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Abstract

We study the interaction of small amplitude, long wavelength solitary waves in the Fermi-Pasta-Ulam
model with general nearest-neighbor interaction potential. We establish global-in-time existence and sta-
bility of counter-propagating solitary wave solutions. These solutions are close to the linear superposition
of two solitary waves for large positive and negative values of time; for intemediate values of time these
solutions describe the interaction of two counterpropagating pulses. These solutions are stable with respect
to perturbations in ¢2 and asymptotically stable with respect to perturbations which decay exponentially at
spatial +oo.

1 Introduction

It has long been of interest in applied math and physics to study how energy and mass are scattered or
transfered during the collision of two or more coherent objects. We study this question for the Fermi-Pasta-
Ulam (FPU) problem:

G =V'(a+1-¢) -V —¢-1) JEL (1)
which models an infinite chain of anharmonic oscillators with nearest-neighbor interaction potential V. On

making the change of variables r; = ¢;41 — ¢; and p; = ¢;, the state variable v = (r, p) satisfies a system of
first order Hamiltonian ODEs,

up = JH' (u) (2)

where the Hamiltonian H is given by

1
Hirp) = 50t +Vw) 3)
keZ
. L 0 S—1 . . c e

The symplectic operator J is given by J = 1 g-1 0 where S is the left shift on bi-infinite
sequences, i.e. (Sz), := x,41. The problem is well posed in each ¢F space, but for concreteness and

simplicity we work in ¢2.

The restriction of this problem to a finite lattice with Dirichlet boundary conditions was famously studied
in 1955 on the MANIAC computer in order to determine rates of convergence to equipartition of energy
[1]. Surprisingly, no such convergence occured. Instead, the authors observed nearly quasiperiodic motion in
which the energy remained mostly in the first few modes. Later Zabusky and Kruskal [2] rediscovered the
equation of Korteweg and DeVries (KdV) as a long-wavelength low amplitude limit of FPU and posited a
connection between nearly recurrent states in FPU and soliton interaction in the KdV equation. The KdV
equation has gone on to become both important and well understood as an example of a completely integrable
nonlinear dispersive wave equation. For an excellent review of this productive period see Miura [3].

Less understood is the theory of solitary waves and their interaction in non-integrable dispersive wave
equations. Martel, Merle, and their collaborators have studied the generalized KAV (gKdV) equation where
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they have obtained existence and stability of asymptotic multi-soliton states [4], as well as the existence and
stability of “nearly two-soliton solutions,” [5] that is, solutions which remain close to the linear superposition
of a broad, small, slow-moving solitary wave and a narrow, large, fast-moving solitary wave for all time. So
long as initially the large wave is to the left of the small wave, the large wave will overtake the small wave in
finite time. Thus these solutions describe the collision between two solitary waves. Here the solitary waves
survive the collision despite the fact that the system is not integrable, but unlike the integrable case, the
collision is inelastic - energy is transferred or scattered from the solitary waves to dispersive or radiative
modes.

In this paper, we examine the interaction of solitary waves in the FPU model which unlike gKdV admits
two-way wave motion. In particular, rather than study the analogue of the KdV 2-soliton solution in this
model, we focus on the interaction of counterpropagating waves. We restrict attention to the “KdV” regime of
long-wavelength, low-amplitude initial data. In this near-integrable regime, solitary waves and their stability
are well understood. In particular, see [0l [7, [8 @] [I0, [T1] and the references therein. Our results are consistent
with those of Martel and Merle, and the reasonable conjecture that in the near-integrable regime, collisions
are nearly elastic.

Our main result yields an open set of initial data U C ¢? such that for each ug € U, the solution u of (2))
with initial data u(0) = ug satisfies
e

lim [Ju(t) = uz, () —uz_(2)[| < Ce™/>7m

t—oo

Jimu(t) — g, (8) —ue_(8)]] < Ce

for some constant C' which doesn’t depend on e and small numbers 0 < 71 < 19 < 1/2. Here u, L and u._
denote right- and left- moving solitary wave solutions to (@) and are order /2 in the ¢? norm. The wave
speeds at t = oo, which we write as ¢4 may be different from the wave speeds at ¢ = —oo which we denote
here by ¢,. This is stated more precisely as Theorem [2Il The interpretation is that before the collision, the
error is exponentially small compared to the main waves and is due only to the weak interaction of the tails
of the solitary waves. However, the collision itself transfers or scatters energy from the coherent structures
Uc, and u._ to radiative modes and perhaps smaller coherent modes. This scattering manifests in the error
term for large positive times which is much larger than the error for large negative times, but remains very
small compared with the size of the main waves.
The strategy for the proof is to consider three different regimes:

1. The pre-interaction regime where the solitary waves are well separated and moving towards each other.
2. The interaction regime where the solitary waves are not well separated.

3. The post-interaction regime where the solitary waves have already collided and are now well separated
and are moving away from each other.

The interaction regime is handled with a finite time energy estimate which is made precise in Theorem 23]
The pre- and post- interaction regimes are handled with a stability result which is made precise in Theorem
In order for these theorems to work together to describe the collision of solitary waves, the stability
theorem must (a) be valid for the perturbations incurred by the finite time approximation and (b) show that
these perturbations remain small compared to the main solitary waves. However, consider typical stability
results, and in particular the ones in [6] [I0, [[T] which have the following form:

There exists a 6 > 0 and C' > 0 such that whenever the initial perturbation is smalletf] than dg <O
then the perturbation will remain smaller than C'dg for all time.

In order to extend the stability results of [0, 10, [I1] to the two-soliton case, we must quantify both d§y and
C above. If §p were to be less than the error incurred by either the weak interaction or the finite-time error
estimate, that would present a fundamental mathematical obstruction to extending stability results for a
single solitary wave to the two-wave context via the method we present here. Also, if C' were to be larger
than the size of the main wave u., or u._ divided by the error incurred by either the weak interaction or the
finite time error estimate, then although we could prove a theorem which controls the size of the perturbation,
we would be unable to say that the perturbation remains small compared to the main waves. It turns out
that in the stability analysis for solitary waves in FPU, the part of the perturbation which is localized near

Here, in the interest of space, we are being intentionally vague about what we mean by “perturbation” and what we mean by
“small”. This will be made clear later in the paper.



the solitary waves is relatively innocuous while any perturbation which is not localized is dangerous. Our
main stability result, Theorem 2.2} is stated in the form:

There are positive numbers djoc ~ €37, Sponioe ~ €/, Cloe ~ 1, and Chonioe ~ £~ /% such that
so long as the (non)localized perturbation is smaller than d(non)ioc then the perturbation remains
smaller than Cjyc010c + CnontocOnonioe for all time.

This allows us to prove that for e sufficiently small, there are global-in-time solutions which are close to the
linear superposition of two counter-propagating solitary waves for all positive and negative time. Additionally
the methods presented in this paper suggest a blueprint for studying the collision of small broad waves in a
variety of dispersive systems which have two way wave motion.

We leave open the important problems of whether or not asymptotic multi-soliton states exist, i.e. whether
or not initial data may be chosen so that the radiation terms decay to 0 as t — oo, whether or not exact
multi-soliton states exist, i.e. whether the initial data may be chosen so that the radiation decays to 0 as
[t| — oo, as well as a description of the collision of larger solitary waves.

2 Main Results

We assume that the potential V' satisfies

eH1I VeC! VO =V(0)=0 V'0)=1  V"(0)=1.

We remark that while requiring that V”/(0) and V"(0) both equal 1 may appear restrictive, in fact it is
not. To see this, suppose V(z) = 1aa? 4+ tba® + O(a) is a general potential with V(0) = V/(0) = 0 and
V’(0) > 0 and V'(0) # 0. Write Newton’s equations for a chain of coupled oscillators with interaction
potential V: B -

Gn = V'(an — qn-1) = V' (@41 — an)-
Now make the change of variables r,, (t) = a(qn(5t) — gn—1(6t)) and p,,(t) = B¢, (5t). Then u = (r, p) solves
@) with V given by V(z) = 2a8%x + 1b(5?/a) + O(z*). Choosing 3 = a~'/? and o = b/a gives us H1.

It was proven in [7, [8, [0, [10] that under the hypothesis H1, there is a cypper > 1 and a family of solitary
waves u. parameterized by wave speed ¢ € (1, cupper| for which u(k,t) = uc.(k — ¢t — ) is a solution for any
~v € R and moreover the following hold

e P1 The profile 7. takes values in an open interval I, C R containing 0 such that V" (r) > 0 whenever
r € I.. Moreover r. is even and decays at the exponential rate exp(x(c)|x|) where x(c) is the unique
positive root of sinhir/$k = c.

o P2 For each cjower € (1, cupper) and for each a € (0, k(¢iower)/2), the map
(1,¢) — e uc(- — 7) is C! from R X (Ciower, Cupper) into £2.

e P3 The energy of the solitary wave H(u.) satisfies % = EfR (;% + O(g3) where ¢5 is the KAV
soliton. In particular % = 0 for ¢ sufficiently small.

Here P1 - P3 were proven in [7]. Note that due to the time reversability of the equation (2]), the properties
P1 — P3 also hold for ¢ € [—cypper, —1). In our application of P2 we require the map (7,¢) — e*%u.(- — 7)
to be C3. We show that it has this additional smoothness in the proof of Lemma 3.2

In the remainder of the paper we assume H1. Let cypper be as in P1 - P3, choose cjower € (1, Cupper) and
fix a = a(ciower) so that P1 - P3 hold whenever £¢ € (Ciower, Cupper). Throughout the paper K and C refer
to generic constants.

Before we may precisely state our main results, we need to develop the weighted function spaces which
we will work in. Let ¢2 be the Hilbert space of two-sided real-valued sequences {zj}rez which satisfy
]| := >,z 27 < co. Denote by £2 the weighted Hilbert space of two-sided real-valued sequences {2 }rez

which satisfy [|z]|2 := 3", ., €***a7 < co. Given real valued functions of a real variable 7, (t) and 7_ () define

%], (1) = e+ O|z]|la = (Chez eza(k*”(t))xz)%. Note that the weight e** in the weighted norm || - ||+, )
travels in the frame of a wave u., (- — 74 (t)). Similarly, we define ||z|._¢) := e W||z]| _,. In the following
the function 7, is allowed to vary depending on the context. For example, in ([[I) we take 7, = 7% for
a € {+,—} and in the statement of Theorem 23] we take 7, = a(cat — Tp). Aside from these two theorems,
To Will denote the phase of a solitary wave which is allowed to vary in a way fixed by the modulation equations



in section 3. In the following we will abuse notation, writing ||z(t)|lo to denote |[2(t)| ;). We also write
x4 and z_ to be the spatially right and left parts of x respectively. That is x4 (k) = x(k) when k& > 0 and
x4 (k) = 0 otherwise; similarly z_ (k) := z(k) — x4 (k).

We may now state precisely our main result.
Theorem 2.1. Assume (H1). For each 0 < m < ny < 1/2, there is an g > 0 such that for each 0 < € < g
there is a constant C' > 0 and an open set U C (% such that for each ug € U there are smooth real valued

functions of a real variable ¢y, c_, T4, and T— such that if u denotes the solution of @) with u(0) = ug, then
its perturbation from the sum of two solitary waves

v(t) == ult) — e, ) (- = T+ () = Ue_y (- — 7-(1))

satisfies
o) <Ce=™ <0 (4)

and
|v(t)|| < Ce™/22m0 >0, (5)

Moreover, the weighted perturbation decays:

. 2a(k—714 (1)) —2a(k—7_(t)) 2 1 —2a(k—74(t)) 2a(k—71_(t)) 2 _
lim 3 (e e ok, = tim_ 3 e Jolk, 0 =0 (6)

keZ keZ

Furthermore, the limits

tlim (cq(t),e—(t), 7+ (t), 7 (1)) and , lm (cq(t),c—(t), 74 (t), 7—(¢))
exist with limy_ 4o 7o (t) — co(t) =0 for a € {+,—}.
In addition, there is a subset of U which lies in the weighted space Uy C £2N {2, NU and which is open in
2N 12, such that whenever ug € Uy the weighted perturbations decay at an exponential rate. That is, there

is a b> 0 such that the solution u of @) with u(0) = ug satisfies

Z(BQa(k—T+(t)) + e—2a(k—r,(t)))v(k7t)2 < Oe—bt t>0 (7)
keZ

and
Z(efmz(kfnr(t)) +82a(k77,(t)))v(k7t)2 < Oebt t<0 (8)
keZ

Theorem 2] asserts the existence of solutions which remain close to the linear superposition of two
counter-propagating solitary waves forever, both forward and backward in time. In particular, solitary waves
persist after collision. Moreover, the energy which is transfered from the solitary waves to radiative modes or
smaller solitary waves is small relative to the main waves, whose 2 norms are O(¢%/?). Furthermore, these
counter-propagating wave solutions are stable with respect to perturbations in ¢2. In addition, solutions which
differ from the sum of two counter-propagating solitary waves by a sufficiently small exponentially localized
perturbation at some initial time, continue to differ from the sum of solitary waves by a small exponentially
localized amount, both forward and backward in time.

