SIAM J. APPLIED DYNAMICAL SYSTEMS (© 2010 Society for Industrial and Applied Mathematics
Vol. 9, No. 2, pp. 292-332

Front Interactions in a Three-Component System*

P. van Heijster’, A. Doelman?, T. J. Kaper$, and K. Promislow?

Abstract. The three-component reaction-diffusion system introduced in [C. P. Schenk et al., Phys. Rev. Lett.,

78 (1997), pp. 3781-3784] has become a paradigm model in pattern formation. It exhibits a rich
variety of dynamics of fronts, pulses, and spots. The front and pulse interactions range in type
from weak, in which the localized structures interact only through their exponentially small tails,
to strong interactions, in which they annihilate or collide and in which all components are far from
equilibrium in the domains between the localized structures. Intermediate to these two extremes sits
the semistrong interaction regime, in which the activator component of the front is near equilibrium
in the intervals between adjacent fronts but both inhibitor components are far from equilibrium
there, and hence their concentration profiles drive the front evolution. In this paper, we focus on
dynamically evolving N-front solutions in the semistrong regime. The primary result is use of a
renormalization group method to rigorously derive the system of N coupled ODEs that governs the
positions of the fronts. The operators associated with the linearization about the N-front solutions
have N small eigenvalues, and the N-front solutions may be decomposed into a component in the
space spanned by the associated eigenfunctions and a component projected onto the complement
of this space. This decomposition is carried out iteratively at a sequence of times. The former
projections yield the ODEs for the front positions, while the latter projections are associated with
remainders that we show stay small in a suitable norm during each iteration of the renormalization
group method. Our results also help extend the application of the renormalization group method
from the weak interaction regime for which it was initially developed to the semistrong interaction
regime. The second set of results that we present is a detailed analysis of this system of ODEs,
providing a classification of the possible front interactions in the cases of N = 1,2,3,4, as well
as how front solutions interact with the stationary pulse solutions studied earlier in [A. Doelman,
P. van Heijster, and T. J. Kaper, J. Dynam. Differential Equations, 21 (2009), pp. 73-115; P. van
Heijster, A. Doelman, and T. J. Kaper, Phys. D, 237 (2008), pp. 3335-3368]. Moreover, we present
some results on the general case of N-front interactions.
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1. Introduction. Patterns are ubiquitous in science and engineering. They form when key
physical quantities—for example, the concentrations of chemical species—exhibit nontrivial
spatial and/or temporal dependence. Stripes, hexagons, spots, fronts, pulses, spirals, targets,
sand ripples, and roll cells are all examples of patterns that may be observed.

Patterns may be classified as being near-equilibrium or far-from-equilibrium. In the for-
mer, the amplitudes of the key physical quantities are close to their equilibrium values ev-
erywhere in the domain. Such patterns arise, for example, when stable homogeneous (or
equilibrium) states are destabilized by diffusion, as in the classical Turing bifurcation. By
contrast, in far-from-equilibrium patterns, the key physical quantities exhibit large excursions
away from equilibrium. Often, such patterns have a localized character; i.e., they are close
to equilibrium on large parts of the domain and far from equilibrium on relatively small or
narrow subdomains. Examples include fronts, which connect two different equilibria, pulses
that may be the concatenations of two fronts, spots, and other more complicated spatially
localized structures.

In the last decade, the three-component reaction-diffusion equation introduced in [21]
has become a paradigm model for investigating the rich variety of front, pulse, and spot
dynamics. As shown numerically and experimentally in [2, 10, 15, 16, 17, 18, 21, 25, 26],
these localized structures can undergo repulsion, annihilation, attraction, breathing, collision,
scattering, self-replication, and spontaneous generation. This three-component model consists
of a well-studied bistable equation for the activator component and linear equations for the
two inhibitor components, with bidirectional linear coupling. Hence, it may be interpreted
as a FitzHugh—Nagumo-type equation augmented with a second inhibitor component. It
has become a paradigm problem because, among other reasons, it is simultaneously complex
enough to support the rich dynamics of these localized structures and simple enough to permit
extensive analysis, as has been shown recently in one space dimension in [6, 24].

A scaled version of this paradigm model in one dimension is

U, = Use + U-U> —e(aV +BW +7),
(11) T‘/t = 812‘/55 + l']—‘/v7
oW, = DWe + U-W,

where 0 <e <1, D > 1, 7,0 >0, o, 3,7 € R, O(1) with respect to ¢, and (£,t) € R x RT.
Here, U represents the activator concentration, and V and W represent the concentrations of
the inhibitors (for a, § > 0). This partial differential equation (PDE) has homogeneous steady
states O(e) close to (U, V,W) = (£1,+1,+1) and to (0,0,0), with the former being stable
and the latter unstable. Fronts are solutions that are close to the stable homogeneous steady
state near (—1,—1,—1) on a certain interval and then jump to the other stable homogeneous
state near (1,1,1). Backs are the opposites of fronts, and they are related to fronts via the
symmetry (U, V,W,~) — (=U, =V, =W, —~) of (1.1), so that one may simply refer to both as
fronts. Finally, pulses, which are the concatenation of a front and a back, are biasymptotic to
either the homogeneous state near (—1,—1,—1) or to that near (1,1,1). By symmetry, any
result about the former pulse solution also holds for the latter type, and vice versa. Hence,
one may focus on the former type, without loss of generality. The fronts, backs, and pulses
we study approach the steady states exponentially fast as & — +oo.
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Figure 1. These frames show the evolution of the U- (left), V- (middle), and W (right) com-
ponents for a certain approzimate 2-front initial condition with system parameters («,f,v,D,T,0,e) =
(6,—5,—2,5,1,1,0.01). The fronts of the 2-front solution repel each other and diverge to too. Note that
the V- and W components interact strongly, while the U component interacts weakly.

The third component W was introduced in [21] to stabilize traveling spot solutions in two
dimensions. In [6, 24], the relation between the three-component model and its two-component
limit has been investigated in detail (in one spatial dimension). In [6, 24], we have shown that
the third component significantly increases the richness of the dynamics generated by the
model. For instance, stationary 2-pulse (4-front) solutions cannot exist in the two-component
limit [6]. Here, we will also establish that uniformly traveling 3-front solutions can exist only
in the three-component model; see Lemma 4.11.

The existence and stability of traveling 1-pulse solutions and standing 1-pulse and 2-pulse
solutions was proved in [6, 24]. We used and extended classical methods from geometric
singular perturbation theory and from Evans function theory. Moreover, we note that it was
critical for the application of these methods that the localized structures were either constant
in time or fixed in a comoving frame.

This paper may be viewed as the next natural step in the analysis of the three-component
model (1.1). We study dynamically evolving solutions consisting of N fronts. It is not clear
how to use the classical techniques to rigorously establish the existence of these solutions
or their stability, since there is not a single global comoving frame in which all N fronts
are constant. Indeed, any two adjacent fronts may move in opposite directions and/or with
different speeds; see Figures 1 and 2.

Our objectives in this paper are to derive and to analyze the system of N coupled ordinary
differential equations (ODEs) that governs the velocities of the fronts in an N-front solution
in the parameter regime 7,0 = (O(1)—see Remark 1.1. The derivation is readily carried
out formally using matched asymptotic expansions. However, a rigorous justification of the
validity of these ODEs—i.e., of the validity of reducing the three PDEs in (1.1) to a system
of N ODE:s for the front velocities—requires significant new analysis. This justification is the
primary result of this paper. It will be achieved by modifying the renormalization group (RG)
method to consider the stability in a bounded variation (BV)-type norm. The second main
result is an analysis of the reduced ODEs. In particular, we classify the different possible
front dynamics for these N-front solutions, as well as how interacting fronts may pair up into
(interacting) pulses.

As a preparatory result, we will show that 1-front solutions travel with velocity F(t) =
3\/ 2e7y, where £ = I'(t) denotes the position of the fronts at time ¢. Moreover, we show that

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



FRONT INTERACTIONS IN A THREE-COMPONENT SYSTEM 295

10000

8000

6000

4000

2000

Figure 2. In this frame, we show the evolution of the U component for a certain approximate 4-front initial
condition with system parameters (o, 8,7, D, 7,0,e) = (4,—3,—0.5,10,1,1,0.01). The four fronts converge
asymptotically to a stable stationary two-pulse solution. Note that the back and the front of a pulse do mot
necessarily move with the same speed and/or in the same direction.

they are stable (see Lemma 2.1). The first substantial case involves 2-front solutions. We will
show that the front velocities are given by

= 2vae (v ae T geb Tt} fy— by,

to leading order. Analysis of these ODEs reveals that a 2-front solution converges asymp-
totically to a standing 1-pulse solution if and only if this 1-pulse solution is stable and there
are no unstable 1-pulse solutions between it and the initial fronts. Otherwise, the fronts may
converge asymptotically to +-oco or annihilate.

The dynamics exhibited by 3-front and 4-front solutions is more varied. We show, among
other things, that 3-front solutions and 4-front solutions for which one (or more) of the outer
fronts travels to +o0o can be stable. Also, the 4-front solutions can converge asymptotically
to a ground state, a stable 1-pulse solution, or a stable 2-pulse solution.

For general N > 1, we will show that the velocities of the fronts are given to leading order
by (2.1). Analyzing these ODEs in the generic case when v # 0, we show that uniformly
traveling solutions are possible when the number of fronts is odd but not when the number
of fronts is even. Similarly, in the generic case, we find that stationary N-front solutions can
exist when N is even, but not when N is odd. See Lemma 4.4.

In proving the existence and stability of the dynamically evolving N-front solutions, we
focus exclusively on the case N = 2, in order to keep the analysis of the RG method as trans-
parent as possible. Nevertheless, the ideas and arguments in the proof also suffice to rigorously
justify the ODE reduction for N-front solutions for general N. There are N eigenvalues near
zero, and the spectral splitting holds uniformly for the N-front solutions, as follows from the
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analysis in [24]. See also [14] for a detailed study of the stability of N-pulses using the RG
method.

The validity of the ODE system (2.1) will be established using an RG method. Indeed,
the method will simultaneously give the existence and stability of the N-front solutions, as
long as no two adjacent fronts get too close. One begins with the manifold of approxi-
mate N-front solutions obtained from a formal derivation. Initial data ®N(&,t = 0) =
(Un(&,0), "N(£,0), Wn(&,0)) for the PDE (1.1) that lies close to a point on this manifold
may be decomposed into the sum of an approximating “skeleton” N-front solution on the
manifold and a remainder which lies in the directions transverse to the manifold and whose
norm is of the size of the distance to the manifold. Based on leading order matched asymptotic
expansions, one expects that ®x(&,t) will remain close to the skeleton solution as it evolves
on that manifold, i.e., that the remainder remains small. However, proving that this is the
case requires a stability analysis about the time-dependent solution on the manifold. With
the RG method, we show that there exists a sequence of times {t}}32,, with t{ = 0, at which
one may freeze the skeleton solution on the manifold and linearize about this frozen solution
in order to approximate the linearization about ®y(¢,t) on the interval [t7,¢7, ;]. Then, at
the end of each time interval, one renormalizes the skeleton solution by taking an appropriate
point on the manifold, and repeats the above procedure. Projection of the solutions onto the
eigenspace associated with the NV small O(e) eigenvalues of the linearized operator leads to the
ODE:s for the positions of the fronts, and projection onto the complementary eigenspace leads
to the bounds on the resolvent and semigroup, and hence also to the bounds on the remainder.

There are several competing factors, akin to normal hyperbolicity, which determine wheth-
er or not the RG approach succeeds. On the one hand, the lengths of the intervals, 7, ; — 7,
must be sufficiently long so that the contraction estimates obtained from the semigroup esti-
mates are sufficient. On the other hand, the lengths of these intervals must be sufficiently short
so that the secular errors which accumulate in making the frozen linearization approximation
do not become too big.

Front and pulse interactions have been studied using RG methods in [5, 14, 9, 19]. The
underlying strategy in applying the method here is similar to that used in these other studies.
The main challenge we face in applying the RG method to the three-component model (1.1)
is that we cannot use variants of an H'-norm, such as those used in [5]. These norms are
singular when comparing functions with small differences in their asymptotic states at spatial
infinity. To overcome this, we define the y-norm (see (3.1)), which can be seen as a variant of
the usual BV norm.

