N == approaches {p = 0}
as § — %Lk,zn, then Z2"t1 N Z=Cn=D must also approach the branch C; 2,1 (interpreted as
subset of {p =0}) as s — %Lk,zn. This implies that the three branches I NI (< Ck.2n)s
T+ NZ=Cr=D and 721N 7@~V (& €5, 1) all limit on the same point G,e’z" (3Lkon) =
(a,’gln, 0, /3,’;2") (7.12), where (O‘Z,Zn’ ,BZ‘,zn) € K is the bifurcation point of Cy 2.
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Since all ortlits I'y(x, (o, B)) have a degenerate maximum at x = 0 if (¢, 8) € K,
(a,f’zn, ,3;:,2,1) € C;2,—1 must also be a bifurcation point of C; 2,—1. This is equivalent to (7.11)
by Theorem 7.1. O

8. The model problem and the phenomenon of pulse splitting

In this section, we examine the relation between the homoclinic orbits of the system of ordi-
nary differential equations (1.1) studied in this paper and the onset of the self-replication process
exhibited by the Gray—Scott system (1.14). Moreover, we discuss the phenomenon of pulse self-
replication in a more general setting, i.e., beyond the specific context of the Gray—Scott model.

8.1. Pulses and pulse bifurcations in the Gray—Scott model

Stationary solutions of the Gray—Scott equation (1.14) satisfy the following system of ordinary
differential equations:

" __ 2 2 _ _ &
U'=¢ei[UV" —erea(1 = ZU)], @.1)
V=V -UV?
where we used the parameter combinations
A
£1 =§, & =+~BD, (8.2)

and the scaling

_\/§~ U _33/2\/§17~ Vo = A V(&
x=y/Z (x) = 2 (x), (x) = 3D (),

and where the tildes have been dropped. See [5,19,20], or the equivalent scalings of (1.14) in
[24-27,30,31]. Now, system (8.1) is a singularly perturbed system of ordinary differential equa-
tions when

O<e,ea<kK1l and e Ke or &=0(),

and the existence and stability of (singular) homoclinic stationary pulse and multi-pulse solutions
of the Gray—Scott system has been established in [6,8,11,24-27,30,31].

These singular, localized, stable pulses can be seen as the origin of the self-replication process.
Starting with 0 < 1, &2 < 1, this process can be initiated by increasing &1 to O(1) values, while
keeping &, fixed. At a certain, O(1), critical value ST, the pulse ‘disappears’ in a homoclinic
saddle-node bifurcation, and this homoclinic saddle-node bifurcation marks the onset of the self-
replication process [5,6,24-26,30,33,40]. Now, near the bifurcation, (8.1) is no longer singularly
perturbed, since U, V, and their derivatives vary on the same scale. However, by a simple further
scaling (U = eju, V =v/e1), (8.1) is transformed into

{u//zuvz—z‘%é‘z(l —8214), (83)

)

V' =v—uv
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in which 0 < &7 < 1 is still an asymptotically small parameter, but e; = O(1).

The reduced problem (1.1) considered in this paper is the leading order part of (8.3), i.e.,
(1.1) can be obtained from (8.3) by taking the limit £, — 0. By a similar motivation, a version
of Eq. (1.1) has been derived in [30]; Eq. (1.1) is called ‘the core problem’ in [24-26]. Systems
like (1.1) have also been studied as simple models for autocatalysis in [2,3].

The homoclinic solutions considered in this paper are directly related to pulse solutions of
the Gray—Scott equation in the pulse-splitting regime, i.e., to homoclinic solutions of (8.3) with
0 <& « 1and g1 = O(1). To see this, we note that

ME={u, p,v,q): v=0, ¢ =0}

is an invariant manifold of (8.3) that is identical to that of (1.1), see (1.13), where here again
p=1u' and ¢ = v'. Away from M? and with u = O(1), the perturbation term —5%52(1 — &)
in (8.3) is just a regular perturbation term. Therefore, the results of the previous sections on
the location and structure of the set X and the branches Cy y that represent homoclinic orbits
to M in (1.1) are expected to carry over directly to yield the existence of a set X'¢ consisting
of branches C,i  Tepresenting symmetric orbits in (8.3) that are homoclinic to M?. In fact, the
distances between the curves C,f’  and their leading order counterparts Ci, y will be O(&2).

A more technical version of this statement can be made rigorous by relatively standard argu-
ments, but we do not intend to go into this here. We also refer to [24-26] for an analysis based
on asymptotic matching of the relation between homoclinic orbits in (8.3) and homoclinic orbits
in (1.1).

A solution of (8.3) that is homoclinic to M is not necessarily a (stationary) pulse solution
of the Gray-Scott equation (1.14). Indeed, orbits homoclinic to M? must also satisfy an addi-
tional condition, namely they must lie in the intersection of the 2-dimensional stable and unstable
manifolds of the critical point (u, p,v,q) = (1/£2,0,0,0) € M?, so that they are forward and
backward asymptotic to this fixed point on M?. Note that this critical point corresponds to the
‘trivial pattern’ U = 1, V =0 in the (unscaled) Gray—Scott equation (1.14), which is the ‘back-
ground state’ for pulse solutions.

The perturbation term —8%82(1 — gu) in (8.3) changes the trivial, shear flow of (1.1) on M
significantly. The flow on M? is linear and governed by

u'=p: (8.4)
p = —5%82(1 —&ou). '

This linear system has a saddle point (1/e2, 0, 0, 0) with stable and unstable manifolds given by
the lines £, , C M,

b ={(u, p)e M* | p=-+e1(1 —e2u)},
tu={,p) e M* | p=—e1(1 - eau)}. (8.5)

Thus, while the p-coordinates of the symmetric homoclinic orbits of (1.1) constructed in this
paper approach a constant value +p, as x — £00, the p-coordinates of their perturbed coun-
terparts in (8.3) become unbounded as x — 400, except for the codimension 1 set of orbits
which are homoclinic to (1/&3, 0, 0, 0).

