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Abstract

We show how for a quasilinear water wave model the NLS approximation can be-
justified. The model presents several new difficulties due to the quadratic terms which
have to be eliminated by a normal-form transformation. Due to the quasilinearity of
the problem there is some loss of regularity associated with the normal-form transfor-
mation and there is a nontrivial resonance present in the problem. The loss of regularity
is dealt with by using a Cauchy-Kowalevskaya-like method to treat the initial value
problem and the nontrivial resonance is dealt with via a rescaling argument.
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1 Introduction

The so-called 2D water wave problem in case of finite depth and no surface tension consists
in finding the irrotational flow of an incompressible inviscid fluid in a canal of infinite length
and fixed depth subject to gravitational force. Under these conditions the evolution of the
system is completely determined by the elevation of the top surface n = n(z,t) and the
horizontal velocity w = w(z,t) at the top surface, where x € R denotes the spatial variable
along the canal. By making the ansatz

<Z) = eUns + O(e%)

with
eUnis = A (el + ¢gt), 1) € (hy) 4. M
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in 1968 V.E. Zakharov [Zak68] derived the Nonlinear Schrodinger (NLS) equation

OrA = i 0% A + i A|AP% (2)

with coefficients v; = v;(ko) € R, in order to describe slow modulations in time and in
space of the underlying temporally and spatially oscillating wave train e*(kor+«ot)  Here,
0 < e < 1 is a small perturbation parameter, A(X,T') € C the complex-valued amplitude,
and (ko) € C? an eigenvector for the linearized equation, specified in more detail below.
T = 2t € R is the slow time scale and X = e(x + ¢4t) € R is the slow spatial scale. The
basic spatial wave number k = ky and the basic temporal wave number w = wq are related
via the linear dispersion relation of the water wave problem, namely

L(w, k) = w? — ktanh k = 0. (3)

The group velocity ¢, of the wave packet is given by ¢; = Opw|k=kg w=wo-

It is the purpose of this paper to present a method which we expect will allow us in
the future to prove the validity of the NLS approximation for the water wave problem in
the case of finite depth and no surface tension.

Our model problem is given by the equation

Oftu = —wu — p*u?, (4)

where w = w(—id,) and p = p(—i0;) are pseudo differential operators defined by their
symbols in Fourier space. We choose

w(k)? = ktanhk

such that (4) and the water wave problem have the same linear dispersion relation. We
define w uniquely through w(k) > 0 for £ > 0 and w(k) < 0 for k£ < 0.

By the choice p? = w? the water wave problem in case of finite depth and no surface
tension and (4) share the same principal difficulties which have to be overcome for a validity
proof of the NLS approximation, namely:

e a quadratic nonlinearity,
e the quasilinearity,
e the trivial resonance at the wave number k = 0,

e and the nontrivial resonance at the wave number k = kg which is implied by the
existence of the trivial resonance at k = 0.

However, the Lagrangian formulation of the water wave problem whose analysis is the
future goal of the subsequent analysis is much more involved. Both the linear terms and
nonlinear terms are more complicated than those of our model problem and in particular,



Figure 1: The curves k — tw(k).

involve the Dirichlet-Neumann operator. Moreover, there is an additional, “artificial”

eigenvalue curve in the Lagrangian formulation which produces a large number of further

resonances. In order to illustrate the normal-form analysis which underlies our proof of

the NLS approximation in a simple context we will first show that solutions of the model

equation (4), which retains essential features of the water wave problem in case of finite

depth and no surface tension , can be approximated by the Nonlinear Schrédinger equation.
Writing (4) as a first order system

ou = —wv, (5)

v = wu+wu? (6)

we show that its solutions (u,v) can be approximated via the ansatz (1) by those of the
NLS equation (2).

Notation. We denote Fourier transform by (Fu)(k) = ﬂ( ) = 5 [u(x)e ** dz. The
Sobolev space H” is equipped with the norm ||ul| g = ([ |@(k)|?(14|k|?)" dk)'/2. Moreover,
let [|ullcy = 327 102ullco, where [Jullgo = sup,cg [u(x)].

Our result is

Theorem 1. For all kg # 0 and for all C1,Ty > 0 there exist Ty > 0, Co > 0, g9 > 0 such
that for all solutions A € C([0,Tp], HS(R,C)) of the NLS equation (2) with

sup [|[A(T)lgsr,c) < Ch
TE[0,T]



the following holds. For all € € (0,0) there exists a solution of (5)—(6) which satisfies

sup < 0253/2 )

te[0, Ty /52]

(1) €0 - cwistn

(Cy(R,R))?

where (ko) in the definition of e¥nws in (1) can be chosen either as ( —12 ) o < 1 )

The error of order O(3/?) is small compared with the solution (u,v) and the approx-
imation eUnrg which are both of order O(e) in L* such that the dynamics of the NLS
equation can be found also in (5)—(6). This fact should not be taken for granted. There
are modulation equations (for example see [Sch95, GSO01]) which, although derived by rea-
sonable formal arguments, do not reflect the true dynamics of the original equations. One
respect in which our theorem is not optimal is that we cannot show that Ty = T}. Neverthe-
less our estimates are on an O(1/£?) time scale and T} ~ 1/CY is of reasonable size so our
theorem guarantees that we can observe typical NLS phenomena in our model equation.
Moreover, this result is the first validity result for the NLS approximation in systems with
quasilinear quadratic terms that we are aware of which holds for the qualitatively correct
time scale. In [Kal87], for example, quadratic quasilinear terms are explicitly excluded.

The plan of the paper is as follows. In Section 2 we outline the underlying ideas. In
Section 3 we introduce some notation and estimate the terms which remain after inserting
the approximation into (5)—(6). In Section 4 we perform the normal-form transformation
W = U+ G(U) with G(U) = O(U?) and U = (u,v). Special attention is given to the
handling of the trivial resonance at the Fourier wavenumber £ = 0 and of the nontrivial
resonance at k = kg. Due to the quasilinearity of the problem the normal-form transforma-
tion loses regularity, i.e., we have G : H"t1/2 — H" so that the normal-form transformation
cannot be inverted with the help of a Neumann series. Thus, Section 5 is devoted to the
inversion of the normal-form transformation. In order to do so, we will use energy es-
timates. In Section 6 by using energy estimates in a scale of Banach spaces of analytic
functions the error estimates are finally established for the transformed system. These
estimates require that the nonlinear terms in the transformed system “lose” no more than
one derivative, which coupled with the fact that our normal-form transformation loses half
a derivative means that the nonlinearity in our original quasi-linear system is allowed to
lose at most half a derivative. On the other hand, the Lagrangian formulation of the water
wave problem in case of no surface tension falls into this class.

While this paper was under review we received a paper ([TW11]) in which the problem
of approximating the motion of a wave packet on the surface of a fluid of infinite depth and
no surface tension was solved by using special properties of the problem. For more details
see the end of Section 2.

Notations: Throughout this paper many constants are denoted with the same symbol
C and we always assume 0 < ¢ < 1.
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2 The basic ideas
We consider an abstract evolutionary problem
U =AU+ N(U,U),

with A being a linear and N a symmetric bilinear operator. Suppose that U is formally
approximated by e¥Uyrs, i.e., that the residual

Res(U) = —9,U + AU + N(U,U)

is small for U = eW¥npg. By modifying the formal approximation eWyrg the residual can
be made arbitrarily small, i.e., for all v > 0 there exists a formal approximation e¥ which
to leading order is equal to the NLS approximation, e¥Unpg, such that

Res(e¥) = O(7)  and e¥ —eWypg = O(e?). (7)

For the water wave problem the residual which contains complicated expansions of the
Dirichlet-Neumann operator has been estimated in [CSS92].
In order to prove Theorem 1 we have to estimate the error

PR=U -V

for all t € [0,T1/€?] to be of order O(?) for some 3 > 1, i.e., we have to prove that R is
of order O(1) for all ¢ € [0,T1/¢?]. The error R satisfies

R =AR+2N(¥,R)+ e’ N(R,R) + ¢ P Res(c¥). (8)

For our equation, the linear operator A generates a uniformly bounded semigroup.
The effects of the nonlinear term, e’ N (R, R), can be controlled over the relevant time
interval if 8 > 2, which we assume henceforth. By choosing our approximation function
eV appropriately we can insure that e 7% Res(e¥) = O(£?) and then the effects of this term
on the evolution of R is also benign. Thus, the only remaining term is the linear term,
2eN (¢, R). Unfortunately, this term can perturb the linear evolution in such a way that
the solutions begin to grow on time scales O(¢~!) and hence we would lose all control over



the size of R on the desired time scale. Our approach to this problem is to eliminate this
term via a normal-form transformation.
The idea of eliminating this term with a normal-form transformation