We observe that the interactions between the fronts and pulses that we study is classified
as semistrong; see [4, 5, 12, 14, 22]. Semistrong interaction of two adjacent fronts means
that the interaction is driven essentially by the component(s) that are not near equilibrium
in the intervals between the fronts. In the case of (1.1), the front interactions are driven
by V and W; see Figure 1. Hence, the semistrong interaction of fronts and pulses in (1.1)
stems from the separation of length scales in the PDEs, i.e., from their singularly perturbed
nature. The interaction in the semistrong regimes is stronger, and hence the observed front
interactions are richer, than that in the weak interaction regime [7, 8, 19, 20]. In the weak
regime, the pulses are assumed to be “sufficiently far apart” that the pulses can be considered
as “particles” to leading order. Semistrong interacting localized structures change shape, and
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the interaction may even cause “bifurcations.” On the other hand, semistrong interactions
are weaker than strong interactions, which occur, for example, when fronts collide or when
a pulse self-replicates. For the three-component model (1.1), numerical simulations suggest
that when two fronts enter the strong interaction regime, where I';11(&) — I';(€) < e~ ! for
some 17, the fronts collide and disappear; see Figures 7 and 10 (in section 4). It is a challenge
to analyze strong interactions and to apply the RG method to strongly interacting fronts.

This paper is organized as follows. In section 2, we present the formal derivation of
the ODE (2.1). The renormalization group method that rigorously justifies the derivation
of this ODE is presented in section 3. Then, a detailed analysis of the ODEs for the cases
N =1,2,3,4 is presented in section 4. Moreover, we present some general results for N odd
or even.

Remark 1.1. The fact that the parameters 7 and 6 are O(1) is a key assumption in this
paper. For these values of 7 and 6, the terms involving ¢ are to leading order absent in the
slow fields [6, 24]. This is crucial, since ¢ = ¢(t) is not even well defined in the slow fields. It
is a fundamental challenge to adapt the methods used in this paper for problems where the
speeds of the fronts do have a leading order influence in the slow fields. Here, this occurs if
7,0 are O(e72) large; see also [6, 24]. In this parameter regime, traveling 1-pulse solutions and
breathing 1-pulse solutions exist and bifurcate from stationary 1-pulse solutions. The proof
of section 3 breaks down in this regime, since the essential spectrum converges asymptotically
to the origin in the limit € — 0.

2. Formal derivation of IN-front dynamics. In this section, we formally derive an N-
component ODE describing the dynamics of the N different fronts of an N-front solution.
A priori, the fronts of an N-front solution all travel with different speeds. Therefore, it is not
possible to introduce one comoving frame which travels along with every front. We formally
overcome this problem by introducing N comoving frames such that every frame travels along
with one of the fronts. This way we obtain N different independent “fast” ODEs. To leading
order, we then solve each of these ODEs by singular perturbation techniques and obtain
N jump conditions (2.4). Since the speeds of the fronts have no leading order influence on any
of the intermediate slow fields, we can formally “glue” the IV different fast solutions together in
the slow fields. Formally, we then obtain an N-component ODE (2.1) describing the evolution
of the N fronts. The key underlying assumption in this construction is that the speeds of the
various fronts appear at higher order in the slow fields; see Remark 1.1. The perturbation
analysis can be summarized as follows.

Assume that all parameters of (1.1) are O(1) with respect to €, and let € be small enough.
Moreover, assume that the speeds of the fronts of an N-front solution ®x(&,t) to (1.1) are all
O(e). Then, to leading order, the ith front I'; of this N-front solution formally evolves as

Li(t) = (-1)"*'3v2e {’y Foa (=TT oy (—1)itesTimaTy)
4 (_1)iea(Fi—Fi+1) N ( 1)N_165(Fi_FN))
+ 8 (_6E(F1—Fz‘) 4t (_1)Z Lo p (i1 =T%) + (- 1)ieB(Fi—Fi+1)

_|_..._|_(_1)N p T FN)] 1,...,N.

(2.1)
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Here, I'; is the &-coordinate of the ith time the U component crosses zero, and ' is the time-
derivative of T.

Note that I'; < I'; if i < j, and therefore all the exponentials in (2.1) have a negative
exponent. Moreover, since we use the fast scaling, the distance between two fronts is of order
O(¢71). Thus, the interactions between the fronts are not exponentially small, as in the
case of weak interaction. Also observe that the influence of the ith front on the jth front is
independent of the number of fronts in between.

This formal result is derived as follows. Since the ¢th front of an N-front solution is located
at I'; and moves with speed ec;, we have that

(2.2) I(t) =T5(0) + E/t ci(s)ds = Ty(t) =eci(t).
0

Since the various speeds ec; of the fronts have no leading order influence on the slow equations,
the PDE (1.1) to leading order reduces to the following ODE system:

Ug = p,
Pe = —u+ud +e(av + Bw + v — ¢p),
’Uf = &q,
2.3
23) G = (v —u)+ O,
wg = pr,
re = p(w—u) +0(e?).

In the N fast fields, the regions around the fronts, the solution is governed by the first
two ODEs with different speeds ec¢; and with different fixed v and w components; that is,
(v(Ty),w(T;)) = (vi,w;). In the fast fields, the U component to leading order jumps from a
locally invariant manifold MZ to the other MF, where ME = {u = £1— Je(av + fw +7) +
O(£?), p = O(e?)}. Therefore, the solution has to lie in the intersection of their unstable and
stable manifold; i.e., it has to lie in W%(MZ) N W*$(MZT). The distance between those two
manifolds, which has to be zero to leading order, is measured by a Melnikov integral [6, 23].
This integral yields N conditions

o0 (e.e]

6(0[’UZ- + Bw; + /7)/ pO(g)dg + (_1)262/ p0(£)2d£ = 0(6\/6)7 for ¢ = L....N,

—0o0 —00

with po(§) the derivative of the leading order integrable flow; that is, po(&) is the p-solution of
the (u, p)-system of (2.3) with e = 0. In particular, py = jv/2sech® (1+/2€). Integrating gives
N jump conditions,

11
(2.4) avi+ﬁwi—|—7:(—l)’+13\/26i for i=1,...,N.

In the N + 1 slow fields, the regions in between the fronts, the solution is governed by the
last four ODEs of (2.3) with u fixed at either +1 or —1. To leading order, these ODEs can
be solved explicitly,

v(€) = Ajet 4+ Bje ¢ 4 (—1), w(€) = Cjeps + Dje™ p& 4 (—1),

2.5
(2:5) j=1,...,N+1.
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Note that v(¢) and w(¢) do not change in leading order when [£| < ™! during the passage
along a slow manifold. Therefore, we assume that Al'; = I';, 1 —[; = O(e71); see Remark 3.3.

To determine the constants A;, Bj,Cj, D;, and thus (v;,w;), as functions of the front
locations I';, we implement the asymptotic boundary conditions and match the slow solutions
(2.5) and their derivatives over the fast regions. That is, Ayy1 = By = Cny1 = Dyy1 = 0,
and

Al 4 Biem = Az’+1€€m + Biyre 4 2(-1)",
Aieeri — Bie_eri = AH_le ' — Bij1e” €Pi,
(26) e, _EeT. = i—1
Ciepti 4+ Dje Dt = CZ'_HED i+ Djp1e D+ 2(—1) s
e . e, £ 7. _ET.
CieDFZ — Dje pli = CZ'_HGDFZ — Di+1€ DPZ,
for i = 1,...,N. Since we have as many unknowns as equations, we can determine the

remaining unknowns {A;, B;, C;, Dl}f\f’{l Rewriting (2.6) gives

Aj = Ay + (1) el Biy1 = B — (—1) el
Ci = Cip1+ (1) temnT, D1 =D; — (=1)ten™,
fori=1,...,N. Therefore,

(2.7)

N i—1
A= e, B Y (1P
=i =
(2.8) N | i |
Ci:Z(_l)j_le_BFj7 Di:Z(_l)jeEFjv
j=i j=1
fori =1,...,N + 1, and where an empty summation is defined to be zero. Since (v;, w;) =
(v(T;),w(T;)), we obtain that
= Al + Bie™i 4 (—1)"
N i—1 _ '
_ Z j 1 —aI‘ aI‘Z + (_1)jeaf‘j e—eFi + (_1)z
J=i Jj=1
2.9 1
( ) — Z ( 1)] 5 F F + (_1)]—168(F1—FJ)7
Jj=1 j=i+1
i—1 N
w; = Z (=1)7ep i1 4 Z (=1)~ten TiTy),
j=1 j=i+1

fori =1,...,N. Combining (2.9) with the jump conditions (2.4) and using (2.2), we obtain
(2.1).

Lemma 2.1. Assume that all conditions of the formal construction are met. Moreover,
assume that N = 1; that is, we look at 1-front solutions. Then these 1-front solutions travel
with speed

(2.10) I(t)=cc= ;’\/257.
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Moreover, these 1-front solutions are stable.

Proof. Equation (2.10) is a direct consequence of (2.1) with N = 1. However, since we only
have to introduce one comoving frame, this result can be made rigorous by the method used
in [6]. Likewise, the stability of these 1-front solutions directly follows from the pulse-stability
analysis in [24]: the 1-front solutions can have only one small eigenvalue, the translational
eigenvalue at A = 0.

3. An RG method. We reformulate the results of the previous section in a rigorous
manner (see Theorem 3.2 in section 3.2) and use the RG method developed in [5, 19] to
rigorously prove this theorem. In order to focus on the essence of the method and avoid
technical details, we consider only the case N = 2 of (2.1) in full detail. The proof of the
general case runs along the same lines modulo certain technicalities, such as the uniform
spectral compatibility; see section 3.4. In order to formulate the theorem, we first need to
introduce a suitable norm.

3.1. The x-norm. We define the y-norm by
(3.1) IOV, W)l = 10l + VI + 1IW L, with |-l o= lxc- [l + 10 - [[1e

where x(§) is a positive function with mass 1, that is, Yy = ffooo x(€)d¢ = 1, and is expo-
nentially decaying with an O(1) parameter with respect to ¢ (for example, x(§) = %e"ﬁ').
It is straightforward to check that the y-norm is indeed a norm; in essence, it is a weighted
Whlnorm. We also define the normed space X:

(3.2) X =AUV, W) [ (U, V,W)][ < oo}

The reason for using this particular norm, instead of a more usual one such as the scaled variant
of the H'-norm used in [5], is that this y-norm is well behaved with respect to differences in
asymptotic behavior at spatial infinity. The need for this is explained as follows. An N-front
solution to (1.1) only converges asymptotically to leading order to (—1,—1, —1) at £ = —o0 [6].
However, the skeleton solution which we use to approximate an N-front solution (see (3.6))
converges asymptotically exactly to (—1,—1,—1) at —oo. Therefore, although the error is
only of O(¢) size at spatial infinity, the H!'-norm of this error is unbounded. Since the tails of
the N-front solution and the skeleton solution are exponentially flat, the seminorm ||0g - || 11
(all constants have norm zero) does not yield an unbounded error. To make this seminorm
|0¢ - ||z into a norm, we add the component |x - ||z1, which, by the third assumption on
X, also does not penalize errors at infinity. The first two properties that we impose on the
weight vy, positivity and mass one, are to make sure that the y-norm uniformly dominates the
L°°-norm.