Fenichel theory can be applied to determine whether these special codimension 1 orbits in-
deed exist. Moreover, this geometric point of view can also be used to establish a direct relation
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between the bifurcations of the symmetric homoclinic orbits as discussed in Section 7 and the
homoclinic (saddle-node) bifurcations that have been observed by numerical simulations in the
Gray—Scott model as the parameter &1 varies [25,33], as we now show.

It follows from Fenichel theory that, to any curve C,i n C X¢ inthe (a, B)-plane of homoclinic
orbits to M¥ in (8.3), there correspond two curves on M?, the take-off curve Toff(C,f’ ) and the
touch-down curve Tdown(C,f’ ) that govern the behavior of orbits homoclinic to M?® backward
and forward asymptotically, respectively, see [7,11]. These curves represent the families of base
points of the Fenichel fibers associated to the family of orbits homoclinic to M?, backward and
forward asymptotically, respectively, described by C,‘i - More precisely, let I'(x; I'y) be a so-
lution of (8.3) taken as 4-dimensional dynamical system, with I"(0; I'py) = I = (o, 0, 8, 0) and
(a, B) € C,f’N. Then, there exist two points 1“0jE e M Iy € Toff(C,f’N) and I“OJr IS Tdown(C,iN),
and two solutions I” i()c; I Oi) C Mé¢ with T Oi as initial conditions, such that

| (x; o) — r+ (x; Foi) | — 0 exponentially for x —> Fo0.

In other words, the orbits I” jE(x; I Oi) € M? shadow the path of the homoclinic orbit I" (x; Ip)
for x such that it is (exponentially) close to M?. Therefore, if

IyF €ty N Taown (Cf y) (8.6)

for some k, then we may conclude that the orbit I"(x; Ip) is an N-pulse orbit homoclinic to
(1/€2,0,0,0), i.e., it represents an N-pulse solution in the Gray—Scott system, since in this case
' (x; FO+) — (1/&2,0,0,0) as x — oo. Of course, the orbit is symmetric, and hence (8.6) is
equivalent to ;" € £, N Toff(C,i N)-

Again, we remark that the analysis required to make these statements—and the upcoming
ones—rigorous is technical but straightforward.

If (a,B) € C,iN with «, 8 = O(1) with respect to &3, then the (u, p)-coordinates of the as-
sociated point in Tdown(C,f’ ) will also be O(1) with respect to ;. If o > 1 then the system
can again be brought into a singular perturbed form, as in Section 5, and Tdown(C,f, n) can be
determined explicitly. In fact, this is in essence equivalent to the analysis in [5,11]. Since the
distance between C};N and Ci n is O(e2), the position of Tdown(C,i’N) C M¢? is O(ey) close to
that of its equivalent Tgown (Ck,n) € M that is defined for system (1.1). Moreover, the position of
Tdown(C,i ) will not change (to leading order) as the parameter ¢ is varied.

For O(1) values of u, the stable and unstable manifolds, ¢, ; C M?*, of (1/g2,0,0,0) are
given by

b={,p) e M® | p=+e1+0(2)},  tu={Wu,p)e M*|p=—e1+0(e)},

recall (8.5). Thus, the intersection (8.6), which establishes the existence of homoclinic orbits to
(1/€2,0,0,0) in (8.3), can be traced directly as a function of the bifurcation parameter &1, since
s ={p =-¢e1} and Tgown (C,f’N) is not influenced by &7 (to leading order in ).

If 1 is small, then to each intersection point in (8.6) there is an associated point (x(g1), B(€1))
c C,‘f’N such that & > 1, which implies that k = 1, i.e., C,iN = Cfv’oo. Thus, for small ¢, we
recover the N-pulse homoclinic orbits to (1/e2, 0, 0, 0) (or, unscaled, to the background pattern
(U =1,V =0) in (1.14)). This statement is completely equivalent to results in [11], and its
proof may therefore be found there (although the parameter space of (1.14) considered in [11] is
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more restricted than it is here). A bifurcation point (et ,, B ) of a curve C; 5 corresponds to a
bifurcation value e,f n of &1 such that

(@(ek v)s Blein)) = (2w Biw)-

Thus, each bifurcation point in X'¢ corresponds to a well-defined value of the bifurcation para-
meter ¢1. Moreover, any such bifurcation value of &1 by definition marks the transition from an
N-pulse to an M -pulse homoclinic orbit in the Gray—Scott model (1.1). Hence, the results ob-
tained in this paper can be translated into results on the existence and bifurcations of homoclinic
N-pulse orbits in the Gray—Scott equation in the splitting regime, i.e., for /A/B = O(1) (8.2).
The outermost branch in Fig. 1, i.e., the curve cl(Ci’o U Cgo ), is the most important curve for
the relation between model problem (1.1) and the initiation of the pulse-splitting process in the
Gray—Scott system. We therefore consider its counterpart (:I(Cf’Oo U C?oo) for system (8.3). If ¢;
is small, then the intersection Tgown (cl(C‘f’Oo U CE’OO)) N £, consists of two points. These points
correspond to (a1(e1), B1(€1)) € Cf’oo and (a2(e1), B2(e1)) € C;*Oo, respectively, that represent
the singular 1-pulse and 2-pulse homoclinic orbits, respectively, in the Gray—Scott model that
have already been studied in [11]. See also [24]. As & increases, the points (o1 (e1), B1(€1)) and
(a2(g1), Ba(e1)) travel along the curve cl(C‘f’OO U Cg’oo), with «-coordinates o1 2(e1) that must

remain bounded. Since we know that cI(C{"> U C5*) is bounded for bounded &, and bounded
away from {o = 0}, we may conclude that there is a critical value &} of &; such that