W = R+ eM(U, R),

with M being a bilinear mapping, goes back to Kalyakin (cf. [Kal87] — see also [Sch98b,
JMROO]). In order to eliminate 2e N(¥, R) by this near identity change of variables, a
non-resonance condition has to be satisfied. The eigenvalues A\; = A;(k) of the linearized
problem (here j = 1,2) as a function over the Fourier wave numbers k have to satisfy

[Ap(k) — A1(ko) — Ag(k — ko)| >0 9)

for p,q = 1,2 and all k¥ € R uniformly. It is easy to see that the eigenvalues \; = iw; of
(5)—(6) with w; = w;(k) given by the solutions of (3) do not satisfy (9) and in particular,
there is a resonance at the wave number k = 0. This resonance is “trivial” for both (5)—(6)
and the water wave problem, where we define a resonance to be trivial if the numerator
of the normal-form transformation vanishes at the resonant wave number — otherwise it is
called non-trivial. Trivial resonances ultimately cause no problems for the definition of the
normal-form transformation. However, the presence of a resonance at the wave number
k = 0 always implies another resonance for the wave number k = kg and this one turns out
to be non-trivial. Therefore, the normal-form method of [Kal87] is no longer applicable
and an improved method related to that used in [Sch98a] has to be applied. The method
is based on a suitable wave number dependent rescaling of the error function R, followed
by a number of special normal-form transformations.

This discussion and the construction of the normal-form transformation below empha-
sizes the difference between the meaning and effects of resonances in finite dimensional
problems (or infinite dimensional problems with discrete spectrum) and those in infinite
dimensional problems with continuous spectrum. This distinction was previously discussed
in [McK97].

More recently the nature and effects of resonances in the water wave problem has also
been examined for the 2D water wave problem in [Wu09] and for the 3D water wave problem
in [GMS09] in establishing (almost) global existence results in case of infinite depth, i.e.
w? = |k|. However, due to the different goal in [GMS09] the normal-from transformation
does not have to be inverted and the loss of regularity occurs in such a way that the local
existence method of the untransformed system still can be used.

In case of infinite depth and no surface tension the elimination of all quadratic terms
is possible without loss of regularity as has been shown in [Wu09]. This has been used
very recently in [TW11] to prove the NLS approximation property for the 2D water wave
problem in the case of infinite depth and no surface tension. The differences between the
water wave problem in the cases of infinite vs. finite depth are such that a transfer of the
results from [TW11] to the case of finite depth does not seem obvious to us.



3 Notation and estimates for the residual

As noted in the introduction, the existence theory we use requires us to work in spaces of
analytic functions. Therefore, we introduce Yg, equipped with the norm |[|-||» given by

[llgp, = luwe,|| e

where the weight function
'Ll)o',’r(k) = 60|k| (1 + k2)1”/2 .

Moreover, let |[ullyr = |[ullgy . If 0 € }A/Up’[), then u is analytic in the strip {z € C | [Imz| <
o}. If u has bounded support then the || -
| - [|L» norm. We have Young’s inequality

[p» mnorm is bounded by a constant times the

laallgy, < CIallolallsy, + 1@lcl@lgy ) -

where * denotes convolution. Due to Sobolev’s embedding theorem we have that )A/f r can
be embedded into L' with

[l < Cllallge,
for every o > 0 or if rp/(p — 1) > 1 in case o = 0.

Since our interest is the proof of an approximation result we only sketch the derivation
of the NLS equation, the construction of an improved approximation and the proof of
estimates for the residual which are quite standard. We refer to [Sch05, Sections 3.1 and
3.2] and the Appendix for more details.

Taking the Fourier transform of (5)—(6) we see that the linear part of the equation can

be diagonalized as:
U =AU+ N(U,U), (10)

with A being a linear, and N a bilinear mapping. In detail, in Fourier space we have

. L 1 1 _ax ~ . z'wl (k) 0
=50 )= Re=( L)
N@, V)= 5IN(ST,SV),  N(O,V)k) = wi(k) < 0 ) ,
where the eigenvalues iw; /o are given by

w1 (k) = w(k) = /ktanh(k) , wa(k) = —w(k) = —y/ktanh(k) (11)

for £ > 0 and wj(k) = —w;j(—Fk). We introduce now the coefficients &k, ke — 0,0) of the
bilinear mapping N by

(N(@,9)(k)); = / Y @k k= €0k = 07,(1) de, (12)

m,ne{l,2}



where the coefficient functions @, (k, k — €, £) are proportional to the eigenvalues wl(kz)
for example, a, (k, k — ¢,£) = w1(k)/V/2. Since for our special model the coefficients @y
only depend on the first variable, we write &, = aﬁnn(k) in the following. With this
notation (10) can be written as

U (k,t) = iw (k)Ui(k,t) + > (k) U (k — £,1)Un (¢, 1) de,

m,ne{1,2}
(13)
OUs(k,t) = iwo(k)Us(k,t) / Z Up(k — 0,)U, (£, 1) d2.
m,ne{1,2}

Note that from the form of the coefficients &, (k), we see that the worst growth in
these coefficients is O(y/]k|) as |k| — oo. Thus, we expect the nonlinearity to “lose” half
a derivative. Using Young’s inequality for convolutions one can make this precise and we
find that in either the Sobolev spaces or the spaces of analytic functions defined above one
has estimates on the nonlinear term of the form

Lemma 2. If s > 2 and o > 0 there exists constants Cs and Cy s such that the nonlinear
terms in (13) satisfy the estimates

IN@ Ve < CsllUl o2 IV sz + 10l sV o), (14)
INWV)lvz, < CoslIUlly2 , IWVllya 41002 WVl ). (15)

Remark 3. The important point about this lemma is that we lose the mazximum number
of derivatives in only one of the two factors in the nonlinear term. This fact will play a
role in our energy estimates in Section 6. The proof follows immediately from Leibniz’s
rule which also shows that the s — 1/2 is not optimal and can be chosen smaller.

We describe our approximation for the solution in more detail. We focus on the NLS
approximation for the first component of (13) — the corresponding computation for the
second component is almost identical. The basic idea is to write U ~ ¢ (771)1 + ¢ 1), where
Yy are given by solutions of Nonlinear Schrédinger equation (NLS).

As remarked above, the residual

Res(U) = —9,U + AU + N(U,U) (16)

is a measure how much U fails to be a solution of (10). If we were to use only the NLS
approximation to the solution the residual would be O(g?). It turns out that the proof
of the approximation theorem is greatly simplified if we choose the residual to be smaller
than this. We make the residual smaller by approximating U not just with the NLS terms,
but rather by a more complicated approximation:

spi= Y, Y, PEgn =12, (17)

J2;1721<5 31565 (42,41) <5



where (31 (j2, j1) = 14||j2| = 1[+7j1, B1(J2, j1) = B2(j2, 1) except for Ba(1, j1) = B1(1, j1)+2,
and the terms _ A

o= ALl (e(@ + ¢qt), £%t)elP(homtent) (18)

The terms with j; = 0, jo = +1, 7 = 1 will again be given by NLS equation, while

the higher order terms will be solutions of inhomogeneous linear PDE’s or of algebraic

equations. We describe in more detail the derivation of the equations for ¢7'. in the

J2J
Appendix, but at this point emphasize the following points:

e The lowest order terms in (17) are given by

(e = (92 )1 = eA(e(w + c)t, )i ForFeot)

()2 = (e9?1)2 =0,

where A(X,T) is a solution of the NLS equation - we only modify the higher order
terms.

e The higher order terms can be chosen in such a way that the residual Res(et)) =

O(e%).

We mentioned in the introduction that our existence theory requires us to work in
spaces of analytic functions. However, so far we have only required that the solutions of
the NLS from which we construct our approximation lie in the Sobolev space H. We now
prove that by a further small modification we can make our approximation an analytic
function. We do this by replacing the ¢5; ; defined in (17) by functions that are “cut-off”
in Fourier space, cf. [Alt02, BL03]| for a similar prozedure. More precisely we define:

o~

it Ui (k) =1, (k) for {k € R| |k — jako| < 6} ;5 4);(k) = 0 otherwise, (19)

for some ¢ > 0 independent of 0 < ¢ < 1. Our final approximation is then given by
e, = Z Z £B(2:01) g;j (20)
J2;l721<5 j1;6(j2,51) <5
We have the following estimates.