Lemma 3.1. Let u,v be integrable functions such that ||ully, |[v||y < co. Then, the x-norm
has the following three properties:

(3-3) [ullzee < flullx,
(3-4) G+ ully < 2G| lully,
(3.5) Juvlly < 2lfullllvlly,

where G in (3.4) is an L'-function (in this paper typically a Green’s function), and * the usual
convolution.
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Proof. The first property, (3.3), is established via the following inequalities:

o0

ulz) — uly) = /zugds — Ju@)| < [ fuelds + fuly)l.
Yy [e'e)

Multiplying by x(y), integrating over all y in (—o0,00), and recalling that x is positive and
has mass one, we find that

[e.e]

u(@)] < lluel| 1 +/ IXWu)ldy = llullzee < Jully-

—00

The proofs of the second and third properties, (3.4) and (3.5), heavily rely on the first
property. To prove the second property (3.4), we use Holder’s inequality, the fact that
(G *u)e = G * ue [11], the inequality |G * ul/zr < [|G||p1]|ullr for 1 < p < oo [11], and
finally the above result (3.3),

1G* ully = IX(G * w)l[pr + (G * el
< Il G+ ullpoe + |G uel| 1
< NGl llullzee + NGl fJugll o1
< 2/|Glpf[ully-

To prove the third property (3.5) observe that

Juvllx < fluxvllpr + lJuvel[r + [loxul e + [loue| s
< lullzoe l[ollx + [[ollzo ffully
< 2ully[lvlly-

3.2. The main result. In order to give an accurate formulation of the main result of
this paper, i.e., that the dynamics of an N-front solution of (1.1) is indeed determined by
the formally derived (2.1), we first need to introduce some more notation. We define the
stationary skeleton N-front solution ®p(£) by

®4(6) Uo(&;T)
(3.6) Pr€) =1 228 | = GvxU(&T) |,
P3(¢) Gw *Up(&; 1)

in which Up(§,T) is the leading order approximation of the U component of a stationary
N-front solution of (1.1),

N ' 1
(3.7) Up(6,T) =—1+Y (-1 tanh (2\/2(5 - ri)> .
=1

Here, I'; determines the location of the ith front; more precisely, Up(§) has its ith sign change
at & = I[';. By definition, we have that I'; < I';41, and since the interaction of the fronts is semi-
strong, we may assume that Al'; = ;11 —I'; = O(e71); see Remark 3.3. The functions Gy, (€)
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and Gy (€) are the Green’s functions associated with the stationary V- and W-equations of
(1.1) with U(&,t) = Up(&). For example, Gy = Uy is the (exact!) solution of

1
Straightforward computations yield that
1 1 .
(39) GV = —2Ee_€|§| and GW = _2;€_D‘£‘7

which are both L!-functions with norm 1.

The graph of the functions ®r (&) forms an N-dimensional manifold My . Note that My o
has a boundary OMxy o consisting of N — 1 codimension 1 hyperplanes at which I'; = I'; 41
(t=1,...,N—1). The evolution within My is (to leading order) determined by (2.1). The
dynamical skeleton N-front solution ®p () is defined to be an N-front solution (3.6) whose
fronts I';(¢) evolve according to the ODE (2.1).

This ODE has been obtained under the assumptions that I'; < I';;1 and Al; = O(e™1)
(Remark 3.3). However, these properties are not necessarily conserved by the flow generated
by (2.1): two components I';(¢) and I';11(¢) of a solution of (2.1) may in principle cross and
thus change order. (See section 4, in which the dynamics generated by (2.1) is studied.) In
other words, the evolution of (2.1) may drive a solution toward the boundary OMxy,. Our
methods—and in fact all methods considered in the literature—break down in the strong
interaction regime, i.e., for solutions of the PDE (1.1) that have two fronts I';(¢) and T'; ()
that become too close. In fact, we will see in the simulations presented in section 4 that these
fronts will in general annihilate each other in the PDE, while their approximating counterparts
will survive the collision and move through each other in the ODE simulations—something
that is impossible in the PDE. Therefore, we define ¢,, = ¢,,(I'(0)) of a solution I'(¢) of
(2.1) as the maximal time for which min; AT;(t) > ¢=1/2 for all time 0 < t < t,,. Thus,
D(t,) is O(e7'/?) close to M o, and t,, = O(e72) since AT;(0) = O(¢~!) by definition and
I'i(t) = O(e) for all i. Note that our methods in principle allow us to extend our results into
regions in which AT';(t) = O(¢77) for any o € (0,1); see Remark 3.3. In that sense the choice
for the critical distance, o = 5, is somewhat arbitrary. However, it does provide us with a
unique definition of ¢,,(I'(0)), and none of the other possible choices for o appear to give more
insight than the present one. Note also that the fronts do not necessarily collide. In fact, I'(¢)
remains bounded away from 0 My o for many choices of I'(0). In other words, ¢,,(I'(0)) = oo
for large sets of initial conditions; see section 4.

We can now formulate our main result.

Theorem 3.2. Let ¢ > 0 be sufficiently small, and assume that all parameters of (1.1)
are O(1) with respect to . Let ®n(§,t) = (Un(&,t), VN (£, 1), Wn(E,t)) be a solution of (1.1)
which is O(e) close to the N-front manifold My at t = 0; i.e., there is a I'(0) such that
AT;(0) = O(e™1) and .

[Px(+,0) = Pr(o)llx < Ce,

for some C' > 0. Then, ®x(&,t) remains O(e) close to Mo for 0 <t < t,, and its evolution
is governed by (2.1), the leading order dynamics of the fronts of ®p«)(§). In particular,
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DN (€, t) can be decomposed into

(3.10) PN (E,t) = Py (§) + Z(E,1)
with
(3.11) NZ(-,t)|ly < Ce  forall 0 <t <ty

This theorem establishes the validity of the N-front dynamics formally obtained in sec-
tion 2.

By using an improved skeleton solution ép(f) and the same RG procedure as in this
section, it is possible to improve on this result. For instance, we can prove the existence of an
attracting manifold My ; with the property that a solution @N(g,t) with initial conditions
D (€,0) starting only O(y/e) close to My will eventually be O(e?) close to it. This manifold
Mn,1 is an O(e) correction to the manifold Myo. To determine the improved skeleton
solution ®p(£) we need the results of this section (with the normal skeleton solution ®p (&)
(3.6)). Therefore, this section can be seen as a first step in an iteration procedure to obtain
an attracting /N-dimensional set My . with boundary O My . in the solution space associated
with (1.1). Away from OMxy . the dynamics on My . is to leading order governed by (2.1).
Note that this analysis is somewhat subtle, for instance since the speed of the fronts influences
the corrections to the shape of the front solutions in the higher order approximations (and vice
versa). Nevertheless, this iteration procedure can be performed by embedding the geometrical
approach of [4, 5] into the higher order RG method analysis—see [5], where the speed of the
interacting pulses determines the amplitude of the pulses to leading order. We refrain from
going into the details here. It should be observed that an iterated refinement of the theorem
does not yet necessarily establish whether or not My . is actually a manifold. See also [1, 27].

We emphasize that the dynamics of the skeleton solution ®p(€) is only to leading order
determined by (2.1). Because of accumulation of error, the predicted front position could
diverge by an O(1) for nonstationary solutions ®x(&,t) after O(e~!) time. However, at all
points on the manifold the front dynamics is given to leading order by (2.1), particularly for
the configuration of steady states and traveling waves.

The remainder of this section is devoted to the proof of Theorem 3.2, using the RG method,
as developed in [5, 19]. As was already stated, we consider only the case N = 2 in full detail.
For clarity, we note that (2.1) reduces to

Iy = 2\/26 (’y — qeth=T2) _ ﬁeg(rl_F2)) ,

(3.12) 2
Iy =—_V2e (’y — aef—T2) _ ﬁeE(Fl—H))
2

in this case.
Substituting the decomposition (3.10) into the PDE (1.1), we find

ODp
8rfr — R(®r) + LrZ + N(Z).

The residual R(®r) is defined as the error made by the skeleton solution (3.6) and is de-
termined by plugging (3.6) into the right-hand side of (1.1). Since, by construction, ®(&)

(3.13) J +
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(®3(&)) solves the second (third) component of the right-hand side of (1.1) exactly for given
®1(&) = Up(&,T) (3.8), we obtain that the second (third) component of the residual is zero.
However, the first component R; # 0:

Ry
R(®r)=| R2
R3
(3.14) 5
(Uo)gg + Uy — (Up)? — e (a(Gy x Up) + B(Gw * Up) + )
= 0
0
The linear operator reads
852 +1— 392 —ca —ef3
(3.15) Ly = ! H(ier-n) 0
; 0 s (Zoz-1)
Finally, the nonlinear term is given by
(3.16) N(Z)=( -30,22-23, 0, 0)".

The proof of the theorem now consists of several steps, which are all essential to the RG
method used [5, 14, 9, 19].

1. First, we bound the nonlinear growth term N(Z) (3.16) (see Lemma 3.5) and the
residual R(®p)) (3.14) (see Lemma 3.6) that occur in the PDE (3.13). See section 3.3.

2. In section 3.4, we analyze the linear operator Ly in Lemmas 3.7-3.10. We determine
that Lp has two small eigenvalues and that the rest of its spectrum is well into the left half
complex plane. Moreover, we obtain a bound on the x-norm of functions which do not have
a contribution in the direction of the eigenvectors W4 belonging to the small eigenvectors A+
associated with Lp.

3. Next, we start the RG method. We freeze a basepoint I'? := (I'{,T'9); that is, we
fix the front location, and we rewrite (3.13) once more; see section 3.5. Then, we project
onto the eigenspace of the small eigenvalues A4, to obtain the motion of the two fronts I'y
and T’y (3.45); see section 3.6. In section 3.7, we project onto the eigenspace Xro the space
perpendicular to the eigenspace of the small eigenvalues A. The analysis of these projected
equations gives a bound on the size of the remainder Z(&,t) on some time interval [0, ¢*]; see
Lemma 3.13.

4. At time t = t*, we renormalize by choosing a new basepoint I'! := (1, T'}), and we
show that the y-norm of the remainder Z(,t) has the same asymptotic magnitude as before
renormalization; see Lemma 3.17. Moreover, we show that the new basepoint I'! is near the
location of the fronts from the previous step at time t*, I'(t*). A repetition of step 3 and the
above observation then bounds the remainder Z(&,t) for all time (3.11). See section 3.8.

5. With this estimate on the remainder Z(&,t), we further investigate the evolution of
the two fronts I'; and I'y (3.45); see section 3.9. This validates (3.12) and completes the proof.
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Remark 3.3. The results established in this paper are valid under the assumption that
the fronts ;41 and I'; do not interact strongly. To leading order, this translates into Al'; =
O(¢71), the assumption that has been imposed throughout this paper. However, the interac-
tion between two neighboring fronts remains semistrong as long as Al'; = O(¢77) for some
o > 0. All results remain valid under this somewhat weaker assumption. The proofs for the
more general results may become slightly more technical, though, since it may be necessary
to incorporate (straightforward) higher order calculations. Therefore, we refrain from going
into the details here.

Since the notation O(¢~7), o > 0, plays a crucial role in this paper, we recall its definition.
A quantity Q(e) is of O(¢77) for some o > 0 if there exists a C' > 0, independent of ¢, and
an g > 0 such that £7/Q(e)| > C for all 0 < e < &p.

3.3. Nonlinearity and residual. In this section, we bound the norms of the nonlinear term
N and the residual R, but before we do so we compute bounds on ®1, the first component of
®r (3.6), in several norms.

Lemma 3.4. || @], = O(1).

Proof. To compute the L'-norm of (®)¢, observe that

(@1)e = V2 <sech2 <;¢2(§ - r1)> _ sech? (;\/2@ - r2)>> .

Since |[I'y — T'y| > Ce~7 for some o > 0, we obtain that

@0l = |Vasear (,vac)

By the assumptions on x(§), we observe that also ||x®1|[z1 = O(1).

Now, we establish the following bound on the x-norm of N(Z).

Lemma 3.5. |[N(Z)|y < C{IIZ1I3 + | Z1|13 }, where C is an O(1) constant.

Proof. This follows immediately from (3.16), (3.5), and Lemma 3.4.

Next, we bound the residual R.

Lemma 3.6. |R||p~ = O(e) and ||R||y = O(e).

Proof. We need only to prove the second bound on R, since the first bound then follows
from (3.3). Moreover, since Ry = 0 and R3 = 0, we need only consider the x-norm of R;. A
short calculation shows that

(Uo)ee + Uo — (Uo)* = § (V21 72) — 1) sech? (}v/2(¢ — T'y)) sech? (v/2(¢ — T)) ,

+ exp. small = O(1).
Lt

which is exponentially small. Therefore, the leading order behavior of R; is given by
(3.17) Rl(q)p) = —¢ (a(GV * Uo) + 5(GW * U()) + ’7).
Now, by (3.4), the fact that |Gy = 1, ||Gw|;r = 1, and Lemma 3.4, we obtain the

following bound for the leading order terms in Ry:
[R1ly = ella(Gv * Up) + B(Gw * Up) +7llx
< e QlallGv i 1Uollx + 2181 GwllLr 1Tolly + 171
< e 2(lal + BDITolly + 7)) = O(e).
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3.4. Resolvent. In this section, we analyze the linear operator Lr (3.15), with T' fixed.
We start by computing its spectrum o(Lr). The spectrum o(Lr) can be split into essential
spectrum oess (L) and point spectrum o, (Lr). The following lemma gives, to leading order,
the location of both parts.

