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1 Background on Distributions

1.1 Basic Definitions

Throughout these notes, V' will be a finite dimensional Q-vector space. By a lattice in V' we
mean a finitely generated sybmodule that generates V' as a Q-vector space. A subset X C V
is said to be bounded if X is contained in a lattice. For a given function f on V' and a vector
¢ €V we say ( is a period of f if f(x + ¢) = f(x) for all z € V. The set of all periods of f
will be denoted Ly. If Ly is a lattice, we say f is uniformly locally constant.

We define the group of test functions on V to be the group

S(V):={f:V — Z]| f is uniformly locally constant and of bounded support }

For A an arbitrary abelian group, we define the group of A-valued distributions on V' to be

the group
Dist(V, A) := Hom(S(V), A).

To keep track of support and period lattices we introduce the partially ordered set
Ly = { (M, L) ‘ L C M is an inclusion of lattices in V' } ,

where for two elements A; = (M;, L;) € Ly (i = 1,2), we say
A <Ay = L, C L C M C M.

We also define
deg(A) :=[M : L]

which is, of course, a positive integer. We sometimes speak of Ly as the category whose
objects are the elements of £y, and whose morphisms A; — Ay are inequalities Ay < As.
For f € S(V) we let M/ be the lattice generated by the support of f and set

Af = (Mf,Lf) S ﬁv.

For each A in Ly we then define
set)={resw | aza},
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which is a free finitely generated abelian group of rank deg(A). Indeed, for A = (M, L) we
have a natural identification

SN ={f:M/L—17Z}.
If Ay = (M;, L;) (i =1,2) and Ay > A; then we have an inclusion
S\/<A1 — Ag) : Sv(Al) — S\/(Ag)

Thus
Sy : Ly — Ab
defines a covariant functor. Moreover, we have a canonical isomorphism
S(V) = lim Sy.
Ly

Now let Ay : Ly — Ab be an arbitrary covariant functor from Ly to Ab. Then we
define
DiSt(V, .Av) = HOIH(SV, .Av)

to be the additive group of natural transformations u : Sy — Ay. More precisely, for each
A e ﬁv,
pa : Sy(A) — Ay (A)

is an additive homomorphism and for any morphism A; — A, the diagram

Sv(hs) 23 Ap(Ay)

I I

HAq

Sy (A1) Ay (Ay).

Finally, let Vecty be the category whose objects are finite dimensional vector spaces
and whose morphisms from W — V' are pairs (:*,¢) of linear maps ¢* : W* — V* and

t: W — V such that
<w*, w> = <L*(w), L(w*)>
w v
for all (w*,w) € W* x W.

If M CV is a full lattice in V. We define
S(M):={feSV) | supp(f) M}

and let xy; € S(M) be the characteristic function of M. For each f € S(V) we let fy :=
fxm € S(M). Clearly, the map f — fy is an idempotent on S(V') with image S(M).
Dually, we also have an idempotent g — iy on Dist(V, A) given by

par(f) = p(fr)



for f € S(V). We define
Dist(M, A) := { p € Dist(V, A) | par = }
and note that we have a canonical isomorphism
Dist(M, A) = Homgz(S(M), A).

The following simple proposition will be useful in the next section.

Proposition. The canonical map

Dist(V,A) — lim Dist(M, A)
M

o

s an isomorphism.

It will sometimes be handy to think functorially. For this it is convenient to introduce
the category Vecty of finite dimensional vector spaces V' over QQ together with injective linear
maps as morphisms. Then the test functor S : V —— S(V) is a contravariant functor from
Vecty to the category Ab of abelian groups. Namely, if W —= V is a morphism in Vect,
then pullback

S(V) -5 S(W)

is a morphism of abelian groups. If moreover, A : Vecty — Ab is a covariant functor, then
by
(V, V") — Dist(V, A(V"))

is a covariant functor Vecty x Vecty — Ab.

