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ABSTRACT. Combining analytical techniques from per-
turbation methods and dynamical systems theory, we present
an elementary approach to the detailed construction of ax-
isymmetric diffusive interfaces in semi-linear elliptic equa-
tions. Solutions of the resulting non-autonomous radial differ-
ential equations can be expressed in terms of a slowly varying
phase plane system. Special analytical results for the phase
plane system are used to produce closed-form solutions for the
asymptotic forms of the curved front solutions. These axisym-
metric solutions are fundamental examples of more general
curved fronts that arise in a wide variety of scientific fields,
and we extensively discuss a number of them, with a par-
ticular emphasis on connections to geometric models for the
motion of interfaces. Related classical results for traveling
waves in one-dimensional problems are also reviewed briefly.
Many of the results contained in this article are known, and
in presenting known results, it is intended that this article be
expository in nature, providing elementary demonstrations of
some of the central dynamical phenomena and mathematical
techniques. It is hoped that the article serves as one possi-
ble avenue of entree to the literature on radially symmetric
solutions of semilinear elliptic problems, especially to those
articles in which more advanced mathematical theory is de-
veloped.
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1. Introduction. In a wide variety of scientific fields, including
chemical physics (Borgis and Moreau [1988], Witelski et al. [1998]),
combustion theory (Fife [1988], Volpert et al. [1994]), reaction-diffusion
problems (Grindrod [1996]), fluid mechanics (Lamb [1993], Majda and
Bertozzi [1999]), population dynamics (Murray [1990]), and mathemat-
ical biology (Keener and Sneyd [1998], Murray [1990]), to name but a
few, problems describing the formation of spatial structure involve the
analysis of localized transition layers or diffusive interfaces. These in-
terfaces are boundaries that separate regions of spatially uniform homo-
geneous solutions of the nonlinear systems. The form of the governing
equations in these problems determines the details of the local structure
of the transition layers, as well as their motion and their stability. The
long-time asymptotic state of the system is ultimately determined by
the motion and interaction of these localized structures, and possible
outcomes include complex patterns (Goldstein et al. [1996], Grindrod
[1996], Murray [1990]) and rotating spiral structures (Bernoff [1991],
Tyson and Keener [1988]). There are extensive bodies of mathemati-
cal literature examining existence, uniqueness, stability and dynamics
of such problems in applications in reaction-diffusion systems, fluid
dynamics, reactive-transport phenomena, and other areas of applied
physics; as an introduction to this field, we cite the following incom-
plete list of some of the fundamental earlier works and some of the more
recent reviews (Aronson and Weinberger [1978], Berestycki and Lions
[1980], Brezis and Lieb [1984], Fife [1988], Gidas et al. [1979], Jones
[1983b], Kaper and Kwong [1988], Kerner and Osipov [1994], Kuzin
and Pohozaev [1997], McLeod and Serrin [1968] and [1987], Ni [1988],
Powell [1997], Terman [1987], Vasileva et al. [1995]).

In this article we review, from an elementary point of view, some
of the results for problems in the study of nonlinear reaction-diffusion
problems and their equilibria, corresponding to solutions of nonlinear
elliptic problems. Combining analytical techniques from dynamical sys-
tems theory (Guckenheimer and Holmes [1983]), perturbation methods
(Kevorkian and Cole [1996]), and from the study of motion of diffusive
interfaces (Fife [1988]), we present a detailed construction of radially
symmetric curved fronts, see Figure 1. Asymptotic and explicit formu-
lae are given for the positions of the fronts and their wavespeeds. We
also discuss how these simple solutions can serve as the fundamental
building blocks for problems in more complicated geometries that are
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FIGURE 1. A two-dimensional localized axisymmetric solution of the semi-
linear elliptic equation (1.2) and its radial profile, u = U(r).

often studied using more advanced techniques.

We will make use of the simplest model that qualitatively describes
the behavior of localized transition layers. The equation we will analyze
is the nonlinear second order differential equation:

2

(1.1) %ﬁ—c%—i—F(U;w):O,

where c¢ is a damping parameter describing the level of dissipation in the
system and w is a control parameter modifying the form of the nonlinear
function F(U;w). F(U;w) is a cubic-like, or bi-stable, function of U,
see Figure 2a. Bistability implies that there is a well-defined range of
values, Wmin < W < Wmax, such that F(U;w) has three real roots, see
Figure 2a, and for w outside of this range, F' has only one real root. For
every w € (Wmin, Wmax ), €quation (1.1) has three equilibrium solutions,
and we label these UF(w) < UM (w) < UF(w), corresponding to the
three roots of F'(U;w).
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Motivated by problems from the disciplines cited above and by earlier
analytical studies, we examine problems in which the bistable function
F(U;w) is the sum of a term with linear dependence on a control
parameter w and a fixed nonmonotone function f(U),

(1.2) F{U;w) = f(U) —wl,

where f(U) = o(U) as U — 0. For example, in the study of first
order phase transitions, f(U) is called the free energy density and w
is a measure of the temperature in the system (Chan [1977]). With
this choice for the form of F(U;w), the trivial state UL = 0 is a
homogeneous solution for all values of w.

As an ordinary differential equation, the system (1.1) may be inter-
preted as a damped anharmonic oscillator (Goldstein [1980]), with the
damping parameter ¢ describing the level of dissipation of the motion
and the force F' being derived from a nonconvex inverted double-well
potential energy function V(U), see Figure 2b,

av
(1.3) FU;w) = lid
To uniquely specify the potential, we define its value at the point
U=U"F as V(UY) = 0. In terms of the inverted double well potential
V(U), UL and U are maxima while UM is a local minimum. The value
of w determines the relative heights of the maxima. We will show that
for an appropriate level of damping ¢, dissipation can exactly balance
the difference in potential heights to yield a unique bounded solution
connecting U* and U®. This solution is called a heteroclinic orbit,
and it is the solution of (1.1) that describes the structure of diffusive
interfaces. We now review some applications that depend upon this
model.

Equation (1.1) arises directly from the description of planar travel-
ing wave solutions of reaction-diffusion equations. For example, con-
sider the FitzZHugh-Nagumo equations for the propagation of electrical
impulses in nerve cells from mathematical biology (Grindrod [1996],
Murray [1990])

(1.4)
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FIGURE 2. (a) Construction of the zeroes of F(U;w) = f(U) —wU. (b) The
inverted double well potential V(U).
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In the limit that € — 0, this problem is a singular perturbation problem
for a relaxation oscillator. For e = 0, the two equations decouple, and
one can seek traveling wave solutions in the form u(z,t) = U(x — ct),
where U(z) is given by the solution of (1.1), see McKean [1970].
More generally, in the study, in several dimensions, of scalar reaction-
diffusion equations, also called Alan-Cahn models (Taylor and Cahn
[1994]),
(1.5) gu _ V2u + F(u;w),

ot
one also finds one-dimensional planar fronts of the form u(x,t) = U(k-
x—ct). This model appears in many classical studies of the propagation
of phase transitions in time-dependent Ginzburg-Landau problems
(Dixon et al. [1991]). For different forms of the nonlinear function
F(u;w), (1.1) has been used in population genetics to study the spread
of a favored trait, originally given by Fisher’s equation (Murray [1990]).
In all of these problems, solutions of the partial differential equation
exist whose spatial structure is given by the solution of (1.1) and the
speed of propagation c is determined by a balance of nonlinear and
dissipative effects in the ordinary differential equation. Analytical
determination of the speed of propagation in closed form has been
studied extensively for classes of polynomial nonlinearities F(U;w)
(Benguria and Depassier [1994], Dixon et al. [1991], Powell and Tabor
[1992]). However, some open questions still remain regarding the
calculation of ¢ for more general problems (Goriely [1995], Cisternas
and Depassier [1996]).

Nontrivial equilibrium solutions of (1.5) have also been the focus of
much study (Ni [1988]). The bistable reaction-diffusion equation (1.5)
is also the basis for nucleation theory, describing the formation and
growth of spatial inhomogeneities in chemical reactions. In this setting,
small initial perturbations in a uniform reactive medium can grow to
become nucleation centers, the sources of larger scale pattern formation.
Finite-size equilibrium nuclei satisfy the steady-state equation

(1.6) V2u + F(u;w) = 0,
sometimes called the scalar field equation (Ni [1988]).

Another application where semilinear elliptic equations of the form
(1.6) occur is in the study of incompressible fluid dynamics. The two-
dimensional vorticity-streamfunction form of the Euler equations for
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incompressible inviscid flow can be written as (Lamb [1993], Majda
and Bertozzi [1999)])

N -
(1.7) o Tk (VU x V(V?¥)) =0,
where ¥ = U(z,y) is a streamfunction. If the Laplacian of the
streamfunction is only a function of ¥, V2W = —F(¥), then the cross

product vanishes, V¥ x F/(¥)V¥ = 0, and ¥ is a steady solution of
the Euler equation (1.7) for any function F/(¥). Localized axisymmetric
solutions of this problem represent vortex flows with zero total vorticity
and are commonly called eddies.