Lemma 3.7. The essential spectrum oess(Lr) of the linear operator is contained in the left
half plane and bounded away from zero in an O(1) fashion. More precisely, to leading order,

(3.18) R(ows(Lr) < max{—i,—;, —2},

where the inequality is understood pointwise. The point spectrum o,(Lr) of the operator has,
besides two negative O(1) eigenvalues in the vicinity of —g (which may be contained in the
essential spectrum), two small eigenvalues A\y. The eigenvalue \_ is to leading order given
by A\_ = —3v2e%(aA? + gAEJ), where A € (0,1) solves aA? + 61451 = ~. The eigenvalue
Ay = O(et), with p > 2. The associated “small” eigenvectors V4 are

1 F apo Ri1
(3.19) Uy = 0 +e| R |,
0 R3
with
e an . 1 9 1 s .
(3.20) Vi(6T) = 'OFZ- = 2\/2sech (2\/2@ rz)> . i=1,2,

and where a straightforward computation yields that |R;||re = O(1) fori=1,2,3, |Ri| =
O(1), Rz = O1), and ||R;|[pr = O(e™h), |R;l[7. = O(e™") for j =2,3.

Proof. The operator Ly is, to leading order, the same as the linear operator associated
with a stationary 2-front solution, as studied in section 4 of [24]. Hence, its spectrum and its
eigenfunctions are to leading order the same. Therefore, only the statements about the error
terms R;(£) do not follow immediately from [24]. Nevertheless, these estimates follow directly
from the structure of the linear operator Lr and its eigenfunctions V.

Clearly, all the R;’s must be bounded and integrable (since W is an eigenfunction). The
structure of Ry is determined by Li, the operator at the (1,1) entry of Lp. Thus Ry must
decay exponentially with a O(1) rate, which implies that ||Rq|| ;.12 = O(1).

Since Ry (R3) is determined by Lo (L3), the second (third) diagonal entry of Ly, it will
decay slowly with an exponential rate of O(¢). Therefore, both [|Ra| 1 (|Rs|z1) and [|[R2||%,
(IRs]|72) are O(e™1), while [[Ra| = O(1) (Rl = O(1)).

Note that 11(§) and ¥9(§) are strongly localized functions around & = I'; and £ = I's,
respectively. Moreover, [|¢1][z1 = [[¢)2] 11 = 2 (see Lemma 3.4), and |12, = [[¢2|2, = V2.
Also observe that in [24], u = oo, which corresponds to the translation invariant eigenvalue
AT =0.

Lemma 3.8. The adjoint operator L} of Lt has the same two small eigenvalues Ay as Lr.
Moreover, the small adjoint eigenvectors \Ifl associated with these small eigenvalues Ay are
to leading order the same as the small eigenvectors ¥ (3.19). Although the correction terms
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to the small adjoint eigenvectors, R;f, may differ from (3.19), their norms are of the same
order.

Proof. The adjoint operator of Lr is given by th = L%, so that L;ﬂ has the same spectrum
as Lr. The associated eigenfunctions can be computed by the variation of constants formula,
combined with the observation that the eigenvalues A+ are small.

With these small (adjoint) eigenvectors at hand we split the normed space X (3.2) into the
eigenspace XIQ and its spectral complement X, where the eigenspace XFC is spanned by the
two small eigenvectors Wy (3.19). To project on these two spaces, we introduce the spectral
projection 7, which, in terms of the small (adjoint) eigenfunctions W, \I/Ti, is given by

(@) (@)

20 e )

+>

where (-, -) denotes the standard L2-inner product. Note that we have, by Lemmas 3.7 and 3.8,

U1 F P2 R Y1 F o RI
(xyi, xy;) - 0 te| Ry |, 0 +e| R
0 R3 0 R§,

= (1 F a1 F ) + ¢ (1 F 00 R )+ (Ruy vy F )
3
+e25 (Ri, R
> (Rorl)

= (Y1 F 2,91 F2) + O(e).

The complementary projection is defined by 7r = I — np. The spaces X and XFC are thus
determined by

(3.22) Xr={®ec X |mr®=0} and XF ={®e X |7ard=0}.

Since Lr is an analytic operator we can generate its semigroup by the Laplace transform of
the resolvent. We define the contour C as

Ct)y:=={t—i|te(—oo,—v)} U {-v+lilte(-vv)}

(3.23) U {—t+i|tev,o00)},

with v = %min{i, é, g} The contour C splits the complex plane into two pieces, one con-

taining the small eigenvalues Ay, while the other piece contains the rest of the spectrum of Lp
and is bounded away from the origin in an O(1) fashion. Moreover, the spectrum o(Lr) is an
O(1) distance away from contour C (Lemma 3.7 and [24]); see Figure 3. Thus, we generate
the semigroup S associated with L restricted to the space X1 (3.22) by the contour integral

(3.24) S(t)F = ! / M\ — Lr) " Fd),
C

27

where we assume that F' € Xr.
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S(N)
/A )

O(Ve)

" \Y

Figure 3. The contour C splits the complex plane into two pieces, one containing the small eigenvalues A+,
while the other piece contains the rest of the spectrum of Lr. Moreover, the spectrum o(Lr) is an O(1) distance
away from contour C. See [24] for more details on the structure of Cess.

Lemma 3.9. Assume that F' € Xr; then ® = S(t)F satisfies
(3.25) 2]l < Ce™|[F |y

To prove this semigroup estimate, we first need to prove an intermediate lemma on the
resolvent, as follows.

Lemma 3.10. There exists a constant C > 0 such that for all A an O(1) distance from
o(Lr), and for all F € Xt (3.22), the solutions G to the inhomogeneous problem (Lt —\)G =
F satisfy |Gl < CIIFly.

Proof. First, we observe by (3.4) and (3.9) that the solution g; to the inhomogeneous
problem (L; — \)j; = f;, where L; is the operator in the ith element of the diagonal of (3.15),
obeys

(3.26) 13l < Cllfilly

as long as A is at an O(1) distance from the spectrum o(L;) of L;. Note that this is automat-
ically satisfied for A which are O(1) distance away from o(Lr).
NeXt7 we write G = (glu g2, 93)t and F' = (f17 f27 f3)t’ Then7

g2 = (La— )" <f2_g7_1>7 g3 = (Lz—\)7! (fg—g;).

By the above result (3.26), we know

(3.27) lgilly < C (I fillx + lgrllx), i =2,3.

Next, we define
h(€) == fi+ea(Lle — N fo+eB(Ls — N fs,
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so that gy is implicitly determined by

h_€0é

g1= (L1 =) ( (Ly—X) "1 — eeﬁ (Ls — A)_191> :

T

Hence, solving for ¢,

o= (I + Ef‘ (Li—A)"YLo — Nt 50/3

—1
(L — N YL3 — )\)_1> (L — N th.
From (3.26) we obtain
1Ly =) Li =)oy =0(1), =23

From the Neumann expansion of the inverse we have

~1
H (I - 570‘ (L1 — N HLy = N1+ 65 (Ly — N NIz — )\)‘1> = 0(1).
X=X
Thus, we find, again by (3.26),
(3.28) lgillx < Ly =N hlly < C (I fally + el fellx + <l f3l0) -

The proof of the lemma follows from the combination of (3.27) and (3.28).

Proof of Lemma 3.9. The contour C divides the complex plane into two pieces, and the
spectrum o(Lr)\A+ is completely contained in one of these pieces. Moreover, the spectrum
is an O(1) distance away from the contour C. Since by assumption F' € Xp, the result follows
from Lemma 3.10.

Remark 3.11. Because of the specific y-norm we use, it is possible that we get extra point
spectrum at the tip of the essential spectrum (compared to [24]). However, the essential
spectrum is in the left half plane and an O(1) distance away from the imaginary axis (3.18).
Therefore, this “new” point spectrum does not generate instabilities, and we can neglect it.

3.5. Initializing the RG method. We use the RG method developed in [19] and adapted
to singularly perturbed problems in [5, 14, 9]. We assume that the initial condition ®4(&,0) =
(U2(&,0), Va(€,0), Wa(€,0)) is close to the skeleton solution ®p« (&),

(3.29) 125 |lx == [[®2(:,0) = Pre|ly <,

for some I'* (see (3.6)) and some § > 0. Then, the following lemma holds.
Lemma 3.12. Let 0 < e < ¢ < 1 be sufficiently small, and let ®2(&,t) and Pr«(&) satisfy
(3.29). Then the following hold:
(i) There exists a unique smooth operator H : X — R? such that the function ®ro(€)
with TO := T* + H(Z) satisfies ZJ(€) = ®3(£,0) — Pro(€) € Xpo. Moreover, || Z0|l, = O(9).
(i) If Z5(&) € Xg, for a ®:(&) of the form (3.6), then there exists a C > 0 such that

(3.30) IT% =% < C|| Zg || IT* - T < C8|T* — T
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r* o r

r

Figure 4. Schematic plot of the geometry of a curve of the 2-front solutions with initial condition ®2 in the
(', ®)-plane. It gives a geometrical interpretation of the spaces Xy and Xro and the perturbations Zg and A
analyzed in Lemma 3.12. Moreover, it also illustrates the manifold Mao. The first part of the lemma states
that Z§ € Xro is small as long as Z5 is small. According to the second part, if Z* belongs to a X5, then
the distance between T'° and T* is of the asymptotic magnitude of the distance between I'* and I times the
asymptotic magnitude of Z; .

The first part of the lemma states that if the initial condition ®5 is close to a function ®p-
of the form (3.6), then there exists a basepoint ' = (T'{,TY) such that ®5 — ®po is also small,
and it is perpendicular to the space spanned by the small eigenvalues associated with Lyo.
Moreover, the mapping (®2,T*) — 'Y given by 'V := I'* +H(Z) is smooth. The second part
of the lemma concerns situations in which one wants to shift from one basepoint to another: if
the initial perturbation is already perpendicular to the small eigenvalue space associated with
an L, then the distance IT? — T'*| between the new basepoint I'’ and I'* is small compared
to the distance |I* — I'| between the old basepoint I and I'*; see Figure 4.

Proof. Consider a T' such that ®3(&,0) = ®p«(€)+Z5(€) = ®ro(€) + ZJ(€). The condition
Z0(€) € Xro is equivalent to

(3.31) mro(Z8) = mpo (Z§ + ®ps — ®po) = 0.

By (3.19) and Lemma 3.8, we obtain that

AT, Z5) i= ([Z5 + ®re — ®ro)1, 1 (I1)) = O(e),

Ao(T0, Z5) := ([Z5 + ®r+ — ®ro)1, ¢2(T3)) = O(e),

where 11 and 1y are defined by (3.20) with I'j = I'Y and T'y = T'Y, respectively. Note that,
since the adjoint eigenvectors are zero to leading order in the second and third components
(3.19), we do not need to consider the second and third components of (3.31).

Observe that A;(I'*,0) = 0 for ¢ = 1,2. The gradient of the map A = (A1, Ag) with respect
to I'? at (I'*,0) is given by

(3.32)

(333) VFOA|(F0:F* Zx=0) = < ||¢1||%2 0 2 > +O(€),
0 0 —l[all7:
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where we have used that 8?0 [Pro]1 = F; for i« = 1,2 to leading order; see (3.20). Thus,
the map T is uniformly invertible near (I'*,0). Hence, for ¢ sufficiently small, the implicit
function theorem guarantees the existence of a unique smooth function H(Zj) such that ®o
with [0 := T* + H(Z}) satisfies (3.32), i.e., Z) € Xto, as introduced in the lemma.

To prove the second part of (i), we observe that the implicit function theorem also guar-
antees that H(Zj) is uniformly O(1) Lipschitz and that H(0) = 0. This yields

1Z01lx = 125 + @r« = @rolly < [1Z5]lx + | Pre — ®rofly <6+ CT* T
< 5+ CIH(Z3)| < 8 + CIH(Z) — H(0)| < C6.

For part (ii), we observe that if Z§ € Xt then ([Z{], ¥; (L)) = O(e). Since § > &, substitution
of this into (3.32) yields to leading order

‘([%ﬂo — &p+]y a¢i(fi))‘ = [([Z§]1, (X)) ]

(3.34) i
<M ‘ ([Zg]h (T/%(Fi) - 1/%(??))) : i=1,2.