1.2 Fourier Transforms

a natural surjective homomorphism

S\/(Al/Ag) : SV(AI) — S\/(AQ)

given by
Sy(Mi/A)(f)(x+ La) = > fly+ L)
yEMy /Ly
y+L1Cx+Lo
for every f € Sy(A;) and x € M,. Then
SV : ,CV — Ab

is a covariant functor. Let A be an additive group and u € Dist(V*, A) be a disrtibution on
the dual space V* of V. Let L C V be a lattice and L* C V* the dual lattice. We fix an
additive character 1) : Q — ji for which ker(¢)) = Z and identify V*/L* = LY via 1. The
fourier transform of p on L is the function

ﬁLZLv—>A
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defined by
fr(Yer) = p(z™ + L7).
Clearly, a distribution p is completely determined by the collection of all its Fourier trans-
forms on all lattices L.
For any inclusion L C M of lattices in V, we define the norm Ny : F(MY, A) —
F(LY,A) by
Trayn(F)(x) = Y F(X).

xeMmMV
X'l =x

for any F' € F(M", A)

Proposition. For any p € Dist(V*, A) and any inclusion L C M of lattices in V' we have
TruyL(iv) = fip. Moreover, the map

Dist(V*, A) — 1131]-‘(LV,A)
o — {Hcte

18 an isomorphism.

1.3 Convolution of distributions.

Now suppose A is a ring (not necessarily commutative). For any full lattice M C V we
define the convolution product

Dist(M, A) x Dist(M, A) — Dist(M, A)
[y kv

as follows. Fix pu,v € Dist(M, A) and let f € S(M). Fix a period lattice L of f and note
that L € M. We may therefore define

(uxv)(f)= > fle+y) - (ua+L)-viy+ L)),

z,yeM/L

which one easily checks easily is independent of the choice of period lattice L. Rewriting the
sum as a double sum we obtain

(wxv)(f)= Y | D fle+y)-pz+L)| viy+L),

yeM/L \zeM/L

which “explains” the usual “double integral notation” for the convolution product

[ saevyi= [ ([ s+ i) a)

Convolution on Dist(M, A) is an associative and distributive operation on Dist(M, A).



In the above definition of convolution on Dist(M, A), all the sums are finite. If we try to
replace M with the full vector space V', then in general these sums are no longer finite and
the above definition of convolution is meaningless.

Let pu,v € Dist(V, A). Then for each lattice M we have pys, vy € Dist(M, A) and we
may convolve these distributions to obtain a distribution ps * vy, € Dist(M, A).

Definition. We say u,v € Dist(V, A) are convolvable if, for every f € S(V), the net
{(par = VM)(f)}M is eventually constant, i.e. if there is a lattice M for which

(arrx vare) (f) = (uar x var) (f)

for every lattice M’ containing M. If u, v are convolvable, then we define p* v € Dist(V, A)
by
(e v) (1) =i (g va0) ().

for f e S(V).

1.4 Convolvability of distributions with linearly disjoint supports

Let X C V be a subspace and p € Dist(V, A). We define

Dist(X, A) := { u € Dist(V, A) | p(f) =0 whenever f is supported outside X } .

Theorem. Let X,Y CV be two subspaces and let u € Dist(X,A) and v € Dist(Y, A). If
XNY ={0} then u and v are convolvable.

Proof: Indeed, if f € S(V') has period lattice L, then we define

(nxv)(f)= > flr+yua+L)-v(y+L).

z,yeV/L
This is a finite sum, which we see as follows. Let M be a support lattice for f and let
M = (X+Mf) N (Y"—Mf)

One easily checks that M is a lattice containing M;. Moreover, for all x € X, y € Y if
x+y € My then z,y € M. Thus for every lattice M’ containing M we have

(war *var)(f) = Y. fla+yp+L)-v(y+L)

z,yeM'/L

= > fat+yua+L)-viy+L)

z,yeM/L
= (uar xvar)(f)-

This proves p and v are convolvable, as claimed.



2 Trigonometric Functions

2.1 Circular algebras.

For each t € Q, we let ¢ : C — C* be defined by ¢'(z) := €*™* for 2 € C and let § be
the field of meropmorphic functions generated over Q by the group s, of roots of unity in
C and by the functions ¢*, t € Q:

F=Q(po ¢ |t€Q).

We call § the field of trigonometric functions on C. We let £, C C §* be the subgroups
defined by

5::{th‘C€,uoo,t€Q}, C+::<1—th‘CEuw,t€Q+> and C:=&Cy

and define the ring of trigonometric functions on QQ to be the subring R of § generated by
C:
R := Zulu € C].

Note that every F' € R defines a holomorphic function on C\ Q.