In our proof we combine an orbital stability result for weakly interacting waves with a finite time ap-
proximation result for strongly interacting waves. There is a tradeoff here between the exponential control
of the radiation at ¢ < 0 and the polynomial control over the radiation for ¢t > 0. This tradeoff is a result of
choosing the time period over which one uses the finite time approximation. If one uses a relatively short time
period, so that the waves just have time to pass through each other, then the polynomial error incurred by
the approximation is smaller. This corresponds to a small value of 79 above. However, this has consequences
for the bounds in the orbital stability result because if the waves start out relatively close to each other, then
the cross terms which come from the interaction will be larger. This corresponds to a small value of 77; above.
On the other hand, if one uses finite time approximations for a larger time period, then the error incurred
by the approximation will be larger, but the interaction terms before and after this period will be smaller,
corresponding to relatively large values of n; and ng.

The orbital stability and finite time approximation results are of independent interest and we now state
them as separate theorems.



Theorem 2.2. Assume (H1). For each 1y > 0 there are positive constants C, dioc, Ononioc, and o such that
for any € € (0,e0) the following hold. Suppose that there is a decomposition
ug() — Uc’;(' - 7'1) — Uer (- —=7%) =v10 + va20

such that [[vio] < Snonioe and ||(vao)||+ + [[(v20)— = + [lvaoll < Gioc with 7% < —Ce™1=M < Ce™'1 < 77,
Snontoe < C¥/211 and 81 < Ce3T". Then there are smooth real valued functions of a positive real variable
Cy, C—, T4, and T— such that the solution u of @) with u(0) = ug satisfies

lut, ) = te, ) = 74() = ve_) (- =7-())]| < Ce 325 om0 + COloc + Ce=c ™ forallt >0 (9)
and

lim {Ju(t,) —ve, (- = 74() = te_ (- = 7- ()]« = 0 (10)

t—o0
Moreover, the limit limy_ o (¢4 (t), c—(t), 7+ (t), 7_(t)) exists with limy_.oo 7o (t) = ca(t) for a € {+,—}.
Furthermore, if v10 = 0, then
[v()alla < Ce™ e {+ —} (11)
where in the small € regime b ~ 3.

Note that we are fairly quantitative in determining the small € asymptotics for the initial data whose
evolution we are able to control as well as for the degree to which we are able to control it. This is an
essential feature of our method as the stability result must be able to tolerate the error incurred by the
following finite time estimate.

Theorem 2.3. Assume H1. For any 0 < m1 < mg < 1, there exist positive constants €y, Coy, C1, and Ey
such that if c. = —1 — %525, and c; =1+ %5254” with |[fx] <1 and 0 <e < gy and 0 < E < Ey, then
whenever u s a solution of @) with

[[u(0) — u6+(- —T4) —ue_ (- —T12)|| < el1/2=n0 po

for some n > 0, then the difference between the solution of @) with initial condition u(0) and the linear
superposition of waves has a decomposition

w(t) — e, (- —cqgt —74) —uc_ (- —c—t —7_) = v1(t) + v2(t)

such that
o1 (B)]| < Coe™ /273 (B + 1)

and
[ + [v2 ()14 + [loa(®)]| - < Coe™?7™ (B +1)
hold for 0 <t < Coe=t="™. If in addition,
1u(0) = wey (- = 74) = e (- = 7= )|+ + u(0) = uey (- = 74) —ue_(- =) < Cy™/27™
then we may take v1 = 0.

The proof of Theorem 3 follows from a straightforward, albeit nonstandard, energy estimate. The following
lemma will help to streamline the proof.

Lemma 2.4. Consider the nonlinear inhomogeneous discrete wave equation

r=(S—-1I)p

p=T—=S""r+g(trp)

Let Ty € R and a ~ € be given and let c, be given such that ace —1 ~ % for a € {+,—}. Let || - | denote the
standard (> norm and let || - ||o denote the weighted norm with phase 7o = cot — aTp.

Assume that there are positive constants Cy, C1, and ny € (0,1) which do not depend on e such that for
e sufficiently small we have ||g(t,r,p)|| < Coel ™™ for 0 <t < Cre='=" Then

lr @I + @7 < e (IrO)* + IpO)I* +1)  0<t < Cre™tom
Similarly, if ||g(t,r,p)|la < Coe* for 0 <t < Cre=17"0 then for e sufficiently small
el + lp@)l5 < (rO)* + pO)2 +1)  0<t<Cre™t™



Proof. We consider first the unweighted ¢? norm. Let £(t) := ||r(¢)||* + ||p(#)||*>. Compute

%5@) = (r(S=Dp)+ (p,(I =5 )+ (p.g) = (.9) < llgll(€ +1).

In the second equality we have used the fact that S* = S~! when regarded as an operator on 2. In the last
inequality we have used the Cauchy-Schwartz inequality as well as the fact that z < 22 + 1 to replace ||p||
with £ + 1. From Gronwall’s inequality and the smallness condition on g we obtain

E(t) < eP1E(0) 4 %01 — 1 0<t<Cetmm

as desired.
Now consider the weighted norm. Let Eq(t) := ||[r(t)||2 + [|p(t)||2 and let (z,y)q = >,y eFCalayy,
so that ||z]|2 = (x,2)s. Compute

%Sa(t) = —2aacaa + ((S* = S™Hr,pla + (9, 9)a
< (e“(l —e ) — 2aaca) o+ l9lla(Ea +1)
< 2Cpettm(E, + 1) for 0<t< Cetmo,

In the second line we have used the fact that S* = ¢7225~! and ||S™!| = e in the space ¢2 to bound the
first term and we have used the Cauchy-Schwartz inequality together with the fact that z < 2% + 1 to bound
the second term. In the third line we have used the fact that ac, — 1 ~ €2 and a ~ ¢ to show that the first
term is higher order in € than the second term and thus is no bigger than the second term for sufficiently
small e. We have also used the smallness assumption on g to simplify this term. The result again follows
from Gronwall’s inequality. O

We can now prove Theorem

Proof. The idea of the proof is to write u = u., + u._ + v2 + v1 where vy is localized and serves to cancel
the leading order terms in % lv1]]?. As a preliminary step we study the following system of equations:

b1 = (S — 12

(2.52 = - S_l) [¢1 + 25_7/2+n07ﬁ6+7ﬁcj

where r., and r._ are solitary wave solutions of the FPU equation evaluated at k —cyt —Tp and k+cyt+Tp
respectively. Our aim is to apply Lemma [Z4] to show that ¢ remains small on timescales of order e~!=". To
that end, we estimate

eMT2||(I = S Vre, e |a

5”077/2”7““(] - S Hre +(S7re ) - Sfl)rQHa

IN

05770_1/2H7‘ca ”a + CEWO_SMH(I — S_l)'f'ca ||a < Celtmo,

In the first inequality in the second line we have used that ||(I — S~ )r.__ ||~ < Ce® and that ||r.__ |le~ <
Ce?, which follow from () and the Mean Value Theorem. In the second inequality we have used that
[7e.|la < Ce®? and that ||(I — S~ Y)re, ||o < Ce®/? which also follow from (Id)) and are again established in
Lemma [321. We remark that (at least for ¢ < Tp), ||7c_.||a Is exponentially large, thus it is essential that

we are able to use the £°° norm rather than the | - ||, norm to estimate r.__. The bound for the ¢? norm is
similar.
We consider now the system
1/.)1 = (S =12

o = (I — S7)(¢hy + 26710 ((re, +7e_)1)

We again use Lemma [Z.4] to bound both the ¢? and weighted norms. Here it suffices to use the fact that
o1]l + l|@1]l+ + l|¢1]l— < C and ||re, + re_|e < Ce? to bound the inhomogeneous term.



Now let vy := £7/27M0 ¢ 4 £9/2-2104), We define the residual v; = (R, P) by the ansatz
T="Tc, +Tc_ + 57/2*’7%)1 + 59/2*27701#1 4 el1/2-3mp
D=DPcy +Pe_ + €7/27M0 gy 4 £9/272M0 )y, 4 g11/2=3m0 p

where ¢ and 1 are as above.
Upon substituting the above ansatz into ([2)) we see that R and P satisfy the differential equation

R = (S—-I)P
P = (I-SYR+yg
where the inhomogeneous term is
g9 = (=8 (re, +re )€™ 1 + R)] (i)
+&3/28m0 (1 — S71) [(¢1 + el 709y + 27210 R)?] (i)
+3e7 12430 (r 4o ) [(L = ST (repre )] S Hreyre ) — S7TH) (rey +1e)) (é11)

+e2m=2(] — §71) [(¢1 +elmmy 4+ 52_2"0R)F3(r0+,7“07,57/2_"0¢1,59/2_2"01/11, 511/2_3"0}{)} (iv)
_|_53770711/2 (I _ Sil)le(Tch e, 57/27770¢1, 59/2727701/)1, 511/273770]{) (’U)

Here F3 is a homogeneous polynomial of degree 2 in its arguments and accounts for the third order terms
in the Taylor expansion of V'’ about 0 other than those which arise from (r. Lt rcf)?’. The function Fy
accounts for the fourth and higher order terms in the Taylor expansion of V’ about 0 and is quartic in all of
its arguments.

From fact that |7, [|s~ < Ce? we see that (i) < Cel™™ so long as [|¢1| remains O(1) and || R|| remains
O(em=1). Similarly (i) < Ced/2+m0 g0 long as ||¢|| remains O(1), ||| remains O(e"°~1), and ||R|| remains
O(#0=2). To bound (iii) we use the fact that |[re, [~ < Ce2, that ||(I — S™)(re,re )| < Ce%/2, that
1S (re,me )|l < lI7ey lese |Ire_|| < Ce™/? and that ||(I — S~1)r., || < Ce® to conclude (mz) < Celt3m,

Since Fj is quadratic, we have (iv) < Ce?T2m0 g0 long as its arguments remain O(g?) and the coefficient
remains O(1). That is, we have (iv) < Ce**?™ so long as ¢ remains O(1), ¢ remains O(¢"~!) and R
remains O(£272™). We similarly conclude that (v) < £2+3™ so long as ||¢|| remains O(e70=3/2), |l4]]
remains O(£™~%/2), and ||R|| remains O(¢"~7/2). Note that we have only had to assume that ||R|| remains
O(em~1) on timescales t ~ ¢ =17, Thus from Lemma 24lit follows that || R||? + || P||? actually remains O(1)
on timescales t ~ g~ 170,

To conclude the proof it remains only to show that if the initial perturbation is localized, it remains so
for the timescales of interest. To that end, redefine the residuals R and P by the ansatz

r=Te, +Tc /P MR p=p. +p. +/FMP

and substitute into (@) to obtain
=(S-I)P
P=(I-SYR+yg

where g := ™~ /2([ — S7) (V'(re, +1e_ +7/270) = V'(re, ) — V'(re_) —€7/27™R). Use Taylor’s Theo-
rem to write V' (re, +1c ) = V' (re )+ V" (re Jre, +V" (re_)rZ +V"(01)rd, and V'(re, +re_ +e7/2-mR) =
V/(re, +7c )+ V"(re, +1c )27 MR + V" (03)e" =2 R2. Thus

g = 8"0_7/2(1— S—l) ((V”(ch) )Tc+ V”/(Tc ) V””(@ ) 3

ey

+ (V"(rey +re_) — 1)e™/2=m R 4 V"’(92)57_2"0R2)



The quantities 6; are bounded uniformly in both space and time, so long as || R||se remains bounded. Since
we are trying to prove that R remains bounded, and we must assume that R remains bounded in order to
bound V"’ (0;), we proceed with some care. More precisely, assume that there are some positive constants Cy
and C; so that ||R|¢~ < Cy for 0 <t < C1e= 17, Tt follows that there is some positive constant Cs so that
[V""(601)] + [V (02)] < Cs. Thus

lgll+ < ™2 (llre_lle I(T = S~ ey 4 + Cllre, le= (T = S~ )re, N4 + Csllre 7 I7e l1+)
+ Cllre, +re_lles | Rl + Cse™2 77| Rl || Rl +
< Celtm 4 Cse® ™ + Ce?||R||y + Cse™/ 27 || Rl g | Rl |+
so long as ||R||¢~ remains bounded. We can always choose ¢ small enough so that
lgll+ < 2Ce'*™ (12)

where C' is a constant which depends upon neither € nor R. Thus, so long as so long as the above is
valid, i.e. ||R(t)||¢== < C4 then from Lemma 4 we have ||R(t)||2 + [|[P(t)]|2 < e2“C1(||R(0)[]2 + || P(0)|?) for
0 <t < Cre~'"m. We may now, a posteriori choose Cy = 2¢?““1 and make ¢ smaller if necessary so that

(T2 holds.

One may obtain similar estimates for ||g||— and | g||. In particular
lglls + llgll- + llgh < Ct+m
so long as ||R||+ + ||R||- + || R|| remains O(1). This concludes the proof. O
We now show that Theorem 2] follows from Theorems 2 and 3.

Proof of Theorem[21l The strategy for the proof is to consider three different regimes:
1. The pre-interaction regime where the solitary waves are well separated and moving towards each other.
2. The interaction regime where the solitary waves are not well separated.

3. The post-interaction regime where the solitary waves have already collided and are now well separated
and are moving away from each other.