Similarly, in chemical physics, nonlinear elliptic equations occur as
mean field models to describe density functions. In Witelski et al.
[1998], a semilinear elliptic equation (1.2) was derived for the density
function of the spherically symmetric globule state of a collapse polymer
chain. In this context, the problem is stated as an eigenvalue problem
for a nonlinear elliptic problem:

(1.8) H[Y] = wip,  p(x —00) =0, H[Y] =V + f(y),

where w gives a measure of the potential energy of the solution.

It is well known that positive solutions of (1.6) must be radially
symmetric (Gidas et al. [1979]). Therefore, we write u(x) = U(r) and
write the reduced form of the radial Laplacian operator in n dimensions,

1 2 -1
(1.9) V2 = d (rn—li> _ & n-ld

rn=1 dr dr dr? rodr’

consequently, radially symmetric solutions of (1.6) satisfy the ordinary
differential equation

d’U n—-1dU
e , %'i-F(U,w)—O.

(1.10)

We note that equation (1.10) has the same qualitative structure as
(1.1); it is a second order differential equation with linear damping and
nonlinearity F(U;w). However, there are some important technical
differences between the two equations. While (1.1) is an autonomous



346 T.P. WITELSKI, K. ONO AND T.J. KAPER

equation defined on —oo < z < 00, (1.10) is a nonautonomous equation
defined on 0 < r < oo.

We will go on to demonstrate how the solution of the nonautonomous
equation (1.10) can be related to the solution of (1.1) using perturbation
methods. In Section 2 we discuss the basic properties of equation
(1.1) in the phase plane. In Section 3 we will outline the properties
of the nonautonomous radial equation (1.10). In Section 4 we use an
autonomous approximation to reduce the radial problem to the form
(1.1). In Section 5 we justify the use of (1.1) for the solution of (1.10)
through a perturbation expansion that reduces the radial problem to
a series of phase plane problems with slowly varying coefficients. In
Section 6 we study a threshold effect by studying the instability of these
radial solutions for time dependent reaction-diffusion equations. In
Section 7 we review transversality arguments from dynamical systems
theory for the analysis of the heteroclinic interface solution. Finally, in
Section 8 we summarize the scope of our examination of this topic, and
we describe briefly how the results have been extended, as well as how
they can be used to construct more general curved front solutions.

2. The autonomous problem. In this section we review the
classical phase plane analysis of the autonomous differential equation:
d*U dU

+c— + F(U;w) =0,

2.1 —_—
(2.1) dz? dz

and we review some of its exact solutions. As described above, this
equation has been studied extensively in the literature in connection
with the structure of planar front traveling wave solutions.

2.1. Phase plane analysis. Equation (2.1) can be written as a
system of first-order differential equations in the form

v, AV _

(2.2) PP E——F(U;w)—cV,

To determine the local behavior near the equilibria, {(UF 0)|JUF =
UL, UM U}, we compute the Jacobian of vector field (2.2),

(23) J = (w - ?,(U) _10)
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as part of a local stability analysis (Guckenheimer and Holmes [1983]).
The eigenvalues of the Jacobian matrix at the equilibria (U¥,0) are:

—c+ /2 + 4w — 4f'(UE)
2 )

(2.4) N = vl = (Ut uM ot

Hence for our bistable function F(U;w), (U%,0) and (U*, 0) are saddle
points, while (UM, 0) is a spiral sink for ¢ > 0 (and is a center for ¢ = 0).

The heteroclinic orbit is the only monotone solution U = U(z) that
is bounded for all —oo < z < oco. The heteroclinic orbit connecting
the two maxima in (2.3) is not a structurally stable property of the
system. Existence of the heteroclinic solution requires a special balance
between the nonlinear and dissipative terms, see Fife and McLeod
[1981] for a uniqueness result. This result implies the existence of a
unique functional relationship between the parameters necessary for a
heteroclinic connection, ¢ = ¢(w). For every value w € (Wmin, Wmax)
we can define the local stable and unstable manifolds (Guckenheimer
and Holmes [1983]) of the saddle points (UZ,0) and (U, 0) that are
involved in the construction of the heteroclinic orbit. The local stable
manifold of (U,0) is the set of initial conditions in a neighborhood
of (U%,0) that stay in the neighborhood for all z > zp, for some 2,
and that approach the equilibrium, U(z — oo) — U¥, as z — oc.
Linearized analysis shows that solutions on the local stable manifold
approach (U¥,0) tangent to the eigenvector corresponding to the stable
eigenvalue AL < 0. Similarly, the local unstable manifold of (U%,0) is
the set of all initial conditions in a neighborhood of that point that
stay in the neighborhood for all z < zg, for some zp, and that approach
(U,0) exponentially in backward time, i.e., U(z — —o0) — UT as
2 — —o0. Solutions on this manifold approach the equilibrium (U%,0)
tangent to the eigenvector corresponding to the unstable )\ﬁ > 0
eigenvalue. Figure 3 shows the three possible relations between these
two manifolds for different values of the parameters ¢, w; (a) the stable
manifold of (U%,0) lies above the unstable manifold of (U%,0), (b) the
two manifolds coincide, and the orbits lying in them are heteroclinic
connections from (U, 0) to (U%,0), or (c) the stable manifold of
(UL,0) lies below the unstable manifold of (U%,0). In case (c), the
unstable manifold of (UF,0) approaches the spiral sink (U™,0) as
z — 00, see Figure 3c.



348 T.P. WITELSKI, K. ONO AND T.J. KAPER

=
A~

—
o
Nl

|
/

(©)

FIGURE 3. Phase plane for the nonlinear damped equation (1.1) with ¢ = ¢(w)
chosen for the existence of a heteroclinic connection (b — middle). Breaking of
the saddle-saddle connection for perturbed parameters ¢ # c(w): ¢ < c¢(w) (a
— top), ¢ > ¢(w) (¢ — bottom).
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FIGURE 4. Phase plane for the nonlinear undamped equation (1.1) with
parameters w = wg chosen for the existence of a heteroclinic connection (b —

middle). Breaking of the saddle-saddle connection for perturbed parameters
w# wo: w < wo (a—top), w > wo (¢ — bottom).
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For the special case of ¢ = 0 in which there is no damping in the
system, (2.2) is Hamiltonian with the conserved quantity,

(2.5) H=1v?+V(U).

In the phase plane (U%,0) and (U*, 0) remain hyperbolic saddle points,
while (UM, 0) becomes a center, see Figure 4. A heteroclinic connection
will exist only if the two maxima have the same value of the potential
V(UF) = V(UR). If this is the case, then from the symmetry of the
phase plane system (2.2) for V' — —V, both monotone increasing and
decreasing connections exist, see Figure 4b. This will occur at a value
w = wy corresponding to a root of ¢(w) = 0. For other values of w at
¢ =0, either (UL, 0), see Figure 4a, or (U, 0), see Figure 4c, will have
a homoclinic orbit, but no heteroclinic connection will exist.

In Section 7 we will review a constructive proof for the existence and
uniqueness of the heteroclinic connection in terms of the transverse
intersection of the stable and unstable manifolds in extended parameter
space. The proof of existence will include persistence under small
perturbations of the vector field, including the introduction of weakly
nonautonomous, or slowly varying, coefficients resulting for the radial
problem that we consider in Section 3.

2.2. Exact solutions. For completeness, we review some of the
known exact traveling wave heteroclinic solutions of equation (1.1).
Numerous studies have discovered classes of closed-form analytical so-
lutions for polynomial nonlinearities F'(U;w) (Dixon et al. [1991], Pow-
ell and Tabor [1992], Goriely [1995], Benguria and Depassier [1994]).
Powell and Tabor [1992] describe a set of exact solutions for F(U;w)
of the form (1.2) when f(U) has two terms with a special relation,

(2.6) F(Usw) = ~U(w — BUY + (k + 1)U),

where k= 1,2,3,... is a positive integer and 3,w > 0 are parameters.
In (2.6) we have factored F'(U;w) to show that it is the product of U
times a quadratic polynomial in U*, hence the zeroes of F(U;w) can
be obtained analytical as

. v (B— B4kt Hw\*
v =0 v _< 2(k+1) ) ’

UR — (ﬁ-i— \/my/k.

2(k + 1)

(2.7)
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From these solutions it is clear that the range of w where F' has three
real roots is

62

(2.8) O<w< TSI

For each value of w in this range, wmin < w < wWmax, the integral curve
for the heteroclinic solution of (2.3) is given by

(2.9) V(U) =2 =

uot - U™

this equation can be integrated to yield the explicit heteroclinic solu-
tion,

UR

(2.10) U = G 0 op hU (2 = 2 TF

where zy is a constant of integration corresponding to translation
invariance of the solution. Substituting ansatz (2.9) into (2.2) and
balancing O(U) terms yields an explicit formula for the damping
relation, ¢ = c¢(w),

R(, Nk w

(2.11) c(w) =U"w) TR

where we have explicitly indicated the dependence of the root U on w,
(2.7). The question of obtaining the wavespeed relation ¢ = ¢(w) for the
general form of the damped equation (2.2) has attracted some recent
attention (Cisternas and Depassier [1996], Goriely [1995], Witelski, et
al. [1998]). We will make use of this exact solution in a later section to
present a closed-form solution of an example problem.

