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Abstract

This article concerns annular ring solutions of the Gray—Scott model. In the monostable regime, annular rings are far-from-
equilibrium patterns supported on annuli inside of which the activator is concentrated. The diffusive flux of inhibitor over long
length scales toward such an annulus feeds the production of activator there, and the interaction is semi-strong. Numerical
and experimental observations show that annular rings often split into spots, and the main result presented in this article is a
method to predict the number of spots that an annular ring, unstable to angular disturbances, will split into. This method is an
extension to 2D circular geometries of the nonlocal eigenvalue problem (NLEP) method developed for pulse solutions of the
1D Gray-Scott problem, in which the full eigenvalue problem—a pair of second-order, nonautonomous coupled equations—is
recast as a single, second-order equation with a nonlocal term. We also continue the results for the monostable regime into
the bistable regime of the Gray—Scott model, where target patterns exist and their rings are observed to destabilize into rings
of spots, as may be shown using a classical Turing/Ginzburg—Landau analysis. Thus, for these 2D circular geometries, the
NLEP method is to the instability of annular rings in the monostable regime what the Turing analysis is to the instability of
target patterns in the bistable regime near criticality.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The Gray—Scott mod§l7,18]is a prototypical cubic autocatalysis system that exhibits a striking array of patterns,
many of which have been discovered approximately 10 year§28g@5,38,40] The governing equations are

aUu av
- = DyAU — UV? + A(1L— U), - = DyAV + UV? — BV. (1.1)
HereU = U(x, 1) andV = V(x, 1) are the concentrations of the inhibitdrand the activatob, x € R2, A is the

Laplace operato)y; and Dy are the diffusivities (withDy > Dy), andA and B are positive rate constants.
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Recent analytical studies have focused on spots in two dimensions and pulses in one difeh2i@i,28,30,31,
35,36,41,44—-465pots and pulses can undergo a process called self-replication. For spots, self-replication is visually
similar to cell division in that an initially radially symmetric spot elongates into a peanut shape and then splits
into two spots, with the pinch off occurring along a line perpendicular to the direction of elongation. For pulses,
self-replication involves a parent pulse splitting into two daughter pulses when either the central peak of the pulse
collapses (stationary splitting) or a new peak forms at or near the inflection point along the trailing edge (dynamic
splitting). Moreover, the further evolution of the two daughter spots or pulses may be to any number of other patterns,
including further self-replication into,4, ... spots or pulses, stationary arrays of spots or pulses, and in 2D also
lamellar patterns, annular rings, phase turbulence, and othe20s28,37]

Recent experiments and numerical simulations have also revealed an interesting interplay between spots ant
annular rings. On the one hand, an annular ring is created when the central peak of a spot collapses. On the othe
hand, annular rings are observed to break up into rings of spots, in certain overlapping parameter regimes.

In this article, which presents results frg@8], we study annular rings and spotsky. (1.1)on a disk of radius
rmax in the monostable regime} < 4B2, where(U = 1, V = 0) is the only homogeneous steady state. These
patterns are localized patterns for which the activator concentration is significant only inside some domain—an
annulus for the rings and a disk for the spots. Moreover, the inhibitor concentration is, to a first approximation,
constant over these same domains, while itincreases batktd over long length scales. Therefore, the interaction
between the activator and the inhibitor is semi-strong, just as it[ls2]) for example.

We use matched asymptotics to construct these patterns. The inner (or fast) region is the localized annulus of
central radiuk, determined uniquely bymnax and the other physical parameters, and of narrow-wi@th/D/B),
such that on each ray of constant angle emanating from the origin the cross-section of the localized ring is to leading
order a pulse, or homoclinic orbit, centeredros R. The outer (or slow) regions are the disk interior to the annulus
(0 < r < R) and the exterior domaifR < r < rmax), over whichU varies slowly. Matching15] of the inner and
outer solutions is then carried out at the edges of the annulus, and this matching detéfgnihedocal minimum
of the inhibitor concentration at= R, and hence also the height of the ring itself, Vgax. These matching results
are shown to agree quantitatively with the results from numerical simulations of the radially symmetric version of
Eq. (1.1)

Next, we examine the linearized stability of these pulse-type annular ring solutions on long, but not infinitely
long, time scales. Our main goal is to identify parameter regimes in which there exists a discrete set of angular wave
numbers, such that, on long bu®(1) time scales, a ring is unstable to disturbances of angular wavelemgth 2
In these regimes, one expects an annular ring solution to splitirgpots.

The full eigenvalue problem, consisting of two, coupled, second-order equations, inherits the inner—outer (or
fast—slow) structure from the annular ring solution, with the eigenfunction component corresponding to the activator
concentration being fast and the eigenfunction component corresponding to the inhibitor being slow. This full
eigenvalue problem can be reduced either by encoding the dynamics of the slow component in the fast equatior
or by encoding the dynamics of the fast component into the slow equation. We choose the former approach and
derive a single, second-order equation for the fast eigenfunction component that includes a nonlocal term containing
information about the slow component. This equation turns out to be an inhomogeneous hypergeometric equation;
and, because the reduced equation is nonlocal, the method has been called the nonlocal eigenvalue problem methc
or NLEP method, for short, s§8-10,13] The NLEP method has been found to be useful for pulse solutions
which can have)(1) unstable eigenvalues, and it has also been used to find small eigenvalues, see for example
[9]. The other choice of reduction (encoding the fast dynamics in the slow eigenfunction equation) is made in
the singular limit eigenvalue problem (SLEP) method, 8], and it has been shown to be useful for fronts
in bistable systems and when small eigenvalues (which vanish in the limit of zero interfacial thickness) are of
concern.
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The coupling from the slow field into the equation of the fast eigenfunction component is the mechanism respon-
sible for stabilizing the localized solutions of high activator concentration. With the NLEP method, one quantifies
the strength of this coupling and, hence, one can study how the eigenvalues change as the parameters change
For example, for pulses in one space dimension in the Gray—Scott model, where there @&h bmstable
eigenvalues, a subcritical Hopf bifurcation occurs in which the pulse solutions become [8t4Ble and see
also[7].

Inthe 2D problem under consideration here, this coupling also depends on the angular wavemyasseciated
to angular disturbances. Hence, we may use the extension of the NLEP method to derive the main results of the paper,
namely, the intervals of values of for which unstable eigenvalues and nontrivial, bounded eigenfunction pairs
exist. Numerical simulations confirm the validity, both qualitatively and quantitatively, of the NLEP predictions,
since the most unstable wave numbers correspond exactly to the number of spots into which rings are observed to
split.

The above analysis of the annular rings and spots in the monostable regime is complemented by a (brief) analysis
in the bistable regimeA > 4B?, see[27]). Specifically, a classical Turing/Ginzburg—Landau analysis (see, e.g.
[16,42]and the more modern presentatiorfid]) in the bistable regime shows how target patterns and hexagons
arise at critical parameter values from the linearly unstable, homogeneous state. We identify the critical bifurcation
parameter and show that the associated critical angular wave numbers correspond to the number of spots observec
along the rings of the target patterns.

Finally, we show how the patterns observed in the monostable and bistable regimes may be connected to each
other via a continuation in parameter space. The singular, large-amplitude structures present in the monostable
regime, where the perturbations must be large since the background state is linearly stable, become small-amplitude
disturbances of the unstable state in the bistable regime. Therefore, from the point of view of the stability analysis,
the NLEP method is to the instability of rings in the monostable regime what the Turing analysis is to instability of
rings in the bistable regime near criticality.

All of the numerical simulations carried out for this study used the codes preserte@]inDetails are given
below.

Annular ring solutions have been studied in other problems, mainly in bistable sy&@226,32] There, the
solutions are near one stable, homogeneous state inside the annulus and near a second, distinct, stable, homogeneo
state outside the annulus; and, these two states are connected via heteroclinic orbits (a.k.a. domain walls). See
especially{26] for a study of how annular rings in excitable, bistable systems can break Up4irfdr a general
study of interfaces in singularly perturbed bistable systems. Sed4ldor an interesting example of radially
symmetric solutions in a model from phase field theory.