We choose initial data in the pre-interaction regime which is exponentially close (in £2) to the sum of two
well separated solitary waves. In light of the symmetry u(n,t) — u(—n,—t) for ([2) we may apply Theorem
[22) backwards in time. In particular, using @) with d;oc = dnonioc = e~ " and TN =T = e~17M yields
). To control the evolution in the interaction regime we use Theorem 2.3 However, note that the definition
of the weighted norms change under the symmetry u(n,t) — u(—n, —t); when the solitary waves are moving
away from each other the weighted norms don’t see mass that lies in between the main waves, whereas when
the solitary waves are moving toward each other they do. Thus to ensure that the localized error vy is small,
we must take d,onioc = e=s " above. Having done this, the localized error vy is order g™/2=m and the
% error vyg is order £'1/273 in the interaction regime. In light of the symmetry u(n,t) — u(n,t — T) we
may again apply Theorem Using @) with 8, = Ce/27™ and Snonioe = Ce'/?73m0 yields [H). The
weighted norm estimate (6) follows from (I0) and convergence of modulation parameters similarly follows
from Theorem

To complete the proof it remains only repeat this procedure for initial data which is exponentially close
to the sum of solitary waves in the weighted space ¢2 N (2 . Using () with dnonioe = 0, djoc < Ce™/2+1 and
TV =T = e~17™ yields (@). Upon applying Theorem 3 and using the fact that the initial perturbation
is localized, we have vyg = 0 and waq is order £7/2= . Using () with 6o = Ce7/27™ and §,on10c = 0 yields

@). O

The rest of the paper is devoted to proving Theorem 22l Before sketching its proof, we briefly review the
previous stability results [6l [10, [11] on which we build. The KdV equation is

Ut = Ugze + 3(u?)4. (13)



Traveling waves u(z,t) = Q.(x — ct) satisfy the wave profile equation cQ + Q" + 3Q? which can be solved
explicity to obtain Q.(€) = ¢ sech?(y/c€/2). These solitary waves Q.(- — 7) form a 2-manifold in the space
of initial data, parameterized by allowing the speed (or mass) ¢ and the phase 7 to vary independently. To
study perturbations of solitary wave solutions, one makes the ansatz u(z,t) = Q. (x — 7(t)) + w(x,t). The
evolution of the perturbation w is governed by a dispersive PDE. In order to control its evolution, Pego
and Weinstein [6] work in an exponentially weighted space and prove that w(t) tends to zero at t — oo in
this norm. The evolution of the speed ¢(¢) and phase 7(t) are governed by ODE’s which are coupled to the
PDE for w(t). The control of w in the weighted norm, together with energy estimates which come from the
conservation of the Hamiltonian and an orthogonality condition on w, is sufficient to imply convergence of
7(t) and ¢(t) as t — oc.

In 1999 Friesecke and Pego showed that in the “KdV” regime of long-wavelength, small amplitude traveling
waves whose speed is close to the “sonic” speed, which is cgpnic = £1 in our case, FPU solitary waves could
be well-approximated by KdV solitary waves. More precisely, they showed that if the speed c is sufficiently
close to 1 (or —1), and if one writes ¢ = 1 + ﬁsz, then the traveling wave profile satisfies the estimate

1 .
I5re(2) = 1 0)llme) < Ce? (14)
where ¢1(§) = %sech2 (€/2). This closeness between KdV and FPU solitary waves is instrumental in importing

estimates for KdV linearized about a solitary wave to the FPU setting.

In a series of papers from 2002 to 2004 [8, @, [10], Pego and Friesecke showed that these waves are stable
with respect to perturbations which are small in both 2 and a weighted space. Their method of proof is
adapted from [6] and indeed relies heavily on results presented there. This series of papers provides a blueprint
for importing estimates which are known for the KdV equation to equations which have KdV as a long-wave
low-amplitude scaling limit. However this work, as well as that of [6], is limited to perturbations which lie in
a weighted space and thus says nothing about the behavior of solutions which differ from a solitary wave by
a perturbation which decays very slowly.

Orbital stability in the energy space for gKdV solitons was obtained by Martel and Merle in [12]. The
conceptually simplest version of the argument relies on a virial identity for the perturbation equation. That
is, small perturbations to the solitary wave never linger near the solitary wave - regardless of whether they
are exponentially localized or not. Since evolution of the modulation parameters ¢ and 7 is controlled by the
mass of the perturbation near the solitary wave, one may use this estimate to control the evolution of ¢ and
7, and thus use energy estimates to obtain Lyapunov stability for the solitary wave.

More recently, Mizumachi [I1] has obtained orbital stability in 2 for solitary waves of @) in the KdV
regime via an adaptation of [8] which uses ideas present in [12]. Unfortunately we know of no virial identity for
the evolution of perturbations to solitary waves in FPU. However, it is not hard to show that exact solutions
of FPU with small initial data move more slowly than larger solitary waves. Mizumachi decomposes the
perturbation into two pieces, one of which is an exact solution and the other of which is exponentially
localized [11]. With this decomposition one can show that FPU solitary waves are stable to all sufficiently
small perturbations in £? even if they are not exponentially localized.

With this background in mind, we are now ready to outline our proof. We first make the ansatz

u(t) = tey (1) (- = T4 () + Uy (- = 7= () + v(t). (15)

Here we allow the modulation parameters ¢, and 7, for a € {+, —} to vary in order to control the neutral
modes associated with variation in wavespeed and phase. This control is achieved via orthogonality conditions
which we place on the perturbation v.

It is a consequence of the convexity (and conservation) of the Hamiltonian that so long as these orthogo-
nality conditions are satisfied, we obtain

[ < C (lo(to)ll* + eles () = cx(to)] + ele—(t) — e~ (to)]) + exp. (16)

Here exp denotes the exponentially small terms generated by the interaction between the tails of u., and
uc_. Thus to obtain orbital stability it suffices to restrict attention to the region where the interaction terms
are small and to control the evolution of the modulation parameters c,,.

Substituting the ansatz (3] into ([2)) we obtain a lattice differential equation for the perturbation v which
is coupled to a system of ordinary differential equations for the modulation parameters ¢, and 7,. If one



localizes the perturbation to the left- and right- half lattices by writing v = v4 + v_ then the linear part of
the lattice differential equation for v, generates a semigroup which was studied in [I0] and is known to decay
exponentially for initial data which are exponentially localized and orthogonal to the neutral modes. Given
arbitrary initial data v € £2, we follow [I1] in decomposing it as v = v + v, where v; is an exact solution of
@) and v, is exponentially localized. We may now further localize vy by writing ve = v 4 + vo — with vg 4
near u.,. Now va o lives in the space on which the semigroup generated by the linear part of its evolution
equation decays. Thus we may write a variation of constants formula for v, . However, this equation is now
coupled to the exact solution part of the perturbation v; as well as the modulation parameters ¢, and 7,
and cross terms associated to u.__. To give a sense for the relationship between the quantities involved, we
write the variation of constants formula here:

t
lo2a(lla < Ce™ ) (Jug,a(to)lla + vralto)lw.) + Cllvra(®) lw. + C/ e Ga(s)]lads

to

where
[Ga(s)ll < EQHULa(S)HWa + 5_1/2|éa(3)|55/2(7.—a — Ca)
+(7a(s) = cals)| +lea(s) = ca(to)] + [[0(s)]| + ) [[v2,a(s)lla + exp
Here the two-sided slowly decaying weighted norm || - ||w,, is given by
2l 0 = Y e~2F e Olag, (17)
kEZ

and @ ~ £2. The reason for this choice is made clear in the proof of Lemma Bl

As is often done in stability analysis for PDEs, we first restrict attention to solutions for which G, above
is small. So long as this holds, after some computation and applications of Gronwall’s inequality and Young’s
inequality, we obtain

t1 ty
/ [vz,0(t)ll2dt < 0672/ o1, (®)ly, dt + Ce 7> (lvra(to)lfy, + lv2alto)ll) + exp
to to

Since we have followed Mizumachi and chosen v; to be an exact solution of (2] we may use the virial identity
B4) to see that

t
[ Tera(o)lr, < C=fur(to) P + exs.
to

Through a separate analysis, which also mimics [0l [8, 1], we obtain
ta < CE* + [lvrall + lv2.alD(lvralliy, + lv2al2) + exp.

and upon integrating this equation and using the above, we see that |c, (t) — ¢ (to)| remains small as long as
G4 does. We may now conclude a posteriori that G, and hence |cq(t) — ¢q(to)| remains small for all time.
In particular, we may use ([IG]) to conclude that ||v(¢)| remains small for all time.

Note that large negative powers of ¢ appear in several of the estimates above. These large coefficients
arise because in the small amplitude long wavelength regime, solitary waves move only slightly faster than
smaller amplitude radiation, which disperses at the sonic speed ¢ = 1. Thus, the weighted norms associated
with these solitary waves decay very slowly, hence have very large integrals with respect to time. Given that
the large coeflicients are present, controlling the above quantities requires some care.

3 Coordinates for the FPU Flow Near the Sum of Two Solitary
Waves

As discussed in [7], [§] there is a 2 dimensional manifold of wave states parameterized by wavespeed ¢ and
phase 7. Define the tangent vectors &1 (7,¢) := Oyuc(- — 7) and &(7,¢) = deuc(- — 7) so that & (7,¢) and
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&2(T, ¢) span the tangent space of the manifold of wave states at the point u.(- — 7). When we evaluate ; at
(Tas Co) We suppress the argument and refer to it as &; 4.
In the spirit of [8] we define the bilinear forms

n n—1 ]
wi(z,y) = Z lyl,n Z T2k + Y2, Z T1,k

neZ k=—o0 k=—o0

and

00 oo ]
w-(z,y) = — Z lyl,n Z T2k + Y2, Z T1k
k=n i

nez k=n+1

Observe that wy (z,y) —w_(2,9) = ez 2 kez(W1.nT2k + Y2,nT1,%) s0 that whenever either x or y is zero
mean, the forms wy (z,y) and w_(x,y) agree. Also, when either x or y is zero mean, the forms have the
anti-symmetry property

wa(,T, y) = _wa(yv x) . (18)
For this reason we refer to w, as a symplectic form even though (I8) does not hold in general. A particular
case when x is zero mean is when x is in the range of J, thus wa(Jz,y) = (z,y). The reason that we take
care to define two separate forms is because we will have occasion to apply them to sequences which needn’t
be zero mean such as &> . The key difference between w, and w_ is appears in how they act on the weighted
spaces /2 and (2.

When a > 0 the form w is continuous when regarded as a map from ¢2 , x £2 to R but not when regarded
as map from ¢2 x (2, — R. Similarly, w_ is continuous when regarded as a map from ¢2 x (2 to R, but
not when regarded as a map from 2, x 2 to R. Both w; and w_ are only defined on a dense subset of
02 x 2 — R and neither are continuous with respect to the £? x £ topology. The following useful inequality

is an immediate consequence of the Cauchy-Schwartz inequality for the ¢2, (2 dual pairing.

wa(z,y) < Izl Nyllez, ~a" el N1yllez, (19)

T 1l—ea

In the tradition of Pego and Weinstein [6], Pego and Friesecke [8] , and Mizumachi [I1] we impose
orthogonality conditions on the perturbation of our ansatz. We seek to study solutions u of (2] which satisfy

u(k,t) = ve, 1y (k = 74(t)) + uc_y (k — 7-(t)) + v1(k, ) + v2(k, 1) (20)

where vy (k,t) also satisfies ([2). Let hy (k) = X[o,00)(k) be the Heaviside function and h_(k) = 1 — hy (k).
Denote v;,o = viho and v = v1 4 v2. The orthogonality conditions that we impose on v o are

wa(&1,0:00) =0 ae{+,-} (21)

Wa(€2,0,0204) =0 @€ {+ -} (22)

Remark. Here condition 1)) is imposed on the full perturbation v while condition [22) is imposed only on
va. Pego and Friesecke do not decompose the perturbation and require w(&;,v) = 0. Mizumachi introduced the
analogue of 22)) (for a single wave) which allowed him to control the modulation equation for ¢, well enough
to obtain orbital stability.

Substituting (20) into ([2) we obtain an evolution equation for vg 4.

LO/U2,0¢ - (Jga)ha + ea (23)
where
Ly :=0; — JH”(uca), (24)
ga = Z C'ﬁfg)ﬁ — (7"5 — 05)5175 ha, and (25)
Be{+,—}
9o 1= H'(ue, + e +v1+v2) — H'(v1) = H' (uc,) — H' (ue_) — H" (uc, Jv2,0- (26)

Our aim going forward is to analyze the evolution of the quantites va, v1, ¢ and 7 rather than our solution
u. Before we may do this in earnest, we must show that the two are equivalent; i.e. that (7, ¢, v1,v2) form a
coordinate system for u. Moreover, we must show that these coordinates are valid even if v; and v, are as
large as the radiation due to collision could be, i.e. as large as the error terms in Theorem 2.3

11



3.1 Estimates in the KdV regime

In Theorem we are careful to demonstrate how the size of both an admissible initial perturbation  and
the evolution of that perturbation depend on . This is necessary so that we may establish that error incurred
from the finite-time approximation yields an initial condition which is not too far from the sum of solitary
waves and moreover remains small compared to the main waves. This requires an understanding of how each
constant which appears in [I0, [[T] depends upon e. In this section, we establish small € asymptotics for the
higher derivatives of the wave profile with respect to ¢ and 7. Some of the details of the computations appear
in the Appendix A.1.