3. Stationary axisymmetric front solutions of semilinear el-
liptic equations. We now focus on obtaining radially symmetric,
localized, positive, monotone decreasing front solutions of the semilin-
ear elliptic equation (1.6). As was described in the introduction, these
solutions are of great interest for many problems in applied physics,
fluid dynamics, and mathematical biology. There is a large body of
literature connected with the existence and uniqueness of nonnegative
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solutions for this problem (Aronson and Weinberger [1978], Atkinson
and Peletier [1986], Berestycki and Lions [1980], Brezis and Lieb [1984],
Gidas et al. [1979], Jones [1983a] and [1983b], Kaper and Kwong [1988],
Kuzin and Pohozaev [1997], McLeod and Serrin [1968] and [1987], Ni
[1988], Terman [1987] and [1988)).

For the positive radially symmetric solutions that we seek, the elliptic
equation (1.6) reduces to the nonlinear boundary value problem:

PU n—-1dU

. — ‘W) = <
(3.1a) 02 " dr+F(U’w) 0, 0<r <o,
(3.1b) a =0, U(r— o0)—0,

dr |,_

where F(U;w) is given by (1.2). This is a singular two-point boundary
value problem for a nonautonomous nonlinear second order ordinary
differential equation.

3.1. Asymptotics of solutions of the radial boundary value
problem. In the far-field, i.e., as r — oo, equation (3.1a) can be
linearized about U = 0:

d*’U n—-1dU
3.2 — 4+ ———wU =0.
(3-2) dr? + rar Y
This equation is a modified Bessel equation of order (n/2)—1 for w > 0.
The solution is given in terms of a modified Bessel function of the second
kind, U(r) = Cr'="/2K(,, j2)_1(y/wr) (Abramowitz and Stegun [1965]).
Using the asymptotics of the Bessel functions, this reduces to

(3.3) U(r —oo)~C 2L pm (D2 Ver,

w

The value of the solution at the origin, U(0) = UY > 0, is unknown and
can be used to obtain the solution of boundary value problem (3.1) via a
one-parameter shooting method (Kuzin and Pohozaev [1997], McLeod
and Serrin [1987]) with U as the parameter. This method exploits the
property of continuous dependence of solutions on initial conditions in
a clear way. We now show that U® must lie in the interval (UM, UF]
for monotonically decreasing radial solutions to exist. The analysis
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proceeds in two steps; first, we analyze the system linearized about
U = U", then, a comparison argument is made to establish the desired
result.

Near the origin, solutions of (3.1) are given by a power series expan-
sion in 2 as r — 0,

00 ve— oo HE () PO,

m An+2) +O(r4)>‘

Linearizing problem (3.1) about U = U? yields another Bessel equation,
similar to (3.2), and hence the local solution can also be expressed in
the form

(3.5) U(r—0)~U°—

(1= TGV 0B (VIFTT] 1),

where B, (z) represents the regular or modified Bessel functions of the
first kind according to

J,(2) F'(U%w) >0,

B () = {Iy(z) F/(U%w) < 0.

Recall that, for all real v, J, (z) is a decaying oscillatory function, while
I,(z) is monotone increasing. When the value of U passes through the
root of F'(U%w) = 0, the linearized behavior of the solution changes
from oscillatory (Chen and Lu [1997]), suggesting the influence of the
spiral sink UM, to monotone growth, suggesting the influence of the
saddle point U®. When U° exactly satisfies F'(U%; w) = 0, the local
solution degenerates to the quadratic polynomial given by (3.4).

We now use the results obtained from the linearized analysis to carry
out a comparison argument for the desired solution of the nonlinear
problem. Solutions with U > U® are monotone increasing and can be
uniformly bounded from below by the modified Bessel function solution
(3.5), see Figure 5. Therefore, we conclude that, if a monotone decreas-
ing radial solution exists, it must satisfy the condition UM < U° < UF,
see Figure 5ab. Note from (3.4) that if U° < UM then the solu-
tion is not monotone decreasing in a neighborhood of » = 0. In the
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(c)

FIGURE 5. Plots of the trajectories obtained by numerically integrating the non-
autonomous equation (3.1a) in the (U, V') plane. Solutions are shown for a series of
uniformly spaced initial conditions chosen along the U-axis over a range of values
of U(0) = UY. the plots obtained using three distinct values of w are shown. If
a solution of the boundary value problem (3.1) exists, it is shown as a darkened
curved. In (a — top) the solution is given by the stable manifold of UL with some
U% ¢ (UM UR). In (b — middle) the solution is approximately a heteroclinic
connection with U% ~ UR. In (c — bottom) there is no positive localized radial
solution.
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limiting case that U° — U®, the solution approaches the heteroclinic
connection between the saddle points at U” = 0 and U*, see Figure 5b.
When U° < U®, we are no longer seeking a heteroclinic connection,
but just the portion of the stable manifold of the point U = 0 for
0 < r < oco. Finally, for values of w when the unstable manifold of
U approaches the spiral sink at UM for » — oo, then no positive
monotone decreasing solution exists, see Figure 5c. Note the close
parallels between the structure of Figure 5 and the phase plane for the
autonomous problem shown in Figure 3.

3.2. Integral formulation of the radial problem. To gain more
insight into the nature of the solution of (3.1), we rewrite (3.1a) using
an integral formulation. Integrating equation (3.1a) over the entire
domain with a weight function of r2(*=DU’(r),

> 1 d dU dU
3.7 i F(U, i
(3.7) /0 [r"l dr (T dr) +F( ,w)] dr " ’
yields
AU\ ? (o o dU
_1 n—1%% _ 2(n—1) . oY
(3.8) 5 <T = > ‘0 /0 T F(U;w) = dr.

From the boundary condition (3.1b) at » = 0 and the far-field asymp-
totics for r — oo (3.3), we conclude that the boundary terms on the left,
and hence also the integral on the right side of this equation, vanish.
Since we seek monotone decreasing solutions U = U(r), these solutions
have well-defined inverse functions » = r(U) > 0 for 0 < U < U°.
Hence, we can write the integral on the right as

UO
(3.9) / FU;w)yr(U)* " Vau =1_+1, =0,
0

where

U]W
/ F(Uw)r(U)2D dU < 0,

(3.10) 0

I_
L

(U;w
UO
/ F(U;w)r(U)*"= D dU > 0.
UM
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_F(Uiw)

FIGURE 6. Comparison of F(U;w) and the equal-area rule for the weighted
nonlinear function F(U;w) = F(U; w)r(U)2<”*1>_

Note that r(U) is positive for all U, 0 < U < UY, while F(U;w)
is negative for 0 < U < UM and positive for UM < U < U°.
Consequently, equation (3.9) expresses a weighted balance between
positive and negative contributions of the nonlinearity F'(U;w). Recall
that F(U;w) has zeros at UL = 0,UM | and UE. From the far field
exponential behavior of U(r — o0) — 0, (3.3), we see that 7(U) must
diverge logarithmically (U — 0) — oo. From the boundary condition
at the origin, we see that r'(U — U°) — —oo is an integrable singularity
as r — 0. Consequently, the integrand F(U;w) = F(U;w)r(U)*™~1D
is a generalization of the nonlinear function F(U;w), with the zeros at
0,UM and U°. Equation (3.9) can be interpreted as an equal-area rule
for F(U;w) (Rubinstein and Sternberg [1992], Witelski [1996], Witelski
et al. [1998]), see Figure 6. For n = 1, (3.9) trivially reduces to an equal-
area rule for F(U;w). We will now examine under what conditions this
reduction occurs for n > 1.

3.3. Generalized equal area rule for sharp interfaces solutions.
To understand the implications of this integral relation for the structure
of monotone front solutions, we consider a special limiting case. Assume
that the front connects U” to U, with intermediate values, U €
(0,U°), being covered in a transition layer whose width is narrow
compared to its radial distance from the origin. This is often called
a sharp interface approximation (Caginalp [1991], Taylor and Cahn
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0 5 R 10 15
T

FIGURE 7. The axisymmetric sharp-interface approximate solution (4.7),
(4.9), and the exact numerical solution U(r) of (3.1) showing the position
of the transition front, r = R.

[1994]). Let r = R denote the position of this transition layer, and let
7(U) be the relative displacement from R, see Figure 7,

(3.11) r(U) = R+ #U).

A natural definition for the position of the front is the value of r» where
U = UM. This choice implies F = 0 at 7 = 0:

(3.12) UM =U(R) — R =r(UM).

This value also marks the boundary between the positive and negative
contributions to the integral relation for F(U;w), (3.10).

For narrow transition layers |F(U)| < R for all values of U except in
small neighborhoods of U = U* and U = U°. Examining the integral
relation (3.9), one sees that F(U;w) vanishes in those limits, and to
leading order in O(7) one obtains

U° uU°
(3.13) F(U;w)dU ~ R¥=D / F(U;w)dU = 0.
0 0

Hence the equal area rule for F(U;w) reduces to one for F(U;w), and
in this limit, the root U° of F(U;w) must approach the root U® of
F(U;w) for a particular value of wy where F(U;w) has a heteroclinic
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solution. We will see that the width of the front is inversely related to
the magnitude of the eigenvalues of the two saddle points, and if we
assume that those eigenvalues remain bounded, then the front will have
an O(1) width. Therefore, in the limiting case of a “narrow transition
layer,” || < R implies that the radial position of the front is going to
infinity, i.e., R — oco. As will be discussed further, this behavior could
have been expected, since for large radii, the local curvature of the front
is small, and the results known for one-dimensional planar fronts will
be recovered (Tyson and Keener [1988]). In the following sections, we
study how weak curvature effects have been traditionally incorporated
in perturbation expansions and how leading order curvature effects can
be used to obtain approximate front solutions of the radial differential
equation.