Lemma 4. There exists C; > 0 and Cy > 0 such that
|e¥ — 51;”0;3 < eV — el < Cye®

and
[2lys, < Col[ ¥y,



Proof. The first estimate follows by noting that

1~ ('k — jako

1
(1+ ‘@9)5/2

< sup e A lga. < CEPJlA] .

|k—joko|>6

||370{5

The second follows since due to the compact support of ¥ we have for all o, r>0a
C = C(o,r) > 0 such that
12y, < Cl ]y,

O

Because of the fact that we used the cut-off function for the approximation, we have
the analyticity of the residual in a strip in the complex plane although the solutions of the
NLS equation were only in the Sobolev space H%. Note that since the Fourier transform

of U is non-zero only near k = mkg for m = 0,£1,...+5 we can extend the definition into
a strip of width o = O(1) in the complex plane and still have an estimate on the residual
of O(e%).

Thus, we finally find:

Lemma 5. For all Cs, Ty, 0,7 > 0 there exist Cres, Ciw,e1 > 0 such that the following
holds for all € € (0,¢e1).
Let A € C([0,Ty], HS(R,C)) be a solution of the NLS equation (2) with

sup [ A(T)]lge < Ca.
T€[0,7T0]

Then the approzimation ¥ defined in (20) exists for all T € [0,Ty] and satisfies

sup Y (D)llyy, < Cu,
T€[0,Tp] ’

sup [|S(e¥(T)) — e¥nis(T)llco < Cue?,
T€[07T()]

sup  ||Res(e®(T))|ly2. < Crese™/?.
T€[0,To)] T

Proof. The first two estimates in the proof were explained above. The factor of S in the
second estimate just accounts for the diagonalization of the linear part of the equation as
explained after equation (10). Note that ||¢£ lyz2 = O(e7/?) due to the way the L? norm
scales with . This is the reason for the difference of —1 /2 between the formal order and
the rigorous estimate. The estimate on the residual follows by a similar argument to the
second — namely one extends the estimate on the Fourier transform into the complex plane
(since the Fourier transform of ¥ is cut-off outside a neighborhood of mky). For complete
details see the Appendix and [Sch05]. O

10



Remark 6. The first estimate in Lemma 5 is used for instance for the estimate

IN(E, B)llyz, < Cl¥lyr  [IBlly> -
’ or+3 o,r+

1

2

4 The normal-form transformation

In order to show that the solutions of the error equations (8) remain small over the very
long time intervals (t ~ O(1/€?)) needed for our approximation theorem we eliminate
the term 2eN (¥, R) from (8) via a normal-form transformation. There are several non-
standard aspects of our normal-form transformations, but the one which causes the most
technical difficulty is that the eigenvalues are continuous functions, rather than a discrete
set of points, due to the continuous spectrum of the linearized problem. This makes it
much harder to avoid resonances — though as pointed out in [McK97], the effects of these
resonances may be less “deadly” than in the finite dimensional case.

Motivated by the form of the terms we want to eliminate from (25) we make a change
of dependent variable of the form

le = le + Ele (\I/,R) , J1=1,2, (21)
where )
Bj,(U,R) = Y [ bjyyoa (kb — €,00T;,(k — O)Rj, (0)de, (22)
j27j3:1

and where \/I\/j2 and ]?ijg refer to the jo and js components of U and R respectively. A
standard calculation which we explain in more detail below shows that the kernel function
bjijs,j3 Can be written as a quotient whose denominator is:

Wiy (k) — Wya (k—10)— Wia (6) :

So long as the denominator remains away from zero our normal-form transformation is well
defined. However, spots where the denominator vanish are known as resonances and given
the formula (11) which defines w; o it is obvious that there are at least two trouble spots:

(i) K = 0: Note that k = 0 is always a resonance if j, = j3. However, note further
that the nonlinear term also vanishes linearly at & = 0 (due to w; that acts on the
Eonlinearity). Hence with the linearly vanishing denominator also the numerator of
bji:js.js at k = 0 vanishes linearly and so Ejl in (22) can be well defined.

(i) k = ko: Because the Fourier transform approximate solution ¥(m) is concentrated
around m = +kg we can approximate the denominator of the normal-form transfor-
mation by

Wiy (k) + Wiy (k()) — Wjs (k‘ F k‘o) . (23)

11



(We will validate this approximation below.) Taking the “—” sign and assuming that
J1 = j2 we see that k = kg is also a resonance. However, by scaling the dependent
variable R near k = 0 one order less w.r.t. to € than at the other wave numbers we
can make the numerator of the kernel of the normal-form transformation to vanish
for k = kg, too. This allows the normal-form transformation to be well defined in
spite of the resonance. A similar resonance and cancellation occurs at k = —kg for
other choices of the signs in (23).

We now make the preceding observations more precise. We begin by rescaling the
variable R to reflect the fact that the nonlinearity vanishes at £ = 0. For a § > 0 sufficiently
small, but independent of 0 < ¢ < 1, define a weight function 9 by its Fourier transform:

oy 1 for  |k| > 0,
o(k) = { e+ (L—e)k|/s for |k <.

We then rewrite a solution U of (10) as a sum of the approximation and an error, i.e.,
U =eV+c"9R, (24)

with a 8 € (3,7/2) and where, in a slight abuse of notation, ¥R is defined by IR =9R, ie.,
we avoid writing the convolution ¥ * R. Note that 79(k)R(k) is small at the wave numbers
close to zero reflecting the fact that the nonlinearity vanishes at k = 0.

If we now insert U into (10) we find that R satisfies

R = AR+ 2e9"'N(¥,9R) + e’ IN(IR,9R) + ¢ P9 Res(ec ). (25)

Since we need estimates for R on a time scale O(1/e%) and since ¥~! is at most of order
O(1/¢) all terms on the right-hand side except for the linear ones are at least of order
O(£?). In particular, if we can control the linear evolution all the remaining terms can be
easily handled with the help of Gronwall’s inequality. The evolution due to the term AR
can be explicitly computed and causes no growth in R. Hence we need only control or
eliminate the effects of the remaining linear terms.

We begin by examining the term 2e9~!N(¥,9R) in greater detail. Note that from
(12), we can write the j1-th component of this term as

2
e N, (U, 0R) (k) =97 (k) Y [ &L (k)I(m) Vs, (k — m)Ry,(m)dm  (26)

Yjajia
J2,93=1
Where the kernel function agl »js (k) is proportional to wy(k). Recall further that according

to (17), the approximating function ¥ can be written as

U =U,.+ eV,

12



where both ¥, and ¥ have norm O(1) in any of the Y}, spaces (due to their compact

~

support in Fourier space) but they have disjoint supports with supp(¥.) C {k € R ||k —
k‘o‘ <4, ‘k‘—i— ko’ < 5}

We find

Lemma 7. There exists Cr, > 0 such that

607 N(ew,, 0R)ly2 | < Cr®||Rlye, (27)
Proof. Recalling that A
@21, (k)] < Cmin([k]/2, [K]) . (28)
we see that there exists C' > 0 such that
a’l. (k)

and hence, applying Young’s inequality for convolutions as in Remark 6 gives the result. [
Thus, this term does not cause undue growth in the error R over the time scales of
interest and we can ignore it. More precisely, if we rewrite (25) as

OR = AR+2:0"'N (T, 0R) + 2e29" N (U, 9R)

+eP9IN(9R, OR) + e P9~ Res( ). (30)

then it is only the term e~ !N(¥.,YR) that needs to be removed by a normal-form trans-
formation.

Remark 8. In fact, we do not have to eliminate this term entirely, but rather eliminate
it up to remainders that are of O(c?) which can as usual be controlled with the aid of
Gronwall’s inequality. This leads us, in the course of constructing the normal-form trans-
formation below, to introduce a sequence of terms which we will denote €2£7. We will show
in the course of the argument that these terms can be bounded by O(e?) in the Y(ET_I norm,
if R is in a bounded neighborhood of the origin in Yg%r, and thus they can be ignored for the
purpose of the normal-form transformation. The consequences of the loss of differentiabil-
ity will be discussed in Section 6, but for the moment we note that it will turn out that so
long as these remainder terms are of O(g2) and lose no more than one derivative, they can
be ignored in the following discussion.

Before constructing the first of the normal-form transformations we prove a lemma
which will simplify the subsequent discussion and will allow us to extract the real ‘danger-
ous’ terms from e !N (¥,,9R). This lemma (and the simplifications it brings about) take
advantage of the strong localization of ¥, near the wave numbers +kq in Fourier space.

Lemma 9. Fiz p € R. Assume that k = r(k,k —m,m) € C(R3,C). Assume further that
¥ has a finitely supported Fourier transform and that R € YUQJ,.