More generally, let V' be a finite dimensional Q-vector space and V* be the space of
Q-linear functionals on V. Let (V) be the complement of the union of all rational affine
hyperplanes in V¢:

H(V) = {z e Ve

Vet e V9 a* #0 = (z,2%) §ZQ}.
For any 0 # z* € V and 6 € R we define 0,- : H(V) — C by 0,+(2) := 0((z,z*)) and define
Ry :=Z[0 | 0€R, 0F£2" V"],

We will call Ry the ring of trigonometric functions on H (V). We also define

gv = <6x*

ceeg, :E*EV*> and CV::<u, 1—u ‘ UEgv\/LOO>

and we call these the groups of divisible and circular units on #H(V') respectively. The
terminology “divisible” is justified by the following proposition.

Proposition. &y is the mazimal divisible subgroup of Ry;.
For A € Ly and x € M, we define x, : My« — Ey by
Xz (2")(2) = exp((z — z,27))

for x* € My~ and z € H(V'). We define

Ev(A) = <Xx(x*) ' (z,2%) € M) x MA*> and  Cy(A) == <u 1—u|ue&(A)\ fo >



We then define the subring Ry (A) C Ry by

Ry (A) = Z [u

u € CV(A)} :

Obviously, whenever A; < Ay we have inclusions &y (A1) C Ey(As), Cy (A1) C Cy(As) and
Ry (A1) C Ry (Ay). So we may regard Ry as a covariant functor from Ly to the category of
rings:
Ry : Ly — Rings
and &y and Cy as covariant functors to Ab.
Now let K,(Ry(A)) be the Milnor ring of Ry (A) and let Jy(A) C K.(Ry(A)) be the
(homogeneous) ideal generated by the image of £ (A) in K1 (Ry(A)). Finally, we let

be the graded subring of K,.(Ry(A))/Jv(A) generated by the image of Cy(A). It follows
at once from the above remarks that Ky is a covariant functor from Ly to the category of
graded rings. We define

Ly

and call this the circular algebra of V.

2.2 The Canonical Circular Distribution

When V = Q we have H(V) = C\ Q, Ry =R, £ = &y, and Cy = C. The multiplication
pairing on Q identifies V* with Q. For any u € C we define 6, : Q — Z by ¢, : © —
ord ,—,u(z). One sees at once that ¢, € S(Q) and that the map

0:C(Q) — S

U — Oy

is a surjective homomorphism containing £(Q) in its kernel. Indeed, we have

Proposition. The kernel of § is precisely £(Q), i.e. we have a canonical isomorphism
6:C(Q)/E(Q) — S().

We compose the inverse of 0 with the isomorphism C(Q)/£(Q) = K;1(Q) to obtain a
canonical isomorphism ¢ : S(Q) — K1(Q) which we regard as a Ky (Q)-valued distribution

¢ € Dist(Q, K£1(Q)).

We call £ the canonical circular distribution.



2.3 Circular Distributions on Vector Spaces.

Let V be a finite dimensional vector space. For any ordered basis v = (v1,vg,... ,v,) of V
and any character x : L, — R* define

&) ={1—x(v1),---, 1= x(va)}.

be an ordered basis for V and let v* = (v}, v, ... ,v}) be the dual basis of V*. For N € N
we let we let Ay := (%LV,LV).

Theorem. There is a unique distribution & € Dist(V, K, yv) such that for all N € N,
t=(t1,...,tn) € (Q")", and x € 5 Ly, we have

€V(AN,tv)(x + Ltv) = {1 - X:r(UD? MR - Xx(v;;)}

We note that the family ¢tAy contains a final subset of Ly .
Let 7 : V — W be a surjective Q-linear map. Then 7 induces a holomorphic surjection

H(r) : H(V) — H(W).

Moreover, 7 induces a morphism Ly — Ly by 7(A) := (7(My),7(Ly)) and pull-back by
H(7) induces a ring homomorphism

™ Ry (1(A)) — Ry (A).

Furthermore, we have 7* sends Ey (m(A)) to Ey(A) and Cy (m(A)) to Cy (A).
To any a € Q* we associate the morphism (a,a™!) : Q x Q — Q x Q in Vecty x Vecty,
which by functoriality induces a homomorphism [a] : Dist(Q, 1 (Q)) — Dist(Q, K, (Q)).

Proposition. For all a € Q* we have [a] - £ = &.