This article is organized as follows. Bection 2the construction of the annular ring solutions in the monostable
regime is presented. The linear stability study and the analysis of their deformation into spots are §actioim3
Then,Section 4ontains the brief evaluation of the Turing/Ginzburg—Landau bifurcation pointin the bistable regime,
as well as the continuation of these “classical” patterns to the monostable regime. Finally, some related phenomena,
including ring splitting, are discussed 8ection 5

2. Annular ring solutions

In this section, we seDy = 1 andDy = D <« 1 and construct stationary axisymmetric annular ring solutions
for r € [0, rmay Of the system:
PU 13U

— 4= = —UV?2 + BV 2.1
ar2 r or + (2.1)

2
=UV2 — A+ AU, D(a v 13V>

w2t
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Fig. 1. The left figure is a cross-section of tHeand V components of an annular solution of interest, with the annular regiand the radius
R indicated. The right figure presents a 3D view of theomponent of an annular ring solution which has the appearance of a volcano crater.
For both figures, the parameter values 4re- 0.04, B = 0.102,D = 0.001,rmax = 5, R ~ 3.26.

with boundary conditions:
U;(0), Uy(rmax), Vi (0), V,(rmax) = 0. (2.2)

For such solutions there is a narrow annular tihgf central radiu®, where the value aR is determined by physical
parameters, as shown below, and where the soli#ianof width O(,/D/B) at half height. On the annulu4, the
activator concentratiolf exhibits a pulse-type profile with a maximumrat R, while the inhibitor concentration
U is essentially flat near its minimum. Outside4f V vanishes exponentially, whilg is slowly increasing. Thus,
in the 3D(r, 6, V) space,V takes on the appearance of a ‘volcano’ with a deep circular crateF{ge#). Given
these observations, we analy@el) separately insidel, on.A, and outside of4 and then match the results. This
procedure follows that used [f] for 1D pulses.

2.1. Leading order fast solution far

We change variables to= r — R, so that is centered ot4, and it is also useful to introduce a stretched version
of &, namely

A_\/f
=58

since the pulse width i©(/D/B). Let Ug denote the (as yet unknown) valuelofité = 0. Numerical simulations
show that the maximum df scales inversely witli/p, so we set

A n Uo

V) = FV@' (2.3)
In addition, numerical simulations reveal tliais approximately constarit/o) on.A. These scalings and observa-
tions lead us to rewrite the equation fdras
PV, . (UO—U) e 1 av

—+ V2V = —_——
02 Uo £+ /B/DR 3

(2.4)
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with boundary conditions:

Vilie—ryyore Velictmacry/vor =0 (2.5)
We assume that

B
\/; > 1 (2.6)

and that, onA:
U-Upk 1l

Hence, the right member ¢2.4) is a small perturbation. While there might appear to be a singularity in the right
member of2.4)asé — —R./B/D, \A/é decays exponentially #&s— —R.+/B/ D, the right-hand member vanishes.
The leading order equation féf on A is then

V4 72— V=0, 2.7)
Moreover, the boundary conditions are

Vo(§) - 0 exponentially asé| — oo (2.8)
and the solution of2.7)that satisfie§2.8)is the homoclinic loop:

Vo(@) = 3seci(3). (2.9)
Remark. The full problem(1.1)is to be solved on a finite domain, while the above boundary conditions are at
infinity. This approach is standard in asymptotic analysis and is justified since the homoclinic solution approaches

the saddlgV = 0, V' = 0} exponentially fast aé — +o00. Thus, only an exponentially small error is introduced
in considering the infinite tails.

Next, we derive conditions on the parameters under which the assumptidn ihabnstant to leading order on
A holds. Substituting2.3) into the first equation of2.1), with the additional scaling/ = UpU, one obtains to
leading order:

Uy = —0V2— — 4+ —=0. (2.10)

Thus, sincd is bounded a§ — o0, U is constant to leading order o, provided that

BD AD AD
— <1, — < 1 — <K 1 2.11
Ug < BUo < B < ( )

We will show thatUp <« 1 (see(2.24)), so that the second condition implies the third and hence, only the first two
conditions are needed. The first derivative tdfgfrom (2.1)is of higher order in the scaled variables; specifically,
itis
_Ué
£+ B/DR
and we recal\/B/D > 1.
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2.2. Leading order slow solution far

In this section, we obtain approximations of the solutidrinside and outside afl, whereV is exponentially
small. We first rewrite the equation fétas a linear equation and treat the nonlinear te\A as an inhomogeneous
guantity:

22U 19U
L[U] Ea_+-——Au=uv2—A (2.12)

2 r or
with the boundary conditions:
U (0), Ur(rmax) =0. (2.13)
The unique solution oL.[U] = — A satisfying the given boundary conditionslis= 1. Next, the problem
L[U] = UV? (2.14)
with the boundary condition&.13) can be solved using a Greens function. Hence, the solution for the full problem
(2.12)with the boundary condition&.13)is

Ur)=1- [Klo(ﬂr) f " Io(~/As)SU(s) V2(s) ds + Ko(v/Ar) / ' Io(~/As)sU(s) V2(s) ds
0 0

+ Io(v/Ar) / " Ko(v/As)sU(s) V2(s) ds] , (2.15)
wherelp andKg are the modified Bessel functions of first and second kind, and
= M (2.16)
Il(ﬂrmax)

Now, it follows from(2.3), (2.7) and (2.%hatV is essentially zero away from &,/ D/ B) neighborhood of = R

(¢ = 0). By approximatingo(~/Ar)r andKo(~/Ar)r with their values at = R and using the fact thdf is constant

to leading order in ad®(\/D/B) neighborhood of = R, one obtains the following leading order approximation
for U:

Ur)y=1— [Klo(ﬂr)lo(ﬂR)Ruo / e V2(s)ds + Ko(v/Ar) Io(~vAR)RUp / ' V2(s) ds
0 0

+ Io(vAr)Ko(~AR)RUy / " V2(s) dsi| . (2.17)

Thus, given the (as yet unknown) quantitkandUy, Eq. (2.17)governs the leading order behaviortof We will
derive expressions fdvp andR in Sections 2.3 and 2,5espectively, and use the approximat{@rB)for V.

2.3. Determination ot/
We now determind/o = U(r = R). Evaluating(2.17)atr = R, we find
Uo = 1 — Uo[kIZ(v/AR)R + Io(v/AR)Ko(v/AR)R] / V2(s) ds. (2.18)
0

Using(2.3) and (2.9and performing a straightforward integration, we have to leading order:

’max B3/2\/B X oA A 633/2\/5
V2(s)ds = / VeE)de = ———. 2.19
fo =" [ PEE=" (2.19)
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Combining this with(2.18), we find

6B%2JD
Uo(1—-Ug) = ——L, 2.20
ol 0) 7 (2.20)
where
L = kI3(VAR)WAR + Io(WAR)Ko(VAR)VAR. (2.21)
Eq. (2.20)is quadratic, with two real solutions:
1 24B3/2/D
Up)r==|1+ /1——L|, 2.22
o= = 5 \/ 7 ) (2.22)
aslong as
3/2
M < i (2.23)
VA 4L

We focus our attention on the reginB¥/?/+/A < O(1/+/D), in which the solutions are observed numerically.
Here,(Up)+ is a small perturbation of the linearly stable homogeneous solttienl, and hence an annular ring
solution withUg = (Up)+ is not expected to be stable, even on relatively short time scales. In cottfgst,is to
leading order:

6B8%2JD
VA

and so we focus on annular ring solutions with this valud/gffor the remainder of this section. There is a
saddle-node bifurcation of annular ring solutions when

68%2/D 1
VA AL

in which the two solutions constructed here merge.