The small £ asymptotics for the first derivative of the wave profile are established in [7]. In this section, we
refine those estimates. Upon substituting a wave profile (¢, k) = r.(k — ct) into the second order differential
equation for 7, i’y = (S+ 571 —2I)V’(ry), one obtains the differential difference equation 7/ (¢) = (T'+T~! —
2I)V'(r.) where the translation operator T' is given by (Tz)(§) = x({ + 1). Taking the Fourier transform
one obtains the fixed point equation r, = P.N(r.). Here N(r) := V'(r) —r = 1r?(1 + n(r)) with the
above equation serving as the definition of both N and 1. The operator P is a pseudodifferential operator
with symbol p.(§) = % One can now make the scaling ¢ = 1 4 %ﬁﬂ and the renormalization
re(s) = &P = e2r.() to obtain a sequence of fixed point equations =P = PENe(¢(=P)). Here PP has
the symbol p(®)(¢) = —H;g;‘iiiigé/m and N¢(¢) := e N (e2¢) = £¢*(1 + n(c?¢)). Note that whenever p
appears with a superscript, it denotes the symbol of a pseudodifferential operator whereas p with a subscript
is used to denote the momentum component of a solution to (2.

One may now take the limit as € — 0 and recover the fixed point equation for the KdV wave profile
d5 = PONO(p5) where PO has symbol p(®(¢) = 5214%[1 and N (¢) = %¢2. The crux of the argument
in [7] is that p° — p° uniformly on R. It is then an elementary result in the theory of pseudodifferential
operators that P(®#) — P in the operator norm. This (together with the invertibility of (I — P°N%(¢g)) on
a weighted space orthogonal to the neutral modes which is established from the theory of the KdV equation)
is precisely what is needed to show that the fixed point equation ¢(=%) = P(Eﬁ)]\]s(d)(sﬁ)) can be solved via
a contraction mapping argument.

In this paper, the collision problem requires precise small ¢ asymptotics for ¢(&%) and its derivatives in
the weighted space H!. We accomplish this by regarding the fixed point equation o8 = P(E’B)NE@(E’B))
in the space E2 of even functions whose derivatives up to order 3 are square integrable after multiplication
by the weight e*”. To solve this equation via contraction mapping arguments we must now obtain small
asymptotics for P(&%) — PO as well as (I — PON°(¢3))~", regarded as operators in the weighted space. To
that end, we present the following lemma which is proven in Appendix A.1.

Lemma 3.1. There are constants C' > 0 and a > 0 such that for € sufficiently small and any s > 0 the
following hold

NP — PO ey < O,

2. ||8§P(E’ﬁ) - 8§P(°>H£(H§») < Ce?

3. |0FN=(z) = *N°(y) |l c(mg) < o = yllmz + Ke? for k=0,1,2,
—1

4. 1T = POONO(¢p)] s < C,

Here, and always, when X is a Banach space, £(X) denotes the Banach space of bounded linear operators
from X to itself and [ - || £(x) is the operator norm. With the aid of Lemma Bl we may establish the leading
order behavior for small € of the higher derivatives of the wave profile with respect to ¢ and 7.

~

Lemma 3.2. There is a constant C which does not depend on € such that for e sufficiently small
10507 — 85l 2, < Ce (27)

and
|00l L2, + |10F0ipel L2 < CE¥/2HI—2F (28)

hold with k+j =0,1,2,3.

20 ¢ = %, then 8 = 3+ 1252(%)2, thus in the small e regime the scalings ¢ =1+ %6 and £tc=1+ E;ff are equivalent to
leading order in €.

12



Remark. The weight a/e which appears in the equation for the renormalized wave profiles 2T) aught to be
regarded as the renormalized version of the weight a. Recall that a ~ € so afe ~ 1.

Proof. We first show that (28)) follows from ([27)). Suppose that (27) holds. Then since 8’5@3 doesn’t depend

on ¢ it follows that 8’582(;5(5’@ = O(1) in the small ¢ regime for j and k between 0 and 3, in particular
for 0 < j 4+ k < 3. To obtain the bound on 7. and its derivatives in ([28) one merely uses the definition
re(x,7) = £2¢=P) (e(x — 7)), the observation that % = O(e7?) for the scaling ¢? =1 + %ﬁ, the observation
that O,r(z,7) = €39, (e(x — 7)), and the fact that || f()[|z2 = €'/?||f(-)||12,. To obtain the bound on

B
Pe, Write

re(2) = ae(Z +1) —ae(2) =

x—i—sn):—_lp (:C—i—an
£ c e

) (29)

for some 7 € (0,1) which may depend upon x. Here the second equality uses the mean value theorem and
the last equality uses the fact that wave profiles satisfy the FPU equation to relate spatial and temporal
derivatives. Now use the fact that for any n € (0,1) we have p.(§ + 1) < pc(§ + 1) + pc(€) to conclude that
[pellz < 2¢c||rellp2. Similarly, we can take derivatives with respect to ¢ or 7 in (29) to establish the bound
on p. from the bound on r. in ([28).

The rest of the proof consists of establishing that (27]) follows from Lemma Bl We first solve the fixed
point equation ¢%) = pEf) Ne (qﬁ(s’ﬁ)) in the weighted space of even functions E3. A standard uniform
contraction principle approach allows one to continue the fixed point at € = 0 to nonzero values of ¢ so long as
the equation is sufficiently smooth in €, and the linear part of the equation at the base point ¢g is invertible.
Moreover, it is a consequence of the uniform contraction principle that the fixed point ¢=? is as smooth in
/3 as the operator P=# and further that the fixed point ¢=” is close to the fixed point ¢5 when ¢ is close to
0. More quantitatively, ||¢** — ¢g|| < ||PEPI NS — PONOY||. The details of this argument are written out for
the C! case in Lemma A.1 in [7]. Here we apply the C3 uniform contraction principle, rather than the C*
uniform contraction principle, but otherwise the arguments are the same.

Observe that the operator I — P°N%(¢3) is a compact perturbation of a pseudodifferential operator, thus
its essential spectrum in H* is independent of s. Moreover, from [6] it’s essential spectrum in E? is bounded
away from the imaginary axis and it has no even eigenfunctions in L?, thus no eigenfunctions in ES for any
s > 0. Thus ||(I — P°N°(¢3)) "l z(gs) < C. From Lemma Bl we have ||P&#) — PO|| ;1) < Ce?. Thus we
have the requisite regularity in € and invertibility of the linear part to apply the argument. We thus obtain
for € sufficiently small:

1. that ¢=#) € E3

2. that [|p=#) — ¢s|| < Ce?,

3. that ||(I — P(E*Q)Ns(x))*lﬂﬁ(];g) is bounded uniformly for ||z — ¢l small, and
4. that 8 — ¢ is thrice continuously differentiable.

One may now implicitly differentiate the fixed point equations ¢(=%) = PEAN=(p(EH)) and og =
PYN?(¢g), isolate the difference 8’5(;5(5’[5) — 8§¢g, and bound the terms on the right hand side. In the
case k = 1 we obtain:

997 —0¢s = (I = PEDIN(¢&D)) = ((POON(p5) — PEPIIN(¢=)) 95
+ 95 PEANE(¢EB)) — 95 PONO(g5)) .

Thus in light of (2) above and Lemma B we see (after adding and subtracting relevant terms and using the
triangle inequality) that
1056 — 8505 ; < C<? (30)

as desired.
Implicitly differentiating again we obtain

050 = 8505 = (I = PEPDON (D) 71 (i) + (id) + (iid) + (iv))

where (i) = (PPON°(¢5)—PEDIN=(350)) 03¢, (ii) = 93 PEPNE (¢ —053 PONO(p), (iii) = 205 PSP ON= (15F)) 50
205 P°ON°(¢5)p¢5, and (iv) = PRGN (¢&7) (950 0))? — POO*NO(¢3)(5¢5)*.
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We may add and subtract relevant terms, use the triangle inequality, and bound each term with either
(2) above, equation ([B0), or Lemma BT to see

1056 — Ol m; < O (31)

as desired.
Implicitly differentiating once more, we obtain

0507 — b = (I = PEPION=($ )71 (i) + (i) + (i) + (iv) + (v) + (vi) + (vid))

with (i) = [PYON°(¢)—PEPON=(¢'5)|05¢p, (i) = 5PN (6D) =3 PN (9g), (i) = BO5P D ON (97) 9=
303P 0N (¢5)0505, (iv) = 305P &P 9 N=(¢(=7) (954 ) , 030 P)) = 305 PYO*N°(¢3) (D3, Ips), (v) =
303 PP ON(¢=P)D505 — 305 PPON°(¢3) 305,
(vi) = PEOPN(@0)(9507, 95017, 950'=7)) = POO*N(¢°) (9505, Dpbp, Opbp), and (vii) = 3PP 2N*(¢(*F))(950'”
3P0 N°(¢°)(95¢", 950°)-

Once again, we may add and subtract relevant terms, use the triangle inequality, and bound each term
with either (2) above, equation ([B0), equation (3I]) or Lemma [B1] to see

18567 — Osllmy < O
as desired. This completes the proof.
O

We now use these small € asymptotics to establish the existence of coordinates in a tubular neighborhood
of the sum of two well separated solitary waves.

3.2 Tubular Coordinates
For the remainder of the paper we will regard (7, ¢, v1,v2) as coordinates for the solution u. Here the pair
(7, ¢) is shorthand for the four-tuple (74,7—, ¢4, c_). The strategy for proving Theorem 22 is as follows:

1. Let u be the solution of (@) of interest. Pick an initial time ¢¢, initial phases 777, initial speeds ¢, and
initial localized perturbations v3 , and let v1 solve () with v1(to) = u(to) — >, (Uer (.—rx) + V5 )

2. Given t > to determine the unique 7, = 7,(t) and ¢, = ¢, (t) such that

51 a; Zuca - a a) :Wa(§2,a7( —1}1 Zuca - a a) =0.

Define vy (t) := u(t) — vi(t) = >, e, ) (- — Ta(t)).
3. Derive equations for the evolution of 7, ¢,, and vy
4. Use the equations derived in (3) to control the evolution of 7, ¢4, and vs.

5. Given the coordinates (7, ¢, v2) constructed in (2) and controlled in (4), conclude that u(t) = > uc, ) (-—
Ta (1)) + v2(t) + v1(t) is well-behaved.

In our application of Theorem 2.2 to the proof of Theorem 1] the choice of to, 73, ¢, and v3 , in step
(1) are naturally given by Theorem 23l Step 3 is the subject of section 3.3 and step 4 is the subject of section
4. Step 5 follows trivially from step 4. This section is concerned with step 2. Similar work is done in section
2 of [§] and Lemma 4 of [T1], though for a single wave. A key difference is that we must once again control
the size with respect to € of the neighborhood on which this decomposition is valid.

First, we state and prove the following lemma, which provides some preliminary estimates on the restriction
of the symplectic forms to the tangent space of the wave state manifold. It correponds to Lemma 2.1 in [§].
In what follows the matrix A is given by

A(r,e) = Ag(,¢) + Ai(7,¢) (32)

where
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AO+(T+7C+) 0 wa(gl,ongl,aha) wa(§1,a7§2,aha)

AO (Tu C) = with AOa (Tou Ca) = 5
0 AO* (T,,C,) Wa(§2,a7§1,ocha) Wa(§2,oc7§2,aha
0 A1+(T+) wa(gl,ougl,—aha) wi(gl,oug&—ahoz)
Al (Tu C) = with Ala(Tau Ca) =
Al*(T*) O Wi(§2,a7 51,7o¢ha) Wa(§2,a; 52,704}?/04)

Here as always &; o is evaluated at (74, ¢q).

Remark. In the following lemma, and in the remainder of the paper, we use the notation exp to denote
terms x which satisfy x| < C(e~ ™™+ 4 e=™I™=1) for some constants C and m which may be chosen
uniformly in . When the value of T4 is allowed to vary we write exp(s) to denote terms x which satisfy
lz| < Cle=emIm+ ()l e=emlm=()y - Notice that for any p we have ePexp = exp by making m smaller and C
larger if necessary. This convention will simplify many expressions throughout the paper.

Lemma 3.3. There is a positive constant Ty such that if 7o, —7— > Ty then the matric A = A(7, c,w) given
by B2) is invertible. Furthermore, the off-diagonal terms Ay satisfy ||A1|| = exp. Moreover, in the KdV

scaling [I4) to leading order in € we have Ty ~ @ and

et 7! exp exp
-1
— € exp exp ex
A S (33)
exp exp ¢ €
exp exp el exp

Remark. When A and B are matrices and we write A ~ B, this means that there are positive constants c;;
and C;; which don’t depend on € such that c;;b;; < a;; < Cj;bi; holds.

Proof. We show that Ag is the sum of a constant invertible matrix, plus a term which is exponentially small
in the phases 74 and 7_ which measure the separation between the solitary waves u._ and the cutoff of the
localization h,. We also show that the off-diagonal terms A; go to zero exponentially in the phases 7 and
7_. This completes the proof. The details follow.

The matrices Ay o were studied in Lemma 2.1 of [§] for the case &« = + and hy = 1. Our result is
similar though due to the presence of the non-constant function h, the matrices contain exponentially small,
time dependent components. Furthermore, the collision problem demands that we keep careful track of the
e-dependence of all quantities, unlike [§]. Consider the matrix

wi (&4, 81,404 ) w4, &2,4hy)
Ao (T4,04) =
wi(§2,4,&1,4+hy)  wi(Ce4,&2,4h4)

wi(,58,4) wil€+,8.4) wi(r+,&,+h-) wil&4+,82,4h)

wi(€a4,81,4) wilber,82.4) wi(€ey&14h) wi(€oq,82,4h)
= AT = Do (14, c4).