Proof: Let f € S(Q). Then &(f) = {u} € K1(Q) for some u € C(Q). Thus o, = f. Then
([a]-&)(f) = a7 (&(fla)) (la] - u)(2) = u([a]"z) = u(az). So ord .—([a] -u) = ord .—,u(az) =
ord ,—q.u(2) = f(ax) = (du|a)(x) = (f|a)(z). Thus &([a] - f) = [a] - u Then for all z € C we
have ([a] - £)(f)(2) = &(f o [a]))([a]"(2)) = &(f 0 a)(az)

It follows immediately from the definitions that {|a = £ for any a € Q*.

For arbitrary V, and any non-zero element v € V we let 7, : Q — V be the unique
linear map sending 1 to v. Orthogonal projection from V' to the image of 7, then induces a
map pr, : V. — Q with the property pr, o i, = 1. We define ®(v) € Dist(V, IC1(V)) to be
the composition

B(v) : S(V) = S(Q) = K1(Q) 25 Ky (V).

A simple induction shows that if vy,... v, are linearly independent vectors in V', then
the distributions ®(v;) are convolvable and ®(v;) * ... * ®(v,,) is supported on the space
spanned by vy, va, ... ,vy,. For each m, we let D,,(V) C Dist(V, C,,(V)) be the additive
group generated by distributions of the form ®(vq) * ... * ®(v,,) with vy,... v, linearly
independent and let

D.(V) := @ Dn(V) € @ Dist(V, K,,,(V)) = Dist(V, K.(V)).
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For convenience of calculation we record the following proposition.

Proposition. Let ey,... e, be a basis of V and let L := Zey + --- + Ze, be the lattice
spanned by this basis. Let x = x1e1 + - - - x,e, be an arbitrary element of V' and let f, be the
characteristic function of x + L. Then for any m < n we have

[D(er) * -+ x DP(ey)] (fa) ~ {1 —e(—=21)Geys - 51 — e(—xm)qem}.

where ~ denotes congruence modulo Jy in K.(Ry).

Proof. We simply compute. We have

[@(e1) - x Dlem)] (f2)
~ > felvit et va){®(en) (1 + L), ®ea)(va+ L), ..., eg)(vm + L)}

V1, ,UmE€V/L

- > {@(e)) (v + L), Dea)(va+ L), ..., Dle) (v + L)}

v1,..., ym€V/L
v1+-vm+L=x+L

On the other hand, we have for each 1,

ei)(vi +L)(2) = &(forre)((z6))

where, for v = a;e;, we have f,11.. € S(Q) is given by

1 ift€a,+Zand a; € Z for all j # 1;

fv+L,6i (t) = fv-l—L(tei) =
0 otherwise.

In particular, we have

farz ifv+ L =ae—+ L for some a € Q;
fv—f—L,e:
0 if v+ L &€ Qe+ L.

Thus, we have

E(farz)((z,€:)) if v; + L = ae; + L for some a € Q;
O(e;)(v;+L)(z) =



Moreover &(foiz)((z,€:)) =1 — e(—a)qe,(z). So we conclude:
[®(ex) # - % Blem)] (fa)

~ > {@(e) (v + L), D) (va+ L), ..., Blem)(vm + L)}

v1,..., om€V/L
v1+-vm+L=x+L

= > {@(e)) (v + L), De)(va+ L), ..., Dlew)(vm + L)}

v, €(Qe;+L)/L
v1+-vm+L=x+L

= {P(ey)(x1e1 + L), (ea)(zaea + L), ..., Plen)(Tmenm + L)}

= {l—e€(—21)qe,, 1 — €(—22)qeyy -+, 1 — €(—T) e, }-
This proves the proposition.

Proposition. For all non-zero v € V and a € Q* we have

O (av) = ¢(v).

Proof. Let f € S(V) and z € V. Then a := al € G and by the last proposition ®|la = ®.
Hence ®(av)|a = ®(v).

O(av)(f)(2) = (‘P(vgla‘l)(f)(Z)

1|
I
—~
==
A@
S
L
k’ﬁkﬁ

I
aPAN

s S

I =

~— N~

I
78"
—

~
<
—

This proves ®(av) = ®(v) as claimed.

2.4 Dedekind Reciprocty

For any basis v, v, ... ,v, of V we define

U(vy, ... ,v,) = P(v]) %% D(v)).

n

where v}, ..., v} is the dual basis of V.

Theorem (Dedekind Reciprocity) Any two elements of D.(V') are convolvable, hence
D.(V) is an algebra under convolution, generated by the elements ®(v) € Dy(V) where v
runs over non-zero elements of V.. Moreover, if vg,v1,... ,vym € V are non-zero and linearly
dependent, we have

Z(—l)i‘ll(vo, Ce 75]\1', e ,Um) = 0.
1=0
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The proof is based on the following proposition.