4.1. The autonomous approximation of the radial solution.
Motivated by the results of the previous section, we now present a
heuristic construction of an approximate radial solution with a sharp
interface. These localized solutions have a finite mass with exponential
decay to U(r — o0) — 0. In Sections 5 and 6, we will compare
the accuracy of this approximate solution with a formal asymptotic
expansion obtained from a regular perturbation series.

Writing the independent variable as the sum, » = R+ 7, of the position
of the transition front, R, and the relative displacement from the front,
7, we put (3.1a) in the form

PU  n—1dU
4.1 CU LAY pUw) = o.
(4.1) i T Rerar TEU) =0

If the front is a sharp transition layer occurring at a large distance

from the origin, large relative to the width of the front, R > 7, then

the coefficient of the damping term can be expanded as
n—1 (n—17 (n—1)7?

42 —em - _
U2 g~ g T tOET). e

n—1

R 3

for R — oco. Retaining the leading order term from this expansion
reduces (4.1) to

d2U  dU

4. I et
(4.3) a2 R

+ F(U;w) = 0.
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This is just the autonomous damped equation of the form (1.1) that
was solved in Section 2 to yield bounded heteroclinic connections for
all w € (Wmin, Wmax) and ¢ = ¢(w).

Solutions of (4.3) are translation invariant under # — 7 + 7o, leaving
the position of the front unspecified. However, using (3.12) as the
definition of the front position, R, we can select a unique solution from
the continuous one-parameter translation invariant family. We now
present an example of this approximation that yields a closed-form
radial solution.

4.1. An example. Consider the problem of finding the unique
localized solution of the radial differential equation

d2U n—ld_U

at  n—1% _ 2 _ o173 _
Tt WU 30 - 20 = 0.

(4.4)
This problem is analogous to the nonlinear eigenvalue problem for
spherical polymer globules solved in (Witelski et al. [1998]) with n =3
and w > 0. Using the large-radius approximation described above, we
write the corresponding autonomous equation (4.3) as
eU AU .- -

+e— —wU +30U%—20° =0.

(45) a7

We recognize (4.5) as an exactly solvable problem of the form (2.6)
with £ = 1, # = 3, and use the results obtained in Section 2.2. The
equilibrium solutions of (4.4) and (4.5) are

3—v9-28 34+v9 -8
(46) Ubt=o, yM=2ZV2ZW e JTVIZES
4 4
for the range 0 < w < 9/8. The explicit heteroclinic solution of (4.5) is

B URUM
(4.7) U(r) = o
UM + (UR — UM) exp [UR7]

where the phase condition U (7 = 0) = UM, (3.12), has been satisfied.
The relation for ¢(w) may now be obtained by plugging U into (2.11):

6(1 —w)

(4.8) c(w) = Y
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Finally, substituting (4.8) into (4.2) yields an approximation for the
core radius, R:

(4.9) R=(n—1) V=8
6(1 —w)

Combining (4.7) and (4.9) gives us the approximate solution of (4.4) as
U(r) = U(r — R). A search of the scientific literature reveals that this
approximation has been used in an ad hoc manner earlier in chemical
physics (Chan [1977]), among other places. In later subsections, we
analyze the limits of validity of this solution in comparison with an
asymptotic expansion of the solution of the full problem.

4.2. Properties of the localized solution. Before carrying out this
comparison, it is useful to describe the properties of the solution that
are of primary interest in applications. We tie this description to the
problem of finding the structure of the collapsed polymer globule state
from Witelski et al. [1998], though it is equally relevant to all of the
other problems described in the introduction. Our primary focus has
been the structure of the sharp interface, or transition layer, forming
the boundary between the high density inner core of the solution, where
U ~ U° ~ UR, and the surrounding empty space, U = 0, see Figures 1,
7. There are well-developed experimental and theoretical works giving
a variety of results for problems with these phase transition interfaces,
see for example Bates and Fife [1993], Lifschitz and Freed [1993], Pego
[1989], Puri and Binder [1991], Witelski [1998]). First, we observe that,
by (4.7), the dimensionality of the solution, n = 1 for planar interfaces,
n = 2 cylindrical, or n = 3 spherical solutions, does not affect the local
density profile structure of the interface. Instead, the dimensionality
enters through the core radius R (4.9). Second, equation (4.5) supports
heteroclinic solutions for a range of w, corresponding to a range of
system temperatures or levels of kinetic energy, namely 0 < w < 9/8.
However, for equation (4.9) to describe a physically meaningful finite
positive core radius, only a reduced range of w, namely 0 < w < 1, can
be used. In the limit w — 1, we approach the infinite radius solution
R — 0. Since the curvature is inversely proportional to R, this limit
returns the planar front solution. Note that excellent agreement with
the exact solution is achieved even for moderate radii, as shown in
Figure 7 for n = 2, w = 0.95 and R = 7.22. Finally, for the range
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1 < w < 9/8, no localized positive radial solutions of (4.4) are expected
to exist.

For the many problems in which the transition is narrow compared to
the radius of the inner core, the sharp interface approximation is useful,
and one can directly compute the mass, or integral, of the radially
symmetric solution:

= —27Tn/2 - " tdr
(4.10) M_F(n/Q)/O U(r) dr.

To leading order, in the sharp interface approximation, we can replace
the smoothed exponential solution (4.7) by a limiting step function:

(4.11) U(r)~U(-R)H(R— 1),

where H(z) is the Heaviside step function, and U° ~ U(—R) is used as
an approximation of the uniform core density. This yields the following
closed-form estimate of the mass:

2ﬂ.n/2Rn B

(4.12) M= i TR

We now turn to compare this solution with asymptotic expansions for
the solution of (4.1).

5. Asymptotic analysis of the radial problem. In this section
we present a regular perturbation series solution to the radial problem
(3.1). The solution is expanded about a stationary planar interface
solution, and it incorporates curvature of the front in higher order
corrections.

Using the same change of variables employed in Section 4, namely
r = R+, we start with (4.1):

LU n—1dU
nT L R(Uw) = 0.

1 et
(5:1) i TRy

The primary weaknesses of the approximate solution given in Section 4
are the lack of information about the limits of its validity and the
absence of a clear method for estimating the error and improving the
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approximation. These problems can be corrected with a more careful
justification of the expansion of the damping coefficient (4.2). Formula
(4.2) is an asymptotic expansion in the limit R — oo. From the integral
formulation of problem (3.1) presented in Sections 3.2 and 3.3, we
recognize that this limit occurs only for a special value of w, w = wy,
where F'(U;wy) satisfies the equal area rule,

U (wo)
(5.2) / F(U;wo) dU = 0.
UL (wo)

Hence we will write w = wp — ¢, where 0 < ¢ < 1 is a detuning
parameter (Kevorkian and Cole [1996]) that will serve as the basis of
our perturbation expansion. The problem we solve can then be written
as

d?U —1dU
n — + F(U;wp—¢€) =0, —oo<T7T <00,

B30 G Y R 4

with boundary conditions (3.1b) for |7| — oo and the phase condition
(3.12):

(5.3b)  U'(f —» —00) = 0, U(F—o0) =0, UF=0)=UM,

5.1. Regular perturbation expansions. Our solution will be given
as a regular perturbation expansion for U(7),

(5.4a) U(7) = Ug(F) + eUL(F) + €2Us(F) + - - -,

along with a strained parameter expansion for the position of the front:
1

(5.4b) R=-R i +Ry+eR +*Ry+---.
€

Moreover, since UM = UM (w), (2.7), we expand the phase condition
as:

(5.5) UM = UM + UM +2UM + ...

To leading order, we obtain a nonlinear autonomous equation for Up(7):

_ d’Uy
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This equation is an undamped Hamiltonian equation that possesses a
unique monotone decreasing heteroclinic solution satisfying the condi-
tion Up(0) = UM. Tts solution describes a stationary one-dimensional
planar front, and it does not include any curvature effects or determine
any finite radius contributions to the speed of the front. A representa-
tion for its integral curve may be found implicitly in terms of V' = V4 (U)
as follows. Since Vy(U) = dUy/d7, a straight-forward calculation gives
U (F) = dVp/di = Vo(U)V4(U) (Bender and Orszag [1978]). Hence,
equation (5.5) is transformed into the first order differential equation

AY
(5.6) V"d_UO + F(Us;wp) = 0.

Direct integration then yields the integral curve V4 (U) for the hetero-
clinic orbit,

U
(5.7) Vo(U) = —\/wOU2 - 2/0 F(u) du.

At higher orders, the expansions yield inhomogeneous linear problems
for Up(7), k=1,2,3,...,

’I’L—ldU()

(5.82) LUy = R1(Uo, R—1) = Uy — R_, dF’

(5.8b)
LUy = Ra(7,Uo, U, R_1, Ro)

n—1dU;  (n—1)(Ro+7)dUs

R, dr R di’

=-U, — 3f"(Uo)Us —

(5.8¢) LU, =Ry(F,... ,Up-1,... Rk—2), k=2,3,....