(Uo)- = L«1 (2.24)

Remark. A further word is in order about the relative sizes of the small terms in the leading Brdguation,

(2.10) We had assumed, sé2.11) thatBD/ Ug « 1 andAD/BUp « 1, and verified that these conditions are
satisfied for the simulations in which annular rings of the type we analyze here occur. It turns out that the first small
term dominates the second. Redall24), (Up)_ = (6B%?+/D/+/A)L, to leading order. Hence, to leading order,
BD/Uj = A/36L2B? andAD/BUy = A%2./D/6LB®?, and the condition that the first term dominates the second

is therefore

|AD
6L, — <« 1.
B <

This condition holds in our simulations. For example, for the parameter sets used in the left and right fifaignes of
6L./AD/B ~ 0.17, 0.10, respectively. This relative ordering of the small terms is important for the construction
and the stability of the annular ring solutions. In the inner fast domaiis, nontrivial and, hence, the dominant
contribution to the jump discontinuitxzséf/, in U comes from the first small term and is proportiona( % U/ 12 dé.
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Table 1

The results of the approximation (#.27)using numerical data from simulations of the radially symmetric Gray—Scott préblem
D Value of lhs of(2.27)

1072 0.043

1073 0.011

10~4 0.0033

105 0.001

1076 0.00031

21n all simulations,A = 0.08, B = 0.2, andrmax = 5.

2.4. Analytic perturbation theory for the fast solutioniof

We now derive the solvability (or Melnikov) condition for the equation governing the existence of annular ring
solutions. For the remainder of this article we drop hats on all variables, unless otherwise mentioned. Multiplying
(2.7)by 0V/ ¢, one obtains

3 . -1 VN2 a[u7ve

10 = e () 3 o) 5 (229
where

HWV, V) = 1@;) +3iU0v3—%v2 (2.26)

is the Hamiltonian of the systeM” + (U/Up)V? — V = 0. Carrying out a leading order analysis in the limit
D — 0, we find by integrating both sides (#.25)and recalling tha¥’ (£) decays exponentially that

/ s+mR< ) 3/ ag( )Vsd'? 0. (2.27)

This equation, therefore, is a natural condition for the existence of an axisymmetric solutioh)tés an added
check we evaluated this expression numerically using data from simulations and found good agreement with the
leading order theory. Séable 1for the results.

The second term on the left-hand sidg2227)can be simplified by observing that, to leading order:

a (U 0 (U ~
i (5) = [ ()] o7 ez

whereh (¢) is (locally) an odd function about = 0. We show this as follows, and the reader who wishes to skip
this part on the first reading may go directly to the last paragraph of this section. Up to the last paragraph of this
section, we reintroduce hats on the appropriate variables.

Taking the derivative 0f2.17), one gets to leading order:

aTU DU

o= 5els) 29
max E+R Tmax

9 [2} ~ \/§ —Qo/ V2(s) ds + Q1/ V2(s)ds — QZ/ V3(s)ds |, (2.30)

3 LUo B 0 0 E+R
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where

00 = klo(v/AR) L (v'AR)VAR, 01 = Io(WARK1(~VAR)VAR,

0> = I1(~AR)Ko(v/AR)VAR. (2.31)
Next, we change variablds— é V — Vinthe integrals. Also, we use that, to leading orq’eer Vz(é) dé =
[€ V2@ déand [™* V2(6) dé = [ V2(§) dE, sinceV decays at an exponential rate away from 0. Hence,

the tails /% V2(€) d& and [>° V(£) d¢ are of higher order and introduce only an exponentially small error. We
can rewrite(2.30)as

0 U BD
—A[UO] [Qo/ V2dé 4 = (Q1—Qz)/ V2 dé

& Ug
VDJBé . ©
+—(Q1+Q2) / V(s—i—R)ds—/ ViGs+Rds) |, (2.32)
2 —o0 JDJBE
by adding and subtracting:
/ V2de
v D/B¢

to the terms involvingQ1 and Q». By rearranging terms and using the fact tiiat + Q> = 1, we arrive at an
expression of the forr(2.28)

o[U BD ~o
a_é [70] 2U0 [( 200+ 01— Qz)/ Ve(s)ds + h(E)} (2.33)
where
. JDTBE o
h(§) = [/ VZ(s+ Ryds — / Vs + R ds]
—00 V/D/Bg

is an odd function abougt = 0.
We again drop hats for the remainder of the calculations. Substit(2i88) into (2.27) we obtain to leading
order the simplified condition:

LY () oo

Substitution of2.9)for Vo and(2.33)for [(9/9%) (U/ Uo)]e=o into (2.34)and two straightforward integrations yield
the following leading order condition for the existence of stationary axisymmetric solutions:

1 /D ©6BD

=Vt U_g(_ZQO + Q01— 02 =0. (2.35)

Eq. (2.35)involves A, B, D, R andrmax @and, thus, determines the valuerf
2.5. Completion of the existence analysis

SubstitutingUy = (Up) - from (2.24)into (2.35), we find that annular ring solutions exist when
_ 68%2D

= (2.36)
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where

2V AR 1
(VAR v Armay) = ‘g [—Qo +5(01 - Qz)} (2.37)

and we recall thapo, Q1, and Q» depend onV/AR, and L depends on/AR andv/Armax. A straightforward
asymptotic analysis oft shows thaty — oo asR — 0. Furthermorep < 0 for R = rmax. Moreover,u is
continuous irr, and the right-hand side ¢2.36)is positive. Hence, given any set of positive parameters8 and
D, and anyrmay, there exists a real solution ¢2.36)for R. We solve(2.36) numerically with Mathematicg47],
since it involves Bessel functions in a nontrivial manner.

We require thaf2.23)holds, since otherwis@/p)— is not real. Combining2.23)with (2.36), we thus find that
axisymmetric solutions t¢l.1) exist when

2/ AR

L2

1 1
0< [—Qo 201 Qz)} <2 (2.38)

that is, when the graph qf lies between the-axis and the graph of/4L. We can, without loss of generality by
rescalingA, setrmax = 1, sinceA occurs in the formula only via/Armax and+/AR. Thenu depends only om
andR. We show below that there exists a valdig;, such that whem < Apj;, the graph ofx lies below the graph
of 1/4L, and thus, for any pair of paramet&i D), there exists a valid solution ¢2.36) WhenA > Apj, there
is an interval where the graph gflies above the graph of/4L, and thus a valid solution ¢f.36)exists only if

6B32/D P
— > s
JA i

or
6B8%2JD
— <
VA

where&, and&_ are the abscissae of intersections of the graphsafd 1/4L, as indicated irFig. 2 The cases
A < Apjf andA > Apjs are separated by a bifurcationAt= Apj.

5—7

0.2 0.4'6 0.6 0.8 1R
+

Fig. 2. These figures show the graphs of 1« (2.37)—the solid curve—and 1/4L (2.21)—the dashed curve—asfunctions of R, for different values
of A. Intheleft figure, A = 0.25, whichislessthan Ays. Intheright figure, A = 0.95, which is greater than Ayis. Annular ring solutions exist
for afixed R when the solid line is below the dashed line and above the R-axis. Thus, in the |eft figure, there are annular ring solutions for all
R € (0,0.71). As A increases through Ays, this existence interval splitsinto two intervals.



D.S. Morgan, T.J. Kaper/Physica D 192 (2004) 33-62 43

A A
10 1000
8 800
6 600
4 400
2 200
0.2 0.4 0.6 0.8 1R k 0.2 0.4 0.6 0.8 lR

Fig. 3. The existence regime for annular ring solutions: the shaded region shows the R values such that an annular ring solution existsfor agiven
A. For afixed A, the value of R where such an annular ring solution is located is determined uniquely by B and D. As A — oo, the existence
intervals narrow and approach 0 and rmax. Note the scales on the vertical axes.

To determine the location of the bifurcation in A—R parameter space, there are two conditions:

1 0 a ( 1 )
l/L — = s — M —_——
4L A=Apif , R=Ruit IR 4L

where of course 0 < R < rmax (Fig. 3). The second condition ensures that the graphs of © and 1/4L meet
tangentially. Using the Newton—Raphson method, we find

=0,
A= Apif , R=Ryit

Apit ~ 0.735176, Rpi ~ 0.221469.
We graph u and 1/4L, the right-hand side of (2.23), in Fig. 2, for fixed values of A below and above Ap;s.