Next, we use the mean value theorem and (3.20) to obtain

(335 [([@ro — @rly A (TD)] = (@i (C7), i~ 17, =12,

where '™t € (I'9,T'7). From part (i) we know that [I'Y —I'}| = O(4), so that to leading order
in ¢
(3:36) () ()] = [l = 0(1), i=1,2

Combining (3.35) with (3.36), we find that the left-hand side of (3.34) is proportional to
T — I'*|. To bound the right-hand side of (3.34), we use property (3.3),

(1231, (@) = @) )| < N2 llaoe I466(T) = (0 10
< 1Z5 1 lli(Ts) = i @Nllpr,  i=1,2.

In order to control this L'-norm, we distinguish between two cases. First, assume that
T —T° > 4; then

[e.e]

() — BT < 2/ ilde =4 <|F-T9,  i=12

—00

If I — % < 4, then we once more use the mean value theorem,
~ ~ 0 ~
li(Ti) = (T < T = TO\/ i (€))]dE = C D =T, i=1,2.
—00

Thus, the right-hand side of (3.34) is bounded by C|Z || IT—T°|. Using the triangle inequality
on |I' — I'%, we obtain the desired result.
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Before we can initialize the first iteration step of the RG method, we need an a priori bound
on its time step. Let ¢; be the upper bound on the time step such that the remainder Z stays
smaller than /e, that is,

(3.37) =t {¢ [ | Z(- )] > ve}.

This time step bound is well defined, and positive, by continuity of the remainder and by the
assumption that the remainder is O(e) small at ¢t = 0; see Theorem 3.2 and Lemma 3.12(i)
with 6 = e. So, by construction, the remainder Z(¢,t) stays O(y/c) small for all 0 <t < ¢},
A very rough estimate shows that ¢} is at least O(e~1/?). The second time step bound, ¥, is

1
. tr = 1
(339) L= llogel,

where we recall the definition of v from the line under (3.23). This second bound arises
naturally from the forthcoming analysis; see Lemma 3.13. The actual time step bound, t*, is
now defined as the minimum of the above two time step bounds,

(3.39) t* :=min {¢],t)} .

We will show that t; < t], so that t* = t;,. See Lemma 3.13.

With this definition of the time step bound, we begin the first iteration of the RG method.
We freeze the basepoint I' = (T'1,T2) = (['{,T9) = I'? with T < T and [T — T9| < O(e™1),
and we decompose the actual solution ®5 into

(3.40) Dy(&,t) = Prey(€) + Z°(&,t) such that Z°(&,t) € Xpo for all ¢ < t*,

which can be done by Lemma 3.12(i). This decomposition transforms the nonlinear PDE
(3.13) into

0P .
Z0 I'=R+ LpoZ + ALZ° + N(Z9),
(3.41) ¢ ar st +N(EZ)
Z°(¢,0) = Zg,
where AL := Ly — Lo, the secular term which measures the growth of the remainder Z°

while T slides away from I'’, and Z{ = Z; — ®p+ — ®ro (see Lemma 3.12).

3.6. Projecting onto the small eigenspace XEO. In the next section, we project (3.41)
onto the space Xyo to derive estimates on the remainder Z°(¢,t). Here, we project onto the
eigenspace XI%, the space spanned by the small eigenvectors of the operator Lto, to derive a
rough version of the equation of the motion of the two fronts I'; and T'y. Since Z°(¢,t) € Xto
for all ¢ < t* (3.40) and since the projection 7o commutes with the operator Lo, we have

that 7poLpoZ° = LpompoZ% = 0. We obtain the projected equation

o (%?F’) = 7o (R+ ALZ° + N(29)) .
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By definition of 7o (3.21), this is equivalent to

(3.42) <a;;%, @L) — <R +ALZ° + N(2Y), wl) .

Observe by (3.6), (3.7), and (3.20) that

0P 0P . .
8q)r ) oy o'y F —¢1F1 + ¢2.F2 .
(3.43) or L= ol o ( f; ) = | —(Gvx¢)l'1 + (Gy *¥2)I's
02, 0% —(Gw *1)T1 + (Gw * 2)Ty
1 2

On the other hand,

(11,19) = exp. small, (%,RD =0(1),
(3.44) Gy + i, RE) < |Gy« illi= R} = O(£)0(=™) = 0(1),

(G 0 RY) < 1Gw * illL= IR} s = OO = 0(1),

for ¢« = 1,2, and 5 = 2,3, and where R; and Rg are defined in the proof of Lemma 3.8.
Therefore, (3.42) reduces to leading order to

( —nls + Oe) —[lall22 + O(e) ) < Py >: (R+ALZO+N(ZO),\y1)
—[[¢il: +O@)  lvallf. +0O) )\ T2 (R +ALZO + N(29), \IIT_>

Note that the second and third components of R+ALZ+ N (Z) are identically zero. Therefore,
inverting the matrix of the left-hand side, we obtain
. 1
I'y=— " (Ri+[ALZ1 + [N(Z%)]1,41) (1 + O(e)),
111172
1
9217 2
In section 3.9, we will further investigate these two ODEs, and we will validate (3.12). How-

ever, to do so, we first need a better bound on the remainder Z°(¢,t). This bound is obtained
by projecting (3.41) onto Xro.

(3.45)

Iy = (Ri + [ALZ°) + [N(Z°)]1,42) (1 + O(e)).

3.7. Projecting onto Xro. Projection of (3.41) onto Xto yields

Z) =R+ LroZ° + 7ro (ALZ® + N(29)) ,

(346) 2°(6,0) = 22,

with R = o (R - 6§F F) The variation of constants formula applied to (3.46) yields

(3.47) Z0(t) = S(t) 20 + /t St —s) (R+ 7ro(ALZ" + N(2°))) ds,
0
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where S is the semigroup generated by Lro; see (3.24). The main result of this section reads
as follows.

Lemma 3.13. There exists a constant C > 0, independent of €, such that the remainder
Z%(&,t) stays O(e) small during one time step t* = t5; = ! [loge|. More precisely,

(3.48) 1Z°C )|l < C (e 20|l +¢) <eC  forte[0,t].

Before we can prove this lemma, we need some intermediate results, Lemmas 3.14-3.16.
As a preliminary step we define two useful quantities:

(3.49) To(t) = sup e[ 2°(,s)|x,
0<s<t

(3.50) Ti(t) := sup |T'(s) —TIY.
0<s<t

The first quantity measures the growth of the remainder Z° in a weighted y-norm, and the
latter measures the maximal distance a 2-front solution ®r has travelled from its basepoint I'.
Observe that, by the assumptions on the time step t*, Tp(t) = O('/*). The fact that we have
an a priori upper bound on Ty is one of the reasons for imposing the special bounds (3.37)
and (3.38). To bound T} (t) in terms of Tp(t), we need estimates on the nonlinear term N (Z°)
and the secular term ALZ°.

Lemma 3.14. There exists a constant C > 0 such that |N(Z°)||, < C||Z°|3 and ||ALZ°||
< CI0 =T 2%y, fort <t*.

Proof. The nonlinear term N(Z°) has already been analyzed in Lemma 3.5. However, we
now have an extra assumption on the magnitude of the remainder (3.37)—(3.39). Therefore,
the bound on N(Z°) can be sharpened:

(351) INGEO < € (1205 + 112°K]3) < ClzlE fore <

The bound on the secular term ALZ? follows from

IALZO\ = [[3 (B(T) - 21(T)) (2%,
— (13 (@3(1) — @3(1)) (2 |, + |3 (®3(T) — B3T0)) (2%0)e] .
|3 (@3(r) — 93(r)), (2% .
(8.52) < o {193(r) — RO o= |12, + )| (23(T) — 230)) 120 )], }

<P =T 200 + | (23() - B2 >)§HL1 H[zOhHLw}
< P =112

where we used (3.3) and the Lipschitz continuity of ® and (7).

Using (3.45), we can estimate T} (t) as follows.

Lemma 3.15. There exists a constant C' > 0, independent of €, such that T1(t) < C(et +
To(t)?) fort € [0,t*].

Note that this implies that 77 (¢) is at most O(y/e).
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Proof.

Ti(t) = sup
0<s<t

s t
/Fsds §/ |Ts|ds

<o{/ > (1R w0l + (A2, 0] + (N °>h,w>l)ds}

<c { /0 Wil (1Rt + IALZ ) + [N(Z%)]) ds}
<C{et+ Ty + T3},

where, besides (3.51) and (3.52), we used the facts that 1, € L' and 92 € L', (3.3), and
Lemma 3.6. By assumption, Tp(t) is at most O(e/4); this completes the proof.
For a sharper bound on Tj, we need estimates on the terms of the integrand of (3.47).
Lemma 3.16. There exists a constant C > 0, independent of €, such that the terms of the
integrand of (3.47) can be estimated by

1S(t = 8)7re (ALZO)y < Ce=IT1) 2%y,
(3.53) I1S(t = 8)7ro (N (2°)) ]l < Ce™ 9 2%,
1S(t — s)R||y <eCe %) forte|0,t].
Proof. The first two inequalities of (3.53) immediately follow from Lemma 3.14 combined
with the semigroup estimate (3.25) and the observation that projections are bounded in the

y-norm. To prove the last bound, we need to show that the asymptotic magnitude of R is
O(e). To do so, we observe that (3.45) combined with (3.3) gives

Dy < C(||Rilly + [ALZOf + IN(Z%)]lx) . i=1,2.

By Lemmas 3.6, 3.14, and 3.15, all three of the above norms are O(¢) for ¢ € [0,¢*]. Therefore,
I't <eC and I'y < eC. Now, the second and third component of R — ag}rf can be estimated
using the above observation together with (3.43) and (3.44),

ODy. OBy
H‘(arlr arzr2>

- H_(Gv «)l'1 + (G * ¢2)f2H
. X

< eCl|Gy * (Y1 +a)|lx
< eC,

0P3 . 0P3
H_ <3F1F oy F2>

B H_(GW «y1)l1 + (G * ¢2)BH <eC.
X X

It is now obvious that the x-norms of the components Ry and R3 are O(e). The first component
of R will also be O(e). To see this, observe that, up to exponentially small terms,

N 0Py, 09y o [@hed) t:| : [ ¢ (04, 49) 0}
(354) 10 <— or, r, - I F2> =14 |: ||7/)?||%2 ¢1 — Y1 + 1 ¢2 - ||¢(2)||%2 V2l
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where 1) = 1;(£;TY) while 1! = 1;(£;T;(¢)). Since the functions (&) are Lipschitz continu-
ous and in L!, we can bound the y-norm of (3.54) by
Dy . Dy .
ﬁ'po< 0 1F1—8 1F2> < Cey/e,
2

or, ' ary 7|

where we again used that I'y < eC, I'y < eC, and Lemma 3.15. The y-norm of 7ro Ry is not
larger than the x-norm of R;, and from Lemma 3.6 we recall that ||Ry[|, = O(e). Therefore,
IR, = O(e) for t € [0,t*].

With the above three lemmas, we can now prove Lemma 3.13.

Proof of Lemma 3.13. Taking the x-norm of Z%(&,t') (3.47) at t = t' € [0,t*], we find

t/
1Z°¢, )l < © {6_” 12511 + /0 e e+ Tu)IZ0C,9)x + 112°C,9)13) dS} :

Multiplying the above inequality by e”* and taking the supremum over ' € (0,t), we find

t

ds + (Tp(t))* /t e—VSds}

0

Ty(t) < C {TO(O) + a/ot e’sds + T1(t)T0(t)/0
= Ty(t) < C{Tp(0) + e + Ty (t)To(t)t + (To(t))*} .
Next, we eliminate T} (¢) from the above inequality by using Lemma 3.15,
(3.55) To(t) (1 — eCt?) < C{Tp(0) + e + t(Tp(t))* + (Tv(t))*} .

Since the time step t* < min{(Tp(t))~',e~'/?}, we can incorporate the cubic term into the
quadratic term, and we can conservatively underestimate the left-hand side by Ty(¢)/2. Thus,
we obtain a simple quadratic inequality,

(3.56) To(t) < C{Tp(0) + ee”t + (Tn(t))*} .