13



o If k is Lipshitz with respect to its second argument for k —m in some neighborhood
of p € R, then there exists Cy xp > 0 such that

I [t = mm) S22 Rm)dm — [ o)) Rem v,
< CppelRllyz, (31)

o If k is globally Lipshitz with respect to its third argument, then there exists Dy, ., > 0
such that

u / — ) () Rm)dm

g
= [ e = e = )i

< Dy el|Rllyz,

TEEE Rmydmllyz, (32)

Remark 10. Note that there are two important aspects of this lemma — the first is that
we fix the second argument of the kernel function k to the value p (or the third to k — p)
and the second is that the error which we make by this procedure is O(e).

Proof: We give the details of the proof for the first of the two cases in the Lemma.
The very similar second case is left to the reader.

I [ s = b= R — [ st pom) o) Rm)dm

3

_ / < / (k(k, k —m,m) — w(k, p, m)qz(k_m_p)}/i(m)dm>2 201k (1 + k)" dk

€

S/<Cn/|(k—m)—P|$(W)}A€(m)dm>262"|kl(l+k:2)"dk:

~ 0
<o / 1+ ) PGP RIZ, < oy RIZ
where to the next to last inequality we applied Young’s inequality to bound the L? norm
of the convolution and the last relied on the fact that ¢ has compact support. ]

Remark 11. The conclusions of Lemma 9 also hold if the integrals run only over a subset
of R.

The first normal-form transformation: An important property of the nonlinear term
in (4) is that due to the derivative acting on it the size of its Fourier transform depends on
whether k is close to zero or not. (This property is shared with the water wave problem
which is why we included it in our model equation.) In order to separate the behavior in
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these two regions more clearly we define projection operators Py and P; by the Fourier
multipliers R R R
P(k) = x|r<s(k) and P'(k) =1— P°(k) (33)

for a § > 0 sufficiently small, but independent of 0 < ¢ < 1. (This is the same constant &
that appears in the definition of ©.) When necessary we will write

R=R’+R',

with R/ = PIR, for j = 0,1 and analogously with the other variables. Note that these
superscripts should not be confused with the subscripts which denote the components of R.
Reconsider the part of (30) that we need to simplify, namely

R = AR+ 29" 'N(V., UR).

Applying the projection operators P%! to this equation we see that it is equivalent to the
system of equations

MR’ = AR’ +2:97 1PN (U, 9R) + 2¢0 1 PON (T, 9RY), (34)
HR' = AR'+2:97'PIN (U, 9R°) + 2¢07 1 PN (W, 9RY). (35)

Recall the form of the nonlinear term in (26). Since U (k—m) = 0 unless |(k—m)+ko| < &
and since R%(m) = 0 for |m| > § we see that P'N (¥, 9R") = 0 if § > 0 is sufficiently
small, but independent of 0 < ¢ < 1. Thus, we can replace (34) by

HR° = AR®+2:07'PON(U,,9RY), (36)
OR' = AR'+4+2:97'PIN(U.,0RY) + 2e0 1 PN (W, 9RY). (37)

and we changed the order of terms in (35). We will now attempt to construct normal-form
transformations to eliminate the O(e) terms from (36) and (37). After constructing the
normal-form transformations we will then go back and examine their effect on the full
equation (25).

Given the form of the terms we wish to eliminate in (36) and (37) we look for a
transformation of the form

R} =R)+eB)" (U, R") , R} = R} + B, (¥, R') + B} (¥, R") (38)
where
2
BY (U, R (k) = > [0 (ke —m,m)TS, (k—m)R], (m)dm (39)
J2,33=1

2

20,1 = 3

+ ) /bjl;jms(k,k—m, m)U- . (k—m)RL (m)dm,
j27j3:1
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with analogous formulas for B%? and B%!. Note that we have used the fact that @C7j(k) =
\lej(k) + \T/C_J(k), where \f/zc](k) represent the parts of \Tlc’j(k) localized near +kg respec-
tively. In the following discussion we will focus on the terms containing (I\lj’] — those
containing \Il;j are treated in an almost identical fashion.

Construction of B®: If we differentiate the expression for R® in (38) w.r.t t we

obtain N
atR? = atR? +eB%"(9,¥,, R') + B (V., 0, R") . (40)

Recall that [|0;¥. — AU.|y2 < C(o,7)e* from the definition of ¥, while (30) implies

10:R) — ARY — 2697 PON(U, 9R)[ly2 | < C*(1+[|Rllyz2,) - (41)

or—35

Thus, provided the transformation B%! is well-defined and bounded we have

atég') = A <§9 —eB% (T, R1)> + 269" PON(U,, 9R") 4+ eBY (AU, R")
+eBY (W, ARY) + 2B (W, 0 PN (., ORY)) + 261, (42)

where we recall that the notation €21 means that the Yazm_l norm of this term can be
bounded by Ce? if R is in some bounded neighborhood of the origin in YUZJ,. Note that
the term sBo’l(\I/c,aﬂflﬁ(\I/c,ﬂRl)) appears formally to be O(g?), but we will see below
that the kernel of the transformation B will be O(¢™1) for certain wave numbers so that
this term is only O(e) for those wave numbers and must therefore be retained. It will be
eliminated by a second normal-form transformation. The term is not O(1) since the terms
B and 97! are O(¢~!) at different wave numbers in this term as will be shown below,

Since we want to eliminate all terms which are formally O(g), this suggests that we
choose B%! so that

—AB (W, R") + B*'(AV,, R") + B (¥, AR") = —29"' P'N (U, 9R"). (43)
We find that the kernel of B%! should be of the form:

“01 oy —2P°(k)aj, (k) J(m)
Uitinds (ol =) = G S m) () )

Due to the fact that the P? and W, have supports localized near k = 0 and (k —m) = +ko
respectively this expression only has to be analyzed for |[(k —m) £ ko| < § and |k] < 4.
As a consequence for 0 > 0 sufficiently small, but independent of 0 < ¢ < 1, we can also
restrict to wave numbers m bounded away from 0. Hence from the two possible resonances

discussed above only the resonance at k = 0 will play a role for B%»!. The kernel 3211]2 s
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can then be estimated as follows. First note that if we consider the denominator of this
expression near k = 0 then we have

iwﬁ(k) — 1wy, (k—m) — 1wj (m)

= iw}1 (0)k — i(wj, (—m) + w;é(—m)k) — iwj, (m) + O(k?)

If wj, (M) # wj,(m) this quantity is bounded below by some O(1) constant for all |k| < 4.
If, on the other hand, wj,(m) = wj,(m) there exists a positive constant C' such that

[iwjy (k) — iwj, (K —m) — iwjg (m)| > Clk] . (45)

Here, we have used the fact that m =~ +kq because of the support of ‘ilc and the fact the fact
that w}(+ko) is O(1) for all j (and is not equal to w;,(0)). In either case, ]&gém(kﬂ < Clk|,
and thus there exists C' > 0 such that

CYSRYA!
[9(k)bj; 5, sk k —m,m)| < C (46)
for all |k| < 6. ~
Because of the factor of P%(k) which makes /5311]”3(143) = 0if |[k| > 0, B%! is “smoothing”

in the sense that if R! € YJ%T for some r > 1, then given any o', 7/, there exists Cy,» such
that
B (W, Ry, , < Cor | By, (a7)

In particular, this estimate holds when ¢/ = o and r’ = r. Note, however, that in spite of
the factor of ¢ in front of B%!, we cannot assume that C,/ v ~ O(e) because of the factor
of 971(k) ~ e~ for k 2 0, in the formula for the kernel of B%!.

Construction of B1:? and B11: If we differentiate the expression for B! in (38) w.r.t
t we obtain

O R} = O R} +eB" (0., RY)+eBY (W, 9 R") +eB0 (0,0, R°) +e B0 (¥, 5, R"). (48)
Replacing 0; ¥, and 0; R’ as above we find

OR) = A(R}—eB"(., RY) - eBY(W,, R"))

+2e9" PN (W, 9RY) + e B (AU,, R') + BV (U, ARY) (49)
+2e9" PN (W, 9R%) + e B"O(AU,, R®) + eBYO(W,, AR") + £2€2,

We recall that the notation e2€2 means that the Yfﬂ_l norm of this term can be bounded by
Ce? if R is in some bounded neighborhood of the origin in ¥;2,. The terms e B/ (¥, Eﬁ_lﬁ(\l’c, IRY))
for j = 0,1 are included in these error terms.

To avoid a resonance problem at +kg we will replace the terms 2519_1P1N (U, 9RY)
and 29" PIN (¥, 9R') in (49) by 2e9~ ' PN (V,, 9o R") and 269~ P* N (¥, 9gR'), where
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Do(k) = 9(k)—e. The key fact that we will use below is that Jy(0) = 0. Making this change
introduces additional error terms 229~ 1P1N(\IJC,R1) and 229~ 1P1N(\IIC,R1) into (49).
However, since 9~1(k) is O(1) on the support of P!, these terms can be included in the
error term of the form £2£2.