2.6. Corroboration of analytical results: numerical simulations of the axisymmetric problem

In this section, we present the results of numerical simulations of theradially symmetric Gray—Scott problem, ob-
tained usingtheadaptivegrid code[2], to corroboratethe analysi sof the previoussections. Initial datawasof theform:

R — R —
U=1.0—oesech2< r), Vzﬂsechz( r) (2.39)
ey ey

for fixed o, B, ey, ev, and where, for most simulations, wetook « = 0.6, 8 = 1.4 and ey = ey = 0.25. Egs. (2.39)
represent alarge perturbation of U and V away from the background state (U, V) = (1, 0), localized about r = R.
Neumann boundary conditions U, (0, ¢) = U,(rmax,?) = 0and V,.(0,7) = V,(rma,?) = O were used, and the
simulations were run long enough for the solution to reach its asymptotic state. The results of two such simulations
areshown in Fig. 4.

To further verify the analysis, we numerically approximate the exact Melnikov function given by the left-hand
side of (2.27), using the results from simulations of the radially symmetric Gray—Scott problem. We evaluate the
integrals on the | eft-hand side of (2.27) by the trapezoidal rule, while the derivatives Ve and U are computed using
a standard central difference approximation. For a fixed set of parameters (A, B, rmax), We ran simulations for a
collection of valuesof D fromtheset {10~2, 10-3, 104, 10~°, 10~ }. Table 1 givestheresults. The numerics agree
well with the analysis.

In addition, we examined the evolution of initial data of the form (2.39) for fixed «, B, ey and ey, and where R,
the location of theinitial disturbance, was varied. For all R < rmax, the solution evolved to the axisymmetric result
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Fig. 4. Radial cross-sectionsof the annular ring solutions. In both of these simulations, D = 0.001 and rmax = 5. Intheleft figure, the parameters
are A = 0.04and B = 0.102, whilein theright figure, A = 0.3 and B = 0.5. The leading order theory predicts the existence of an annular ring
solution with R &~ 3.38, Ug ~ 0.042, v/dL ~ 0.13 and L ~ 1.42 for theleft figure, and R ~ 3.62, Uy ~ 0.083, v/dL ~ 0.11and L ~ 0.70 for
the right figure, where d = B2./D/ A (see also Section 3.1). The actual location of the solutions are approximately r = 3.26 and 3.51, while
Up =~ 0.045 as calculated from simulation data for the left figure and Up ~ 0.093 as calculated for the right figure.

predicted by the analysis. For R = rmax, the result was half of an annular solution, which obtained its maximum on
the boundary of the domain (see Fig. 5).

Remark. Theanalysisof thissection can bemaodified in astraightforward fashion to carry out astudy using matched
asymptotic expansions of these boundary solutions. We do not consider them further here.

Remark. Theleading order scaledinhibitor equation (2.10) isexactly the sameequation derived for U inthe context
of traveling pulses in the 1D model. This may be verified from [6] by substituting the scalings &€ = /B/ D¢, V =
(Uo/B)V,and U = UgU into Eq. (3.3) there. Moreover, the higher order term there, —C«/Wﬁg, can beidentified
with the higher order term, (—1/(€ + +/B/DR))ii; here, since —1/( + /B/DR) = —/D/B/(/D/BE + R) ~
—(1/R)+/D/B, associating ¢ with 1/R. This identification is expected, because of the well-established relation
between curvature of stationary, axisymmetric pulse and front solutionsin dimensionsn > 2 and speed of traveling
pulses and fronts, respectively, in one space dimension.

U Vv
1.4

© o o o
N A O

r

1 2 3 4 5

Fig. 5. The asymptotic state of asimulation where A = 0.08, B = 0.2, D = 0.01 and rmax = 5. The initial data was of the form (2.39), with
R=rmx =5.



D.S. Morgan, T.J. Kaper/Physica D 192 (2004) 33-62 45

Quantitatively, the scalings used here correspond to the scalingsin Case Ib of [6,7], which isaregimein which
traveling pulses with constant wave speed were found in the 1D Gray—Scott model. We recall from [7] that case |
corresponds to B¥2./D/+/A « 1, which holds here. Moreover, in [7] the distinction between subcasesaand b is
whether ¢ « A or ¢ = O(A), respectively. Trandating these using the identification of ¢ with 1/ R, wefind either
VAR > 1or /AR = O(1), respectively. For the numerical simulations reported in Fig. 4, one has v/AR ~ 0.66
and 0.49, respectively, in the left and right frames, which are O(1). Finaly, this same identification of 1/R with ¢
suggests that it may be possible to find annular ring solutions for which the central radius R is a slowly increasing
function of time, since it was shown in [6,7] that in case |athere exist modul ating two-pulse solutions with slowly
decreasing wave speed.

3. Destabilization of annular ring solutionsinto spots

In this section, we examine linear instability properties of the solutions, henceforth denoted by (Ug(r), Vo(r)),
constructed in the last section. The linearization of the full Gray—Scott problem (1.1) (with Dy = 1, Dy = D)
about the stationary axisymmetric solution (Uo(r), Vo(r)) yields a system of two coupled second-order equations.
Returning to the variable ¢ = r — R centered on the annular ring A, we substitute the perturbation:

(UG 6, 1), VE 6, 1) = (Uo(®), Vo(®) + (@), v(&) " e (31

into (1.1), where m is an integer, and linearize, obtaining
m2u

1 R)2 + Au + Au,

gg’:+%_ R = V0u+2U0Vov~|—

Dv
Duge + — = —VZu — 2UoVov + ——

E1R + Av + Bu.

DmPv
(E+R)?2
The structure of this eigenvalue problem is clarified by an appropriate rescaling. The significant scaling of the
eigenfunctions « and v is the same as the scaling used on the variables U and V in the existence analysis, and Vg
and ¢ are scaled exactly as before. Hence, we set

U N U, ~
g,/g = —, f):EOv, vo—?ovo, A=Bi,  m=ci. (3.2)

At this stage of the analysis, ¢1 isafree parameter, and the scaling for A is chosen to simplify the v equation. Since
Up isgiven by (2.24) to leading order, the eigenvalue problem is

i A . N 36L2B2D .. 36B2L2 224
g + - = >3 | i 2 + 2Vob + 36L%BDii + A+ _amu
&+ .B/DR 36B°L " A G+ JBDR?
Uz 242 X R )
gt e = +h—2Vo+1)0— Vga. (33
§+B/DR (£ + /BJ/DR)?

3.1. Transformation of eigenvalue problem to a second-order NLEP

In this section, we reduce the coupl ed second-order equations (3.3) to asingle, second-order, nonlocal eigenvalue
problem (NLEP). Theprocedurefor obtaining the NL EPrelieson expl oiting thefast—slow structure of theunderlying
annular ring pattern (Up(£), Vo(§)) to determinethefast—slow structure of the eigenfunctions. One can either encode
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asymptotic information about the slow (i) component in the fast part of the eigenvalue problem (namely, the v
equation) or vice versa. We choose the former.

Consider first the slow (outer) 7 problem in the slow variable €. Outside an O(,/D/B) neighborhood of £ = 0,
Vo isexponentially small. Thus, termsin the i equation involving Vo can be neglected to leading order. The solution
of the outer problem consists of two pieces: i is the “left outer” solution for —R < & < 0 and 4,9 is the “right
outer” solution for 0 < & < rmax — R. Both iy and 42,0 are obtained by solving:

e + AR s a)i (3.4)
u = u .
FTE+rR \E+R?2

with boundary conditions:

Ugle=—p =0, lele=rma—Rr = 0, w0 =C,

where we recall that d/dé = /D/B(d/d¢). The first two boundary conditions are imposed so that the boundary
conditions of the full partial differential equation (1.1) are satisfied, while the last boundary condition isamatching
condition on theleft outer and right outer solutions, with the value of C to be determined by matching. The solutions
of (3.4) satisfying the given boundary conditions are

ieo(§) = — e ( A+ BAE + R)) ,
Ly ( At B)\R)
c - -
inro0(§) = ) <BZ(rmax)Ic1rh < A+ BrE+ R)) + B1(rmax) Ky ( A+ BA(E+ R))) , (35
where

Bi(r) = C1ﬁ1_1<\/A + Bir)—l—lc,l,;lH(\/A + Bir>, Bz(r)chl,;,_l(\/A + Bir)—i—[(cl,;lH(\/A + Bir>,
0 = B1(rmax) Keyin <\/A + BXR) + Ba(rma) Leyin <\/A + BXR) )

Here, I.,; and K., ; are the modified Bessel functions, and we recall that K diverges asits argument vanishes.