€5 N Tgown (c1(CTCUCT™)) =0 for e > ¢,

while the intersection contains (at least) the two points (a1 2(e1), B1,2(¢1)) for &1 < &f. Thus,
as & increases through &}, two homoclinic orbits merge and there is a homoclinic saddle-node
bifurcation (in the sense of dynamical systems theory, see, for instance, [28]). This is the saddle-
node bifurcation that initiates the self-replication process in the Gray—Scott model [5,6,24-26,30,
33,40]. Note that there is no reason for the bifurcation point (« 1,2(87), B 12(8’{)) to be equal to the

bifurcation point C{**\C;"™ = C5'*°\C5'> at which the two pulses of 2-pulse orbit merge into
one pulse. In fact, numerical simulations indicate that this is indeed not the case (see also [25]).

This scenario has also been studied in detail, numerically and asymptotically (0 < &1 < 1
or equivalently o > 1), in [24]. The analysis in this paper provides a rigorous foundation for
the continuation of the curves Cf;’o into the region o = O(1) (Section 6). Moreover, it follows
from the results of this paper that the curves Cfgo are smooth, bounded, and of finite length for
o bounded (Sections 3, 4, and 7), which implies that there must be a value of ¢; above which
neither the 1- nor the 2-pulse orbits can exist in (8.3), i.e., in the Gray—Scott model. However, we
have not proved the numerically obvious fact that the 1-pulse and 2-pulse orbits do not undergo
any other bifurcations ([24,33] and Fig. 1).

The 1- and 2-pulse orbits are naturally embedded in a family of N-pulse orbits (see Section 5
and [11], and Section 8.2 below, as well as [7], for a similar result for the Gierer—Meinhardt
equation). We have shown in this paper that the equivalent scenario in which a (2m — 1)-pulse
can only bifurcate into a 2m-pulse, i.e., in which Cg;;_ N CZT; # {J, is not correct for general
higher order pulses. In fact, our numerical simulations indicate that this only happens for m =
1,2, 3, and that other bifurcations take place for m > 4 (Section 1). The analysis in this paper
supplies a foundation for further research of the intriguing bifurcation structure of the multi-pulse
homoclinic orbits in system (1.1) and in the Gray—Scott system (1.14).
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8.2. The onset of pulse self-replication

Recently, it has been shown that the phenomenon of self-replication of pulses is not restricted
to the Gray—Scott model. In [33] an ‘artificial’ model that exhibits pulse self-replication was
constructed. Moreover, it was found in [12] that pulse self-replication also appears in the Gierer—
Meinhardt model,

e2U; = Uyy — *nU + V2,

8.7
V=6V — V42 ®

with parameters &, u > 0 [17,32], and in the generalized Gierer—-Meinhardt equations (see
also [25]). Self-replication of pulses was observed also in [10] in several other models of Gierer—
Meinhardt type, as well as in generalizations of the Gray—Scott model, see [38]. It may thus be
concluded that self-replication of pulses is a generic phenomenon. There are several ingredients
that appear to be necessary for the self-replication process [5,13,25,33,40]. The existence of a
family of symmetric 1- and 2-pulse orbits is one of them [7,11,25], it is called the ‘multi-bump
transition condition’ in [25]. This latter ingredient is perhaps the aspect of pulse self-replication
that is most suitable for a full analytical approach. Note that such an analysis cannot be restricted
to only 1- and 2-pulse orbits. For instance, to prove that a 1-pulse homoclinic orbit must bifurcate
into a 2-pulse orbit one must exclude the possibility that the 1-pulse develops extra pulses on its
flanks, i.e., that it bifurcates into a 3-pulse orbit, etc. Moreover, in all known examples of systems
that exhibit pulse self-replication, the families of 1- and 2-pulse orbits are naturally embedded in
a larger family of N-pulse orbits (N > 1)—see also the discussion below on self-replication in
the Gierer—Meinhardt equations.

Thus, the onset of pulse self-replication is in general strongly linked to bifurcations of
N-pulse homoclinic orbits. This gives a further motivation to study the existence and bifurca-
tions of the family of homoclinic orbits in the a priori simple model problem (1.1).

The onset of pulse-self-replication in the Gierer—Meinhardt equation (8.7), and in models of
(generalized) Gierer—Meinhardt type, is similar to that in the Gray—Scott system. The existence
and stability of singular symmetric, stationary homoclinic multi-pulse solutions to (8.7) can be
established if 0 < ¢ < 1 is an asymptotically small parameter [4,7,22]. Note that these pulse
solutions are homoclinic to the background state (U = 0, V = 0) and that the N-pulse homoclinic
orbits are unstable as solutions of Eq. (8.7)if 0 <e < 1 and N > 2 [7].

It is shown in [12] that the multi-pulse orbits cannot exist for © > 1/ &%, and that the methods
developed in [7] can be applied up to 0 < & < 1/&*, which establishes the existence of multi-
pulse orbits for these values of . Hence, one expects homoclinic saddle-node bifurcations in
the region = O(1/e*). As in the Gray—Scott case, the self-replication is initiated by these
saddle-node bifurcations, as was numerically confirmed in [12,25].

In the scaling of the Gierer—Meinhardt equation chosen in (8.7), the U- and V -components of
the pulses have O(1) amplitudes with respect to &, however these amplitudes scale with ,/u as
u is varied. To study the homoclinic saddle-node bifurcations it is therefore natural to introduce
the O(1) parameter i by u = ji/e*, to scale U and V as

Ux) 287214, V(x) 28721),
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and set x = eXx. These scalings transform the stationary problem associated to (8.7) into

u” [:th _ UZ,
{ Vv = — v? (8.8)
—.