Here, the linear operator is the functional derivative of N, which is
given by (5.5),

(5.9) LU = <%/

2U
U0>U =gt [f'(Uo) — wolU.



364 T.P. WITELSKI, K. ONO AND T.J. KAPER

To solve for the functions Uy, Us,... in (5.4a), we need to consider
the properties of the linear operator £ given by (5.9). If any of the
terms in (5.4a) are not bounded for all 7, then the expansion may not
be uniformly well-ordered in an asymptotic sense. To suppress terms
that would yield unbounded growth in Uy () as |F| — oo, we apply the
Fredholm alternative (Friedman [1990]) to obtain a solvability condition
at each order in the expansion:

(5.10) /_Oo Ri(7, ..., Rp—2)W(F) di = 0,

where W(7) is an element of the null space of the adjoint operator.
This function W (7) is a solution of the problem

(5.11) LIW =0, W(f— —00)—0, W( —oc)—D0.

Since the operator is self-adjoint (Friedman [1990]), £F = £, the
adjoint solution is W (7) = U}(7). Consequently, at each order, i.e.,
for each k = 1,2,..., equation (5.10) yields a solvability condition in
terms of the lower order solutions Up,...,Uir_1 and R_q,...,Rp_3
that uniquely determines the value of the next correction to the front
position Rj_s so that secular growth is eliminated from the solution
Up(F).

To calculate the leading order term, R_;, in the expansion of the
front position, (5.4b), it suffices to evaluate the function R; for the
function U}(7) = Vo(U) given by (5.7), and then to substitute the
result into the solvability condition (5.10) with k£ = 1. Integrating the
first term, observing that only the lower limit of integration yields a
nonzero contribution, and transforming the variable of integration in
the second term from 7 to U, we arrive at:

2(n—1)

(5.12) R, = BN

U (wo)
/ Vo(U) dUT > 0,
0
see also Witelski et al. [1998].

5.2. An example. To illustrate the solution procedure discussed in
Section 5.1, we return to the example given by equation (4.4), with
F(U;w) = —2U3 + 3U%? — wU and n = 2. The equal-area condition
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(5.2) is satisfied for wg = 1 on the interval (UF =0) < U < (Uf =1).
Therefore, we write w = 1 —¢. Using the perturbation expansions given
above, we obtain the solution, U ~ U.(7):

1 (5+7)e" —1

(5.13) U = o+ ey o +0(e2),

and the corresponding front position is given by

1 2 14 9
(5.14) R—3E+3+3E+O(a ).
The structure of the solution U(r) ~ U, (r—R) matches the numerically-
obtained exact solutions very well for all moderate and large values of
R, as shown in Figure 7. However, for small R, i.e., for the case of
solutions for which the front position is very close to the origin, the
expansion becomes much less accurate.

From Figure 8, we see that the expansion of the front position (5.14)
approximates the exact front position, as calculated from a direct
numerical solution of (4.4), quite well. Moreover, it is asymptotically
accurate as ¢ — 0, i.e., as w — 1. In fact, the expansion carried
out to O(£?) has a wider range of validity than the expression for the
approximate front position R, given by (4.9), in Section 4.1. In the
next subsection, we will make precise the relation of the approximate
solution (4.7), (4.9) to the asymptotic solution (5.13), (5.14) and
discuss the advantages of the approximate solution over the asymptotic
expansion given above.

We note that the O(¢2) term in the expansion of U.(7), Us(7), is given
by a cumbersome expression, involving the dilogarithm special function
(Lewin [1981]),

(5.15) Liy(z) = — /0 In(1 =) ds,

S

which arises from integrals of the inhomogeneous terms in equation
(5.8b). Higher order terms in the expansion will contain more compli-
cated polylogarithms, which are generalizations of (5.15).

5.3. Analysis of the autonomous approximate solution (4.7).
In order to compare the approximate solution, (4.7) and (4.9), found in
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I S

FIGURE 8. Comparison of the numerically obtained exact front position, or
core radius, R, for problem (4.4), with the results of the asymptotic expansion,
R. from (5.14), and the approximate front position, R from (4.9) for a range
of different values of the parameter w. See Section 8 for a discussion of
w>wo=1.

Section 4.1 with the asymptotic expansion determined above, we write
w as w =1 —¢ in equations (4.6), (4.7) and (4.9). Then, by expanding
(4.7) in the limit ¢ — 0, we obtain:
(5.16)

— 1 (5+7)e" —1

U(r) = = =

O =i " azep
42 (72 4 147 4 56)e*™ — (7 + 107 + 20)e” — 4
€ -
2(1+em)3

+0(e?),

and the front position (4.9) is approximated by:
(5.17) R=—+:-

The first two terms in the expansion for U(7) in (5.16) exactly match
those for U, (7) found above in (5.13), and similarly for the first two
terms in the respective expansions for R and R. However, the second
order correction terms differ. The O(g?) term in (5.16) is a rational
polynomial function of 7 and e”, and it does not contain the dilogarithm
terms (5.15) found in Uy (7), as was described above. Also, Ry = —4/3
in equation (5.17) does not match the correct asymptotic coefficient
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R; = 14/3 that was found above in (5.14). Therefore, in this example
we have seen that the approximate solution (5.16) captures both the
correct leading order solution and the first order correction terms in
the asymptotic expansion of the interface structure and the radial front
position. In the next subsection, we demonstrate that this is true for
the problem for equation (5.1) with general bi-stable F/(U;w) as well.

5.4. Analysis of the general autonomous approximate solu-
tion. As a preliminary step, we make some general observations about
the nature of the large front-radius limit, R — oco. Recall from Sec-
tion 3 that the linearized behavior of the radial solution for r — oo is
U ~ Cr—(n=1/2¢=vr (3 3) In contrast, the asymptotic behavior of
the heteroclinic solution is U ~ C~'e)‘£7:, where the exponential decay
rate is given by the eigenvalue (2.4), with U¥ = UL. Using f/(UY) =0
from (1.2) and ¢ ~ (n — 1)/(R + 7) from (4.2), we get the following
expansion:
n—1

(5.18) M= —w- BT +O(R™?),

as R — oo. Note that the leading term of (5.18) gives the correct rate
of exponential decay matching (3.3), sometimes called the controlling
factor (Bender and Orszag [1978]). Furthermore, if AL is interpreted
as the derivative of the phase, \* = S’(7), in a WKB approximation
(Bender and Orszag [1978]) of U(7) ~ ¢°() as # — oo, then we recover
the full leading order behavior,

(5.19) U (i — 00) ~ C(R + 7))~ (m=D/2e=Ver,

Hence, the approximate solution is consistent with the far-field asymp-
totics of the exact solution.

We now establish the limitations on the order of accuracy of the
approximate solution constructed in Section 4 by comparing it to the
asymptotic expansion of the exact solution, constructed in Section 5.1.
By comparing the terms in the respective series expansions for ¢ — 0
we will show that the first discrepancies occur at O(g?) for U(7) and
at O(e) for R. Recall that the approximation made in reducing the
nonautonomous equation (4.1) to the damped autonomous equation
(4.3) was in retaining only the leading term in the geometric series
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expansion for the non-autonomous damping coefficient as R — oo,
(4.2). The full series is given by (4.2). Consequently, the first correction
term is

G- VFdD (= D)idUy ,

2 ~ T
(5-20) R dF (R_1)? di ©

O(e%).

This is the first explicitly nonautonomous term that occurs in the
perturbation expansion of equation (5.3a), and it comes in at O(g?)
in equation (5.8b). This term is uniformly bounded by O(g?) as ¢ — 0
for the heteroclinic solution, and it is exponentially small outside of a
neighborhood of the front at 7 = 0, since dUy/di* decays exponentially
for large 7. While the nonautonomous coefficient in this term grows
algebraically away from the front, the derivative of the leading order
solution decays exponentially.

To see the effect of this term in the perturbation expansion, we
need to distinguish autonomous terms from explicitly 7-dependent
inhomogeneous terms in (5.8). Consider rewriting the asymptotic
expansions (5.4) in terms of the autonomous approximate solution and
an expansion of the correction to that approximation:

(5.21) U(F) =U(F,e) + U(Fe), Uie) = e*Un(F),
k=0
and
(5.22) R=R(E)+R R= i " Ry
k=—1

Using this ansatz in equation (5.3a) and neglecting nonautonomous
contributions to the damping coefficient, to leading order equation
we get (4.3). We could expand this equation as a series of regular
perturbation problems for € — 0 for the autonomous equation:

(5.23) N[Uo] =0,

and ) } } )
LU; =Ri(... ,Uk—1,...,Ri_2), k=1,2,3,...,
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where R, involves only autonomous terms, with no explicit depen-
dence on 7. However, we know that U (F,e) is an exact solution of
the autonomous equation (4.3) for all values of € in the acceptable
range of w. Hence, we do not need any correction to the approximate
solution until non-autonomous terms enter the expansion (5.8). The
autonomous problem (5.23) exactly matches (5.5) and (5.8a), there-
fore the autonomous approximate solution correctly reproduces Uy(7),
Ui (7) and R_1, and therefore Uy=U =R_;=0.