Aswejust saw, (3.4) consists of two separate and fully determined boundary value problems, one problem on the
disk &£ € [—R, 0), and the other on the annulus & € (0, rmax — R], with a continuity condition inzz at & = 0. Thus,
both problems have two boundary conditions, and there isin general ajump discontinuity in the derivative of & at
& =0, which welabel Aiig. Using (3.5), wefind

Asiiz = lim fg — lim ig = —C\/ A + BAR,

500 g0
where
@ = Bilrme) [Bl(R) Kon(VA L BIR) Bz(R)} . (36)
20 Lo (VA + BiR)

We will match the jump discontinuity just computed in the slow field with that computed below in the fast/inner
field to determine the value of C. Hence, we rewrite the jump Aiig in terms of the fast variable &:

R AD .
Aty = —c‘/? + Dis2. (3.7)
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We next consider theleading order  problem in thefast regime given by first part of (3.3). By the scaling assumption
(2.6), we may neglect to leading order the term involving & 2 In addition, we binomially expand the term involving

i, set c1 = ~/BR, and recall (2.24) to obtain

A

BD .o, . S o
figy = ?(Vozu + 2Vod) + D(. + m?)i. (3.9)

0

Recalling the assumptions D « 1 and BD/ Ug <« 1(2.11), the u component of the eigenfunction is constant to
leading order in the fast regime. We will focus our attention on the regime in which

BD B
DK — = 5 > 1,

Upg Ug
so that the second term on the right-hand side of (3.8) can be neglected. Note that with (2.11) and (2.24) thisimplies
that
< 4

36B2L2

(We emphasize that by our choice of scalings we are only studying m = O(1) here. For larger values of m one
needs to include the second term.) The jump in the derivative of iz at £ = O, Afﬁé, is given to leading order by

D <L

BD [ . N o
— | (Vi + 2Vod) dé, (3.9)

A sit;
Tz )

where we have once again used the fact that Vo decays exponentially outside an @(1) neighborhood of E=0.
Also, thetails [ % (V2i + 2Vod) o€ and [ (V2ii + 2Vod) dE, where 2k is the width of the fast field, introduce an
exponentially small error.

Matching requires that one equates A‘Yﬁé (38.7)and A st : (3.9):

AD . BD ® L © L
—C/— +Dr2=— C/ vods+2f Vod de | .
B U? — —

0
Solving for C and substituting in the leading order value (2.24) for Up, one obtains

-2 oo
c= /
d(6L)2\/A/B+ A2 +67"%

whered = B2J/D/A. Therefore, one obtains the second-order NLEP:

Vob dE, (3.10)

Dy + 200 — (1+ Din? +3)]o = —CVZ,
by substituting (3.10) for # in the v equation of (3.3) and neglecting the terminvolving ﬁé, sinceitisof higher order.
Finally, transforming this equation via

=-27C _ 9
Soo Vovdé  gerz [A 4 Ga 1

N | vre>

P2=41+Dm%’+1%), C= t=2, vy =2d& (3.12)

and using (2.9), one obtains the NLEP:

y 4 (12sech?(r) — P?)y = C sech®(n) / - sech?(#) y(r) dt. (3.12)
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3.2. Analysis of the NLEP

Nontrivial bounded solutions of the NLEP (3.12) for isolated values of P aretheleading order fast components of
the eigenfunctions of the full eigenvalue problem (3.3). If for agiven wave number 7 there exist nontrivial solutions
y of (3.12) with Re(k) > Othen (Uo(&), Vo(&)) islinearly unstable to perturbations with (unscaled) wave number
m = /BRi.

For agiven solution y(¢) of (3.12), theintegral in the right member is a constant. Thus (3.12) is equivalent to an
inhomogeneous hypergeometric equation:

y + (12sech?(r) — P?)y = ésech*(r)

and classical resultsfrom mathematical physicsenableusto solveit, see[29], for example. Once one hasthe solution
() of thisinhomogeneous equation, one has to impose the consistency condition that ¢ = C ffooo sech?(¢) $(¢) d.
Thedetails of thisprocedurefor solving (3.12) are presented in the appendix. The result of the analysisisan explicit
formula C = C(P), which, for a particular set of parameter values (A, B, D, R, rmax), relates the angular wave
number 7 and the eigenvalue A:

P(P —1)(P — 2)(P — 3)

C(P) =
(P) 16R(P)
See Appendix A, where we drop the overbar on C(P), for the details of the analysis. This analysis follows [8]
closdly.
Inverting the formulafor C (A.12), we obtain the equation:
1 9
dL? = ( . — 1) ) (3.13)
622(, m)\/A/B +A CV1+ Dm2+3)

In order to solve (3.13), we develop another Mathematica code [47]. The stepsin obtaining the solutions are as fol -
lows. Usingtheparameters (A, B, D, rmax), wenumerically solve (2.36) for R. Withthevaluesof (A, B, D, rmax, R)
fixed, and where we also recall (2.21), (3.13) depends only on 7 and i. We loop through a mesh of % values and,
using the secant method built in to Mathematica, we solve for i. The result is a list of wave number—eigenvalue
pairs (i, A). Finally, we unscale the list, obtaining the (m, Re()) pairs, which we plot (see Figs. 6 and 7).

3.3. Numerical simulations: rings splitting into spots

In this section, we compare the results of simulations of the full Gray—Scott problem with the analytic instability
results obtained in the previous section. We use the VLUGR2 code [1] to simulate the full 2D problem. This Fortran
77 code uses an adaptive mesh with locally uniform grid refinement to resolve large spatial-temporal gradients.

We simulated the full Gray—Scott problem in polar coordinates (r, 8). Neumann boundary conditions were used.
Theinitial datawere either of the axisymmetric form:

R — R —
U=a—ﬁsech2< r), V:ysech2< r) (3.14)
ey &y
or of the form:
R—r n R—r n
. 2 2(n _ 2 2("
U=oa— Bsech < - ) cos (29>, V = ysech < - ) cos (29>, (3.15)

where for most simulations we took « = 1.0, 8 = 0.6, y = 1.4. Both ¢y and ey were chosen to make a
large-amplitude pulse in the domain, localized about » = R. Initia data of the form (3.14) is as described above,
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Fig. 6. Prototypical simulation 1: comparison with the stability analysisfor A = 0.04, B = 0.102, D = 0.01 and R = 3.01. The vertical axis
is Re()), while the horizontal axisis the (unscaled) wave number m. The black dots at m = 4—6 correspond to the wave numbers of the stable
m-Spot patterns that were observed in the numerical simulations. The curve is the plot of Re()) of the most unstable eigenvalue obtained from
the analysis, and its local maximum is near 4, with m = 3 and 5 also being strongly unstable wave numbers.

whiletheinitial dataof theform (3.15) consists of aring of n spots. R was chosen appropriately for each simulation,
as explained below. The r-domain was typically takento be [0, 5], i.e., rmax = 5.

The simulations were carried out as follows. For most of the simulations, we chose Dy = 1, while Dy = 0.01,
sothat D = (Dy/Dy) = 0.01. For fixed values of A, B, D, and rmax, We solved (2.36) numerically to obtain an
approximation of R. All simulationswere run until the timesteps taken were of the maximum allowable size by the
code.

Prototypical simulatiorl. A = 0.04, B = 0.102, D = 0.01, rmax = 5, v/dL ~ 0.21, L ~ 1.28 (Fig. 6)

Using the above valuesfor the parameters, wefind by solving (2.36) numerically that R ~ 3.01. Theabovevalues
for the parameters along with this estimated value of R fix the left-hand side of (3.13). Using the code described
at the end of the previous section, we obtain the wave number—eigenvalue list (im, Re()) of the most unstable
eigenvalue. For the simulations of the full Gray—Scott problem, initial data consisting of aring of » spots was used.
We found that four-, five- and six-spot initial data evolved to stable four-, five- and six-spot patterns, respectively.
For initial data consisting of fewer than four spots or more than six spots, the final asymptotic pattern was afour-,
five- or six-spot pattern (see Fig. 6).