Hence, the homoclinic saddle-node bifurcations and the onset of pulse self-replication occur
in the Gierer—-Meinhardt system for parameter combinations at which the stationary problem
no longer has a singularly perturbed nature. This is completely similar to the Gray—Scott case
(compare (8.8) to (8.3)). However, in the Gray—Scott problem, (8.3) could be further simplified
to the reduced, or core, problem (1.1). It is a priori not clear whether (8.8) can also be further
simplified, since the term fiu in (8.8) is not small, while the term —81282(1 — &7)u is a higher
order term in (8.3).

Nevertheless, although Eqs. (8.3) and (8.8) are quite different, they exhibit two similar fam-
ilies of multi-pulse homoclinic orbits that play crucial and similar roles in the onset of pulse
self-replication. It is expected that further investigation of the geometric structures that are re-
sponsible for the existence of the families of multi-pulse homoclinic orbits and their bifurcations
may provide a fundamental understanding of the similarities between systems (8.3) and (8.8),
and thus of the generic nature of the phenomenon of pulse self-replication.
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Appendix A. The proofs of Lemmas 4.1 and 4.2

In this appendix, we prove Lemmas 4.1 and 4.2, which establish lower bounds on z(x) and
y'(x), respectively. We begin by recalling the governing equations (4.2) from Section 4,

y”=,32yzz and z”:z—oz,ByzZ,
with y(0) =1, Y (0)=0, z(0)=1, Z(0)=0. (A.1)

Also, we recall that zo(x) = cosh(x) is the solution of
20—20=0, z0(0)=1, z;,(0)=0
and that yg(x) = Co(B sinh(x)) is the solution of
yg = B*(cosh?(x))yo, y0(0) =1 and y;(0) = 0. (A2)

In order to prove the desired lower bounds, we need to derive the following upper bounds on
z and y first.
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Proposition A.1. For x > 0,

z(x) <zo(x) and 0<y(x) <yy(x) < cosh(,B sinh(x)). (A.3)

Proof. Let Z =z — zg. Then,
7" —Z=—aBfyz> <0, Z(0)=0, Z'(0)=0.

Hence, Z”(0) = —aB < 0, and we see that Z' < 0 and Z < 0 in a right neighborhood of the
origin. Moreover, it also follows, by a standard argument by contradiction, that Z”, Z’, and
Z remain negative for all x > 0. Therefore, we may conclude as desired that z(x) < zo(x) =
cosh(x) for x > 0.

Next, observe that y(x) > 0, which follows directly from Eq. (A.1) for y. We now derive an
upper bound for y. Since z < zp, the ¥ equation in (A.1) implies

y// < ﬂzyZ%-
Let Y = y — yg. This difference variable satisfies
Y" < 223y forx>0, Y(0)=0, Y'(0)=0,

from which we deduce that Y (x) <0 on x > 0 and, hence, y < yy, as desired.

This upper bound on y(x) is the sharper of the two stated in the lemma here, and it is purely
for the benefit of later calculations that we also derive a bound on yg(x), which is a less sharp
bound on y itself but which is much easier to work with. Let

t =fBsinh(x) and 7n(t) = yo(x). (A4

Then, n(7) satisfies the modified Mathieu equation (A.2), which we may write as

. t .
77_’7:_'82+t277, (AS)

with n(0) = 1, 1(0) = 0, and the overdot now denotes the derivative with respect to ¢.

We observe that 7(¢) > 0 at least for small values of ¢, because #(0) = 1(0) > 0. Now, we
claim that 7(¢) > O for all values of r > 0. Suppose to the contrary that 5(¢t) > 0 for ¢ € (0, tg)
for some 7y and that 7(f9) = 0. Then, it would be the case that 7j(#p) < 0. However, the equation
directly reveals that, if 1(t9) = 0, then 7j(f9) = n(t9) > 0. Therefore, the initial supposition leads
to a contradiction, and hence 7(t) > 0 for all ¢ > 0.

As a consequence, we see that

n—n<0 forallt>0
and hence that

n(t) < cosh(¢) fort >0,
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by comparison. Translating back to the x variable, we have shown the desired result that yp(x) <
cosh(g sinh(x)) for all x > 0, which completes the proof. O

Now, we are in a position to prove Lemma 4.1, which we recall states that

7(x) > z1(x) = zo(x) —aB&1(x), aslongasz; >0, (A.6)
where
a(x) = f sinh(x — s) cosh(8 sinh(s))z3(s) ds. (A7)
0

Proof of Lemma 4.1. We use a comparison argument. We insert the upper bounds for y and z
found above in Proposition A.1 into the z equation of (A.1) to obtain

7" —z> —aBcosh(B sinh(x))z%. (A.8)
Hence, it is useful to examine the problem
7] — z1 = —aBcosh(Bsinhx)z3, z1(0) =1, z}(0) =0. (A9)

The homogeneous solution that satisfies the initial conditions is zo(x) = cosh(x), and the partic-
ular solution is —«f¢1 (x), noting the minus sign, where ¢ (x) is given by (A.7) above, namely
by the solution of ¢{ — ¢ = cosh(B sinh x)zg, with ¢1(0) = 0 and ¢{(0) = 0. Therefore, we have

21(x) = zo(x) — afL1(x). (A.10)

Now, comparing the equations for z and z;, namely (A.1) and (A.9), and recalling (A.8), we find
that z(x) > z1(x), which completes the proof. O

Remark A.1. The sharper of the two upper bounds on y, namely y < yp, from Proposition A.1
could also be used in this proof. That would lead to a slightly sharper lower bound on z, namely
to the same expression for z; but with the modified Mathieu function yo(x) = Co(f sinh(x))
in place of the term cosh(f sinh(x)) in the definition of ¢;. However, the integrals are easier to
evaluate with the weaker bound. Finally, to compare the two bounds, we found that the numerical
values given by the sharper estimate are close. In fact, for the same values of « as reported in
Table 2 we find £(z1)= 1.419, 1.177, 1.051, 0.974, 0.917, 0.874, and &(H )= 0.8564, 0.6095,
0.4762, 0.3842, 0.3088, 0.2410 (in increasing order of «).