Equation (49) can now be rewritten as

OR) = A(R}—eBY(,, RY) - eBY(W,, R"))
+2e9" ' PIN (W, 9o R') + eBY (AU, RY) + e BV (T, ARY) (50)
+2e9" ' PIN (W, 9 R) + eBYO (AT, R") + e B"0(W,, AR) 4 £2&2,
Since we want to eliminate all terms of O(e), this suggests that we choose B! so that
—ABY (0., R)) + BY (AU, R)) + BY (U, AR)) = =20~ 'P*N(¥., 9o R?) (51)

for j = 0,1. However, we use Lemma 9 to replace this with an equation for B which will
result in a form for the normal-form transformation that is easier to bound, at the expense
of introducing additional “error” terms all of which are O(g?) and will be included in £2£2.
More specifically we apply Lemma 9 and make three changes in (51):

(A.1) We replace B (AW, R7) by B (Aq¥,, R7) where
E;{j(Ao‘I’c,Rj)(k)

2
= 2 /b;ij;}‘;js(@iwjz(ko) (k= m) RS (m)dm
j27j3_1
+ Z /Jﬁjm]s ijz(_ko)q/;jQ(k—m)R?g(m)dm_
J2,93=1

(A.2) We replace B (U, AR?) by B (U,, A.R/) where

(g .
Bjj( e e R7) (K)

Z /31]7]—2’:]3 ,Jz(k m)iw;s (k — ko)Rﬁg(m)dm

J2,j3=1

+ Z /3332,33 ,jz(k m)ZWJS(k+k0)R (m)dm

J2,j3=1
(A.3) Wereplace 9~ P N(U,, 9gRI) by 9L PN+ (UF, 9o RI)+9~ L PN~ (¥, 9o R?) where
e PLNTLE(WE 9o RY)

2
=—c0 (k)P (k) Y [ & (k)Do(k F ko)UE, (k — m)R, (m)dm.
j27.j3:1
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Inserting these changes into (51) we find that the kernel of B! should be of the form:

gt 2P (k)& 4 (F) Jo(k — ko) (52)
11203 (iOle(k) — Wi, (k()) — Wi (k - ko)) v(k)

. .. . ~ i
with a similar expression for b7 . .
J1332,J3

Remark 12. The analysis of the kernel of B%' would be simplified by the changes (A1)-
(A3), too. However, we have not made these changes since B%' = O(e7!) for certain
wave numbers which would complicate the analysis of the subsequent second normal-form
transformation.

Due to the support of (I\lc and of P! the expression (52) only has to be analyzed for
|k —m —ko| < 6 and |k| > 6. We now consider the possible resonances in the denominator
of (52).

e k= 0: Since P!(k) = 0 for |k| < §, this resonance does not play a role in the analysis
of either B0 or BbL.

e k = kg: There is a resonance at k = kg whenever j; = jo. However, since the
derivative of w; at ko is O(1), we have a bound on the denominator of the form

liwj, (k) — iwj, (ko) — iwjs (K — ko)| = Clk — kol (53)

This singularity is offset, however, by the fact that the term |’;,\[)(]€ —ko)| < C|k — ko
and hence the kernel bjlljjjjs can be extended continuously at k = ko with an O(1)
bound on its size.

There are no other resonances for this term in the normal form and hence the kernel can
be bounded for all values of k and m by an O(1) bound.
Applying Young’s inequality one easily establishes that if R! Ya%r then there exists
C > 0 such that
eB (We, R ly2 | < Cel| Ry, - (54)

Note that in this case there is a loss of “1/2 a derivative” — i.e. we get a bound of B! in
the space er_l/Q rather than Y2,. This is due to the growth of @;;,]3 ~ |wi (k)] ~ VEk as
|k| — 0o. One the other hand, since we don’t have to deal with the large values of ¥~1(k)
near k ~ 0 we obtain a factor of € on the right hand side of this estimate.

Due to the compact support of RO this loss of regularity is not present in the estimate
for B0, We find analogously

leBY(We, By, < Ce|Rlyz, - (55)

We can sum up the results of this first normal-form transformation as follows:
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Proposition 13. Define
R} =R} +eB) (U, R") , R} =R} +eB;" (U, R") + eB; (¥, R°) (56)

for j =1,2. This transformation maps (Rg-), le) € Ya%r X YJ%T nto (é?, éjl) € YU%T X YO_Q’TA/2

for allr > 1 and 0 > 0 and is invertible on its range. Furthermore, if we write the inverse
transformations as
0_ 10 -1,/50 Bl 1_ pl -1/p0 Bl
then there exist constants Cy, C1 such that the inverse transformations satisfy the estimates
1Bo; (B, RY)llyz, < Co(IRllyz, + IR [lvz,)
1B (B, RNz, < Cie(|R|lvz, + IR lyz,)

for j =1,2. Finally, if (R?,le») satisfy the equations (36) and (37) then (E?,Ejl) satisfy

R = ARY+eB% (U, c0 ' PIN(U,,9RY)) + 263

~ ~ 57
aR = ARt (57)

where we recall that the notation e2E7 refers to terms whose Yf}rfl norm is bounded by
Cj;e? for (RO, R in some fized ball in Yz,

Proof. The proof of invertibility of the transformation is deferred until the next section.
Assuming the invertibility for the moment the structure of the equations (57) follows im-
mediately using le- = le- + O(e). O

The second normal-form transformation: We now construct a second normal-form
transformation to remove the one remaining term of O(e) from (57). Before doing so we
analyze the offending term in more detail. Recall that ¥, = ¥} + U, where the Fourier
transform of W is supported in a neighborhood of size & of +ky. Thus, we can write

eBYY (W, 0 ' PN (W, 9R")) = eBOY(UF, e PIN (U}, 0RY))
+eB (W, 0 PIN(U; ORY) + eBO (W 0" PIN (¥, ORY))

+eBYN (U 9 PIN(UF, 9RY)). (58)
Each of the four terms can be rewritten as
eB) (UL, e0™ PN (U, OR"))(k) (59)
70,1 Tl
_e Y /bj;kth(k:, k— 0,00, (k- 0)
k1,ka=1,2
~ ~ —~ =1
<0 N OPY ) | > [ aE,, (0= m)U, (€= m)d(m)Ry, (m)dm | de,
k3,ka=1,2
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where the variable I,n € {+, —} and where we recall that

~

2P0(/<:)ak . (k)
i(wj(k) — wi, (k=€) — w, (¢))

)
(k)

We now apply Lemma 9 to simplify this expression as we did in B/ (j = 0,1). If we
do so we obtain the expression

Wt (ke k—0,0) =

9
sk1,k 9,
JiKk1,K2 ,19

eB) (UL, e97 (- — lko) PPN (P, (- — nko)R")) (k) (60)
=2 > /6?;,1’1{’;2(/@) Ly (k= 097 (k — Uko) P (k — lko)
k1,ko=1,2

~ =1
<[ > a2 p,, (k= lko) W T, (0 —m)I(k + (1 +n)ko) Ry, (m)dm | d + 2€3,
k3,kq4=1,2

with [,n € {4+, —}. (We interpret expressions like [ + n as if [ and n were +1 and —1.)
We use the abbreviation:

T RMNNS  :. YN U N SY/ES)
Jik1,k2 Z(Ldj(k') — Wi, (lko) - wkz(k - lko)) 19(]{)

With these modifications we can now prove that the last two of the terms in (58) are
O(£?) and hence can be included in the €23 terms in (57):

Lemma 14. There exists C > 0 such that

leBON (WE, 0 PIN(E ORY) vz, < O Ry, s
leBON (W7, 0 PIN(E OR))llyz, < O R'yz, -

Proof. Since B%! contains the factor 130(l<:) means that the integral over k& which occurs in
the Y2, norm runs only over the integral |k| < §. Thus, we can bound the Y, norm by
bounding the maximum of the kernel. The first term in Lemma 14 has the modified kernel

X2t (k)9 (k — ko) P (k — ko)aj2 ., (k — ko) D (k). (61)

N S 2D, 20.1,4,— _ .
Since b7 (k) = bjig, ke (K )/19( ) with b;. k1 (k) being O(1) bounded, in the kernel (61)
the factor U(k)~! cancels with the factor 9(k). Since all other terms in (61) are O(1)
bounded for |k| < & we have an O(g2) bound for the kernel (61). The second term in
Lemma 14 can be estimated similarly. O

Lemma 14 implies that the third and fourth terms in (58) need not be eliminated by
the normal form transformation. Thus we now turn to the first two terms in this equation.
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If we simplify the kernel of the first term in (58) with the aid of Lemma 9, we find its
kernel has the form:

b0 (R)O T (k — ko) P (k — Ko)ag2 ., (k — ko)0(k + 2ko) (62)

plus errors that are of size O(¢%). We obtain a very similar expression for the kernel of
the second term in (58). Note that in contrast to the terms considered in Lemma 14

this expression does not contain a factor of J(k) to offset the J(k) in the denominator of

Egiﬂ:(@ and thus they must be eliminated by a second normal form transformation.