Prototypical simulatior2. A = 0.08, B = 0.2, D = 0.01, rmax = 5, v/dL ~ 0.22, L ~ 0.98 (Figs. 7 and 8).

Using theabove valuesfor the parameters, wefind from (2.36) that R ~ 3.13. The abovevaluesfor the parameters
alongwiththeestimated valueof R fix theleft-hand side of (3.13). Running the code asdescribed above, weobtainthe
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0. 025
4 n
-0.025
-0.05

Fig. 7. Prototypical simulation 2: comparison with the stability analysis for A = 0.08, B = 0.2, D = 0.01, VdL ~ 0.22, L ~ 0.98, and
R = 3.13. The vertical axisis Re(1), while the horizontal axisis the (unscaled) wave number m. The black dots at m = 5-8 correspond to the
wave numbers of the stable m-spot patterns that were observed in the numerical simulations. The curveisthe plot of Re()) of the most unstable
eigenvalue obtained from the analysis, and the local maximum isnear m = 6, withm = 5 and 7 also being strongly unstable wave numbers.
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Fig. 8. Prototypical simulation 2 with A = 0.08, B = 0.2, D = 0.01, R ~ 3.13 and Teng = 5000. Thedomainis (r, §) = [0, 5] x [0, 2x], and
initial data are as described in the first paragraphs of Section 3.3. The value of U at the center of the spots is approximately 0.08.

wave number—eigenvaluelist (m, Re(1)) of the most unstable eigenval ue. For the simulations of the full Gray—Scott
problem, initial data consisting of aring of n spots was used. We found that four- through eight-spot initial data
evolved to stable four- to eight-spot patterns, respectively. For initial data consisting of fewer than four spots or
more than eight spots, the final asymptotic pattern had between four and eight spots positioned on aring (see Figs. 7
and 8).

3.4. Comparison of theory and simulations; stable ring solutions on long time scales

In this section, we compare the results of a series of simulations with the leading order NLEP theory, where
this series is chosen to examine the effects of increasing the small parameter A/36B2%L2. Specifically, we fix the
domain size and parameters A and D, and choose a decreasing sequence of values B. For each set of parameters,
we determine via the NLEP the wave numbers to which the annular ring solution is unstable, and hence the
number of spots the ring splits into. These predictions are then checked against direct numerical simulations for
different sets of initial data (3.15), where R is calculated from the leading order theory of Section 2 and » is an
integer chosen fromthe set {3, 4, ... , 13, 14}. Werecall that the stability analysisisfor long, but not infinite, time
scales.

Specifically, we fixed the domain size to be rmax = 5, and A = 0.04, while D = 0.005 is chosen small
enough so that we could obtain reasonable comparisons with the leading order theory, but large enough so that the
problem could be computed. B was chosen from the following set of decreasing values {0.14, 0.12, 0.1, 0.08, 0.06,
0.05, 0.045, 0.04, 0.038}. The results are given in Table 2. Just as was the case for the prototypical simulations
presented above, it is the case for the series of simulations reported here that the most unstable wave numbers
calculated with the NLEP method quantitatively correspond to the number of spots observed in the PDE (1.1).
Moreover, as the value of the small parameter A /36B2L? wasincreased, the width of theinterval of unstable wave
numbers decreased, until it vanished near 0.22. We found similar results for other values of D.

For completeness, we note [39] that the m value at the left edge of the instability interval can be computed
directly from condition (3.13), since there the real part of i vanishes, simplifying the condition. See the analysis of
homoclinic stripes and their splitting into spotsin [13], where this idea was first used.
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Table 2
The number of spot solutions predicted by the NLEP, and the actual number of spot solutions which are stable to Teng = 1000, as given by the
results of simulations?

B A/36B2L? NLEP prediction (no. of spots) Most unstable wave numbers Simulations
0.14 0.036 2-16 5-7 4-8
0.12 0.046 2-15 5-7 4-9
0.1 0.062 2-14 5-7 59
0.08 0.091 3-12 57 59
0.06 0.15 4-9 5-7 5-8
0.05 0.22 Stablering - 6-7
0.04 0.33 Stablering - Stablering

ashown also is the value of the small parameter, A/36B2L2, which increases as B decreases. In each case, the NLEP curve attains its
maximum at m = 6, with the most unstable interval of wave numbers being 5-7 in each case. Note that for B = 0.05, the NLEP prediction hasa
maximum of about —0.002 near m = 6, and it is expected that higher order corrections would move the NLEP curve above the m-axis. Finally,
on significantly longer time scales, some spotted ring sol utions undergo secondary instabilities.

4. Turing/Ginzburg-Landau analysis

The analysisin the previous sections has been for the monostableregime (A < 4B?), inwhich (U = 1, V = 0) is
the only homogeneous stable state. In this section, we focus on the bistable regime (A > 4B2). The two additional
homogeneous steady states are

W V)—11:|:14Bz AL g4 (4.1)
£ VE =13 A 28| T a |l '

Thestate (U_, V_) isconditionally stable, see[27], and we perform alinearized stability analysisof it, also verifying
theresultsvianumerical simulation. In addition, we show numerically that some of the annular ring sol utions studied
in the monostable regime may be continued into this bistable regime.

4.1. Stability with respect to radial and angular perturbations
We consider perturbations of the form:

uy _ (U- u(t)
(9)-(4)+ () o

where f(k, m, r, 6) is taken from the set {Jo(kr), Jo(kr) €"¢ &%} where Jo(kr) is the Bessel function of the first
kind. First, substituting (4.2) with f = Jo(kr) into (1.1) and linearizing, one obtains

(5)-x(2)

where
A2
—k% — v A 2B
M= A2 . 4.9
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Here, we used the leading order approximation:
B A
w-vo=(5.3) @9

for U_ and V_, since 4B? < A. In addition, since the derivatives of Jo(z) involve J1(z) and J_1(z), the recurrence
relation:

2v
Jo—1(z) — ?JV(Z) + Juy1(z) =0

was used to write the J11(z) interms of Jp(z).
The more general perturbation:

U\ _ [(U- u(t) im0
(9)= (%) + (9 e @

leads to the same stability matrix M, asgiven by (4.4) above. However, (4.6) isnot acomplete set of basisfunctions,
sincewhen k is 0, J,,(0) = 0, and thus purely angular perturbations are not yet taken into account. We return to
this shortly.

Using the trace-determinant form of the eigenvalues of M:

Ay = %[Tr/\/l + /(Tr M)2 — 4Det M],

we seethat Re(A1) > Re(A_).
Inorder for (U_, V_) to belinearly stable, it must bethat Tr M = A4 + A_ < Ofor al k. Thetrace of M is

A2 2 2
~35 —A+B-DK—i2

Setting k = 0 and solving for A = 0, onefindsthat Tr M < 0 when

A<B_ o A> By,

where
By = $BY%(—VB £ VB +4).

We now find explicit values, A, and k., of the parameter A and wave number k such that (U_, V_) ismarginally
stable. Marginal stability at k. is equivalent to the situation in which Re(A_) < Ofor al k and Re(A;) < Ofor all
k # k., Re(Ay)|k=+r, = 0and (d/dk)Re(Ay)|k=+r, = 0. SinceDet M = A_ - 1,, marginal stability thus occurs
for A, and k. satisfying

1. Det M(k; A,) > O foral k.
2. Det M(4k.; A.) = 0.
3. (3/0k)Det M(%k,, A.) = 0.

Condition 3 implies that locally (near k) the eigenvalue curve 1 meets the k-axisin a quadratic tangency.
From conditions 2 and 3, one obtains

4, _ B~ B?DK® & BVBY 4 4B%? — 2B3DIC + B2D?%k" — AD%k° @
=T 2(B + DK?) '
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and

—B?J/D + BV4B + B2D — 8Dk2

po = EVDEBVIRE , (48)
2VD

respectively. Setting theroots (4.7) and (4.8) corresponding to A, equal and solving for k2, one obtainsfour possible

solutions, one in each quadrant of the (k, A) parameter plane. The solution in the first quadrant is

, B¥2 B BY/BD-4/2BD+4

ko= ———+ 4.9
° V2D D V2D (49)
Substituting this solution into the formula (4.8) corresponding to A, one obtains the result for A.:
A B B\/ —4y/2DB%/2 4 DB? — 4v/2Bv/BD — 4v/2BD + 4 + 128 410
c —_——— . .