Here AT is exactly the matrix studied in Lemma 2.1 of [8]. From that lemma, and from Lemma 9.1 of

it follows both that AT is constant and invertible, and that AIT ~ 0 52 : thus (AFP)~1 ~
0 0 e e 0

-4 -1
( Z,l 60 ) For the matrix Ag 4, note that due to the inequality (I9) we see that wq(&ias&jal—a) <

Kl&allee 1€ .ah—allez, - In light of the fact that [£; o (k)| < Ke™ %=l we see that

&bl = Y- e 2Mhomel < 220l — exp
k=—o0
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In the last inequality we have used the fact that 7. > 0. The factor of a in the denominator comes from
summing the exponential. Thus we obtain that A is the sum of a constant, invertible matrix plus a
perturbation that is exponentially small in |7|. The inequality [|&; —h4 |2 < Zel™I also holds, thus we

obtain an analogous result for Ag_. In fact, these bounds suffice to yield [|Ai]| < £(e7*™ + ¢*-). In

rP
4o 0 ) we obtain

particular, denoting AF'F = ( 0 AFP
0

K
J A= APP|| < ZemeTy
a

for |7o| > Ty. Since AJ'F is invertible, it follows that A is also invertible as long as £e=eTo | (AFP)~1|| < 1.

Isolating T we see that A is invertible for
To > llog S — D log(e®) ~ e~ log(e) (34)
a K|[(AFF)=H|

Since A1 differs from (AFF)~1 only by terms of the form exp, (B3] holds and the proof is complete.
O

The following proposition quantifies the size of the neighborhood of two well separated solitary waves on
which the symplectic orthogonality conditions 1)) and ([22) uniquely specify the modulation parameters ¢
and 7 in the ansatz ([20). Its proof is given in Appendix A.3.

Proposition 3.4. Let u and vy in (% be given. Define
(T, Ty ) i= U, (- — T4) + Ue_ (- — 7).
For each n > 0 there is a C' > 0 which may be chosen uniformly in € such that whenever
ol + [[(w —a(73, 75, ¢, e2) —vi)halle < Ced/%+n t € [to, t1] (35)

for some 7* < =Ty < Ty <7} and ¢* ~ —1 — e2<14e?n~ c’, then there is a unique choice of phase T,
and speed c,, such that

wa(&1,0, (U — U(Tas Ca)ha) = wa (2,0, (U — (T4, T, c4,c—) —v1)ha) =0

holds. In particular, upon denoting va(t) = u — v1 — (74, 7—, ¢4, c_) the orthogonality conditions 1)) and

@2) are satisfied.

3.3 The Modulation Equations

Having established that studying the flow of FPU near the sum of well-separated solitary waves is equivalent
to studying the coordinates (7, ¢, v2) we return to equation ([23)) which describes the evolution of vg 4. To
completely describe the evolution of the coordinates (7, ¢,v2), we must derive evolution equations for the
modulation parameters 7 and c¢. In order to work with modulation parameters whose variation is small, we
define y4 by 74 (t) = [ ti c+(s)ds + v+ (t) and we study the evolution of v and ¢. Modulation equations are
obtained by applying wq (& ., ) to 23) and moving all terms which do not depend upon ¢ or ¥ to the right
hand side. The following lemma makes this precise.

Lemma 3.5. Let tg < t1 be real numbers and suppose that the ansatz 20) and orthogonality conditions (21))
and 22)) are valid for t € [to,t1]. Then

wa(§2,o¢7 LaUZ,a) = N2,a + £2,o¢7 (36)

and
Wa (gl,ou Lav2,a) = Nl,a + Zl,a (37)

hold for t € (to,t1). Here & o is evaluated at (7, (t), ca(t)), Lava,a is evaluated at t, and the quantities £; o
and N; o are given by
Zl,a = _j/awoz(argl,aa Ua) - C.awoz(acgl,au Ua) (38)
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£2,o¢ = _;Yawa(a‘rg?,au ’U2,a) - éawa(ac§2,au ’U2,a) (39)
and

Nl,a - _wa(gl,a; Lavl,a)v N2,a = _wa(gl,a; UQ,OL)- (40)

Proof. The proof proceeds by implicitly differentiating

wa(§1,a(Ta(t); ca(t)), va(t) = wa(b2,a(Talt), calt)), v2,a(t) =0
to obtain
7.—ozwoz (argl,ou Ua) + éawa (acgl,ou Ua) + Wa (gl,ou atvoz) =0 (41)

and

7.'az(")oc (87'52704; v2,a) + éawa (8052,Oé7 'U2,oc) + Wey (52,04; 875’0210() = 0 (42)
Use the fact that 0.8, = éJH”(uca V2,0 — %5170“ that we(Jz,y) = —wa(z, Jy), and that 7o = ¢4 + Yo to
rewrite ([@2)) as

We (52,04; La”Q,a) — Wq (51,0” UQ,OL) + ;YWQ (87'52,0” UQ,OL) + éawa (ac§2,0c; 1)270‘) =0

which is exactly @0). Similarly, use the fact that 9:&.q = = JH" (uc, )é1,q, that wa(Jz,y) = —wa(z, Jy),
and that 7, = ¢, + Y, to obtain

Wey (gl,ou Lo/Uoz) + ’yawa (67'51,(17 Ua) + éawa (acgl,ou Ua) =0
which is exactly (31). O

With the aim of using Lemma to obtain equations for ¢, and 4,, define lz-ﬁa = wa(giya,éa) and
Niw = walia,(Jga)ha) where £, and g, are defined in (23) and (Z8) respectively so that upon applying
wa &y ) to equation (23) and using Lemma we obtain a system of four ordinary differential equations
for ¢, and 7, which we may write in components as

Ei,a_gia:Ni,a_Nia 7':174-7

) )

and as a system

Nit—N
Aoy — By Ay i NlﬂL _ NL+
C+ _ 2,4+ — 4V2,+ (43)
A Ao~ B - Ni— =Ny
. o ¢ No_ — Ny _

Here A;, is defined in ([B2) and studied in Lemma The nonconstant parts of A;, correspond to the
inhomogeneous term lz-)a which appears on the right hand side of the perturbation equation (23]) and arise
because the modulation parameters ¢, and 7, are allowed to vary.

The matrix B,, which is given by

wa(argl,ou Ua) wa(acgl,ou Ua)
Bo =
wa(arglou U2,o¢) wa(ac§2,a7 U2,o¢)

corresponds to the inhomogeneous terms ¢; , which measure the failure of the range of the differential operator
L to be symplectically orthogonal to the tangent vectors &; o and &2.,. So long as the smallness condition
B5) holds, it follows that

AO — B ~ 65/2(HU1;O¢HW& + ||U27a||a) €
PIed « e e 2 .

Here we have used (28)), (35), the fact that ||-|| bounds |- |lw, , and the fact that u._ is exponentially localized.
Moreover, as before the off-diagonal terms are not only bounded above by a multiple of € but also bounded
below by a multiple of . Thus so long as ([B3]) holds, Ao — B, is invertible. Let A denote the matrix on
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the right hand side of @3). In light of the fact that the off-diagonal terms of A are exponentially small, we
see that A is invertible and to leading order in ¢ is given by

et g1 exp exp
g | et e Pvliwy +llvally) exp exp
exp exp g7t 71
exp exp et 2 (for-llw_ + va-]|-)

Thus we have proven

Lemma 3.6. Assume that B8 holds. Then there is a constant K which does not depend on € such that

2
eal < K (7 N = Nyl + €2 (fonallw, + o2alla) Vo — Nal) + (Z [N —a - N|> exp (44)

i=1
and

2
ol < K (e N0 = Nial + 67! [Noa = Nzal) + (Z INi,—a — Ni,_a|> exp (45)
i=1

We now refine Lemma [B.0] by obtaining quantitative estimates for the quantities which appear on the right

hand side in (@) and @3).

Lemma 3.7 (Bounds on the Right Hand Side). Let g, be given by [28). Assume that B3) holds. Then the
following hold

I(ga)halla < Ke2lorallw, + K(vral + [vz.al)lvzala) + exp (46)
N1 = Nial € Ke¥(oralify, + v2.al2) + exp (47)

and B
N2 = Mool < K (72 orallw, + &7 2(lorall + [v2al)llvz.alla) ) exp (48)

In particular, combining equation [@dl) and D) with equations @), (AT, and @S8) we obtain
ol < K (e + [lvrall + [[vzalD([vr.alliv, + lv2all2) + exp (49)

and
Yol < K (El/zllvl,allwa + e (Jorall + lv2.0l)llv2.alle + e (lorallfr, + ||vz,a||§)) +exp  (50)

Proof. We first estimate gahq.
Let G(u,v) := H'(u+v) — H'(u) — H"(u)v so that

go = Gl(ue,,va)— G(0,v4) (1)
+G(Ula; U2a) + (H//(Ula) - 1)1}204 (II)
(51)
+(H" (uc,) — Dvia (I11)

+—H'(uc_,) + H' (vi,a) — H' (v1) + H (ue, +ue_ +v) — H' (ue, +vo) (IV)

Since H is smooth, term (I) is order u., v2. Since H”(0) = Id, term (1) is order |v2 o|(|v1.a| + [v2.o|) and
term (II1) is order vy qtc,. Term (I'V) becomes exponentially small in the weighted norm upon multiplying
by hq.
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We compute the terms (I) - (IV) in turn.
I711% < K Y e T uc, (k= 7a)?va (k)

< K54||UG¢H§°° Zkez 6_2(N_a)‘k_7a‘va(k)2

< Kelllvallfe (lvrallfy, + llv2all?)
IIIZ < K Yjege vy o (k) (via (k) + v2,a(k))?
< K(lvral + llv2.al)?lv2.llz,

[TIT)le < Ke?|viallw,
HHVhao|la = exp.

In estimating ||I]|2 we have used the fact that x > 2a. In light of the fact that the o norm dominates the W,
norm, the contribution from |7, is dominated by the contributions from || I7||, and [|[III|,. In particular

Igahalla < K (2[lvrallw, + (Jvnal + [v2,0l)v2,alla) + exp) - (52)
Observe that
(Jga)ha = J(gaha) + [J, ha]ga (53)

where [-, -] is the Lie bracket. Thus ||(Jga)halla < K||gahalla + [[J; halgalla- Here we have used the fact that
J is a bounded operator. We first examine the boundary terms. For any vector x, the bracket [J, hy]z is
localized at the lattice sites —1 and 0. Thus in the weighted norm we have

[[J; holzlla < €77 |[z]lee < e™*7 ||z
and in particular
I17; halgalla < Ke™ T (1 + [[v]]) = exp.
Here the ||v|| term comes from terms (I) - (I11) and the constant term comes from (I'V'). Thus [{G]) follows

from (52).

Moreover, in light of the facts that we(z,Jy) = —(y,z) and [J, ha|ge = exp we can use the Cauchy-
Schwartz inequality to obtain Na o < e72||gahalla + exp. Similarly, we can use (ZI) and E8) to see that
N2,a - Wa(é.l,omvl,oc) - <H/(uca);v1,a> < 053/2”1)1,04”WQ-
Equation (@S) now follows from (52).
We now estimate N14 — N1.o = —wa(&1,a, (Jga)ha + Lav1,a). Define
Ga = H'(ue, +tc +v) = H'(ue,) — H' (uc_) — H" (uc, v
= H'(uc, +va) = H'(uc,) — H" (uc, Jva ()

+H' (ue, + e +v) = H (ue, +va) — H (te_,) — H" (ue, )v—o (1)

and
Go = H'(v1,0) — H" (uc, )10 (II1)

so that (Jga)ha + Lavi,a = (JGa)ha + (J§)h_q.

Observe that |[(I1)hq|le = exp and gh_, = 0. Since multiplication by J and multiplication by hq
commute up to error terms at the lattice sites 0 and 1, the contribution of terms (I7) and (IT7) to ||(J§a)ha+
(Jg)h—alla is localized at the lattice sites k € {—1,0,1}. Thus this localized error term is exponentially small
in the weighted norm. Upon taking the symplectic inner product with &; , we see that the contribution of
(IT) and (ITI) to Ny o — Ny o is exp.
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Since H is smooth we see that (I)(k,t) < Kv,(k,t)? where K may be chosen to be independent of k, t,
and e and to be increasing in ¢, and ||v,]|, thus may be taken to be constant as we have assumed ¢, and
|lva|| to be bounded above. In particular,

((1),61.0) < Ke*Ypege T lua(k)?

KEB ZkeZ (eia‘kiTO"’Ul’a(k) + eia(kiTo‘)’Uzﬁa(k))2

IN

< Ke(lvnallfy, + llv2all2)

In the second line we have used that x > 2a. In the last line we have used Young’s inequality. We may
once again use the fact that ws(z, Jy) = —(y, x) together with the fact that (Jja)ha = J(jaha) + exp to
see that the contribution of term (I) to |Ny.o — Niof is order €3(||v1.allw, + |v2.alla)?. Combining these
contributions we obtain (47)

This completes the proof.

O

4 Stability and the Proof of Theorem

This section is concerned with controlling the evolution of ||v(t)||. Lemma A1 controls ||vy||w,, Lemma
controls ||v(t)|| in terms of |¢(t) —e(tg)| and ||v(to)]|, and Theorem [H uses these bounds to control |¢(t) —c(to)|
and thus [|v(t)].