We look for a transformation of the form
R} = RY+eDM T (Wf, Uf RY) 4D} (W], U, RY)
0 _ pl
R; = R;. (63)
Differentiating the expression for R? we find, just as in (40) and (51), that the terms of
O(e) in (57) will be eliminated if D?’l’Jr satisfies
{~ADPH (W WE RY 4 DOV 0, W RY) + DOV (U, 0,0 F R
+ DO (T, O 9, RY) + 519’130’1(\I/j,519*1P1N(\I/j,ﬁﬁl))} =0, (64)
or equivalently
{~ADCIH(E, wE RY) 4+ DOV (AWE, WE RY) 4+ DO (0F AW R
L DO (U U ARY) + 519‘130’1(\11j,519‘1P1N(\Ifj,19]?21))} —0, (65)
with similar expressions for D%%~. We find that we have to choose
DT (WL, U RY (66)

=<2 > [ Ul (k= 007 (k — ko) P (k — ko)
k1,k2=1,2
~ —~ =1
a2 1, (k= ko)Wl (€= m)d(k + 2ko) Ry, (m)

x Z / Vs kg
paitn?  wilk) +wk (ko) + wig (ko) + wi (K + 2ko)

dm | df

where we used as above in the kernel that k — { ~{—m =~ kg due to the localization of
Ut so we have m ~ —2ko which is made rigorous with Lemma 9. According to Young’s
inequality we have to estimate the kernel w.r.t. the sup norm. We already know that the
numerator in this expression in O(e). In order to estimate the denominator note that in
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this expression k ~ 0 due to the factor of PYin /b\;),ifk:(k) and that k1 = k3 = 1 without

summing over k1 and k3 in (66) due to (17). Hence
(—wj (k) + wi, (ko) + wiy (ko) + wi, (k 4 2ko)) & 2wy, (ko) + wi, (2ko) # 0.

Regardless of the value of k; and k4 this expression is bounded strictly away from zero.
Hence the mapping eD%!\'* is O(g)-bounded. We can construct and estimate the expres-
sion for D%~ in a very similar fashion. Therefore, the normal form is well defined and
invertible. We find

Lemma 15. If
RO = RO + DOV (wh, wh RY) 4 DOV (U, UL, RY)
with eD%Y* defined as in (66), then for any ¢ > 0 and r > 1 there exists C > 0 such that
[eD%*(wE, wE, Bz, < CellR v, -

Remark 16. Note that there is no loss of smoothness in this transformation due to the
50 - 20,1,
factor of P° in (66) via bj;khl?g (k).
Now, just as in Proposition 13 we have:
Proposition 17. Fix 0 > 0 and r > 1. Suppose (ﬁo,ﬁl) satisfy the equations (57).
Define (R°,RY) wia the transformations (63). Then for any p > 0, there exists €, such

that for all |e| < e, the transformation (63) is invertible on the ball of radius p in Y7,.
Furthermore, (R°, RY) satisfy the equations

HRY = ARC 4280 (67)
R} = AR! 426

Proof. The invertibility of the transformation in this case results from a simple application
of the Neumann series since there is no loss of smoothness. The equation for R? and R!
follow in the same way the equations for R® and R' were derived in the proof of Proposition
13. O

Finally, we consider the composition of the two normal-form transformations, namely
RO = R4 eDOVH(WH W RY) 4 eDOV (U, 0o, RY)
= R+ eBY(W, RY) + DOV (U, UF, R + eBY (W, RY) + B (W, RY))
4+eD% (U W, R + eBYO (W, R) + eBYY(W, RY))
= R+cF'R), (68)

with a similar expression for R! = R! +eF!(R). From Proposition 13 and Proposition 17
we see that
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1. FO and F! are linear functions of R, and

2. The (composite) normal-form transformation loses at most half a derivative, i.e. there
exists a constant C'r such that

leF (R)lly2 | < Cre|Rlly2
o,r—1/2 o,r

172
There is no loss of regularity in F° due to its compact support in Fourier space.

If we now insert use the information we have derived on the equations satisfied by the
transformed variables we find the following proposition:

Proposition 18. There exists a (linear) change of variables,
R =R+cF(R)

defined for R = (R1, Ra) € YC,%T X YCET and tnvertible on its range such that in terms of the
transformed variables the equation (25) for the evolution of the error in our approrimation
takes the form

IR = AR+ XU(R) 4+ PG(R) + e P9 ' Res(e¥) . (69)

Furthermore the linear term €((R) and the bilinear term ePG(R) satisfy the estimates
2R vz, < Coe?Rllyz, .

and

I°G(R)lyz,_, < Cael|Rllyz, IRy, , -
Proof. The proof follows immediately from the estimates in Proposition 13, Proposition 17
and Lemma 2. O

5 Inverting the first normal-form transformation

To complete the derivation of the evolution equation for (R?, R!) in Proposition 17 we now
prove the invertibility of the first normal form transformation asserted in Proposition 13.
The difficulty in the inversion comes from the fact that BJI-’1 loses half a derivative —

i.e. in order to estimate B}’l(\lf, R') in Y2, we must know that R' € YU%TH/?. Therefore,
inverting the normal-form transformation with the help of Neumann’s series is not possible.
Nonetheless the normal-form transformation is invertible due to a sort of energy estimate.
We illustrate this inversion by looking first at a pair of model problems that exhibit this
phenomenon in a somewhat simpler setting.

i) As our first example consider the transformation u = F(v) = v+ead,v with 0 < £ K

1 a small parameter, and a some smooth function. As in our normal-form transformation,
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F' exhibits a loss of smoothness. Namely, in order to estimate F'(v) in the Sobolev space
H* we need to know that v € H*T!, in which case we have the estimate

[ull s < flvllers + ellallgs+s 1ol s+ -

Nevertheless, F' is 1-1 and hence invertible on its range and we can estimate v in terms of
u as follows:

J@w@m) = [@0?+e [0
= [ @2+ [ a@0)@:10) + OCelolfy)

9
10301172 + 5 /aax(@iv)Q) + O(elvllfs)

€
= llozvllze = 5 /(3xa)(3£v)2 +O(evls) -
Summing up all estimates yields
[l < ollzs ullms + Cellvls

and hence

A

[ollzs < [lullzs + Cellv]las,

which finally gives

1
1-Ce

[ollzs < [l s -

ii) The transformations we constructed in the previous section are expressed as con-
volutions of the Fourier transforms so our next example illustrates that the key property
necessary in this context is that the kernel function in the convolution is purely imaginary
and Lipschitz. Consider:

mm:a@yg/mmmk_mﬁmnmn

We assume that:
. /l;(k) is pure imaginary.
° Z(k:) is Lipshitz as a function of k.
o b(k) ~ ik for |k| — oo
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As before, a is assumed to be smooth and real valued. We then find

/ SRyak) + Sk atkdk = 2 / SR (k)dk + / SR (k)a(k — m)d(m) dm dk

+ / 5(k)b(k) a(k — m) o(m) dm dk

Il
DO

/ SR (k) dk + / SR (k)a(k — m)o(m) dm dk
/ (m)b(m) a(m — k) o(k) dk dm

/ o(k)o(k)dk + / o(k)a(k — m)o(m)(b(k) + b(m)) dk dm

<)

_|_

I
DO

where we used a(¢) = a(—¢) due to the fact that a is real-valued. Hence
2/[0]1Z2 < 210 2|l 22 + 51

where with the Gagliardo—Nirenberg inequality

=

- ‘/ a(k — m)(b(k) + b(m)) dk dm

< /|U m)l[a(k — m)|Clk — m| dm dk

Joll2 / a(o)|cle) de

IN

since [b(k) 4+ b(m)| = [b(k) — b(m)| < C|k — m| if b is Lipschitz-continuous and purely
imaginary.
Note that if instead of estimating the normal-form transformation in the Sobolev spaces

H? we apply the above ideas in the spaces YUQT, then using the estimate e?l¥l < golk—mlgolm|

for ¢ > 0 one can conclude in a very similar fashion the estimates
lullyz, < Cllollyz,,, and [lollyz, < Cllullyz,

for b sufficiently small.
iii) Finally, we turn to the first normal-form transformation constructed in the previous
section:

R = RY+eBY(W, R (70)
Ejl - le.+gB;’1(\IJ,R1)+€B]1-’O(‘I’7RO)

for j = 1,2. Recall that only the terms B;’l lose smoothness. Both B;.)’l and le-’o are
bounded transformations from YU%T to YU%T . Thus, we first consider just

R} =R} + B (W, RY) +eB}°(¥,RO) . (71)
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From the previous section we know that
nll 1 711, - Hl
B, RHY k)= > Y /bj;ksz(k) %k, (B —m) Ry, (m)dm
k1,k2=1,2 o=%
where from the explicit formula in (52) one can immediately verify that 3]1'311’101@ (k) satisfies
the conditions on the kernel that we required to establish the energy estimate in example

(74). Thus, we multiply both sides of (71) by le- and take the Y2, norm of both sides, and
add together the estimates for j = 1 and j = 2 then just as in example (ii) we find

IRYZ, < IR vz, 1B vz, + Crel R 3, + CocIR s + 1RO, )  (72)

where HRlH%’c?,r — HR%H?,(?T + HR%H?,GQT and similarly for HRlHY[?,r and HRUHY[?,T'

This inequality implies that the transformation R' — R! is 1-1, hence invertible and
satisfies the estimate

1 -
11, > (=g ) (IR, +ecrl @2, ) (73)

so that we can write

R} = R} +eF(R', R"). (74)
We now consider the transformation for R?, which with the help of (73). We can write
- 0
R} = R)+eB)'(V,R') (75)
_ po 01y Pl 2 0,1 Bl po
= R;+eB;" (V,R)+e° B, (¥, F(R,R")),

or
0 _ /po 0,1 nl 2 0,1 nl 0
RY = (RY —eB)' (¥, R")) — * B (¥, F(R', R")) . (76)

Recall that B%! is smoothing as we remarked in (47) and the extra power of € insures that
e2B%1(W, F(R', R%)) is also small. Thus (76) can be inverted by a Neumann series and
we see that the normal-form transformation (70) is invertible and satisfies the estimates
claimed in Proposition 13.

6 The error estimates

In order to solve (69), we use energy estimates in a scale of Banach spaces of analytic
functions. By making the width o of the strip of analyticity smaller as time evolves we can
gain artificially some smoothing of the evolution. Since 0 = O(1) in Lemma 5 and since
we have to solve (69) on a time scale of order O(1/?) the strip can be made smaller with
a velocity of order O(g?). Hence define

R(k,t) = S(k, )@ (k,t) = w(k, t)e *lla=b=*)
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with constants a,b > 0 chosen below. If w(t) € L?, then R(¢) is analytic in a strip of width
a —be’t, ie. t €[0,a/(be?)]. Computing the equation for w we find

Byw = Aw — |k[be?w + e20(w) + PG (w) + e P9~ Res(e W), (77)

where ((w) = S7L()0(S()w), G(w) = S~H(t)G(S(t)w), and Res(e¥) = S~ (t)Res(e V).

If we use the estimates on ¢ and G from Proposition 18, along with the fact that the
support of Res(eW) is bounded in Fourier space, then we immediately obtain the following
estimates for the terms in (77).

Corollary 19. For any r > 2, there exist constants 6L, 5’(; and éR such that
1eC)lr— < Crlwllar,
1GW)llg— < Collwlarllwll g,
e P9 'Res(e0) || gr < Cgre’.

We control the solutions of equation (77) using energy estimates and Gronwall’s in-
equality. Fix some index s > 6 and define

lwllFzs = llwlZz + [lwll3, (78)
where
lwll?,. Z/\k|2s|@(k)!2dk- (79)
We have
1 N =
SOl = —beQ/]kHw(k)]zkoraz/\w(k)]ﬁ(w)(kﬂdk (30)
+e /|w |dk+/|w Ve P91 (k) Res(w) (k)|dk.

Applying the Cauchy—Schwartz inequality and the estimates of Corollary 19, we find

1 - ~ -
Solwlzz < —be’llwllys + [wllr2(Cre®wllys + Cae®|wl p2llw] s + Cre?)

< —befwll? s+ e2(Cr + O wllZs + Coellwlbs + Cre?.
Now consider
1 S - S| A//-\
Saullly, = b / K2 (k) Pk + / (k25| @ (k) [6(aw) () |k (81)
e /|k‘|28|w G (w) |dk+/|k!25|w k) =P 9L (k) Res(w) (k)| dk.
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If we once again apply the Cauchy—-Schwartz inequality and the estimates in Corollary 19
we can bound the last three integrals in (81) by

ol ev2 {Cr?wlrne + Cose® vl essso + e} (52
Combining (81) and (82) gives
1 - ~ L -
SOullwlG, < =e*(b = (Cp+ Cr) - Coe” 2wl gramrso)lw]|}ossfe + Cre®. (83)

Combining this with the estimate on the L? norm of w and using ||w|| s < 2|jw| g for all
r > 3 we obtain the inequality

1 ~ ~ ~ 4 ~
iatnw\@]s < —%(b—3(CL + Cr) — 3Cce" 2 |wl| gro-1/2) |wl|3e11/2 + 2CRE. (84)

Applying Gronwall’s inequality to (84) we obtain:
Proposition 20. If b — 3(Cp, + Cg) — 3Cqel 2 supg<t<t, |w(t)|| gs—1/2 > 0, then

sup [lw(®)|7+ < (lw(0)]7+ + 2Creto).
0<t<tg

Take to = ¢ 2T} and |w(0) |3 < 2CRTp. Then choose b such that b — 3(Cy, + Cr) —
24CCrToeP~2 > 0. The Proposition 20 implies
Corollary 21. For all 0 < &%t < fo,
lw(t)3+ < 4CRTp.

Finally we must check that the smoothing operator S(t) is well defined. We require
that the constants a and b in its definition be such that o > a and a — be*t > a/2 for all
0 < 2 < Tp. In this case S(t) is well defined. (Note that this means in particular that
To < 0/(2b).) Finally, we have

Corollary 22. Choose Ty = min(’fo,fo). Then

sup [RM)32 < sup [R@)]5- = sup [R(1)]}- (85)
0<e2t<Ty a/2,s 0<e2t<Ty a—be2t,s 0<e2t<Th a—be2t,s
= sup_ [S@Ow@)f2 = sup_[lw(®)|F < 4CrTo.
0<e2t<Th a=betis < e24<T

Since the Yf/z’s norm controls any Sobolev norm of R(t), we obtain
Corollary 23. Choose Ty = min(fo,fo). Then
sup  [R(E)|%. < 4CkTy.
0<e2t<Ty
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Combining this estimate with Proposition 13, Proposition 17, and Lemma 5 completes
the proof of Theorem 1.

Remark 24. The local existence and uniqueness of solutions combined with our error
estimates gives the long time existence of solutions for free.

7 Appendix

In this appendix we explain in more detail the higher order approximation introduced in
Section 3. As noted there we use an approximation of the form:

Gi= XY s, 5

J2;l721<5 41;65 (42,51) <5

where £1(j2,71) = 1+ [[j2] — 1| + j1 and Bi(j2,51) = B2(j2,51) except for Ba(1,71) =
B1(1,41) + 2. We show below that the terms proportional to € (i.e. 1%,) are given by solu-
tions of the NLS equation, while the higher order terms are defined by algebraic relations
or inhomogeneous, linear PDE’s.

Recall as well that the term ¢§; is assumed to have the form:

~§;j _ A;;] (8(-T 4 Cgt), 6215)61']'2(koz—i—wot) ) (87)
From this we see that the index jo determines what multiple of the basic frequency and
wave number a given term represents, j; represents what order we are studying in the
approximation (i.e., j; = 0, corresponds to the lowest order approximation of a given wave
number/frequency, j; = 1 to the next order approximation for that wave number, and so
on) and j just labels the first or second component of these two component vectors.