At O(g?) the nonautonomous term (5.20) enters in equation (5.8b),

£02+£(72Zﬁg(ﬁo,ﬁl,é_l,éo)—1—7?,2(7:,...),
~ (n—l)FdUo
Ry = LT
T (R_)? dF’

where LU, = Ry. Here, since R is present, we get a nonautonomous
correction Us(7) and therefore Uy(7) # Us(F) as observed above. At
this order, the Ry coefficient in the expansion of the front position is
calculated from the solvability condition (5.10) for Ry = Ry + 7%2. We
now determine the condition needed so that the nonautonomous term
R does not yield a correction to the autonomous front coefficient R.
Since W(7) = U{ (), the integral for the nonautonomous contribution
becomes

0o 2
(5.25) /fQQWdf:/ f(%) dr.

If this term vanishes, then the autonomous solvability condition,
[RW dir = 0, is equivalent to the full solvability condition (5.10),
and we find that Ry = R, and RO = 0. We observed this behavior in
the example above. However, the integral (5.25) does not generically
vanish for all F(U;w). It will disappear trivially if Uj(7) is an even
function. From the implicit form of the solution Uy(7),

U du
Uy —2V(u)’

it can be shown that V(U) must be even with respect to U = U for
the autonomous solvability condition to hold, where V(U) is negative

(5.26) w(U) =
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over the entire interval of integration, Ul < U < UL, see Figure 2b.
For the exact solutions given in Section 2.1, we observe that F(U;wy),
(2.7), is odd with respect to UM for wy = 23%/(9[k+1]), and hence the
corresponding potential V(U) is symmetric. Satisfying the autonomous
front condition (5.25) is yet another special and very useful property of
these solutions. For problems with nonsymmetric potential functions
V(U), it is still possible to obtain second order accuracy for the front
position, but the definition of the front position (3.12) must be replaced
by the less convenient, non-local integral condition (5.25).

The autonomous approximate solution of equation (5.1) provides an
asymptotic solution in a more compact form and involving fewer calcu-
lations than the corresponding result from the regular perturbation ex-
pansion. Our construction using the solution of the single autonomous
equation (4.3) eliminates the need to solve equations (5.5) and (5.8a)
and the solvability integral conditions for R_; and Ry. Furthermore,
extending the accuracy of the approximate solution is exactly equiva-
lent to solving for the higher order asymptotic corrections in the regular
perturbation expansion. Consequently, it is clear that the autonomous
approximate solution is advantageous since it provides a very conve-
nient form of a second order accurate solution of (5.1).

6. Instability of the equilibrium solution. We now apply our
results to provide an elementary demonstration of the fact that the
localized radial solution of the elliptic equation V?u + F(u;w) = 0 is
an unstable equilibrium of the reaction-diffusion equation

(6.1) gu _ V2u + F(u;w),
ot

in R™. If F(u;w) is a bi-stable nonlinearity then it is well known that
the solution will develop well-defined fronts connecting smooth, slowly
varying outer regions (Fife [1988], Rubinstein, et al. [1989]). Suppose
that we search for axisymmetric traveling wave front solutions of (6.1)
of the form u(r,t) = U(r—ct) where ¢ is the wavespeed. These solutions
satisfy the differential equation

d*U n—1\dU
2 -— c — + F(U:w) =

where the traveling wave phase variable is z = r — é&. Equation (6.2)
shows that, for ¢ # 0, equation (6.1) is not separable in terms of the



AXISYMMETRIC TRAVELING WAVES 371

variables z and ¢ for the steady-profile traveling wave ansatz u = U(z)
and hence such traveling waves are not exact solutions. More properly,
the solution should be expressed in terms of a multi-scale expansion
(Kevorkian and Cole [1996]) to allow the solution to slowly change
shape as it evolves in r and ¢t. However, we will show that in the
large radius limit, these traveling waves give very accurate information
about the behavior of problem (6.1). In fact, a multi-scale perturbation
expansion of the full solution would return U (r—¢t) as the leading order
term.

We begin by expressing (6.2) as an ordinary differential equation in
terms of the phase variable z alone. Note that the variable r appearing
in the coefficient of the first derivative above can be written as r = z+¢t.
As was done for the equilibrium problem in (3.11), we can write the
phase z in terms of the phase Z corresponding to the motion of the
front and the relative displacement, z, from the front:

(6.3) 1=7+3% Z=R-&,

where R = R(t) is the time-dependent radial position of the front. As
in (3.12), we define the position of the front by the UM level set,

(6.4) u(R(t),t) = UM.
Combining the changes of variables (6.3), we express r as
(6.5) r=z+cét=R+2Z

reducing (6.2) to

d?U n—1Y\dU
. — + (¢ — + F(U;w) =0.
(6.6) 2 (c—|—R+2> FE (U;w) =0

We treat the factor of R appearing in (6.6) as if it were a large constant;
we will justify this approximation a posteriori by showing that it is in
fact a slowly varying function of time, see Kevorkian and Cole [1996] for
general theory underlying this type of quasistationary approximation.
Having reduced the problem to a nonautonomous differential equation
in Z, we now use an expansion of the damping coefficient for large front
radius, R — o0,

n—1 (n—1z (n—1)22

=c— + +O(R™Y),

6.7 ;
(6.7) ‘“tRi: R? R?
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~_'_n—l
c=1|¢
R )

to obtain the autonomous approximation for the equation of the front
structure,

where

d*U du

+ F(U;w) = 0.

Since (6.8) is of the form (1.1), in order to obtain a bounded monotone
decreasing front solution, the damping coefficient must be determined
by the relation ¢ = ¢(w). Hence the damping coefficient ¢ is a time-
independent constant value determined by the form of the nonlinearity
F and we have a fixed relation between the front position and the wave
speed,

n—1

(6.9) ¢ =c(w) — 7

Identifying the wavespeed ¢ as the speed of the front, we see that
¢ = dR/dt, and that (6.9) is a differential equation for the motion
of the front,

dR n—1

(6.10) s c(w) — 7

Note that while R is large i.e., the front is bounded away well from
the origin, the front speed is finite, and R(t) is slowly varying. This
justifies our earlier approximation of R as a slowly varying parameter
in the large radius regime.

Equation (6.10) has an equilibrium solution with radius R = (n —
1)/c(w). This value is the front radius (4.9) in the solution of the
equilibrium elliptic problem (4.1) since from (6.9) we have ¢ = 0.

This radius is called the critical nucleation radius in the context of
chemical reactions and nucleation theory (Borgis and Moreau [1988],
Chan [1977]). It is an unstable equilibrium that separates solutions
that grow outward indefinitely from those that collapse inward toward
the origin. If we have a solution with a front radius larger than the
equilibrium value, R > R, then from (6.10) we obtain a positive
wavespeed ¢ = dR/dt > 0. This means that the solution grows in
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size as the front moves outward. Conversely, if we start with a solution
with a core radius that is smaller than the equilibrium value, R < R,
then we get a negative wavespeed, ¢ = dR/dt < 0. This situation
describes a front moving inward toward the origin and a solution that is
“collapsing.” Consequently, we conclude that the equilibrium solution
is unstable to perturbations that either diminish or increase its size. In
fact, we can obtain the general solution of (6.10) in implicit form,

n —

(6.11) t(R)—to+%<R+ 11n|cR—(n—1)|>.

c

Solution (6.11) is specified up to a time-shift constant ¢y, which is
determined by the initial data. In Figure 9 we compare direct numerical
simulations of the solution the radially symmetric version of (6.1)
with the results predicted by our analysis for axisymmetric traveling
waves. Indeed, instability of the equilibrium solution is verified and
the growing/decaying threshold behavior is apparent. Our result for the
front position R(t), (6.11), is shown to match the numerical simulations
very well except when the solution collapses inward (and the large
radius approximation cannot be expected to hold) and the structure
of the front changes significantly. For the unstable growing solution,
the front position is accurately given by (6.11) and in fact, since R(t)
is increasing, we expect the accuracy of our approximation to steadily
increase in time and the numerical solution should show convergence
to the axisymmetric traveling wave.

The instability of the solutions smaller or larger than the critical nu-
cleation front solution has been part of the focus of extensive studies
in geometric models for the motion of diffusive interfaces (Fife [1988],
Rubinstein et al. [1989]). In describing curved fronts in pattern forming
reaction diffusion systems in mathematical biology, equation (6.10) is
a prototype for unstable threshold behavior (Aronson and Weinberger
[1978], Grindrod [1996]). Our solution of the axisymmetric problem
for (6.1) is in fact just one special case of a more general theory for
the motion of curved fronts in reaction-diffusion problems (Aronson
and Weinberger [1978], Fife [1988], Jones [1983a], and [1983b], Kuzin
and Pohozaev [1997], Nefedov [1993], Rubinstein and Sternberg [1992],
Rubinstein et al. [1989], Terman [1987]). The general theory, as pre-
sented in these references and other works not cited here, characterizes
all nonincreasing monotone radial solutions, shows that asymptotically
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FIGURE 9. Numerical solutions of the radially symmetry reaction-diffusion equation (6.1) exhibiting
nucleation threshold behavior. In both simulations the initial data is a step function u(r,0) = ug(r) =
H(r —r1). Solution profiles at equally spaced times are shown (left) and the position of the front as
a function of time (right). Solutions larger than the nucleation radius, r1 > R, will grow indefinitely
(top). Solutions smaller than the nucleation radius, 71 < R, collapse inward (bottom).
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along each ray expanding solutions approach planar wave fronts, and
incorporates the effects of local curvature. Other general structures
that can be described within this general theory include rotating spiral
waves (Bernoff [1991], Murray [1990]) and more general helical waves
(Grindrod [1996], Tyson and Keener [1988]). The results of these stud-
ies show that the speed of the motion of curved interfaces is given by
the speed corresponding to one-dimensional planar interfaces, modified
by corrections due to the mean curvature of the fronts. Recalling that
the curvature is inversely proportional to the radius of curvature of a
shape, k = 1/R, we see that equation (6.9) is an example of this result,
¢ = ¢(w) — (n — 1)k. Numerous more advanced studies have derived
this general result using locally orthogonal coordinate systems that
are aligned with the dynamically evolving fronts. By contrast, in our
presentation, we capture the leading order behavior using elementary
applications of regular perturbation series and phase plane arguments.