To conclude this appendix we prove Lemma 4.2, which we recall establishes that y(x) > yj(x)
and y'(x) > y](x), where y; satisfies

Y = B 25y = =20’ cosh(Bsinh(x))z0(x)¢1 (x),  y1(0) =1, y{(0) =0. (A.11)
Proof of Lemma 4.2. Again, we use comparison arguments. We recall from (A.1) that y satisfies

y// — ,32)722-
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Substituting the lower bound z(x) > z;(x), obtained in the previous lemma, into the right mem-
ber of this equation and recalling that y(x) > 0, we find

y'> B*(z0 — aBE)*y > B (2§ — 20Bz081) Y.
Then, recalling the upper bound y(x) < cosh(g sinh(x)) obtained in Proposition A.1, we find
y" = B*z§y > =20 cosh(B sinh(x))zo¢1, for 0 <x <&(z1). (A.12)
Clearly, since y; is defined to be the solution of problem (A.11), we obtain the desired result that
y(x) > y1(x), by comparison.

Finally, we show that y’(x) > yi (x). Substituting the lower bound z(x) > zj(x) from the
previous lemma into the equation for y, we find

y' > p%*zly onx>0. (A.13)

By integrating, we find
X
’ 2.2
yix) > /,3 Z1(8)y(s)ds.
0

Next, we use the lower bound y(x) > yj(x) that was just established and expand the z% term
using the definition of z; (recall (A.6)) to obtain

Y (x) > f B(z5(s) — 2aBz0(5)¢1(s) + & 2L (5)) y1(s) ds.
0

In addition, we recall that y(x) < yo(x) < cosh(Bsinh(x)) from Proposition A.1 and observe
that the third term in the right member of the lower bound on y’ is positive. Hence,

X

Y (x) > / (B*2§(s)y1(s) — 2aBz0(5)¢1(s) cosh(B sinh(s))) ds.

0

Finally, we observe that the term in square brackets is precisely y{'(s) by (A.11). Hence,

X

Y (x) > /yi'(S)dS =y (x), (A.14)
0

which completes the proof. O
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Appendix B. The proof of Lemma 4.4: the asymptotics of the zeroes £(z1) and &§(H)

In this appendix, we prove Lemma 4.4, which gives the asymptotics of the first positive zeroes,
&(z1) and £€(Hy), of z1(x) and Hj(x), respectively, in the limit as o — 0. It also shows that at
x = &*, defined by (4.11), the three quantities y'(x), z(x) and H;(x) are strictly positive.

The zeroes diverge as o« — 0. Hence, we are interested in the asymptotics for large x through-
out the proof. Moreover, we warn the reader that the asymptotics need to be carried out to fairly
high order, so that some of the calculations are rather long.

Proof of Lemma 4.4. Part I. The asymptotics of £(z1). We start by recalling the definition of
z1(x), the lower bound on z(x),

z1(x) = zo(x) — a1 (x), (B.1)
from (4.6). Here, the function

(x) = / sinh(x — t) cosh?(¢) cosh( sinh(r)) dt (B.2)
0

is the solution of the problem
¢ — &1 = z§(x) cosh(Bsinh(x)), with ¢(0) = 0 and ¢{(0) =0.

A more useful formula for ¢; is obtained by using the addition formula for sinh, as follows:

¢1(x) = sinh(x)¢1 (x) — cosh(x)¢(x), (B.3)
where
X sinh(x)
o1 (x) = / cosh? () cosh (B sinh()) dt = / (1 +5?) cosh(Bs) ds,
0 0
X sinh(x)
P (x) = / sinh(t) cosh?(r) cosh(B sinh()) dt = / sv 1 + s2cosh(Bs) ds.
0 0
Next, set
r=sinh(x) and &;(r)=¢;(x), i=1,2.
Then,

1 2 2\ . 2
Di(r)= E (1 + E +r ) sinh(8r) — Er cosh(Br),
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which implies that to leading order

@ (r) = eﬁr<r2—3r+2+1) asr — 00
T g = '

Hence, we have one of the two main ingredients for the asymptotics of ¢1(x); to leading order

efriy 2 2
r1(r) = zﬂ(r ﬁr+ﬁr+r> (B4)

Next, we turn to the function @;(r). Note that

sV 1+s2 =s2{1 + %s_z — 15_4 + %s_f’ + O(S_S)}.

8

Hence,

2 1

Da(r) = /13 <r + 5 +5 8i2> sinh(Br) — %r cosh(Br) +---,

which implies that to leading order

e, 2002 11,
452(;’)—2/3 r —Er—i—ﬁz gr asr — 00.

Hence, the second of the two main ingredients for the asymptotics of ¢j(x) is also in hand,
namely to leading order

2, 2 T
mdb(r)—ﬁ( —Er gt ‘). (B.5)

Asymptotically, therefore, El (r) = ¢1(x) is given by subtracting (B.5) from (B.4),

ﬂr
a@r) = 25 {1 — %r_l +O(r _2)}, where r = sinh(x) — 0. (B.6)

In turn, this result for {; enables us to obtain the desired asymptotics of & = £(z1), the first
zero of z1(x), as follows. Setting z1(x) = 0 in (B.1), we have zo(§) = «B¢1(€). In the limit of
large r, this becomes

o
/1 2 = LBr ,
+r 28 e
which is equivalent, asymptotically, to

=—7r, asr— oo.
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After an elementary computation, we find, to leading order,

ot} o)

Therefore, recalling r = sinh(x), we wind up with the desired first formula in Lemma 4.4;
namely, to leading order

LI
E(zp)=In—=|[In| — 14+ |In , asa— 0. (B.7)
B o o

See also Table 3 below.
Part 11. The asymptotics of £(Hy), the first zero of H;. We turn to H, which we recall from
(4.10) is given by

Hi(x) = —5 LB B /y1<s>z1<s>ds (B.8)

The goal is to find lower and upper bounds on the asymptotics of the first zero, &£(H;).