Plainly, if (3.56) is satisfied, then so is (3.55). To study the inequality (3.56), we look at the
related quadratic equation in Ty(t),

(To(1))* — éTO(t) + Ty (0) + et = 0.

Since Th(0) +ee’t < O(e%/*) <« 1, both roots of the quadratic, r; and ro, are real and positive.
To leading order, they have the form

1
2C"°
Thus, the values of Ty(t) satisfying (3.56) lie in the domain 0 < Ty(t) < r1 and Ty(t) > ro.
Moreover, since T(0) < r1 and Tp(t) is continuous, we know that

r1 = 2C (Tp(0) + ) and 71y =

(3.57) To(t) < r1 = 2C (Tp(0) + e€?)

for all ¢ < t*. Using the definition of Ty(¢) (3.49), we have completed the proof.
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3.8. lIteration. In sections 3.5-3.7, we performed one step of the RG procedure. We found
that in the time interval [0,*] the remainder Z%(¢,t) with respect to the decomposition (3.40)
stays O(e) small. The next step of the RG procedure is to choose at time ¢t = ¢t* a different
basepoint, I'* := ('}, F%), and to decompose the 2-front solution ®9 with respect to this new
basepoint, as follows:

(3.58) Do(&,t) = Py (&) + Z'(£,t)  such that Z'(¢,t) € X for all t* <t < 2t%;

see Figure 4 (with, in the notation of this section, L -TI°0 1 — L), % —-rt, z - 23,
ZE — Z0(t*), and Z) — Z}). The idea of the RG method is now to restart the procedure
of sections 3.5-3.7 with the same PDE (3.41), but with the new basepoint I'' and the new
initial condition Z¢, and to show that the remainder Z'(¢,t) stays O(e) small in the interval
[t*,2t*]. Of course, one first has to prove that this new basepoint I'! is not too far away
from the location of the front at the end of the first time step I'(¢*)—more precisely, that
the renormalization has no leading order influence on the dynamics of the fronts, and that
the new initial condition Z}(¢) := Z1(£,t*) is of order O(g). This first step will be proved
in Lemma 3.17. Then, to show that Z!(¢,t) stays O(e) on the time interval [t*,2t*], we
note that the analysis on [0, ¢*] presented in sections 3.5-3.7 depended only on the asymptotic
magnitude of the initial condition and on the length of the time interval. Hence, because these
quantities are of the same size for this second time interval, the analysis of those sections may
be repeated to directly yield that Z1(¢,t) stays O(e) small on [t*,2t*].
Lemma 3.17. Let Z}(€) denote the initial condition of (3.41) on the second interval [t*, 2t*],
(3.58). Then,
TP~ 1) = O(eXlogel) and  [|ZL] = O(e).

Proof. Since Z°(¢,t) € Xpo for all t < t* by (3.40), (3.30) in Lemma 3.12 yields
Pt = T(#)] < OI0 () = T Z°(, ) -

We use the definition (3.49) of 77 and Lemma 3.15, together with Lemma 3.13, to further
estimate the right-hand side of the above inequality:

[P = D) < CI0(E) = T 2°C, )]
< C (efloge| + ) 1 2°(, ")
< O (ellog el + (1281 +¥1)*) 12°C- 1)
<C (&?Hog&?\ + (e + 63/4)2> 5
< Ce?|logel.

By continuity of ®2(&,) in t = ¢* and Lipschitz continuity of ®p)(§), we can now estimate
125 [P%

1Zollx < 112 = Z°Ct)lx + 12°C %) x
<@ (&, %) — Prpey (€) — Pa(&, 1) + Pra (€[l + 1 2°( ) Iy
<O =)+ 12°¢ )«
<C (52]10g el +¢) <eC.
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3.9. Completion of the proof of Theorem 3.2. In this section, we finish the proof of
Theorem 3.2. In the previous section, we established that the remainder Z(,t) also stays
O(e) small in the second time interval. Repeating the same arguments, we can show that
by our choosing a new basepoint I'? at 2t*, the remainder Z2(£,t) also stays small in the
interval [2t*,3t*]. By this iterative procedure, and since t* > 1, we can now conclude that
the remainder Z({,t) stays O(e) small until ¢", that is, up to the moment we approach
the boundary 0Ms. Here, the analysis of the previous sections breaks down since the
fronts approach the strong interaction regime, so that the inner product (¢1,2) is no longer
exponentially small; i.e., the fast fronts are no longer strongly localized. For instance, the
derivation of (3.45) heavily relies on this fact. This proves (3.11).

To prove (3.12), we further analyze the expressions for I'y and T (3.45). Since we know
that the y-norm of the remainder Z(¢,t) is O(e) small for all time up to ¢, we conclude from
(3.52) and (3.51) that

([ALZ)1,4i) = O(®[loge]),  (IN(Z)l1,41) = O(€?), i=1,2.

Now, the inner product involving R; is O(e). Therefore, the above terms are of higher order,
and we can neglect them in (3.45). After neglecting exponentially small terms, the residual
R; is given by (see (3.17))

Ri(®r) = —¢ (a(Gv * Up) + B(Gw * Up) + 7).

The projections of Gy * Uy and Gy * Uy can be explicitly computed using (3.7), (3.9), and
(3.20)—see also the Melnikov integrals of [6]. To leading order, we obtain

(Ra, ;) = —2¢ (’Y — ae" T T2) 5€E(F1_F2)> , i=1,2.
2 _

Finally, since [¢;]|2, = 3v/2, the evolution of I'y and I's is to leading order indeed given by
(3.12). This completes the proof of Theorem 3.2.

4. The dynamics of IN-front solutions. In this section, we analyze the dynamics of the
fronts of N-front solutions. The system of ODEs describing the evolution of these fronts was
formally derived in section 2, and this derivation was made rigorous in the previous section; see
Theorem 3.2. In section 4.2, we classify the dynamics of all possible 2-front solutions, showing
that the two fronts move toward a stable 1-pulse solution if and only if the system parameters
are such that the 1-pulse solution is stable (for these parameters) and such that there is no
unstable 1-pulse solution between the initial data and the attractor. In sections 4.3 and 4.4, we
prove similar results for 3-front and 4-front solutions, respectively. For example, we determine
the stability of front-solutions for which one or more of the fronts travel to infinity. To prove
all the statements of these three sections, it is useful first to prove a statement for general
N-front solutions. That is, N-front solutions for N odd are not stationary, while N-front
solutions for N even do not travel with a uniform O(e) speed. This will be proved in the first
section.

Note that Theorem 3.2 states that the derivation is valid up to time ¢,,, which can be +oc.
If t,,, < 0o, the fronts enter the strong interaction regime after ¢,,. Here, the system of ODEs
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no longer describes the dynamics of the fronts. For example, two components of the system
of ODEs can cross, while this is not possible in the PDE case. The following conjecture is
motivated by the numerical simulations; see Figures 7 and 10 below.

Conjecture 4.1. A pair of colliding fronts of the PDE (1.1) disappears for O(1) parameters
with respect to €.

This yields that after collision between two of the fronts in the ODE description, these two
fronts should be removed from the system. Therefore, the N-dimensional system of ODEs
reduces to an N — 2-dimensional system.

Remark 4.2. The trivial dynamics of a 1-front solution is completely captured by Lemma
2.1.

Remark 4.3. The derived systems of ODEs for the N-front dynamics (2.1) is a gradient
flow. That is,

P(t) = ~VG(T (),

where

N N
Gzi\/% 7(2 (—1)”11)) L@ Z (—1)i+d s(Ti=T;)
i=1 © \ij=ti<j

N
—1)¥J Ti=Ty)
Y e

4,j=1,1<j

A direct consequence is that there do not exist solutions which are periodic in time (besides
the stationary solutions). Therefore, it is immediately clear that the derived systems of ODEs
cannot be valid for large 7 and 6, i.e., 7,0 = O(¢~2), since in the full PDE stationary 1-pulse
solutions (2-front solutions) may undergo a Hopf bifurcation for 7,0 = O(¢72) and thus create
periodic motion; see Remark 1.1 and [6].

4.1. N-front solutions with N even and IN odd. In this section, we investigate the
differences between odd and even N-front solutions. By studying the total movement of the
N fronts, we can prove the following lemma.

Lemma 4.4. Let 0 < € < 1 be sufficiently small, and assume that all other parameters in
(1.1) are O(1) with respect to €. Moreover, assume that v # 0. Then, for N odd, there exist
no stationary N -front solutions to (1.1), and for N even there exist no uniformly traveling
N-front solutions with O(e) velocity.

Proof. We begin with the case of N odd. The speed of the ith front is given by (2.1).
Summing these front velocities over all N and noting the pairwise cancellations of terms for
adjacent fronts, we find that for N odd,

N

(4.1) D Tit) = gwm.

i=1

Thus, there must be a net movement of the fronts in the direction given by the sign of . The
assumption that v # 0 now proves the first part of the lemma.
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For N even, the sum of N components is to leading order zero; see again (2.1). This yields
that there can be no net movement of the IV fronts. Therefore, it is not possible to have a
uniformly traveling N-front solution with an O(e) speed.

Corollary 4.5. For N odd, at least one of the fronts of an N-front solution has to travel
to +oo, where the sign is determined by the sign of ~v. If N is even and one of the fronts of
an N-front solution travels to +oo, then at least one of the other fronts has to travel in the
opposite direction, i.e., to Foo.

It is of interest to observe that the dynamics of an N-front solution for which one of the
fronts is far away from all of the others can be completely understood from the dynamics of
an (N — 1)-front solution and those of a single front, independently. In this case, to leading
order, the system of ODEs for the N-front solution breaks up into the ODE (2.10) for a 1-front
solution and a system of ODEs (2.1) for an (N — 1)-front solution. Since for N odd at least
one of the fronts always travels to oo, this yields that, when looking at a fixed interval, an
N-front solution with N odd will eventually behave like an M-front solution, with M < N
even.

Remark 4.6. In the nongeneric case where v = 0 there do exist stationary odd N-front
solutions.

4.2. The 2-front solutions. The dynamics of the fronts of a 2-front solution can be de-
duced in a straightforward fashion from (3.12). Observe that the fronts travel with opposite
velocities. Therefore, we can rewrite the system of ODEs for the front dynamics as one ODE
for the dynamics of the distance, AT' :=T'5 — I'y,

(4.2) AT = 3v/2¢ (ae‘aAF + Be” AT — 7) .

The fixed points AI'Z, i € N, of this ODE coincide with the solutions of the existence condition
for standing 1-pulse solutions as derived in [6]. In particular, there are either zero, one, or
two solutions, depending on the signs of a and 5 and on the size of o + 3 relative to ; see
Lemma 2.1 in [6]. The stability of these particular standing 1-pulse solutions is determined
by the sign of the small eigenvalue \; := —3/2¢? (oze_aAFi + ge_JgAri); see [24]. On a case-
by-case basis, we draw the following conclusions about solutions AT'(¢): if (4.2) has no roots,
then AI'(f) tends to oo for all initial data AI'(¢) if and only if v < 0; otherwise it tends to 0.
If (4.2) has one root AT}, then if it is stable, AT'(t) tends to AT'l, whereas if it is unstable,
AT(t) tends to 0 or to co, depending on the sign of AI'(0) — AT'L. Finally, if (4.2) has two
roots, one stable AT'l and the other unstable AI'2, then we distinguish two cases: first, if
ATl > AI'?, then initial conditions larger than the unstable root, that is, AT'(0) > AI'Z,
tend to AT'l, while smaller initial conditions tend to 0. Second, if AI'} < AI'?, then initial
conditions smaller than the unstable root, that is, AT'(0) < AI'2, tend to AI'L, while larger
initial conditions tend to oco. This yields the following lemma.