2 2D

To study perturbations of the conditionally stable homogeneous state (U_, V_) with respect to the angular variable
0, we substitute

U _ U- u(t) imo
(v)=()+ ()
into (1.1) and linearize. The resulting stability problem is the same as (4.3) with k = m /r and hence, m2 = k2r2.
Finaly, we note that the stationary state (U_, V_) is linearly stable for A > A, whilefor A < A, itis

linearly unstable. Thus, we would expect the formation of Turing patterns to occur for A < A, and |A —
Al < 1

4.2. Vferification of linear stability analysis via numerical simulation of the full 2D problem

In this section, we verify the stability analysis presented in the previous section. We used the VLUGR2 code [1],
discussed in Section 3, for our simulations.

Fig. 9 shows the result of a representative simulation. In thiscase, A = 0.07, B = 0.086 and D = 0.01, which
iswell below the critical parameter value A, ~ 0.106. The solution has the appearance of atarget pattern, where
the rings of the pattern have split into spots. The stripe on the left-hand side of the left figure corresponds to a
spot centered at the origin. The other two stripes of spots correspond to annular rings of spots. The measured
(angular) wavelengths of the center and right stripe are 0.782 and 0.393, respectively, which closely correspond to
the theoretically predicted values of 0.782 and 0.435. Note that all numerically cal culated wavelengths are accurate
to only within half of a characteristic wavelength, due to the fact that we use Neumann boundary conditions in the
6 coordinate instead of periodic boundary conditions.

It is interesting to note that if one writes the “angular” Gray—Scott problem obtained from (1.1) by using
the polar form of the Laplacian, but keeping only the 6-dependent term, one obtains a problem in which r ap-
pears as a parameter. Using the parameters of Fig. 9 with an r value corresponding to the middie of the center
ring, simulations of this problem with periodic initial data of period 0.785, one finds that such a solution is
stable. Likewise, for r chosen corresponding to the center of the outermost ring, a resulting solution of wave-
length 0.393 is found to be stable. This corresponds nicely with the angular wavelengths of the spots seen in
Fig. 9.

In addition, hexagonal patterns are also observed near criticality. The patterns observed consist of spots of low
activator concentration in abackground of high activator concentration (see Fig. 10). Near criticality, one can derive
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Fig.9.Inthissmulation A = 0.07, B = 0.086, D = 0.01, Tgng = 15000, and thedomainsizeis(r, 6) = [0, 3] x [0, 2x]. Theleft figureisaplot
of simulation data, whichisin polar coordinates, whiletheright figureis obtained by transforming the data of the same simulation into rectangular
coordinates. The center ring is located a r ~ 4.3 while the outer ring isa r ~ 7.7. Initial data were of the form U = 0.1 + 0.05cos(2r),
V =1.1— 0.6cos(2r). The destabilization into spots occurs along thering all at once.
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Fig. 10. Theleft figure shows the activator (V) concentration from asimulation of thefull 2D problemin polar coordinates, where the horizontal
axis is the r-axis and the vertical axis is the 6-axis, and the right figure shows a plot of the same data in rectangular coordinates. Higher
concentrations are denoted by red, while lower concentrations are denoted by yellow. In both plots, A = 0.1475, B = 0.102 and D = 0.01, and
thedomain is (r, 6) = [0, 4] x [0, ]. The parameters are near critical, with the pattern consisting of small-amplitude displacements from the
linearly unstable homogeneous state (U—, V_). Thecritical value of A calculated from the leading order theory is A, ~ 0.137, and theinclusion
of higher order corrections moves A, above 0.1475. In simulations of the full problem, the target pattern breaks up into spots of low activator
concentration against a background of high activator concentration. In theright figure, ahexagonal structureisapparent. The solutionisaclassic
Turing pattern. Initial datawas U = 0.1+ 0.05cos(2r), V = 1.3 — 0.6 cos(2r).
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amplitude equations to determine the stability of hexagonal patterns. See for example [43, Chapter 14.3], where
thisis done for the Brusselator.

4.3. Numerical continuation of Turing patterns back to the monostable regime

We next consider simulations of the radially symmetric Gray—Scott equation and show that the Turing patterns
just studied in the bistable regime can be continued back into the monostable regime. We fix the parameters A and
D and run simulations for a series of values for B. More precisely, weset A = 0.3 and D = 0.001, and we chose
B from the following set:

B € {0.925,0.9125, 0.7, 0.5, 0.3, 0.24, 0.15, 0.1, 0.08, 0.07}.

The domain was taken to be » = [0, 5], the homogeneous initia data (U = U_,V = V_) were used (with
atiny perturbation) and all simulations were run to Teng = 10°. For B = 0.925, one obtains the trivial solu-
tion (U, V) = (1,0). For 0.27 < B < 0.925, one obtains a single pulse solution for V, which corresponds
to an annular ring solution of the full problem. As B is decreased below 0.27, multi-pulse solutions begin to
appear; first a two-ring solution near B = 0.26, then three- and four-ring solutions as B is decreased further.
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1 1
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Fig. 11. In the four simulations presented here, A = 0.3, D = 0.001 and Teng = 10000. B = 0.08 in the top left figure, which is close to the
leading order critical B, = 0.0804 (where (U_, V_) ismarginally stable). The solution liesin the fast field, where V is bounded away from 0.
In the top right figure, B = 0.12, and the solution is further from critical, and between the rings, V is bounded away from 0. In the lower left
figure, B = 0.24, which is above B,. In thisregime, (U_, V_) till existsand is linearly unstable, and V is now exponentially small between
rings. In the lower right figure, B = 0.5, and the state (U_, V_) no longer exists. This one-ring solution is of the type studied in Section 2.
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These multi-pulse solutions resemble the singular solutions discussed in Section 2, in that the solution V has
a number of large-amplitude pulses, while away from the pulses, V is exponentialy small. However, as B ap-
proaches the critical value B, = 0.08 (the value at which (U_, V_) is marginaly stable), V is no longer expo-
nentially small between pulses. Finally, as B is decreased through B., these periodic-like solutions decrease in
amplitude to the trivial state (U_, V_) (see Fig. 11). This continuation result follows closely the continuation re-
sult obtained for spatialy periodic patterns in 1D in [27], where Busse balloons (see [3]) of stable states were

found.
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Fig. 12. For the fixed parameters A = 0.04, B = 0.102, D = 0.001, asthe disk size isincreased, the solution develops from a spot in the center

of the domain, to an annular ring, and then to multiple annular rings.
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Remark. If one fixes the parameters and instead increases the domain size (that is, increases rmax), the result is
that, depending on the magnitude of rmax, an n-ring solution will develop, with n increasing with rmax (See Fig. 12.)

5. Stable stationary ‘volcanos,’ ring splitting and other solutions

In the analysis of Sections 2—4, the existence of axisymmetric annular ring solutions was presented, and linear
stability results were obtained for very long, but not infinite, times. We showed that an annular ring solution could
break up into a ring of spots and predicted the number of spots from the most unstable angular wave numbers
derived from the NL EP method. Interestingly, the widths of the intervals of unstable wave numbersm shrink asthe
small parameter A/36B2L2 isincreased (recall Table 2). For the simulations reported in Table 2, this interval of
instability vanished when the size of the small parameter reached 0.22, and an annular ring solution was observed
to exist for long times when the small parameter was near 0.33.

Inthisfinal section, webriefly discussthreeclosely related phenomena. First, we present the results of simulations
in the regime where both U and V vary on approximately the same spatial length scale. Here, we find long-lived
annular ring solutions. A representative simulation is shown in Fig. 13, where we note that the parameter values are
outside the domain in which the above analysis applies. The situation here with annular ringsis similar to that for
one-pulse solutions in 1D where the existence from the asymptotic regime can be continued into the regime where
the concentrations of both species vary over the same spatial length scale, see Section 6 of [8].