Proposition. Let vy, vq,... ,v, € V be a basis for V and let vg =vy + vy + --- +v,. Then
> (1) W(vo, .., Tys .y vm) =0,
i=0

Proof. Let L = Zvi +---Zv} C V be the lattice spanned by vy, .

by © = z1v] + -+ - 2,05, Let v € Aut(V) be given by

YU1 Vo
Yu2 | _ —U1
YU —Um—1

Note that then yvy = v,,. Then we have

..,vr. Let x € V be given

D (vg, V1, V)@ + L)(2) = (®(vi,... o)y )(z+ L)(2)
= (P(vy,...,0m)(yx + L)(27)

and more generally

D (v, v1, ... V1) (@ + L)(2) = (D(vy,... o)y 1) (z+ L)(2)
= (v, om) (v + L)(27)
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3 A Computation in K-theory

Theorem. Let R be an arbitrary commutative ring. Let n > 1 and uq,... ,u, € R*.
Suppose for allk =1,... n that uy + ---ur € R*. Then we have the identity

n

> (=1 uos. T ug}

=0
lies in the ideal J generated by {—1}.

Proof: We prove this by induction on n. The assertion is obvious if n = 1. When n = 2 we
have u u

utd + 2 _ 1.

Uo U

g
Ug Ug
= {Ul,’UQ} — {Ul, Uo} — {Uo,UQ} + {Uo, Uo}
= {ug,u } + {ur, uo} + {uo, ua} + {uo, uo}
Now add {ug, —1} to both sides of this equation and use the fact that {uy, —up} = 0 to
conclude that the assertion is true for n = 2.
Now suppose m > 2 and the result is true for n = m. We will prove the result for
n=m+ 1. Let v;,vs,... ,ups1 € R* and set

Hence

Up = V1 + -+ Ungi.

Also, let
Uy = Uy + +++ + Uy, with ug =vq,..., Uy, = vy,
Then we have
(%) Z(—l)i{uo,... gy U} €T
i=0

Multiplying on the left by {v,,4+1} we get

m

S (1) {nir o, iy} €T

=0
and multiplying (*) on the left by {vo} we get

m

> (=1)H{vo o, . Ty U} €T

=0

Now use the fact that vg = ug + vj11 to deduce that
{Vm1, w0} — {vo,uo} = {vmy1,v0} (mod J).
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Thus subtracting the above two elements of J tells us that
m
{Um—&—l?ula s 7Um} + Z(—1>Z{Um+1,1}0, s 7@7 cee 7um} - {U07u17 s 7Um}
=1

is in J, or equivalently, after multiplying both sides by (—1)™ and recalling that v; = w; for
1=1,...,m, we have

{Ul, Ce ,/Um,’Uerl} —+ Z(—l)i{vo, e 71/)\1'7 ey Uy, Uerl} =+ (_1)m+1{,00’,01’ e ,Um}
=1

is in J. This just says
m—+1

> (=DHvo, - Tie o Oma} €.

1=0

Which is the desired assertion for n = m + 1. The theorem follows by induction.

3.1 Explicit Formulas

Let 5 = (v1,... ,v,) € By (a row of vectors), let Lg C V' be the Z-module spanned by / in
V and let Lg C V* be the dual lattice of Lg. For each z* € V* let

€xc 1V — oo

be the character defined by
€2+ (v) = €((z7,v)).
We also define .« : V. — & C Ry, by

Xz* (U) = €gx ('U)(Lr

Proposition. Let = (v1,...,v,) be a basis of V. Then for every x* € V* we have

U(6)(z" + LE) = {1 — Xe (1), 1 — X (V2), .o, 1T — xar (0y) } e K.(V).

The proof of this is a straightforward computation.

Theorem. Let § = (v1,v9,... ,0,) be a basis of V', let 1 < m < n, and set vg = v1+- -+ Up,.
Then .