The form assumed in (87) is important because it makes it easy to approximate the
action of the Fourier multiplier operator with symbol w(k) on such functions with the aid
of:

Lemma 25. Let w be a Fourier multiplier operator with symbol &(k). Assume that Nj-;j
has the form given in (87). Then

(wipl! ) (@, 1) = {a(jgko)A;i; (e(@ + cqt), £%t) — iz (Opd (jako)Ox ALl (e + cgt), £7))

1 .
—552(8,303(]’2%)8?(,411

sz(f(w + ¢4t), %)) + ... }eijz(kozwot) _

—

Proof. This results by computing of the inverse Fourier transform of (@ ~£ ;)(k) in which
one expands the symbol w(k) in a Taylor series around joko. Note that it is straightforward
to estimate rigorously the error terms in this expansion but we won’t need those estimates
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- we estimate directly the difference between our approximation (which is based on this
expansion) and the true solution of our equation in Section 6. O
We now insert (87) into equation (10). We will focus on the case where the NLS
equation occurs for the first component of LZJ;; - namely (wg;)l
Substituting (87) into (10), the j-th component of the LHS of the equation yields:

Z Z EBj(jQJl){ijQWOA;:;j + 5Cg8XA£j + 828TA§;j}€ij2(kox+w0t) 7 (88)

J231921<5 51365 (52,51) <5
where we have suppressed the arguments of A;; ; to save space.

Making the same insertion of the RHS, we will then equate terms proportional to the
same power of € and the same factor of exp(ija(koz + wot) to determine the amplitude
functions A7) ..

The linear terms on the right hand side are easy to treat. Focussing on the first
component and utilizing the expansion from just above we have

Z'(wlz’:“lh) _ Z Z EAVENZY) {Z‘d}<j2]€0)Aj;1 (89)

Jo3l21<5 j1;61 (J2,41) <5
2 ..
(akw)(]QkO)aXADl 2 (613@)(]2]{:0)@)(14];1 ) }elJQ(koac—I—wot) )

(The expression for i(wyeths) would just be the negative of this.)
Finally, we consider the nonlinear terms. Recall from Section 3 that the first component
of the nonlinear term is of the form:

S (W) 0k — DU () (90)
m,ne{1,2}

The exact form of &}n,n is discussed in Section 3, but the important thing for the discussion
here is that it is proportional to w;i(k). If we insert our approximation (87) into the
nonlinear term we obtain a finite sum of terms of the form:

&P (2, J1)
50230 [ a1 ()3, (0~ 007 () o1

in Fourier space. Recall that in Fourier space

)i k= j2ko, ijauwnt yicy (k=i
7 (K) = fA(T) Jawot gice (k—jako)t .

Inserting this expression into (91) and integrating we find (after inverting the Fourier
transform) that this term has the form:

£B3(2.31)+5; (am){ (G + 32)1{0)/1;;314;15 (93)

(00t (o + ko)) Ox (423,47 = S (0RaL (G + Tk (4,42.)

+... }e(J2+]2)(k()x-HUot)ezcg(k—(]2+]2)k0)

31



We now consider terms of various orders that appear on both side of the equation. The
only terms of O(e) arise from the case j; = 0, jo = +1. They occur in the linear terms on
both sides of the equation and their coefficients are identical so they cancel automatically
and impose no constraints of the value of the amplitude functions Ag; e

Next turn to the terms of O(¢?). In addition to the contributions coming from the
linear terms, the nonlinearity will generate contributions proportional to products of the
leading order, O(e) terms. Thus, we expect to have to consider terms proportional to
exp(ije(kox + wot)) for jo = 0,£2, as well as the contributions coming from jo = +1. The
terms with jo negative are just complex conjugates of those with jo positive, so we will
focus on the non-negative values of js.

Terms proportional to e2e2(koz+wot) with:

® j2=0
(—5 ()45, — 287, (0)A%, 4%, ) (94)

[ ] j2 =1
(iwoAt; — (ko) Al + cy0x AY, — (B4 (ko)Ox A, (95)

® jp=2
(moAgj — iy (2ko) AY; — a{l(zko)AglA?l) (96)

We want each of these expressions to equal zero. The expression in (94) vanishes
automatically since both @;(0) = 0 and é7;(0) = 0. Thus, this imposes no conditions on
Agj. The expression in (95) also vanishes automatically since wy = &(ko) ¢ = (Orw)(ko)
by definition.

Finally, we can insure that (96) vanishes if we choose

il (2ko)

1T A0, A0 97

0 _

where AY; will be fixed at the next order. Note that from the expression for @;(k), the
denominator @;(2kg) — 2wy is non-zero such that this expression is well-defined.

Next we turn to the terms O(g3). We proceed exactly as in the case of the terms above,
considering each of the values of jo generated by the nonlinearity in turn.

Terms proportional to e3e2(koz+wol) with:

[ ] j2 == 0
(CgaXAgj — (0k@5)(0)0x A, + 2i(Brar], ) (0)0x (A%Agn)) (98)
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o jo—1

OrAY) + (5kw)(k?0)8XA11 Z d%j(kﬂ)(A(l)lAgj + A(lllAgj) (99)
J
and
i(wo + (ko)) Ay — 2 Z d%j(ko)(A(l]lAgj + AgllAgj) (100)
J

o jo=2
(#(2w0 — @(2k0)) A3, + i(Dk6]) (2ho)Ox (A% AY)) — 26d, (2hk0) A%y ALy ) (101)

o jp—3

i(3wo — ;(3ko)) A3, — 2 Z &%(3]{0)14(1’11433 (102)
J
Remark 26. Note that we have omitted from these expressions terms like woA%j—d)(kzg)A%j

which vanish regardless of the choice of A%j

We can make each of these expressions vanish by the following choices: Equating (100)
to zero determines A, since wg + @ (ko) # 0, equating (101) to zero determines A%j since

2wy — @;(2ko) # 0 where Af, will be fixed at the next order, and finally equating (102) to
zero determines Agj since 3wy — w;(3ko) # 0, Next, set

2idpa], (0)
AL = [ - 2R ) 4040 103
07 < g — akw](O) 11 11 ( )

Inserting (103) and (97) into (99) for j = 1 gives

7 R )
aTA11 = —5(81300)(7{0)3%(14[1)1 - ZV\A(1)1’2A(1)1 ) (104)
where
&l (2ko) 28ka (0)
—9 11 11 1
Y Zal] L’J (2ko) — 2wo * cg — Opw;(0) | (105)

so we see that, as claimed, AH is given by a solution of the Nonlinear Schrodinger equation.
Finally, we consider the terms of O(g?) — the terms of O(¢%) are handled in an entirely
analogous fashion. We proceed exactly as before by writing out the terms proportional
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to et exp(ija(koz + c4t)), though we must consider more choices of ja to account for the
additional terms generated by the nonlinearity. We can make each of these new expressions
vanish with choices much like those made above - only the cases jo = 0 and js = 1 really
need additional comment.
Terms proportional to e?e#2(koz+wot) with:
® j2=0
(cgaXAg)j — Oj (0)9x A} + OrAY; + 2i(0kéd1)0x (AT A%y + A?lAl_H)) (106)
where the expression simplified due to 97@;(0) = 8,3@{1(0) = 0.
° ja=1
1 R 1
{orAf + 5(81%‘*)(]“0))8%(14%1 + g(agw(ko))ag’(fl?l
-2 Z(d%j(ko)(A%lAgj + A1—11A8j + A?lAéj + A(lllA%j) (107)
J

+2i(0ad;)0x (A% A, + A A9))}

Equating (107) to zero completes the definition of the terms above and defines A},
to be the solution of the linear, but inhomogeneous, Schrédinger equation, where we note
that all the inhomogeneous terms of this equation have been defined at prior steps in this
process.

Finally, we address A(l)j. Equating (106) to zero determines A[l)j since ¢g — Opw (ko) # 0.
All other quantities in (106) have been defined at previous steps in the interative procedure.
The resulting equation requires some integration w.r.t. X which would give an A(l)j which
in general no longer belongs to L2. In order to avoid this integration we have to show that
the only problematic term 8TA8j can be written as a derivative w.r.t X in order to insure
that A(l]1 has the appropriate decay properties as X — +oo.

Recall that from (103)

2i0,62, (0
8TAgj = <_cg—k<9k1@1](-(g)> ((0rA}) A%, + A% (0rA° ) - (108)

We know that Agﬂl both satisfy the nonlinear Schrédinger equation,
7 . .
OrAL, = :F§(6,%w(ko))8§(A3[H T iv|AL,[PAL. (109)

Inserting this expressions into (108) and recalling that A%, = T%, we find that the
nonlinear terms cancel and we are left with

oA}, = (—%) (OF(k)0x (Ox AN A1y = AL (Ox A1) . (110)
Cg kW
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Inserting this expression into (106), we see that we can choose A}; to be

A(I)j = (¢g — akdjj(o))_l{Qi(akd{ﬂ(AhA(ln + A% AL (111)
81607{1(0)

(s ) Rtk (0 A9 AL = A9, (0xA%)

As we remarked above, choosing the terms of O(g°) in the expansion is handled in a very
similar fashion and we leave those calculations as an exercise. In order to close the system

at O(g%) we have to compute the linear inhomogeneous Schrédinger equation for A3, at
0O(e%), too.
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