Lemma 4.7. The fronts of a 2-front solution AT'(t) converge asymptotically to a standing
1-pulse solution with width AT = ATL if and only if this 1-pulse solution is stable and there
is no unstable standing 1-pulse solution determined by AI'? with AT'(0) < AI'? < AT} or
AT(0) > AT'2 > AT'L.
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Figure 5. In these frames the parameters are (a, 8,7, D, 1,0,¢) = (6,—5,—2,5,1,1,0.01). In the upper left
frame, we plot AT’ (4.2) as a function of AT'. Observe that AT has two zeroes, AT'Y and AT'2. The first zero is
AT} = 109, and the associated eigenvalue is A\1(AT}) < 0. The second zero is AT2 = 440, and the associated
etgenvalue is Al(AFz) > 0. Therefore, the 1-pulse solution with width AT'} is stable, while the 1-pulse solution
with width AT'? is unstable. In the upper right frame, we plot the evolution of the pulse distance AL according
to the ODE (4.2) for two different initial conditions, one just below the unstable stationary width ATZ, and
one just above this value. In the lower two frames, we plot the evolution of the U component of the PDE (1.1)
for (approzimately) the same two initial conditions. These plots are obtained from numerical simulations of
(1.1). We observe that the dynamics of the two fronts I'1 and T's agrees to within the error of the asymptotic
approximation with the dynamics of the derived ODE (4.2). More specifically, in the lower left frame the
distance between the two fronts, AT, approaches 115, which is to leading order the same as AT ~ 109 (since
115 =1.09/e + O(1) for e = 0.01). In the lower right frame the two fronts diverge, as described by Lemma 4.7.

Proof. Equation (4.2) has at most two fixed points AT for a given parameter combina-
tion [6]. The stability of these fixed points is determined by

OAT

(4.3) M=

Since (4.2) is a one-dimensional, autonomous ODE, this proves the lemma.

See also Figure 5, where we plotted AT as a function of AT, as well as the solutions of
the ODE (4.2) and the PDE (1.1) for two different initial conditions.

Due to the symmetry of the PDE (1.1), we immediately obtain a result on “2-back solu-
tions,” that is, solutions that converge asymptotically to (+1,+1,+1) + O(e) at —oo. These
2-back solutions turn out to be relevant for understanding the dynamics of 3- and 4-front
solutions; see the next two sections.
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Lemma 4.8. The ODE

(4.4) AT = 3v/2¢ <oze_5Af + ﬁe_BAf + 7)

describes the evolution of the distance between the fronts of a 2-back solution Af(t). The fronts
approach a standing 1-pulse solution (which converges asymptotically to (+1,+1,4+1)+ O(¢))
with width AT = AT if and only if this 1-pulse solution is stable and there is no unstable
standing 1-pulse solution (which converges asymptotically to (+1,+1,4+1)+ O(e)) determined
by AT'2 with AT(0) < A2 < AT'! or AT(0) > AI'2 > AT

Finally, it is worth noting that for AT' > 71, (4.2) reduces, to leading order, to AT =
—3v/2e7, and the dynamics is, just as in the case of 1-front solutions, completely determined
by the sign of 7. More specifically, the two fronts have a weak tail-tail interaction (AT > 1/¢),
and they can be interpreted as two single 1-front solutions; see Lemma 2.1.

4.3. The 3-front solutions. The dynamics of the fronts in 3-front solutions is quite rich.
We deduce conditions under which 3-front solutions for which one of the outer fronts travels
to +o0 are stable; see Corollaries 4.9 and 4.10. Moreover, we prove the existence of uniformly
traveling 3-front solutions; see Lemma 4.11. The presence of the second inhibitor component
W is necessary for the validity of this lemma; i.e., Lemma 4.11 does not hold for a two-
component version of (1.1).

The system of ODEs describing the leading order behavior of the dynamics of these three
fronts, up to collision, reads

= 3v2e (’y +a (_ef(rl‘“) + ea(Fl‘“)) +8 (—efv(rl‘“) + eE<F1_F3)>> :
(4.5)  Ty=-3v2 (,YJFQ (_eE(Fl—Fz) 4 (£(T2-Ty) ) +5< 5 T1-T2) | o5 (Tam r3)>> 7

Fy= 32 (74—@ (_ee(rl—ra) 1 ¢s(T2-Ts) ) +5< ebT1-Ta) 4 o (Ta- m))) '

By Lemma 4.4 and Corollary 4.5, we know that there are no stationary 3-front solutions and
that at least one front has to travel to +oo.

To get additional insight in the dynamics of a 3-front solution, we first assume that (at
least) the third front travels to +o0o. Another case, in which I's does not go to +oco and in
which the leftmost pulse travels to —oo, will be discussed later on. We introduce four new
coordinates,

2
(4.6) Bi=e 0 for i=1,2,3, and t’:;’\/z‘;t

The rescaling of time absorbs the terms in front of the parentheses of (4.5) into the time-
variable. The transformations of I'; are such that the fronts traveling to 4+oco now travel
to 0, while fronts which previously traveled to —oo now travel to +o0o. In the new coordinate
system, the assumption I'y < I's < I'3 reads Bs < By < Bj, and the system of ODEs (4.5)
transforms into
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BP BP By  Bs
-B; <’y+a<—BD+BD + 3 _Bl+Bl ;
, By Bs
4. By, = _
(4.7) 2 (wa >+6< Bl+B2>>’

(-2
b (e (2 Y (B, B)

This system of ODEs possesses the line(s) of fixed points (By, By, B3) = (B1, B+ B1,0), where
B, solves

By

(4.8) aBP + 8B, =4

We note that this condition is the same as the existence condition of a standing 1-pulse solu-
tion [6], as well as that of the fixed points of (4.2) after the coordinate transformation. Hence,
(4.8) has, depending on the parameters, 0, 1, or 2 solutions. Recall that B3 = 0 corresponds
with the third front I'; traveling to infinity. Therefore, this coordinate transformation (4.6)
enables us to study fixed points at infinity [13].

Under the assumption that there exists at least one line of fixed points, that is, that there
exists at least one B, solving (4.8), we determine the stability of one of these fixed points,
which we call By = B¢(B1; By). The linearization around By yields

—(aDBP +8B,) aDBP-'4+p5 -8
aDBP+' 4+ B2 —(aDBP +8B,) B
0 0 —y

This matrix has three eigenvalues: \; = 0, Ao = —2(aDBP + 8B,), and \3 = —v. The
third eigenvalue A3 implies that the fixed point By is stable only if v > 0, which is consistent
with the fact that v < 0 implies a net movement to —oo; see (4.1). The sign of the second
eigenvalue Ao is the same as the sign of the small eigenvalue of a standing 1-pulse solution;
see (4.3) and [24].

The eigenvectors belonging to the eigenvalues read

1 1 K
er=| Bs |, e2=| —Bs |, es=|[ Ko [,
0 0 1

where K7 and K9 are some computable constants. We observe that the eigenspace belonging
to the neutral eigenvalue \; is, as expected, exactly the line of fixed points belonging to By.
Therefore, this eigenvalue can be seen as a translation invariant eigenvalue; i.e., only the
distance between I'y and I'y (or the ratio of B; and Bj) is important and not the actual
location. Therefore, A1 generates no instabilities, and we have shown that a fixed point By is
stable if and only if v > 0 and aDBP 4 8B, > 0, where B, solves (4.8). Transforming back
to the original coordinates, we have proved the following corollary.

Corollary 4.9. Let B, solve (4.8). Then, the 3-front solution for which the third front T's
travels to 400 and the other two fronts I'y and I'y converge asymptotically to a 1-pulse solution
with width —? log B, is attracting if and only if v > 0 and aDBP + B, > 0.
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Figure 6. In these sixz frames, we plot siz different types of behavior of the fronts of a 3-front solution with
sgn(a) = sgn(B). The values of (o, f8,7) vary from frame to frame, and (D,e) are fized at (5,0.01). In the
first and third frames, the 3-front solution evolves into a stable 1-front solution combined with a front traveling
to £oo. In the other four cases, two of the fronts collide, and the system of ODFEs (4.5) no longer describes
the dynamics of the fronts of a 3-front solution to the PDE (1.1) after the collision. Compare this figure also
with Figure 7, which shows the front locations in the corresponding PDE simulations.

See also frame III of Figures 6 and 7 for a plot of the system of ODEs in the original
coordinates and a contour plot of a numerical simulation of the PDE (1.1), with system
parameters satisfying the above corollary.

A similar analysis can be performed for the dynamics of fronts traveling to —oo. However,
we now have to use a slightly different coordinate transformation,

- 3 2
(4.9) C;=enl  for i=1,2,3, and t’:2\/2€Dt.

In these new coordinates, the system of ODEs has the line(s) of fixed points (C1,Ca,C3) =
(0,C.Cs5,C3), where C, solves

(4.10) aCP + BC, = —7,

which is the existence condition for a standing 1-pulse solution with (U, V, W)(+o00) = (1,1, 1)
+ O(e), as well as the condition to have fixed points of (4.4); see also [6]. A linear stability
analysis comparable to that of previous paragraph yields the following corollary.

Corollary 4.10. Let C solve (4.10). Then, the 3-front solution for which the first front
I’y travels to —oo and the other two fronts I's and I's converge asymptotically to a 1-pulse
solution with width —IE) log C, is attracting if and only if v < 0 and aDCP + BC, > 0.

From Lemma 4.4, we know that uniformly traveling 3-front solutions may exist. It turns
out from the next lemma that a necessary condition for this type of solution to exist is that
the parameters o and ( have different signs. Thus, the third component of the PDE (1.1)
is strictly necessary for the system to support traveling 3-front solutions; the two-component
limit of the PDE; i.e., the system of PDEs without the third component and with 8 = 0 (see
[6, 24]), does not support uniformly traveling 3-front solutions.
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Frame 1: (o, B, y)=(5, 2,-1) Frame 2: (o, B, y)=(3, 2, -6) Frame 3: (o, B, v)=(3, 4, 2)
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Figure 7. In these siz frames, we show the contour plots of siz simulations of the PDE (1.1) for the same
parameter values and the same initial conditions as in Figure 6. Thus, the values of («, B,7) vary from frame
to frame, while the other parameters (D,e,7,0) are kept fized at (5,0.01,1,1). The black regions indicate that
the value of U = —1, while white indicates U = 1. In all the siz frames, one of the outer fronts travels to oo,
depending on the sign of v; see Corollary 4.5. In frames 1 and 3, the two other fronts form a stable 1-pulse
solution. In frames 2, 4, 5, and 6, the other two fronts collide and disappear; see Conjecture 4.1. The dynamics
of the remaining fronts after these collisions is described by (2.10). Note that in all siz cases the actual spatial
domain of the simulation was [—1000, 1000]. So, we have zoomed in on the spatial domain where the interesting
dynamics takes place.

Lemma 4.11. If the signs of o and B are the same, then there exist no 3-front solutions
traveling with uniform O(e) speed to +o0o. However, when the assumption is dropped, there
exist parameter combinations for which (1.1) supports uniformly traveling 3-front solutions.

Proof. By (4.1) each of the fronts of a uniformly traveling 3-front solution has to travel
with speed %\/25—:7. Plugging this into (4.5), we find

(4.11) 9y =3 (a (_ee(rl—rg) 4 ee(rl—rs)) +8 (_eg(rl—rg) n eg(rl_rg)» 7
—4y =3 (a (_ee(F1—F2) + 65(1‘2—1‘3)) + 8 (_65(1‘1—1‘2) + eE(Fz—F3)>) 7
—2y =3 (a (_ee(F1—F3) + 65(1‘2—1‘3)) + 8 (_65(1‘1—1‘3) + eE(Fz—F3)>) )

The third equation is a linear combination of the first two equations. Therefore, we can neglect
the third equation and solve the system of the first two equations. Moreover, since only the
distances between the fronts are important, there are only two unknowns, I'y —I'y and 'y —I's.
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Figure 8. In the left frame, we plot a uniformly traveling 3-front solution. The system parame-
ters read (o, B,7,D,T,0,¢) = (1,—0.430454, —0.00266715,2,1,1,0.1). Note that S and = are constructed
by the method described in the proof of Lemma 4.11 with (I'1,T'2,T's) = (—20,3,25). In the right frame,
we plot a uniformly traveling 5-front solution. Here the system parameters read («,B,7v,D,T,0,¢) =
(1, —0.650548, —0.0230866, 2, 1,1,0.1).

So, a priori, system (4.11) is solvable. Rewriting the first two equations, we find the equality
) Lo (e5MT2) 4 e=(>-T9)) 4 13 (65 (T-T2) 4 o5 (Fz—Fs))
. — qecT1-Ts) +6€E(F1_F3)‘

By construction I'y < I's < I's, and therefore the following two inequalities hold:

ee(Fl—Fg) < eE(FQ—F3)7 es(Fl—Fg) < es(I’l—I’g).