We begin with a lower bound on &(71). This lower bound will be the first zero of an upper
bound on H1, and we label it &. We recall that y| (x) < y'(x) < y;(x) and that z1(x) = zo(x) —
aB¢1(x) < zo(x), as long as y{(x) > 0 and z1(x) > 0. Hence, for these same values of x,

X

Hi(x) < —5 + ? + %Xo(x) where Xo(x) = / y(’)(s)zg(s) ds. (B.9)
0
Set t = B sinh(x). To leading order
Vo (x) ~ ! e’ﬁ(l — gt_l) as x — 00 (B.10)
0 \/E 8 . .

Also,

Zo(x) = %\/132_‘_,2,

and the differential element for the integral defining X is ds = dt/+/ 82 + t%. Hence, we find

t
1
o B /errl/2<1 — %r‘1>(ﬂ2—l—r2)dr,
V2
0

which, after some integration by parts, yields to leading order

Xo(x) =

1 23
Xo(x):\/ﬂme’t%(l—?t_l), where 7 = f sinh(x). (B.11)
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Now, the upper bound on H; first vanishes, to leading order, when

(Sl

e't

M (B.12)
2 . .

23 K
1——1t =—, asa—0, whereK =
8 o

Taking the logarithm and Taylor expanding the natural logarithm of the third term in the left
member (noting, a posteriori, that quadratic terms in this expansion are higher order), we find to
leading order

5 23 1
t+=In(t)— =r'=In[ = ) +In(K).
2 8 o

After some computations, we find that the first three terms in the asymptotic expansion of ¢ are

t= ln<l> — éln[ln<l)] +In(K) asa— 0. (B.13)
o 2 o

Remark B.1. The next two terms are

o jln[m@)}][m(;)}u;(jg1n<f<>)[1n(l>]l
o(un(;)][+(:)] )

Finally, recalling that t = Bsinh(x) ~ (8/2)e*, we translate this result back into the original
x variable to obtain the asymptotics of &,

o)) (2) )] )] o

as a — 0. This completes the analysis of the lower bound, and hence also of the first half of the
proof of part II.

In this second half of the proof, we derive an upper bound for £(H;) and the asymptotic
expansion of this upper bound will turn out to agree with that of the lower bound, &, at least
in the first five nontrivial terms, and hence the leading order asymptotics for £(H;) will be as
claimed in the second formula of this lemma.

In particular, we derive a lower bound on H, and then, by construction, the first zero of
this lower bound will be the desired upper bound on &(71). We label this zero &y . Recall that
y1(x) < y'(x), as long as z;(x) > 0, and that y; satisfies (4.9),

v — B2z (x)y1 = —2ap> cosh(B sinh(x))z0(x)¢1 (),  y1(0) =1, y{(0) =0. (B.15)

Let r = B sinh(x) and 1 () = y; (x). This equation becomes

ﬁ1+ﬁfn—m=—f@), n0) =1, 71(0) =0, (B.16)
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where

2
f(r)=\/%cosh<t)cl<r) and ¢1<r>=é¢1<r>—,/ ﬂquz(r)

It is useful to compare the left member to the left member of the simpler, modified Bessel
equation. Namely, we observe that

1 1 t
ﬁ1+;ﬁ1—n1=—f(t)+<;—m>m>—f(t), aslongasn; >0. (B.17)

Hence, we study the inhomogeneous modified Bessel equation,

.1, .
'72+;772—772=—f(t), n2(0) =1, 72(0) =0; (B.18)
and, from the comparison (B.17), we see that
() <ni(t) and ma(t) <n1(t), aslongasn >0.

Moreover, letting y>(x) = n2(¢), we find the desired lower bound on H1,

X

Ho(x) = _E + ?ﬁ + TﬂXL(x) <Hi(x), where Xy (x)= / yé(s)z?(s)ds. (B.19)
0

The asymptotics of this lower bound are obtained as follows.
The solution of (B.18) that satisfies the initial conditions is

¢ ¢
m(t) = Io(t) + n2(2), where n2(1) = —Io(t)/rKo(f’)f(r)dr + Ko(t)/rlo(r)f(r) dr,

(B.20)

and Iy and K¢ are the modified Bessel functions of order zero. Writing 7, in this manner as the

sum of the homogeneous solution, /y(¢), and the particular solution, 77,(¢), is advantageous for
keeping track of the asymptotics, as we will now see. The large ¢ asymptotics are

Io(?) ¢ 1+1f‘+9t2 Ko(t) il 1 1f'+9t2
0 N 8 28 ) o ~y/5e 8 28 )

! —1 ﬁz -2
cl(t)~2—ﬂz<1—t ot ) (B.21)

where we recall (B.6). Hence, after some computation, we find

et 2t

m(l + ét_l +(9(t_2)> -~ agt (1 - %t_l + O(r‘2)>, as t — 0o,
T

() =
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and also
N 3 ) _0‘62t ~1
nz(t)_mo Yol )) 4O, asi