7. Transversal intersections of invariant manifolds and the
heteroclinic orbits. In this section we review some results from
dynamical systems theory showing that the heteroclinic orbits found
for ¢ = ¢(w) in system (2.2) lie in the transverse intersections of certain
invariant manifolds in the three-dimensional (U, V, ¢) phase space. This
result, stated in subsection 7.2, demonstrates that the heteroclinic
orbits are locally unique, and it is especially useful in establishing the
stability of the solutions in the full partial differential equation. As
a preliminary step in subsection 7.1, we study an earlier result that
justifies the statements made in subsection 2.1 about the phase planes
and the existence of a heteroclinic orbit at ¢ = ¢(w).

7.1. Phase planes for w € (Wmin,Wmax) and ¢ > 0. In this
subsection we will report on results for the equation (1.1) with ¢ > 0.
In particular, we show that, for each w € (Wmin,wmax), there exists
a unique value of ¢ = ¢(w) for which (1.1) has a ‘lower’ heteroclinic
solution connecting (U%,0) to (UL = 0,0). This demonstration then
justifies the statements made in subsection 2.1 about the stable and
unstable manifolds in this case.
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The equation (1.1) may be written in system form as:

U=V
(7.1) o |
=—cV — F(U;w).
In order to follow the presentation of Fife [1979], we make the following
coordinate change: V= -V, é = —c¢, and Z = —z. This coordinate
change makes ¢ < 0 and transforms the ‘lower,” V' < 0, heteroclinic
solution connecting (U%,0) to (UL = 0,0) for (7.1) into an ‘upper,’
V > 0, heteroclinic solution connecting (U, 0) to (U%,0) of the system
. -
(7.2) R UA =V
V' = —¢V — F(U;w).
It is the existence of this upper connection that is established in
Chapter 4.4 of Fife [1979], see the treatment there of ‘saddle-saddle
connections,” and we choose to follow this presentation for historical
reasons, dropping hats from now on.

Let us examine the forward evolution under (7.2) of the trajectory on
the upper right branch of the manifold W,Y_(0, 0) with the parametriza-
tion chosen so that U(z = 0) = UM. Since U is strictly increasing when
V > 0, this trajectory must exit the semi-infinite strip 0 < U < UR
and V > 0 either through the U-axis with U € (0,U*) or through the
line U = UF with V > 0. Denote the exit point by (U, V,). Also, as
in previous sections, it is useful to study the reformulation of (1.1) as
a first-order equation for V' as a function of U:

v F(U;w)

(7.31) U + v = ¢

The desired result is shown in three short steps. In step 1 it is shown
that there exists a large negative value of ¢ such that the solution of
(7.3) with V(U = 0) = 0 is a strictly increasing function on [0, UT).
Hence, U, = U and V, > 0. Next, in step 2, we consider what happens
as ¢ increases from the large negative value found in step 1, showing
that there exists a co such that V., = 0, with either U,, = U% or
U, < UR. We remark that Step 2 is taken directly from part of a
lemma due to Kanel, see Lemma 4.14 in Fife [1979]. Finally, in step 3,
the possibility of U., < U is ruled out for the nonlinear functions
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F(U;w) of the form studied in this article. Therefore, for the value
of ¢o found in step 2, it will be the case that U,, = UF, so that the
trajectory is precisely the heteroclinic connection to the saddle (U, 0)
that was sought.

Step 1. Let us explicitly assume ¢ < 0 and that |c| is large. The proof
will be by contradiction. Let us start by assuming that the conclusion
is false, i.e., assume there exists a first maximum point (Upnax, Vinax)
with 0 < Upax < U This maximum is given explicitly as

F(Umax;w)
—
On the one hand, Vj,.x > 0. Hence, (7.4) implies that F'(Upax;w) > 0,
and from the properties of F, one therefore sees that Upay, > UM.

On the other hand, since F(U;w) < 0 for U < UM, one sees that
dV/dU > —c. Hence, by integrating from U” = 0 to UM, one finds

(7.4) Vinax = —

(7.5) V(UM) > |cuM,
since ¢ < 0. Therefore, combining (7.4) and (7.5), it is seen that

F(Umax; w)

‘C|UM < Vinax =
lc|

which cannot be true for |c| large. This demonstrates, for ¢ < 0 and |c|
large, that the solution along the local unstable manifold WY (UL, 0) is
a strictly increasing function for U € (0, U*), and it completes step 1.

Step 2. Here we consider what happens for values of ¢ less negative than
those just obtained in step 1. The main work here is to compare two
solutions V1 (U) and V,(U) of (7.3), both with V =0 at U = UF =0,
but such that ¢; > co. From (7.3), one directly gets

d F(U;w)

w(‘ﬁ—Vz)— ViV

(Vi =V2) = —(c1 — c2).

Introducing an integrating factor, this equation may be rewritten as:

%[(Vl — V) Z(U)] = —(c1 — e2) Z(U)
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The lower limit in the integrating factor was taken to be UM /2 here for
definiteness. Now, as U — 07, the difference (V; — V) vanishes, while
the exponential factor stays bounded since F' < 0 and the integration
is from right to left. Hence, the term in square brackets also vanishes
in the limit. Finally, we observe that this term in square brackets is a
strictly decreasing function by (7.6), since ¢; — ¢o > 0; and, therefore,
Vi(U) — V2(U) must approach zero from below.

The above estimate establishes the desired comparison result: ¢y > ¢
implies V4 (U) < Va(U) for U > 0 along the trajectories on WY (0, 0). If
one increases the value of ¢ from that obtained in step 1 (i.e., one takes
a sequence of less negative values), then the graphs of the functions
V(U) giving these manifolds form a monotonically decreasing sequence
of curves, and there exists a value of ¢, call it ¢y, such that V., = 0.

Step 3. Here we rule out the possibility that U,, < U%. This will imply
that U, = U®, so that in the system with the value ¢y just obtained in
step 2, the manifold W_(0, 0) coincides with the manifold W5 (U%,0),
i.e., there is an upper heteroclinic connection from (0,0) to the other
saddle at (U, 0), as desired.

If U,, < U, then the trajectory on W/ _(0,0) crosses the U-axis with
a vertical tangent at (U,,0). Hence, the manifold W,.(0,0) obtained
for the system with c¢ slightly less than ¢y will have zero slope at more
than one point to the left of (U%,0), i.e., dV/dU will have two roots
Uy, Uy < UR. One can then readily show that this implies that F(U;w)
has an additional root less than U® and not equal to UM, which
contradicts our assumptions about F.

This completes the proof of the existence of a value of ¢y = ¢(w) for
which (1.1) has an upper heteroclinic orbit for each w € (Wmin, Wmax)s
as stated in subsection 2.1.

7.2. Transversality for (2.2) in (U,V,c) space. In this subsection
we review well-known results, see Jones [1995], Jones et al. [1991],
showing that the heteroclinic orbit of (1.1) studied above for ¢ > 0 lies
in the transverse intersection of two invariant manifolds in the three-
dimensional (U, V,c) phase space. As a consequence, the heteroclinic
orbit will be locally unique. Also, this transversality is important for
demonstrating stability of traveling waves in the full reaction diffusion
partial differential equations, see Jones [1984].
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For each w € (Wmin, Wmax), we will analyze the sequence of (U, V') phase
planes obtained in sections 2.1 and 7.1 for ¢ € (c(w) — 6, c(w) + 9),
where § > 0 is fixed, in the three-dimensional (U,V,¢) space. Let
L ={(UE(c),0,¢)|c € (c(w) — 6, c(w) + )}, and R = {(UF(c),0,¢c)|c €
(¢(w) — d,c(w) + )}, for a fixed 6 > 0. Now, one directly obtains two-
dimensional surfaces (manifolds) by taking the unions over c¢ of the local
stable and unstable manifolds of the saddle equilibria obtained for each
individual c¢. For example, WY (R) = UCG(C(W),(;’C(W)H)VVIZC(UR(C), 0).
At each point on both of these manifolds, the tangent spaces are two-
dimensional, and we recall that two surfaces (manifolds) in R3 are
said to intersect each other transversely at a point if the sum of the
dimensions of their tangent spaces at that point is three. We show in
this subsection that, for each fixed value of w € (Wmin, Wmax), the two
surfaces WU (R) and W3 (L) intersect each other transversely in the
three-dimensional (U, V,¢) space precisely along the one-dimensional
heteroclinic orbit in the ¢ = ¢(w) plane. The results stated here
are taken directly from Section 4.5 of Jones [1995], with only minor
modifications to adapt the argument to the lower heteroclinic orbit
from (U*,0) to (0,0) studied here, and to use vectors as opposed to
differential forms.