We begin by controlling ||v1|w,. The following Lemma is a version of Lemma 9 in [II] where it was
adapted from [I2]. The only difference is that we pay attention to the small £ asymptotics of the constants
and exponents.

Lemma4.1. Leta > 0 be given. Let§ : R — (0,1) be C? smooth and assume that A := sup,cp Supy 5.4 9(/3(5435) <

0o. Then there are constants Cy, C1, and Cy which may be chosen independently of a such that whenever
7 : R — R satisfies 7 > 1+ Coa, and v is a solution of @) with ||v(to)| < Cia then for any t >ty we have

(Ca/a) S 6. DIG DI + /Zw G, G, 9)2dt < (Cafa) S (i to) 00, to)

JEZ 0 jEZL jET

where Y(x,t) = 0(a(z — 7(t))), and ' (z,t) = ab’(a(x — 7(t))). In particular, choosing 6(x) = 1 + tanh(z),
and a << €% we obtain

t
Ce () 2o (1) +/ lor (), () ds < Ce™*Jlua(to)1® (54)
to
Remark. The choice a << 2 is necessary for the result to be valid when 7 — 1 ~ £2.

Proof. Sum by parts to obtain

d 1 !
G (57 V0D s == TV 1) = v500) = # (03 + V)
JEZL JEZ
Thus we may write the right hand side of the above as
! 1 PAWN
RHS = Z P; + ) = piry (v — 1) =y (V! (rjo1) — 1) (W — 1) + (V(ry) — 373
JjeZ

In light of the convexity of V' and the conservation of the Hamiltonian, there is a constant C' which may
be chosen uniformly such that

1 1
[V (r)— §T2| +|V'(r)—r| < C||v(t0)|\r2 < 0&57"2 for [|v(to)]| < Cha
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holds. Here we are using |[v(t)| as a cheap bound for r;(¢) and using the conservation and convexity of the
Hamiltonian to replace ||v(¢)|| with |Jv(¢9)]]. We have also absorbed the constant C; into the constant C.
Now we have

RHS < 33,0, —(7=Ca)(p} + )¢} + (1+ Ca)lpjrj—1 (5 — ¥j-1)
IS (7= CA)(p2 + ) + (1 + Ca)(wlpz 1)+ ca)(wmw)
2 JEZL J 3777 w; 2857 w; 2'377

—5 2 ez (F=1—a(l+ A+ C(1+ad))(p; + )Y

< =Coa ) g (pF )Y

In the second line we have used Young’s inequality and multiplied and divided by w;. In the third line we
have used the mean value theorem and the definition of A. In the last line we have used the assumption
7 > 1+ Cpa and have chosen Cy large enough.

Now integrate and use the fact that V(r) > r for r small to obtain the result.

The following energy estimate is a consequence of the convexity of the Hamiltonian.

Lemma 4.2. Let tg and t1 be real numbers. Denote m = min{tg,t1} and M = max{to,t1}. Suppose that
U = Ue, +uc_+v solves @) for fort € [m, M]. Suppose also that there are wave speeds and phases c(t;) and
T(t;) such that we (&0 (Ta(ti), ca(ti)),va(t;)) =0 for i =0,1.

Then there are positive constants 01 and K such that whenever ||v(t;)|| < 01 for i = 0,1 then

lo)II? < K {lloo)ll* + Y- elealtt) = calto)] + e =0 (L+ Jua(to)])) + "™ (1 + fJoa(t)])
O‘E{J")_}
(55)

Proof. Since the Hamiltonian is convex in a neighborhood of ., + u._, there is a §; > 0, and constants K_
and K, such that

1
§K—”$H2 < H(uey, +ue_ +2) = H(ue, +ue_) = H'(uey, +uc_ )z < K |a]? (56)

whenever ||z|| < d;. Thus we may write

TK_|wt)|* < [H(ue, +uc. +v) = H(ue, +uc)— < H' (uc, + uc_),v >]t1

[H(uc+ + e +v) — H(ue, +uc_)— < H' (v, +uc_),v >|t0 (I)

—|—H(uC++uC7—|—v)‘tl—H(uC+—|—uC7—|—v)|t0 (I1) (57)
+ H(ue, + ucf)|t0 — H(uc, + ucf)‘tl (IIT)
<,I:_[/(’U,c+ +Ucf),’l)>’t0 - <£[I(u04r +uc,)7v>}t1 (IV)

We immediately see that [|(I)| < K|lv(to)|* from (BE) and the fact that ||v|| < &1; we also see that
(IT) = 0 because the Hamiltonian is conserved along solutions. To estimate (I1I) we write

H(ue, +uc.) = Yaeqs,—p(He, +uc_) = H(ue,))ha (i)
+ Xt —y (H (ue,) — H(lia))ha (i)
+ Lae(t,—y H(da) (i11)
+ ety Hlia)h-a (iv)
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where g (k, t) 1= U, (1) (k—Ta(t)). It is a consequence of the mean value theorem that [|(i)[| < K > cr _y [ue_ hal <

K(e "™ + ¢"7-). From Lemma 9.1 in [7] we know that % ~ ¢, thus by the mean value theorem we see

that ||(i1)]| < Ke ZaeH _ylca(t) = ca(to)]- Since the Hamiltonian is translation invariant, we may replace
(4i1) with H (uc, (t,)(k — calto)t)) which is constant in time, thus does not contribute to (/11). Term (iv) is
exponentially small because u,h, is exponentially small and H(0) = 0. Thus we obtain

laIn)| < Y eremalt) pemrarallo) 4 gley (1) — calto)]-
O‘E{J")_}

To estimate (V') we write

<Hl(u0+ + ucf),v> = Z <(HI(UC+ + e ) — Hl(uca))havva> < K(G_HHHU-F” + GHLHU—”)'
a€{+77}

Here we have used the mean value theorem and the fact that [2I) may be written as (H'(uc, ), va) = 0.
Summing the bounds I through IV we obtain

lo)1? < K [llo(to)l* + Y elealts) = calto)] + e (1 + [|ua(to) ) + e~ (1 + fJva (t1)]])
0‘6{4’17}

as desired. O

We now study the semigroup associated with the linear variational problem about a solitary wave in the
Toda lattice.

Proposition 4.3. Let V' be the Toda potential V(x) = e* — 1 — x. Fix ¢, > 1. Then there are positive
constants K, b, and a such that any solution w of the linear equation

Oyw = JH" (ue)w (58)
which also satisfies the orthogonality condition
(T 0, w) = (J 1 Optie|emer, w) = 0 (59)
necessarily satsifies the decay estimate
e CDu(e)] < KeHt=t0ex=ct0)u(tg)| (60)

Moreover the constant K can be chosen uniformly in ¢ (and hence €) while the constants a and b satisfy
a=0(e) and b= O(e®) in the small & regime for the scaling (4.

Remark. Here the inner product in (E9) is the dual pairing between €2, and (2. The Neumann series form

for J=1 reflects this: (I —S)~1 is the sum Y-, S* which has norm % as an operator from (%, to itself.
This result is for rightward moving waves. Of course, to examine leftward moving waves, one takes (-,-) to

be the dual pairing between (% and (%, and defines J—* = =77 | Sk,

—a

The estimates in Proposition 3 are proven in [I3], with the exception of the fact that K is independent of
¢, which turns out to be crucial for our proof of Theorem 2.2l We establish this by studying the e-dependence
of the Béacklund transformations constructed in [I3]. Details are provided in Appendix A.2.

We move now toward the main stability estimate. Our aim is to use the exponential estimate (60) to
solve the equation (23] via the variation of constants formula. Note that equation (B9) may be rewritten
in our notation as wy (§(c,7¢),w) = 0 for 4 = 1,2. This differs from the orthogonality conditions (2I])
and (22) that we impose on vs , in three important ways. First, & , is evaluated at a fixed wavespeed ¢,
rather than at a modulated wavespeed ¢, () and second, the condition we (1,4, v2,4) = 0 is imposed rather
than wa (£1,a,V2,0) = —wWa(&1,a5V1,0). Third, we consider any potential V' which satisfies (H1) which is more
general than restricting to the Toda potential. More concretely, we have only proven that the estimate (GQ)
holds for perturbations which are symplectically orthogonal to the tangent vectors of the wave state manifold
for the Toda model and at a fized reference wave speed c},. Our perturbation vy  satisfies different conditions,
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@I) and ([22), which impose symplectic orthogonality to the tangent vectors of the wave state manifold for
the FPU model and at a modulated wave speed cq(t).

Furthermore in Proposition we have studied the semigroup for the Toda lattice linearized about a
solitary wave while the linear part of our evolution equation generates a different semigroup - that of a more
general FPU model linearized about a solitary wave. Thus the solitary wave profile u, which appears both
in the orthogonality condition (B9) and the evolution equation (B8] will differ between this proposition and
our later analysis.

The reason for these differences are that (2I) and ([22) are essential for obtaining good bounds on the
modulation equation while (B9) is the most natural condition (and the one used in [10] and subsequently in
[13]) for extending the KdV semigroup estimates of [6] to the FPU context. Moreover, it is useful to work
with the Toda potential because the Béacklund transformation constructed in [I3] allows us to obtain uniform
estimates in the small € regime for the constant in (60). These differences contribute additional terms to the
evolution equation for v(t) which we bound and regard as small inhomogeneous terms on the right hand side
of 23). This is addressed in Lemma [£.4]

We now define a map which takes as an input vs ,, satisfying (2I)) and ([22)) and gives as its output a v 4
satisfying (59). Given an initial time to, define & o (7) := 8mucTa(t0)(- —7) and & o (7) := Bcurfa(to)(- —17) where
the superscript T' denotes that these are solitary waves for the Toda lattice. Given v, satisfying (2I)) and
22) we seek 03,4 close to va,, which satisfies the conditions (B9) which we write as

Wa(iasD20) =0  i=1,2

so that we may apply the semigroup estimates (G0) of Proposition to control the evolution of 03 4.
To that end, we define a projection ), onto the symplectically orthogonal space as follows:

wa(éQ,om'U) §~1 _ wa(éQ,a;éQ,a)Wa(gl,ayv) §~1 _ wa(gl,a;v)
wa(§2,a7§1,a) 1 wa(§2,a7§1,a)2 1 wa(&l,aa&la)
We remark that the denominator w, ({NLQ, 5210‘) is bounded below by a multiple of € as was shown in Lemma

9.1 of [7] and Lemma 2.1 in [§].
Define

Quv:=v— 52,04 (61)

N T,
Lo,=0,— —2_JH! T
t Ca (tO) Toda (uca(to))

Lemma 4.4. Suppose that v o satisfies @) and @2) and |c(t) —c(to)| < Ce®. Then for € sufficiently small,
[v2.0lla < C(|Qav2.alla + v1.alw.) (62)

Moreover

[-ion Qa] =0
Furthermore, there is a C which is independent of € such that ||Quaz|le < C||7|la

Proof. To see that the norm of @, is bounded uniformly in ¢, apply (28] to (6I). We now establish (62). We
estimate

Wa(ézomgl,a)(j_ QQ)UQ,Q - Wa(g2,ayv2,a)gl,a (Z)

+wa(1a, V2,0) (wa(&’mgz’?)&’a + 521“) (i2)

Wa (il,ougZ,a)

Observe that since the wave profiles u. and ul are both equal to the KdV wave profile to leading order in ¢,
their difference and the derivatives of their difference is higher order in e. To quantify this use ([21) and the
triangle inequality to obtain

1050 (ue — ul)[|o < CT/2HI72E, (63)

(&

which is reminscent ([28]). From the above, it follows that

||527a — 5270[”& < ||8cuc(t) — 6cuc(to)||a + ||8cuc(to) — 60“'?;(150)”& <C (5_5/2|c(t) - C(to)| + 53/2) .
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here we have used (28) and the Mean Value Theorem to bound the first term and (@3] to bound the second
term. Similarly, we obtain

||§~1)a — 517a||a < ||(97—uc(t) — 8Tuc(to)||a + ||a7—uc(to) — 67u£t0)||a <C (51/2|c(t) - C(t0)| + 59/2) .

Use (28) together with the above and

wa(gl,a; UQ,Q) = [Wa(él,a - gl,om 'U2,o¢) + w(fl,om 'Ul,a):|
and . }
wa(§2,au ’U2,a) = wa(§2,a - 62,&7 ’U2,a)

which follow from the orthogonality conditions ZII) and ([22]) to obtain

(i) < (€7*2le(t) = c(to)| + &) v2,alla

and
(i) < Cellvrallw, + Cle™ e(t) — clto)| + %) vz,alla

Summing these estimates and dividing by wa(€.a,&1.a) ~ €, (which is known from P3), we obtain
I = Qa)vs.all < Cllovallw, +C (7 2lelto) = e(®)] + /%) [vz.alla

After applying the triangle inequality and using the fact that e=°/2|c(tg) — c(t)] << 1 we obtain (G2) as
desired. R
We now show that @, commutes with L. If the following computation H := Hypogqe. Write Qv =

v_alwa(§~2 a U )51 e _a2wa(£1 aV )§~1 a +@1w(§~1 ayV )52 « Where a; =

and ag = walf2.a:82.0)  Note

1
wa(£2,a,61,a)

w(€l,a.é2,a)
that a1 and as are constant in t because 51 « are evaluated at a fixed wave speed ch
Also recall that 8t§1 == JH”(uCO)fl o and 8t§2 == JH"(uCD)§2 @ = 551 -
One may compute
%Q’U - 8151) - aflwa(éZa; Eav)él,a + Z_;Wa(él,av ’U)gl,a - a2wa(£1,a; Eav)él,a + alwa(él,av zav)gQ,a

— & TH" (u,) (v = Qu) — ‘Z—é‘”a@m’ Ve

= %JHW(UC )1) + Lav - alwa(§2 aa )51 o T a2wa(§1 a, )51 @ + G1WQ(§1 a, )52 a

Thus zaQav = Qaf/av as desired. O
Thus 5 -
LaQa”Z,a - QQLQUQ,OL + QQ(LQ - La)v2,a
= Qa ((Jga)ha + Zoz + (f/a - La)v2,o¢> (64)
= Gq

Let ¥, be the evolution semigroup associated to equation (B8). Then solutions of (64 have the following
representation via the variation of constants formula.