Converting this expression back into one in terms of the original x variable, we find

t 2t
Yo (x) = (0)y/ B2+ 1% = %ﬁ(l - %t‘l + O(t‘2)> -~ %(1 +0(™)),
as t = Bsinh(x) — 0o. A central observation now is that the first two terms, at least, in the
asymptotic expansion of that part of y) that stems from the homogeneous solution coincide with
the first two terms of the asymptotic expansion of y; above, recall (B.10). This observation will
be essential to determining the asymptotics of the lower bound on H;, as well as on its first zero,
as we show below. On a technical note, we will keep only these first two terms, as well as the
dominant term from the particular solution.
For H>, the other two ingredients (expressed in terms of ¢) are

1 3
z1(x) =z0(x) —aBl1(x) = E\/ﬂz +12 —afi (1)

and dx = dt//B% + t2. Hence, X1 (x), the integral in H>, becomes
Xp(x) = X1 (x) — 3aBXa2(x) + 30? B X3(x) — &® B2 Xa(x), (B.22)

where ¢t = 8 sinh(x) and

X1(x) = %/[%ﬁe’(l - %rl) — %eﬂ(ﬂz +r?)dr, (B.23)
0
t
Xz (x) = % / :%ﬁer(l - §r1> - %ezr:\/ﬁZ +r2e" dr, (B.24)
Ot ~ -
X3(x) = % / _J%ﬁer(l _ %r1> _ %ezr_ezr dr, (B.25)
1 Ot [ 1 3 T 3
Xa0) = g 0/ _Eﬁer(l _ §r1> _ %ezr_ ﬁdh (B.26)

In the formula for Xy (x), the stated terms from X (x) are the dominant ones on the time scales
over which y|(x) > 0 that we are interested in, and we recall that the integrals of these first terms
were already found above in the computation of X¢(x). Integrating the last term also, we find

XL ~ | der (1= By1) — L2 B.27
L(x) 53 mte 8t 6te . B.27)
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Moreover, &y, the zero of the lower bound on Hj, is given to leading order by the solution of

3
Xp(x) =—.

L(x) 20p
We solve this equation, following the procedure used above. However, there is one significant
difference. We have

i1 B J T _K
8 6 o

where the constant K is as before. The exponential term inside the parentheses is the significant
difference. We will see that it is higher order, as follows. Taking the logarithm and Taylor ex-
panding (noting that the quadratic terms in this expansion are higher order, although here there
is one more quadratic term that could have been important a priori but is not), we find

o~/ 21
6

5 23 (1 1
t+=-In(t) — —t " — e't 2 =Inl — )] +In(K).
2 8 o

Since the leading order solution is t = In(1/a), we set

t=ln<é>(1+w), (B.28)

to also find the relative error w. Substituting this into the equation, we find
1 5 1 5 23 (1\!
In| — —In|In{ — —w— —In| — 1-—
(2 )+ Smfn(3)]+ 30 -Fu(z) a-w
1
N2 (1Y 1] 2
el e I L | Y = In(K),
6 \« 2 o

where we expanded In(1 + w) ~ w and (1 + w) V2~ — (w/2). Next, we observe that

w — 3
<l> _ ewln(g) - e—%ln[ln(g)] _ |:ln<l)i| ’
o o

where we profited from looking ahead at the leading order asymptotics of w. Therefore, solving
for w and recalling (B.28), we find that, as o — 0,

co=fn( )] (2) - (Y[ )] masofin( )]+
(o))

Now, by construction, &y is an upper bound on &(71). But, we see that the first several terms
in its asymptotic expansion agree with those of the lower bound &j found above. Moreover, they

ol
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first differ in the term (’)(ln[ln(é)][ln(é)]_3 ), which is in &y, and which arises due to the fact that
Xo(x) — X1 (x), the difference between the integrals involved in the upper and lower bounds on
‘H1, respectively, is to leading order %t2e2t, which is a higher order term. Hence, the asymptotic
expansion of £(H 1), which lies between &y and &y, agrees with those of these bounds, at least to
within the order stated, and is as given in the statement of the lemma.

Remark B.2. The other terms involving X»(x), X3(x), and X4(x) and the remaining terms
obtained from integrating by parts in X (x) correspond to higher order terms. For example,

1

3

o
32,00 %3 |
9

However, these terms are higher order only by factors powers of In(1/«), which arise due to
the differences in the fractional powers of 7. In fact, the exponential terms all lead to the same
asymptotic expression; namely, we note that, for each integer m > 0, o etV =g~ ! at t =
In(1/a), ie., at x =1In((2/B8) In(1/w)).

Part I11. Finally, we show that y{ ,Z1, and H are positive at £* for sufficiently small values
of «. Recall that the ‘time’ £* is defined implicitly by

1
ﬁsinh(é*) =ln(—>. (B.29)
o
The equivalent explicit definition is

£* =£* () = sinh ™! { 1 ln(l> }
B o

Direct calculation using the above asymptotics for y{, z1, and H; implies:

=g o)l =)o

HI(E*)Z#W{IH<$>}S/2{1+O( 1:($)>} asa — 0. (B.30)

This concludes the proof of the lemma. O

To confirm the above asymptotics, we compared the values of £(z1) and £(H;) as computed
by direct numerical simulations and by evaluation of the asymptotic formulas. The data is pre-
sented for the case 8 =4 in Table 3.



A. Doelman et al. / J. Differential Equations 231 (2006) 359423 419

Table 3
The values of £(z1) and £(H) as computed via direct numerical simulations (num) and via evaluation of
the asymptotic formulas (asymp), recall (B.7) and the lower bound given by (B.14). Here § =4

o &(z1) (num) &(z1) (asymp) &(H1) (num) &(H1) (asymp)
1074 1.902 1.693 1.372 1.369
1073 2.076 1.902 1.565 1.576
1076 2223 2.073 1.744 1.754
10~7 2.341 2.216 1.890 1.910
10-8 2.458 2.341 2.025 2.047
1079 2.551 2.451 2.152 2.170

Appendix C. The proof of Lemma 4.5: the nontrivial lower bound Bjgwer 0n Aevyen

In this appendix, we prove Lemma 4.5, which we recall establishes the curve Bjoyer. In partic-
ular, for each @ > 0, there exists a B («) such that there are no homoclinic orbits for 8 < Bt («).
Also, after the proof of this lemma, the asymptotics of B («) are presented both for « — oo and
for « — 0.