(4.13)
This yields that equality (4.12) cannot be fulfilled if sgn(«) = sgn(8). Therefore, there cannot

be uniformly traveling 3-front solutions if o and § have the same sign.
To show that there are parameter combinations for which (4.12) holds if sgn(«) # sgn(f3),

we prescribe the parameters a # 0, D, e and the front positions I'y,1'9,I's, and choose 5 as

the solution of (4.12), i.e.,
e€(F1—F3)

6:_0[1% (ff(rl—F2)+e:(F2—F3)) — 6 .

(eD(F1—F2) + eD(Fg—Fg)) _ eD(Fl—Fg)
By (4.13) the numerator as well as the denominator are positive, and therefore [ is well defined
and nonzero (and sgn(a) # sgn(f3)). The first equality of (4.11) now determines a value of
the last free parameter « for which (4.11) is solved and a uniformly traveling 3-front solution
thus exists. Note that this construction works for all given initial parameter combinations

(OZ,D,€,F1,F2,F3).

See Figure 8 for a uniformly traveling 3-front solution. In the same figure a uniformly
traveling 5-front solution is shown; the existence of this type of solution can be proved by
similar (but more involved) arguments. This gives rise to the following conjecture.

Conjecture 4.12. For every N odd there exist uniformly traveling N-front solutions. For

every N even there exist stationary N -front solutions.
We refer to [6, 24] for the proof of this conjecture for N = 2, 4.
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Figure 9. In these frames, we plot five different types of behaviors of the fronts of a 4-front solution according
to the ODEs (4.14). After collision between two of the fronts (see frames I and II), the ODE description of a
4-front solution is no longer valid, and it should be replaced by the ODE description of a 2-front solution (4.2).
After collision there are therefore three scenarios possible: the two remaining fronts merge, they form a stable
1-pulse solution, or they tend to +oo. (See also frames 1, 2, and 3 of Figure 10.) In frame III, two 1-pulse
solutions simultaneously travel very slowly to £oo. In frames IV and V, the solutions converge asymptotically
to a stable 1-pulse solution homoclinic to (U,V,W) = (1,1,1) + O(e), while the other two fronts travel to +oo.
In frame VI, we see a stable 2-pulse solution; see also section 5 of [6] and section 6 of [24].

4.4. The 4-front solutions. As N increases, the dynamics of the N fronts naturally
becomes more and more complex. A 4-front solution may, for example, evolve toward one of
three types of stationary patterns, the ground state, a 1-pulse solution, or a 2-pulse solution;
see Figures 9 and 10. The system of ODEs describing the evolution of the four fronts, up to
collision, is obtained from (2.1) with N = 4,

(4.14) I, = g\/gg (7 +a (_ea(rl—m) 4+ 5M1-T3) _ ee(Fl—I‘4))

+B< epT1=I2) 4 op(i=Ts) _ eg(rl_r‘l))) )

Iy =—3v2e (’Y +a (_65(1‘1—1‘2) + efT2=Ta) _ ge(M2-Ta))

+ﬁ< F2)+6D(F2 Fa)_eB(Fz—M)))’

I3 = 5v/2e (7 +a (—esT17Ts) | oe(M27Ts) _ (e(la=Ta))

+5< enT=Ts) 4 ep (- Fg)—ef’(ra_rél)))’

Ly =—3v2 (’Y +a (—eflTe) esM2—Ta) _ (e(la=Ta))

+8 (_eg(Pl—M) + epT2=T4) _ eB(PS—FAL))) )
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Frame 1: (, B, ¥, D) = (3,1,6,5) Frame 2: (c, B, v, D) = (3,1,3.5,5) Frame 3: (c, B, ¥, D) = (-3,2,1,5)
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Figure 10. In these frames, we plot the possible behaviors of a 4-front solution as seen in numerical
simulations of the PDE (1.1). The black color indicates that U = —1, while white indicates U = 1. The first
three frames, the upper row, correspond to the first frame of Figure 9. Two of the outer fronts collide and
disappear. The two remaining fronts now behave in three possible ways: they collide and disappear (Frame 1),
they form a stable 1-pulse solution (Frame 2), or they diverge (Frame 3); see also Lemma 4.7 and Figure 5.
The next three frames, the middle row, correspond to the second frame of Figure 9. Here, the inner two
fronts collide and disappear, and the remaining two fronts disappear (Frame 4), stabilize (Frame 5), or diverge
(Frame 6); see again Lemma 4.7 and Figure 5. The last three frames, the lower row, correspond to III,
1V, and VI, respectively, of Figure 9. None of the fronts collide, and we obtain two slowly diverging 1-pulse
solutions (Frame 7), the outer fronts diverging while the inner fronts form a stable 1-pulse solution (Frame 8),
or a stable 2-pulse solution (Frame 9). Note that for all the nine simulations the actual spatial domain was
& € [-1000,1000], T =0 =1, and € = 0.01.

Of course, (4.14) has quite some structure, for instance, Z?Zl I; = 0. In fact, the system has
a two-dimensional invariant manifold

(415) Mo = {(T1(t), To(t), Ts(£), Ta(t)) | Ta(t) = ~T1(t), Ts(t) = ~Ta(t)} -
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The manifold Mg can be interpreted as representing the dynamics of symmetric 2-pulse
solutions within the larger family of 4-front interactions. Hence, if Mg is attracting, then
the fronts will organize into two pairs of pulses; i.e., the front dynamics evolves into pulse
dynamics.

Moreover, the fixed points of Mg can be determined by solving I';(t) = 0 and I'y(t) = 0.
These equations yield

0= e (_66(F1—F2) + e€(F1+F2) - 625F1)
43 (_eé(rl—rz) 4 epTiHT) _ e2gr1) 7
0=7v+a« (_ea(Fl—Fg) — fT1+T2) + eQaFg)

+/8 (_eB(F1—F2) _ eB(I‘H-FQ) + 62BF2) ,

which coincides with the existence condition of stationary 2-pulse solutions constructed in
Theorem 5.1 of [6]. The analysis of [24] establishes the (in)stability of the fixed points of My,
i.e., of the symmetric stationary 2-pulse solutions.

Lemma 4.13. If & > 0 and B > 0, then the manifold My (4.15) is normally attracting
(linearly stable), while it is normally repelling if o« < 0 and B < 0.

Proof. We linearize about points on Mj. After a suitable rescaling of the time, we obtain
that the linear evolution of the perturbation v is given by the matrix equation

’[)1 ./4 C -D & U1
w | | ¢ B F -D vy
’[)3 - -D F B C V3 ’
’[)4 & -D C A V4

where
1 _ 1
A=-C+D—-E B=-C+D-F, C=alA;' +BAPA,P,
1 1 2 2
D=l Ay + BAP AP, E=aA} +BAP, F=aAi+BAP, and A; =i i=1,2.

Note that this matrix is singular since adding all the rows yields (0,0,0,0), and that it is
symmetric across both diagonals. The eigenvalues and eigenvectors of the matrix read

)\1 = 0, €1 = [1 1 1 1]t,
)\2 = —2(C — D), €y = [1 —1 —1 1]t,
(4.16) A3 = K3, es=[1 L3 —Lsg —1],
Az = Ky, ea=[1 Ly —Ly —1],

where K; and L;, 1 = 3,4, are known constants. The eigenvalue-eigenvector pair A\; and e;
correspond to uniform translations of the 4-front solution. Small perturbations in the direction
of e1 cause the positions of the four fronts to shift by the same constant small amount. Hence,
the relative distances between pulses stay the same, and such perturbations do not destabilize
the 4-front solution, since linear stability is only up to translates. Then, in order to study
perturbations in the directions of the other three eigenvectors, we may mod out the translation

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



330 P. VAN HEIJSTER, A. DOELMAN, T. J. KAPER, AND K. PROMISLOW

invariance and assume, without loss of generality, that the components of these perturbations
sum to zero. The third and fourth eigenvalues A3 and A4 have eigenvectors es4 along the
direction of My. Therefore, these eigenvalues are not important for the stability result. Thus,
the second eigenvalue Ay, whose eigenvector es is perpendicular to My, yields the stability
result. It is given by

1 1 1
Ay = —2(C — D) = 2aA1(Ay — A1) + 2BAP (AQD — A D> .

Note that the eigenvalue Ao explicitly depends on time via A; and As. By construction
' < Ty <0, hence 0 < A7 < Ay < 1. This yields that Ay(t) < 0 for all time ¢ if & > 0 and
B > 0, while \y(t) > 0 for all time ¢ if @ < 0 and § < 0. Thus, My is normally attracting if
a, f > 0 and normally repelling if «, 5 < 0 [3].

Recall from Corollary 4.5 that if one front escapes to 400, there is always another front
traveling to —oo. For a stability analysis of the fixed points at infinity, we therefore have to
combine the coordinate transformations (4.6) and (4.9) of the last section. We introduce the
new coordinates

. . 3, &2
(4.17) Ci=ebl fori=1,2, B;j—e b fori=3,4 and t':2\/2i)t.

In these new coordinates, the system of ODEs (4.14) reads
D
1

Ci= O <’y+a<—cD +C{’B£—C{’B£> + 8
2

. D
Cy=—-Cyv+a <—ng +CPBY CQDB£> + 8
(4.18) 2

. BP B
B3 =—B; <7 +a <—01DB£ +CyBY B‘;) +8 <—0133 +CaBs —
3 3

. BD
Bi= By|v+a <—C’1DB4D+()2DB4D— B‘E) + 8
3

This system has the line(s) of fixed points (C1,Cs, B3, By) = (0,Cq, K,/C5,0), where K,
solves

B
—C1Bs +CyBy — 4>> .
Bs

(4.19) aKP 4+ BK, = —;

see (4.10). To determine the linear stability of one of these fixed points Ky = K¢(Ca; K., we
linearize around this point. This yields the matrix

ot 0 0 0
B —(aDKP +BK.) —(aDKP~'C3+5C3) BC3
2 D+1 2
e - <ozDK622 + ﬁfgg) —(aDKP + BK,) B
0 0 0 Y
The four eigenvalues of this matrix read A\; = 0, A\ = —2(aDKP + BK,), A\3 = 7, and

Ay = 7. The third and fourth eigenvalues are stable if v < 0. The eigenvector belonging to
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the neutral eigenvalue A\ points in the direction of the line of fixed points generated by K,
so it yields no instabilities. The second eigenvalue is stable as long as aDKP + K, > 0,
which is the same condition as for 3-front solutions (Corollary 4.10) and 1-pulse solutions (to
(U, V,W)(£o0) = (—=1,—1,—1) + O(e); see [6, 24]). This proves the following corollary.

Corollary 4.14. A 4-front solution for which the outer two fronts I'y and I'y travel to +o0,
respectively, and for which the other two fronts I's and I's converge asymptotically to a 1-pulse
solution with width —? log K, is stable if and only if v < 0 and aDKP + K, > 0, where K,
solves (4.19).

See also Figure 9 frames IV and V, and Figure 10 frame 8.

There is another fixed point at infinity, namely the fixed point where two left fronts, I'y
and D'a, travel to —oo, while the other two fronts, I'3 and 'y, travel to +o00. To determine
the stability of these fixed points we again need a transformation. First, we define Ky (K4)
as the distance between I'; and I'y (I's and T'y). This way, we get a system of ODEs with the
variables I'1, I'y, K7, and K4. Next, we use a transformation similar to (4.17),

€ € 1> € 3 62
Cy=ep", By=epM™ L[=epf1 L,=ep® and t/:2\/2Dt,

to obtain a system of ODEs with the variables C1, By, L1, and Ly. Analyzing the fixed points
of this system yields the following corollary.

Corollary 4.15. A 4-front solution for which the two left fronts I'y and I's travel to —oo
with a fized width —la) log L} and for which the two right fronts I's and I'y travel to +oo with
a fizred width —7 log L is stable if and only if L} = L} and aD(L})~P + B(L})~! > 0, where
L3 solves (4.19).

See also Figure 9 frame III, and Figure 10 frame 7.

Remark 4.16. System (4.14) actually possesses a 1-parameter family of invariant manifolds
by translation invariance of the underlying PDE:

Mg = {(T1(t),T2(t),U5(t), Ta(t)) | Ta(t) = —T1(t) + K, T'3(t) = —La(t) + K},

where K > 2I's. Each of these manifolds is normally attracting if « > 0 and 8 > 0, while
they are normally repelling if « < 0 and 5 < 0.
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