Qoav2,4(t) = Vo (Ta(t), Ta(t0))Qavz,.q(to) —|—/ U (Ta(t), 7a(8))Ga(s)ds (65)

to

In light of the exponential estimates on ¥, given by (G0) we are now in a position to control ||v2 o «-

24



Theorem 4.5 (Stability Estimates). Assume (H1). For each n > 0, there exist positive constants C and 0.
which may be chosen independent of €, with the following property:
Suppose that u is a solution of [2) and

u(t) = te, @) (- = 74 (1) +uc_ (- = 7- (1)) +vi(t) +v2(t) € [to, 1]
Suppose further that the solutions satisfy
le(t) = c(to)| + [lvz ()] + o ()] + lvz,+ @)+ + vz,- ()] - < CF" for all t € [t t].

Then for all t € [to,t1] the following inequalities necessarily hold:

lca() = calto)] < C [ vr(to)|12 + e~ vz.alto)|[2] + exp(to) (66)

and
lo(®)]2 < € [ llor (o)l + oo (to) I + v+ (t0)[13 + oo, (t0) |2 ] + exp(to) (67)

and
leza(®) < € [ o1 to)I + lor.a®ly, o + €2 aalto)l2 + 7] (68)

Proof. We use the variation of constants formula (65]) to solve (64). From (B0 and the smallness assumptions
in the statement of the theorem it follows that || < Ce7/2%7 for t € [to,t;]. This together with the smallness
assumption on the variation in ¢ yields 74 (t) > cqo(to)+ca(t)—ca(to)+Ya(t) > 1+Ca. Thus 7, (t)—7a(s) > t—s
whenever ¢ty < s <t < t1, and in addition the use of (B4 is justified.

In light of the decay estimate (60]) we have the estimate

t
||Qav2,a(t)||a < Ce_ab(t_to)||Qav2,a(t0)||a + C/ e_ab(t_s)”Ga(S)HadS' (69)
to

For ease of notation we have replaced 7, (t) — 7, (s) with ¢ — s in the exponents. This is justified by the remark
just prior to (69)). Use ([62)) as well as the fact that the norm of @, is bounded uniformly in & to obtain

t
2200l < Ce Mz alto)la + Cllor o, +C [ M Gal)lads.  (10)
to

In order to proceed we make the estimate
IGa()lla < Cll(Jga($)halla + Cllla(s)]la + Cllcals) = calto)] + Na(s)] +e*)l[vz,alla
< Clvralw, + Cllviall + lz.alDlvz,alla + Ce™/?[éa] + 52 Hal

+ C(Hal + leals) = calto)l + £*)[v2.alla + exp

IN

Ce?|vrallw, + Cellvralliy, + Cellva.allz
+C([[orall + lv2.all + lea(s) = calto) +eM)[[v2.alla + exp
< Ce?|viallw, +C M lvzalla +exp T € fto, ta]

In the first line we have estimated Qu (Lo — La)va,o in [63) and also used the fact that ||Qa| is bounded
uniformly in €. In the second line we have used equations ({0 and ([Z3). In the third line we have used
equations ([@9) and (B0). In the fourth line we have used the smallness assumptions in the statement of the
theorem.

Substitute (T1l) into (Z0) to obtain

loza®lla < Ce 1 vz (t0)lla + Cllora(®)lw, Ce? [ ™= [[v1,a(s)llw (s ds

e [ b=y 4 (5) ads + exp
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Apply the integral form of Gronwall’s inequality to obtain
[v2a(®)lla < CCENATEEN (o) o (6)]lw, () + €1 [2.a(t0) ]l
22 [ e oo (9) |w,ds| + eV exp(to)
< O llvra®)llw, @) + e vz 0 (to) o
+e? fti, e‘b(t_S)Hvl)a(s)HWads} + e Pexp(to)

Here we have used the fact that b = O(e3) > Ce3t" for € small enough. Use Young’s inequality to obtain

||U2,a(t)||§ < C {Hvl,a(t)H%Va(t) + e_%(t_to)”Uz,a(tO)Hgy
, (73)
o4 (ftto e_b(t_S)||'U1,o¢(5)||WQ(S)dS> ] + e~ 2exp(to)

Now compute

t b(t—s 2 t t bt t _bit—s
j;ol (ftoe b(t )”Ul,a(S)HWa(s)dS) dt < tol (ftoe b(t )dsj;oe b(t )HUl,a(S)”%/VQ(S)dS) dt
< b 1f ||U1a ||Wa (s) ftle (=9)dtds
< b 2f |10 (s ”W 5ds

In the second line we have used the Cauchy-Schwartz inequality and changed the order of integration.
Recall that b = O(e%) and substitute the above into (73) to obtain

t1 ty
[ T = € |7 [ ooy, e + e S lomail + e expto)] (7
to

to

Apply Lemma [Tl and in particular (54) to see that

ty
| leza(®lde < € [0 )Ry, )+ & ezalto) 2 + expltn)] (75)
to

Integrate equation ([9) and use (78 and ([B4) to obtain (GH). Substitute (GO into equation (BH) to obtain
@D). To obtain (@), apply the Cauchy-Schwartz inequality to the integral term in (73) and use (54]). This
completes the proof. O

Remark. It might appear from the proof that the cross terms associated with u.__ do not appear in the
estimates for v,. All of these cross terms are exponentially small, and incorporated into the term exp.

Theorem may now be regarded as a corollary of Theorem

Proof of Theorem [Z3. Proposition B4l applies as long as ||va o ||+ + |Jva,_ |- + [|v1]| < Ce®/?t1. Since this
inequality is satisfied by hypothesis at ¢ = ¢ty and we have continuous dependence on initial conditions, it
follows that tubular coordinates remain valid on some interval [tg,t1] with ¢; > ¢9. Thus we may apply
Theorem to obtain (G6)),([G7), and (G8)) for ¢ € [to,t1]. It is straightforward to see that so long as
[v1(to)]| < Ce%2m and ||[vg,a(to)||a < Ce3+" with 0 < 7 < 1/2 then we may take #; = co. In particular (G7)
holds for all ¢ > ty. This establishes (??). That ¢, converges follows from the fact that ¢, is integrable.

From (B0) we see that to show that 4 — 0, it suffices to show that ||v1 o ||w, and ||ve,«|l« each go to zero.
To see that [|v1,o(t)|lw, ) — 0 we compute

d .
Zlona®liv, @ < o @IITH @) lw, + FO o1 @ llwae < C
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This, together with (54 and in particular the fact that ||v1 o (t)||w, is square-integrable imply that |[v1 o (t)||w, ) —
0 as desired. Similarly,

E”vlanz < 2&047"0(”1)270‘”2 + 2””1@4”@4”815“2,04”&-

Since vy o solves ([23]) and (G8)) holds, all of the terms on the right are bounded; this together with the fact that
lv2,alla is square-integrable implies that ||vg,o(t)||a — 0 as t — oo as desired. It remains only to establish
(IQ) and (), both of which follow from (68)). This completes the proof. O
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A Uniform Bounds in the Small ¢ Regime

A.1 Uniform Bounds in the Small ¢ Regime for Higher Derivatives of the Wave
Profile

Proof of Lemmal3.1l First we observe some facts about the weighted space H; with norm ||f(-)||zs =
If s + [le® f(-)||ms. For L € L(H) we estimate ||Li||gs = || LY|| gs + || LoWallms where Ly := e* Le™*
and 1, (-) = e*(-). Thus

I Ll 2asy < LN ceersy + (1 Lall o) (76)

Also observe that whenever P is a pseudodifferential operator with symbol p, then ||P| zg+) < [|pllz(®.c)
for any s > 0. Furthermore, if we denote the symbol of P, := ¢* Pe™* by p, then p,(§) = p(§ + ia). Thus
to bound the operator norm of a pseudodifferential operator (as in (1)) in H? it suffices to bound its symbol
uniformly in a strip |Im¢| < a in the complex plane. A slight modification of Lemma 3.3 in [7] yields this
bound. L,

More explicitly, let p(§) = #ﬁ@z) with ¢2 = 1+ £23/12 Denote by p. the critical part of p given by

2 2
contribution of residues. Friesecke and Pego compute p.(£) = % where a3 and (3 are analytic

functions. Lemma 3.2 in [7] establishes that

Ip(&) — p«(§)] < ﬁ for |Im¢&| < b. with b, < K
Here the symbol p has poles at +ix and is analytic on the strip [Im¢| < &.
One may now define po(§) := 521% as in the statement of Lemma 3.3 in [7] and compute
120 (£2) Bi(e?)

P«(§) —po(§) =

€/ +1+e2B1(e2)  ((€/0)2 +1)((€/2)? + 1 +e2Bui(e)

In particular [p.(£§) — po(e€)| is bounded uniformly in a strip of width 7 for any n < 1. In particular, we
take n = 1/2.

It now follows from the triangle inequality that |p(e€) — po(€€)| is bounded uniformly on [Im&| < 1/2.
Now observe that p (&) — p°(&) = €2(p(e€) — po(e€)). This proves the first assertion in the statement of the
lemma.

inc?
To prove the second assertion differentiate p°(¢) = % and p°(€) L2sinc” (c£/2)

T B+ B (I-sinc2(e£/2))

with respect to 3

to obtain
Op°(§) = (D RAE + /)P and  OhpT() = (D KB+ i—f(l —sinc?(e¢/2))) " Vp?(€).

In light of this computation, the fact that 12 (1 —sinc®(e£/2)) = €2+ O(g?), and the fact that we have proven
the first assertion in the statement of the lemma, the second assertion now follows.
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To prove the third assertion in the statement of the lemma, write N (z) = N©)(z) + %:10277(5290) and
compute d(N¢(z) — N°(z)) = an(ez) + 2e%2?n'(e®x) and 9*(N¢(z) — NO(z)) = n(e?x) + 2e%xn(e%x) +
1eta?n" (e%z). Also compute N°(z) — NO(y) = 2 (z + y)(z — y), ON°(z) — ON°(y) = x — y and O°N(z) —
9?NO(y) = 0. Now use the triangle inequality together with the fact that 7 is smooth with 7(0) = 0 and the
fact that to bound the H® norm of a multiplication operator it suffices to bound the multiplier to conclude
that

|0 N (z) — 8kN0(y)HH; <z —yllm + Ke? uniformly for ||z s + |ylla: <2 with £ =0,1,2

as desired.
To prove the fourth assertion in the statement of the lemma, let P, denote the pseudodifferential operator
with symbol p, (&) = p° (€ + ia) = % We claim that

e (I = PPON(¢g))"'e™™ = (I — P.ON’(¢g))~". (77)

To prove the claim, first observe that for any operator L with 1 € p(L) we have e* (I — L) te™* = (I — L,)~*
where L, = e*Le™*. Thus it suffices to show that e® PYON(¢z)e™* = e* PYe™ "IN (¢p), i.e. that the
operator given by multiplication with e~%* commutes with ON°(¢g). But INY(¢s) is just multiplication by
¢g and multiplication operators commute, so the claim is established.

In light of (TG) is suffices to show that Q, := (I — P,ON®(¢3))~! is bounded uniformly in £(E*). Write

Qo = (I = (I = P°ON®(¢5)) ™ (Pa — P*)ON(d)) " (I — P°ON®())”"!

and use the fact that the symbol p° is analytic in a strip |[Imz| < b, to see (for example from the Neumann
series) that the function a — ||Qal|z(s1) is continuous on an interval of the form [0, a;mqz], hence achieves its
maximum. Thus ||Q.] is bounded uniformly for a < amas, as desired. This proves the fourth assertion in
the lemma and thus completes the proof of the lemma. O

A.2 Uniform Bounds in the Small ¢ Regime for the Constant in the Toda Semi-
group Decay Estimate

To prove Proposition 3 we rely heavily on [13], which itself makes use of [10]. The main result of [13] is (60I),
in fact all of the claims of Proposition 3] are proven in [13] except the claims that a = O(¢) and b = O(e?)
which are proven in [7] and [I0] respectively and the claim that K may be chosen uniformly in ¢, which we
prove in this paper. A refinement of the proof used in [I3] yields the result. The method of proof is as follows.
Lemma 3 of [13] shows that the linear evolution equation

wy = JH" (0)w (78)

is exponentially stable in weighted spaces, i.e. admits semigroup estimates of the form (60). Proposition 7
in [I3] constructs a Backlund transformation which conjugates the flow of (B8] on the space of exponentially
localized profiles which satisfy (59) with that of (78)) on the uniform space £? x £2. The important observation
that it suffices to study the Backlund transformation at ¢ = 0 is made in Corollary 8. Finally, in Corollary
10 of [13] it is shown that the Bécklund transformation and its inverse are bounded, thus the estimates (G0
which are valid for (Z8) are necessarily also valid (with some constant K(c) which may now depend on c¢)
for the equation ([B8). With this in mind, to prove Proposition it suffices to show that the Backlund
transformation and its inverse are bounded uniformly for ¢ > 1.