It will be convenient first to normalize u# and v by scaling the dependent variables as we did
in the proof of Lemma 4.3. Let

u(x)=ay(x) and v(x)=pz(x). (C.1)
We recall that the equations become
Y'=pye? and Z=z(1-apy2), (C2)

with initial data y(0) =1, y'(0) =0, z(0) = 1, and z’(0) = 0, and the energy function is

1 1 1
H(y.y' z,2)= 51/2 - 522 + 501,3}’13.

Now,

1
H (x) = PR Y ()2 (x);

and, hence, H increases along homoclinic orbits, because z(x) > 0 by assumption for homoclinic
orbits and y’(x) > 0 by (C.2). Moreover, for any x > 0, one finds

H(x) =H(©O) + %aﬂ / Y2 @) de; HO) = —% + %aﬂ. (C3)
0

The proof will be by contradiction. We will show that, for any o > 0, there exists a S («)
such that, if B is smaller than Bt (), then there is some finite value of x, which we will label
£(B), such that H(£(B)) > 0. (The variable & here is different from that used earlier.) This will
in turn yield a contradiction with the fact H(x) — 0~ as x — oo along a homoclinic orbit.
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Proof of Lemma 4.5. Let
e=e@ =klog(~ ). S<k<I
= = [e) — 1, - < < 1.
g B 5
We will show that for each o > 0 there exists a S («) such that

HE)>0 forpBe (O, ﬂL(a)).

(C.4)

(C.5)

We follow the by-now standard strategy, namely we first derive upper bounds on the components
z(x) and y(x) for all x € [0, £(B)], and then we use these to help derive lower bounds on both

z(x) and y'(x), the two key ingredients in H’(x).
Since y(x) > 0 for all x, it follows from (C.2) that

y(x)>1 and z(x) <cosh(x) forx >O0.
Therefore, one directly obtains the following upper bound on z:
2(x) <cosh(§) <ef =B7% for0<x<E&.
Next, we seek an upper bound on y(x). Substitution of (C.6) into (C.2) yields
y' < 200y for0 < x <E&.
Integration of this inequality then yields

def

y(x) < cosh(ﬂl_kx) < cosh(ﬁl_k‘g‘) < exp(ﬂl_ké) =n(B) for0<ux<E.

Also, limg_,on(B) =1, since k < 1 and

B ke Zkﬁl_k10g<é> —0 asp—0.

Now, we bound z(x) from below. Substitution of (C.6) and (C.7) into (C.2) yields

"> plz w=y1—ap' " n(p).

Therefore,
z(x) > cosh(ux) for0<x <§,
which is the desired lower bound.

Remark C.1. u(8) - 1~ as 8 — 0.

(C.6)

(C.7)

(C.8)

(C.9)
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Finally, we estimate y’ from below. By putting the lower bound (C.9) for z into (C.2) and
recalling that y(x) > 1 for x > 0, we obtain

y" > B%cosh?(ux) for0<x <E&.

Hence,
X
,32
y%x)>ﬁ2/}mﬂfuu)dn>7Ismheux) for0 < x <E&. (C.10)
0

We now have the two necessary ingredients, (C.9) and (C.10), to derive a lower bound on H(§).
Substituting these into formula (C.3) for H (&), we find

&
13 . 3 ap’ 5
HE) > Eaﬂ sinh(2ut) cosh” (ut) dt + H(0) = ﬁ{cosh (ué) — 1} + H(0)
0
aﬂ3—5p,k Sk 1 1
— (1 =3287"%) — — + —ap. C.11
> 26.15M( B) 24—3aﬁ ( )
Evidently, we have to choose k and § such that
3—-5uk <0. (C.12)

Since we have fixed k > %, and u(B) — 1~ as B — 07, there exists a 81 > 0 such that (C.12) is
satisfied. Also, by taking g sufficiently small, i.e., smaller than some 8, > 0, we can ensure that
‘H(&) > 0, as desired. Therefore, by taking ;. = min{f1, 82}, we have shown that for 8 < 8.
homoclinic orbits cannot exist. [

As we will now show, the curve Bijower is a sharp lower bound in the limit that o — oo.
Consider the curve

ry: {@pBra=Kp™"}, v>0,

for any positive, O(1) constant K, and repeat the above argument while « and 8 stay on I', as
B — 0. We find that we now need to fix k, 8 and v such that

3—5uk—v<0 and k<1-—v.

Since u(B) — 1 as B — 0, it is possible for any v < % to find k and B; so that these two
inequalities are satisfied for 8 < B;. Like before, this implies the existence of a constant f, €
(0, B1] such that no homoclinic orbit can exist for 8 < . Moreover, recalling that the curve C;

6v2 1
V5 o2

bound, because the above estimate holds for any 0 < v < %, and hence for any B, < 5—22

is given asymptotically by g = B (o) = as o — 00, we see that Bjower is a sharp lower

Finally, we also briefly examine the o« — 0 asymptotics of B («). To this end, consider

I, {(a,ﬂ): ot:K,B”}, v>0, K>0.
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The conditions are now
3—5Suk+v<0 and k<l1.

Since n(B) — 1 as B — 0, it follows that for any v € (0, 2) it is possible to find constants k
and B such that for any 8 € (0, B1) the two inequalities are satisfied. This completes our analysis
of the curve Bjower and this appendix.
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