We will use the notation 7 = (AU, AVE, Acy) and ny = (AU, AVE,
ACQi), to denote two independent vectors on the tangent plane to a sta-
ble manifold (4) or an unstable manifold (—). A normal vector, n, to
such a tangent plane is obtained by taking cross-products of 7; and ns:

n = (n1,ng,n3)
= (AleCQ - AClAVQ, _AUlACQ + AUQACl, AUlAVQ - AleUg)

In addition, we will need to have a convenient way in which to measure
the distance between the manifolds WY (U, 0) and W*(0,0), as well as
the rate at which that distance changes as ¢ changes. Hence, we follow
Jones [1995] and, for fixed w € (Wmin;Wmax), define h¥(c) to be the
points at which the manifolds WY (U*, 0) and W*(0,0), respectively,
intersect the vertical line U = UM in the (U, V') plane. On the ¢ = ¢(w)
plane, this distance will be zero, since the manifolds coincide there.
We will be interested in the rates at which h¥(c) change as ¢ changes
through ¢(w), and in particular to show that

o) (oo

c=c(w)
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FIGURE 10. Schematic picture of transversal intersection of the unstable and
stable manifolds in (U, V, c¢) phase space. The thick solid curves are £ and R,
and they depend on w.

When this inequality holds, the manifolds transversely intersect in the
three-dimensional (U, V, ¢) space.

The evolution of the components of the tangent and normal vectors is
determined directly from the equation of variations, see, e.g., Codding-
ton and Levinson [1987]. For (2.2) with the equation ¢ = 0 appended,
we find:

AU = AV
(7.8) AV = —cAV =V (2)Ac — f(U(2))AU + wAU
Ad =0.

Here, the terms U(z) and V(z) are evaluated along the heteroclinic
orbit for ¢ = ¢(w), and the quantities AU, AV, Ac denote the variations
in the U,V, and ¢ variables from their values along that heteroclinic
orbit. Starting from the definition of n and using the chain rule
derivative, we find:

n) = —cny + (f'(U) —w)na
(7.9) nh = —ny

V(z)ng — cng.

3
3
Il

We shall only need the ng equation.
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Having set up all of the general theory, we now make a specific choice,
following the judicious selection in Jones [1995], Jones et al. [1991], of
the two vectors in the tangent planes:

Oc
n = (AU, AVSE Ack) = (V, —cV — F(U;w),0).

+_ + £ oAy Oh*
ne = (AUT, AV Acr) = | 0, ,1

Of course, by selecting the vector field of the original system (2.2) as
the second vector, the vector 7, is the same on the tangent planes to
both manifolds. Therefore, we see by explicit calculation that, for this
choice, n1(2) = ¢V (z) + F(U(2);w), na(z) = V(2), and

(7.10) n3(0) = =V (z = 0)(8h* /dc).

The first two components are known for all z, since the vector field and
heteroclinic solution (U(z), V(z)) are functions of z, whereas the terms
Oh* /Oc are only defined on the line U = UM (i.e., at z = 0), so that
ng is known so far only in terms of the unknown derivatives of h and
only at z = 0.

From (7.9), we now have the explicit differential equation for ns(z):
(7.11) nhy = —cnz + V(2)%

This equation may be solved along each of the manifolds in terms
of V(z) with the aid of an integrating factor, and by integrating
along WY (U™, 0) we get: n3(z) = e [°_ V(') dz'. Hence, we
immediately obtain:

(7.12) n3(0)—/0 V()2 d2' > 0.

By combining (7.10) and (7.12) and because V' < 0 along the hetero-
clinic orbit, we get

Oh~
Oc

(7.13) > 0.

c=c(w)

Now, in precisely the same fashion, one can show that

oh™t

(7.14) e

< 0.

c=c(w)
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Hence, combining (7.13) and (7.14), one obtains the desired result:

oh~  Oht

and the proof of transversality is complete.

>0,

c=c(w)

8. Discussion. In this article we have reviewed how a combination
of phase plane analysis and perturbation methods can be used to
obtain radially symmetric solutions of semilinear elliptic equation and
reaction-diffusion systems. By treating the nonautonomous coefficients
in the radial differential equation as slowly varying parameters, we were
able to obtain an asymptotically accurate autonomous solution from
the phase plane solution of the damped equation (1.1). Use of a family
of exact solutions for the autonomous problem proved very helpful in
the analysis of the problem and in the examination of general properties
of the radial solutions.

We also reviewed the demonstration due to Jones [1995], Jones et
al. [1991] that the heteroclinic orbit of (2.2) lies in the transverse
intersection of the stable and unstable manifolds of equilibria in the
full three-dimensional (U,V,c) phase space, precisely in the plane
¢ = ¢(w). This result directly implied the local uniqueness of the
heteroclinic orbit. It is hoped that our review of this result for traveling
waves in one-space dimension, or planar interfaces in higher space
dimensions, will motivate the reader to study the more advanced results
derived for curved fronts in axisymmetric higher-dimensional problems,
n > 1. In the papers by Aronson and Weinberger [1978], Atkinson and
Peletier [1986], Berestycki and Lions [1980], Brezis and Lieb [1984], and
Jones [1983b], the existence and local uniqueness of radially decreasing
solutions are demonstrated for the nonautonomous problems (1.10).
These results are more general than that obtained here via perturbation
methods, since no large interface assumptions are made. Moreover,
the existence of a threshold effect (recall Section 6) is established in
a much more general context than that shown here, and it is proven
that asymptotically, along every ray emanating from the origin in the
n-dimensional space, the shapes of the solutions approach that of the
one-dimensional traveling wave, see Aronson and Weinberger [1978],
Jones [1983b].

A careful review of our approach suggests methods for use of the
interface solutions to construct more general geometric structures, or
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FIGURE 11. Construction of the pulse from increasing and decreasing front

solutions with R = R(we) and R = R(wp) (a), and a three-dimensional

representation of the corresponding annular ring solution.

more general nonautonomous equations of the form

d*U au

(8.1) 02 +G(r )dr + F(U;w(r)) =0.

A classical perturbation expansion of the interface structure begins
with the leading order problem of a stationary planar front. This is
an interface with zero curvature, or equivalently, an infinite radius of
curvature, R — oco. The interface structure is given by the lower hete-
roclinic orbit in the Hamiltonian phase plane shown in Figure 4b with
w = wy. While zero curvature is maintained, the governing differential
equation (1.1) is autonomous and the solution has translation invari-
ance. When the front has any finite amount of curvature, translation
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invariance is lost, as in the nonautonomous equation (4.1), and the
Hamiltonian structure is lost due to the introduction of a slowly vary-
ing damping term. We have constructed monotone decreasing solutions
for this case, in the range wpin < w < wy. However, we noted from
the phase plane analysis of the damped equation (2.1) that heteroclinic
orbits, corresponding to interface solutions, exist in a larger range, for
all wmin < w < wmax. Earlier, the solutions for wy < w < wmax were
dismissed as representing unphysical solutions with a negative damping
coefficient, ¢ < 0, describing a negative radial position, R < 0. How-
ever, using the invariance of equation (2.1) under the transformation
z — —z and ¢ — —c, these solutions can be shown to describe mono-
tone increasing fronts with a positive radial position. For the family
of problems with closed-form solutions described in Section 2.1, these
results are given by

UR
s T IO e RO T
c(w) = W — UR(w),

for w € (wp,wmax), and the radial position is still given by (4.2),
R = (n—1)/c(w) > 0. The radial position for these increasing fronts
is plotted in Figure 8 for w > wy. For w \, wy this branch of solutions
is the finite damping continuation of the upper heteroclinic orbit from
the Hamiltonian phase plane system.

Using these observations, it becomes clear how to construct annular ring
solutions, the radially symmetric analogue of one-dimensional pulse
solutions. If the parameter w is allowed to slowly vary from above wy
to below wy as r increases then the increasing and decreasing fronts can
be used to form a localized pulse. For example if w(r) is given by

(83)  w(r) = Hwa @)+ hwy — w,) tanh ( ‘5)

with § < rg and wp > wg > w, then w ~ w, for r < rg and w ~ wy for
r > ro. This form of w(r) was used to construct the annular solution
shown in Figure 11. While equation (8.3) gives an arbitrary form
for w(r), we can imagine this front-like solution coming from another
semilinear elliptic equation that couples w(r) to U(r), and similarly
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for a time-dependent system of reaction-diffusion equations like the
FitzHugh-Nagumo model. Other forms of w(r) coupled to our equation
for w, (6.1) could give periodic trains of axisymmetric pulses; these
are often called “target patterns” (Murray [1990]). Similarly, a weak
dependence on a variation in the angular direction, w = w(r, ) would
perturb such solutions to produce spiral wave patterns (Bernoff [1991])
from these rings.
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