Let x = r(c) be the unique root of sinhx = k¢, let Q.(n,t) = log % be the Toda soliton

with speed ¢ and let A : 2 — ¢2 be the multiplication operator e?=(-%) given more explicitly by [Az], =

cosh(kn)
cosh(k(n+1))
we study is W, given in the notation of [I3] by ¥. = A®.(0)A~! and more explicitly by ¥.(r,p) = (r',p’) and
(', p) = (r,p) where

x,. Because we work in slightly different coordinates than [I3], the Bécklund transformation that

CS ' =p+Csir Colr=Co 1 —p
) X and (79)
p=Cétr—C6 r p=Cs ' —Co6 r
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Here
6:=(S-1), C':zA—SA_l, C:=A—A"1s C':zA—SA_lS_l, and C = A— AL (80)

The coordinates (r, p) evolve according to the Toda model linearized about a solitary wave with speed ¢ and
must satisfy the orthogonality condition (59]) while the coordinates (1, p’) evolve according to the Toda model
linearized about the 0 solution and may live anywhere in ¢2(Z?).

Equation ([9) is exactly equation (29) in [I3], rewritten in (r,p) coordinates. Note that ¥. does depend
on c¢. Other than §, each of the operators defined in (80) depends on A which is defined in terms of x, which
in turn is defined in terms of c.

Proposition .3 may now be regarded as a corollary of the following lemma, together with the fact that
167 |22 02) = T—==, that k = O(e) and that a = O(e).

l—e—a?

Lemma A.1. Let §, C C, C, and C be defined by BQ). Then there is a constant K, independent of ¢ such
that the following hold

1 1Cllzgezy + ICll ez < K.
2. |06 ggezy + 11C6 ™ ey < K.
Suppose in addition that r, p, v, and p’ satisfy equations ([[Q) with (r,p) satisfying ©9). Then
3. lr'lle < Kllp+Co"rez.
4 el < KNGS~ = s

2 2
9n"Ini1
dndn+1

+2sinh ks ~ £2x. Similarly [Cz], = L2942 ~ +9sinhk ~ +2k. We write C6~1 = Co 1 + A71S71 to

dn+1

bound C6~'. Also write C6~1 = C + A71S~1 4+ (A718 — SA=1)§~1. The first two of these terms have

already been bounded. To bound the last term note [(A7™1S — SA~1)z], = % = o(k). This
completes the proof of 1. and 2. above.

To establish 3 and 4 we solve the equations Cé~ 'z = y and Cé 'z = y for 2 in terms of y. This is
not always possible because C' has a one-dimensional kernel and its formal adjoint C has a one-dimensional
cokernel. This will manifest in our expressions for x as either a consistency condition that x must satisfy
or the presence of a free parameter in the solution for x. However, it is known that the map ¥, defined by
(@) is an isomorphism from the subspace of ¢2(Z?) on which (EJ) holds to ¢2(Z?). Thus in the context of
conditions 3. and 4., the consistency equation will always hold and the free parameter will be fixed by (B9).

We now invert C6 'z = y. The equation Cz = y is nothing more than a non-autonomous first order
linear difference equation and thus may be solved (e.g. with a discrete integrating factor) to obtain 3, 1AM~

3
Q2 12m = Zf:_ni qzzlyn which is valid for any integers m, M. Taking either M — oo OR m — —oo we

Proof of Lemma[Adl We bound each expression in turn. Let g, = cosh(nk). Then [Cz], =

3 3
) dnt1 k—1 dnt1

obtain the expression z, = —» ", Y = Y oo oo yn- The fact that the range of ' has codimension
ndj, ndj,
3
1 manifests in the condition that Cz = y may only be solved when }_ _, qg“ yYn = 0. One may show that

this condition is satisfied for y = p+ Cd~'r so long as (r, p) satisfy (G3). Applying 6 to the result we see that

ql% 1 ql% 1_‘113 = 1 Qk+1 qlz_qlg 1 — s 1
Th = Uk~ "y, = Bt~ . (81)
qx 959k it 1 dn qk Qi1 = n

One may now choose the first representation of = for k£ > 0, the second for k < 0, regard each as a convolution
by changing the index n to k — n, estimate that the coefficients in the sums in (§Il) are bounded by Cre™ 2",

and finally apply the Hausdorfl-Young inequality for convolutions to see that
lzllez < O+ lle™ = [[)llyllez < Cllylles.

In the last inequality we have used that a < 2. This establishes assertion 3. The proof of 4. is similar. We
may solve C'z = y to obtain
k414 k=1 gqry1q
s T S k>0
R =

Qk+1qk+2 -1 gkt1Gk+2
CTEST/SE S LISSTUSSIN
q1q2 0 En:k qi+2 Yn <0
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Here z( appears as a free parameter which is fixed by the orthogonality condition (Bd)) in our case, i.e. when

3 —
z=0"'r and Y onez q’;zl yn = 0 for y = p+C6~'r. One may now prove assertion 4 using ideas similar to the
above.

O

A.3 Uniform Bounds in the Small ¢ Regime for the Neighborhood on which
Tubular Coordinates are Valid

Proof of Proposition[34] Let Ty be given as in Lemma B3] Assume the conditions
(1) |ca — | < Ce*T (11) ate > Tp
and define
Q :={(r4,7_,cq,c_,u, i) € R* x (2(Z,R?) x (2(Z,R?) N (? (Z,R?) | (i) and (i) hold}.

Define F : Q — R* by F(7,c,u,@) = col (Fiy, Foy,Fi_, Fo_) with F1 o = wa(&1a, (u — @)hy) and Fa o =
wa (2,0 (G—10)hy). Here & o is evaluated at (74, ¢o) and @ is evaluated at (74,7, ¢y, c_), which we abbreviate
as (7,c). Observe that if we regard u as the solution of (2)) under study and v; as another exact solution of
(@) intended to capture the part of the perturbation which is not exponentially localized, then upon denoting

vg = U — U, vy = U — U, and Viq = Vihe for i =1,2

then vy , satisfies the orthogonality conditions ([ZI) and [22) for o € {4, —} if and only if F(7,¢c,u,a) = 0.
We remark that it is natural to proceed by applying the implicit function theorem to find the zero set of F
near (7%, c¢*, 4, @). In fact, this has been done in [I1] and [8]. However, small e asymptotics are not of interest
there, and the naive estimates from the implicit function theorem on the size of the neighborhood on which
these coordinates are valid are not sufficient for our purposes. Rather, we construct an explicit contraction
mapping and exploit the structure of F' to show that the coordinates 7, ¢, and vy are defined so long as (BH)
holds.

Before we proceed it is convenient to establish the small e asymptotics for F' and its derivatives. Let A
be the matrix studied in Lemma and let

o wa(aTgl,ou (’U, - ﬁ/)hoz) _wa(acgl,ou (u - ﬁ/)ha) - C—i— 0
Oa o < wa(67'§2,ou (a - ﬁ/)hoz) wa(ac§2,a7 (a - ﬁ/)ha) and ¢ = 0 C_ so that
Dz o)F(7,c,u,1) = A+ C + exp. Use [28) to see that when

la—all+ Y @ = @halla < K2 g >0, (82)
O‘E{J")_}

which corresponds to (B3)), the terms in C' are dominated by the terms in A (except for the upper left

term, whose counterpart in A is exponentially small). Thus so long as (82) holds, it follows that for & suf-

ficiently small D, . F is invertible. Moreover, to leading order in ¢, the off-diagonal blocks of (D o) F )t
-4 -1

are exponentially small and the diagonal blocks have the structure ( i_l ;Jm which is similar to (B3]).

62F1 62 Fl (921 2 (92 I 2
LN 2 T pled T,C pled 2 T fres T,C fres
Slmllarly, one can compute D PLQ = ( 9"2-)6}7,17 93F17 and D P27a = 972-76F2, 93F2) where

a72—1'7‘1,o¢ - wa(a?—gl,ou (u - ﬁ/)hoz) + wa(a‘rgl,ougl,a)a aZ)CFl,a — wa(a(27-7c)§l,au (u - ﬁ/)ha) - wa(a‘rgl,ougla)a
83F1.,a = Wa(aggl,aa (u - ﬁ)ha) + Wa(acfl,avgza) + Wa(fl,on 8252,&) and 872-F2,a = wa(azglav (ﬂ - ﬁf)ha) -
W (87'52,0” gl,aha)_wa (52,04; 87'51,04)7 8(27-)C)F2,a = Wa (8(27-70)52,a7 (ﬂ_ﬂ)ha)_wa (87'527047 §2,o¢ho¢)_wa (8052,015 fl,aha)_

wa(§2,o¢7 acgl,a) a'nd 83F2,a = wa(802§2,a7 (a - a)ha) + wa(ac§2,au 52,(1)-
Use [28), 82), and (@) to obtain the leading order expressions

ed g2 g2 !
D?Fy o ~ ( 2 o1 ) D?F, o ~ ( S ) (83)

Note that to control the terms involving wy (-, (u — @)he) we have used the fact that the first term in
the symplectic product contains a factor of &, = CLJH "(ue, ). The presence of J allows us to replace
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the symplectic inner product with a Euclidean one and then use the regular Euclidean Cauchy-Schwartz
inequality rather than (I9). This is important because u — 4 need not lie in the weighted space.

As in the proof of the implicit function theorem we set up a contraction mapping. It will be convenient
tolet A := D o F(7%,¢c*,u, ), to let x denote the variable (7, c), and to fix u and @ and to denote F'(x,u, )
simply as F(z). Define G(z) := A='(Az — F(x)) so that fixed points of G’ correspond to zeros of F. Write

(F(z) = F(y) — Alw—y) = [Jy (F'lte+ (1= t)y) = F'(")) dt| (@ ~ 1)
= <f01 (fol F"(stx + s(1 — t)y)ds) (tx 4+ (1 — t)y — x*)dt, (x — y)).

We renorm R?* by |(14,7—, ¢y, )| := \/53(732r +72)+e3(cd +¢2).
Restrict attention to the neighborhood of #* on which |(,¢) — (7, ¢*)|, < '*27 i.e. on which

|7 — 7| < g1t and lc —c*| < e*t (84)

hold. Denote the 7 and ¢ components of 2 — y by 6, and 6. respectively. Then using (83]) and ([B84]) we have

et g1 gdtng, 4 gltng, el + e3tng,
G(iE) _G(y) ~ < 8_1 €2+77 ) ( €1+n6o7_ +8_2+7790 ) ~ < 53—’_7797—"1‘5"90 .

Note that we have absorbed the off-diagonal terms which are exponentially small. Thus
|G (@) = Gy)[7 ~ 772107 + 5721607 = 27](0-,0.)[7. (85)

-1

-4 3/2010, _ & n
Moreover G(0) ~ ( i_l ;Jm ) ( 5_3/52H(1|~|Lu— ﬁ;LfU i ) ~ ( Eiirn ) where in the last relation we have

used 82). Thus |G(0), ~ &3/2+". Tt now follows from the triangle inequality and (85) that for £ small enough
G maps a neighborhood in R* of the form (B4 to itself and is moreover a contraction on this neighborhood.
In particular G has a unique fixed point 2 = (7, ¢) in this neighborhood. Moreover, as is standard in implicit
function theorems, we can let v and @ vary in the defintion of G and the fixed point (7, ¢) = (7(u, 1), ¢(u, @))
is smooth in v and @ by the uniform contraction principle.

It therefore follows that these functions 7, = 7o (u, @) and ¢q = ¢4 (u, 4) map a neighborhood of (4 (7*, ¢*), 4(7*, ¢*))
to a neighborhood of (7%, ¢*) such that F(7,¢,u, ) = 0 if and only if ¢, = ¢4 (u, @) and 7, = 7 (u, @). More-
over, the implicitly defined functions are unique and as smooth as F', i.e. C'*°. Thus upon defining s (u, @) :=
@ — u(7(u, @), é(u, ¢)) we obtain a homeomorphism between a neighborhood U of (a(7*,c*), u(r*,c*)) to a
neighborhood V of (7%, ¢*,0).

Recall that 7% and ¢* are arbitrary, thus for each 7 and ¢ satisfying (i) and (i7) we have a homeomorphism
between U(7, ¢) and V(7,¢). We now show that these local homeomorphisms may be patched together to
produce a global homeomorphism betwenn U/* and V*.

To that end, suppose that

U(r,¢) + va = (7, ¢) + Uy

so that
a(r, c) — u(7,¢) + a(7,¢c) — 4(7,¢) = V2 — vg

by the mean value theorem there are numbers T; between 7, and 7, and cL between ¢, and ¢, such that
Grlien)(r —m) + 4 e ) =)+ &rr ) er ) + L) (e —e ) = v —

In light of ([Z8) we see that so long as we force |[v2ha o+ [|D2hallo < Ce3/2+27 it follows that |7 —7| < Ce™1+2n

and |c — ¢| < Ce?*2". In particular, |7 — 7| and |c — ¢| are sufficiently small for the local inverses to hold. [
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