In addition, for certain values of the parameters, and starting with annular rings as initial data, the rings were
observed to split into two or morerings. Asthe simulations progress, the outer-most and innermost rings devel oped a
disturbancetransversetothering. (These zigzag instabilities might be studied along thelines of [ 19,21].) Continuing
the simulations further, we see that the disturbances in the rings propagate into the inner rings. These simulations
were run on arectangular domain, with the boundary far from the rings (Figs. 14 and 15). For the parameter values
for which this behavior is observed, U and V vary over (nearly) the same spatial length scale, and so the analytical
approach considered in Section 2 of thiswork might be extended using topological shooting, aswas done for pulse
solutionsin 1D in Section 6 of [8].

10-10

Fig. 13. The results of a simulation in which the parameterswere A = 0.04, B = 0.102, Dy = 0.05, Dy = 0.025. The domain was the disk
(r, 0) € [0, 10] x [0, 27], and the simulation was run to an end time of Teng = 10, 000. The left figure shows the cross-section of the solution,
showing both U and V. Notethat U and V vary over roughly the same spatial length scale. The right figure shows the V component of the same
solution.
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Fig. 14. The vV component of simulationsfor A = 0.0405, B = 0.102, Dy = 10~°, Dy = 2 x Dy . Intheleft figure, Teng = 3000, and one-ring
annular initial datahas split into two rings. In theright figure, at Teng = 4000, the two rings have developed a zig-zag disturbance. See[3,21] for
other examplesin which zig-zag instabilities arise. Note that these simulations were performed on arectangular domain [—10, 10] x [—10, 10],
and the above figures do not show the whole domain.

In simulations, isolated spots were also observed to exist. The typical solution consists of an axisymmetric
spot solution centered in the middle of the (square) domain. For example, on a sguare domain of dimension
[—0.15,0.15] x [—0.15, 0.15], and for A = 0.01, B = 0.145, Dy = 0.5625 x 103, and Dy = 0.5625 x 10~°
such a solitary stationary spot solution is observed. It may be possible to modify the analysis of Section 2 to study
their existence, but we do not consider them further here (see [44]).

Fig. 15. The V component of simulations for A = 0.041616, B = 0.102, Dy = 107%, Dy = 2 x Dy, Teng = 3500. The domain of the
simulation was [—25, 25] x [—25, 25], and the above figure does not show the full domain. Notice that the outer and inner rings have developed
a pronounced zig-zag disturbance.
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Appendix A. Explicit eigenvalue formulae

In this appendix, we make extensive use of the theory of hypergeometric functions to derive an equation for C
(3.11). We begin with the NLEP (3.12):

y 4 (12sech?(r) — P?)y = C sech*(1) / - sech?(1) y(t) dt

with the boundary condition that y : R — C remains bounded ast — +oo. In this appendix, we drop the overbar
on C(P).

The unique solution of this nonlocal eigenvalue problem is determined as follows. First, one transforms—in
standard fashion (see for instance [29])—the | eft-hand side into the form of a hypergeometric differential equation
by setting y(r) = F(r)(sechr)? and then changing independent variablesto x = (1/2)(1 — tanh ):

x1—0F" "+ 1A+ P(1—20)F + 12— P — PO)F
1
= 2C(4x(1 — x)}~F/? / (4x(1 — x)) "2 F(x) dx. (A1)
0
Second, one finds the unique solution F of the auxiliary (standard, inhomogeneous) problem:
(L= F.+ 1+ P(L—20F; + (12— P — P)Fz = C(4x(L—x)* 72, (A2

where C isaconstant. Recall that F(a, b|c|z) and z2 ¢ F(b — ¢ + 1, a — ¢ + 1|2 — ¢|z) aretwo linearly independent
solutions of the hypergeometric differential equation:

21— 2)F" +[c—(a+ b+ 1)z]F —abF=0.

From (A.2), one seesdirectly thata = P+ 4,b = P — 3,and ¢ = P + 1 (wherea and b are interchangeable), and
hence the two homogeneous solutions are

X(x)=F(P+4,P—3|P+1x), (A.3)
Y(x) = %F(—S, 41— P|x), (A.9)
where

_(P=3)(P-2)(P-1])
T (PH+3(PH+DD(P+Y

By theintroduction of this additional constant we have X (1 — x) = Y(x) (which will be used frequently below). By
solving the (standard) differential equation for the Wronskian W(x), we find

_ _ w(P)
Wx) = XY =YX = =P

L(P)

(A.5)
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where w(P) = —41PPL(P). Moreover, we note that X (x) is analytic at x = 0, and that F(—3, 4|1 — P|x) isa
cubic polynomial. Now, the solution of the inhomogeneous problem is obtained via variation of constants; i.e., by
setting F(x) = f(x) X (x) + g(x)¥(x). Using (A.5), we find

= a-rec (1 — x)WHP2x1=Pl2k(p, x), (A.6)
P(P —1)(P —2)(P —3)
41—P/2 -
¢ = ¢ PR — )PP 1 — ), (A7)

P(P—1)(P—2)(P-23)

where the cubic polynomial k(P, &) = ko(P) + k1(P)& + ko(P)&2 + ka(P)&3 with ko(P) = (P — 3)(P — 2)(P — 1),
k1(P) = 12(P — 3)(P — 2), ko(P) = 60(P — 3), and k3(P) = 120 can be obtained from F(—3, 4|1 — P|x), and we
note that the value of k3(P) isacorrection to atypographical error in [8]), but that the other cal culations presented
there are correct. Therefore, defining

Flxg, x2, P) = / P = ot PR P2 p gy d, (AB)
X1

the general solution of the inhomogeneous equation (A.1) is
Fz(x; P) =[d(P)F (O, x; P) + folY(1 — x; P) + [-d(P)F(1 - x, 1; P) + go]Y(x: P), (A.9)

whered(P) = 41-F/2C/P(P — 1)(P — 2)(P — 3) (and of course C isafunction of P) and fp and go are constants
determined by boundary conditions. Specifically, requiring that F;. stay bounded asx — O and asx — 1implies
go=0(sinceY(x) - coasx — 0" and F(1, 1; P) = 0), while fo = —d(P)F(0, 1; P) (sinceY(1 — x) — oo as
x — 17 and F(0, 1; P) # 0). We also observe that F(1 — x; P) = Fx(x; P); and, for completeness, we record

that
. _ 1 2 1 ? L i T
FO.L P =—2P (1+§P> <1‘§P) Sn(@/2P)

Third, in order that the solution F (x; P) given by (A.9) of the auxiliary problem solves the full nonlocal problem
(A.1), onerequiresthat F; satisfies the consistency condition:

1
C=2C f Fz(x; P)(4x(1 - x)7?dx. (A.10)
0

Of course, due to the linearity of the auxiliary equation, its unique solution is of the form Fg (x; P) = CFi(x; P).
Hence, for nonzero C, the consistency condition (A.10) simplifiesto

1
1=2C f Fi(x; P)(4x(1 — x))*/? dx. (A.11)
0

Finally, inserting the solution (A.9) into the relation (A.11), we obtain

_ P(P—1)(P—2)(P—3)
c(p) = RO , (A.12)

where

1
R(P) = — / Fx, 1, DY — x; P)x/?(1 - x)P2dx. (A.13)
0
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We remark that a straightforward expansion yields

i _9
lim C(P) = 3. (A.14)

Finally, the explicit expression (A.12) for C = C(P) is substituted into the explicit expression for dL2, which is
readily obtained by inverting the second part of (3.11):

dL? = = [ 9 1]. (A.15)

62G., i)/ A/B + 5 LEWD)

Thisrelation between dL2 and P, and thus also the relation between dL2 and X, determines the leading order part of
the (discrete) eigenvalues of the NLEP. Using the explicit expressions (A.8), (A.12) and (A.13) one can explicitly
solve (A.15). However, it is clear that this cannot be done by hand (especially not for complex values of P); one
uses a package such as Mathematica [47].
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