> (=1 W(vo, ... Ty v,) =0,

i=0

Proof. For each i =0,... ,mlet 5; := (vo,... ,0;,... ,v,). Note that 8y = § and also that
Lg, = Lg for all i =0,... ,m. It suffices to show

m

S (1)) + NLy) =0

1=0

13



for every 8 € By, v € V* and N € N. But L*iﬁ = NLj, so it suffices to prove the above
N
identity when N = 1. We have

m m

S (=D)WB) T+ Ly) = > (1) U(vg,. .. Ty v) (@ + L)

=0

Il
L[]t

(—1)1{1 e (00) s i1 — xae (01, 1 — XI*(%)}

m
= > (-Dug,... @, un ) (mod Jy)
i=0
where ug = 1 — X+ (vo) and u; = Xox (Wi—1) — X (w;) for i = 1,... ,n, where w; = ZO<i§j v;
for j =0,...,n. By our computation in K-theory, we see that the last expression vanishes.

This completes the proof.

3.2 The Action of GL(V).

Let G = GL(V) act on the left on Ry by
(VE)(2) = F(27)

This action induces a left action on K, (V). We let G act on the left on S(V*) by
(vN)(z) = f(z7).

We then let G act on the right on Dist(V*, K. (V) by

() =~" - u(yf)-

We let G act on the left on W = V* x V by ~(v*,v) = (v*y~ !, yv). We let G act on the
right on

.F(V* X V,Dist(V*,l@(V))) = {functions OV xV — Dist(V*,lC*(V))}

by
(@[7)(w) = ®(yw)l]y.
forw e V* x V.
Finally, we let By denote the set of ordered bases of V and let G act on the right on

]-“(BV,Dist(V*,IC*(V))) = {functions U By — Dist(V*,IC(V))}
by
(T)(B) = Y(B)|v.

Proposition. Define @ : V* x V. — Dist(V*, K1(V)) by

(v*, v)(f) ~ E(for)o
for f € S(V*). Here f,« € S(Q) is given by f,(t) = f(tv*). Then the following are true.
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(1) For ally € G(Q), |y = .
(2) For all a € Q%, ®(a 'v*, av) = ®(v*,v).

Proof. This is just a computation. Let v € G and f € S(V*). Then for any (v*,v) € V*xV,
we have

@ o) = (o ,ww)()

[(@( vt ) )

1
= 7 &((V 1),
3

(f” )v
= @, 0)(f).
So ®|y = ® and (1) is proved.

We also have
(I)(G_I’U* CLU)(f) = g(fa—lv*)

proving (2).
Proposition. Define ¥ : By, — Dist(V*, KC,,(V)) by
U(B) = O(vy,v1) * P(v3,v2) % -+ % (v, vy)
where = (v1,...,v,) and f* = (v§,... ,v) is the dual basis. Then we have the following.

? 71

(1) For all v € G(Q) we have V|y = V.
(2) For all ay,... ,a, € Q* we have V(ajvy, asvy, . .. ,a,v,) = V(v ..., 0,).
(3) For all o € S,, we have YV (Vs(1), Vs(2), - - - s Vo(n)) = sgn(o) - W(v1,... ,vy)

Proof. This is just a computation. Let v € G. For any § = (vy,...,v,) € By let
B* = (v},...,v}) € By« be the dual basis of V*. Then we have (y3)* = 3*y~! and therefore

(W)(B) = YO8y
= [ @iyt ) * P(o3y T qwg) x - x q’(vm‘l,’yvn)) ‘ v
- <1><vm-1,wl>w) " (@(U§7_177U2)|V) reoot (cbwm-l,wn)w)

(<I>h)(vi%vl)) ‘ ((@wxv;,vz)) . (<<1>w><v,t,vn>)
= O(v,vy) * P(v3,v9) %+ x D(vE, vy,)
w(s).

(

So U|y = ¥, proving (1). Assertion (2) follows from (2) of the previous proposition and (3)
follows from the skew symmetry of multiplication in IC, (V).
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3.3 The group of §*-valued characters on QQ
We consider the group
= := Hom(Q, §™)
of all characters v : Q — §*. Thus each 1) € = is a function ¢ : Q — §F* satisfying
U+ 5) = () - 0(s)
for all r, s € Q. Note that = is a group under pointwise multiplication and that the map
=—¢&

defined by v — (1) is a surjective homomorphism. As examples, we let @), e € = be the
characters defined by

Qt)=¢" and €(t) := exp(2mit) € 1o
The kernel of the homomorphism

ord o : —
oo

< [1]

doo(9(1))

is the group
So={veE | Y1) € i}
From the natural identifications

Ep = Hom(Q, ftoo) = Homeon (A, fioo)

we see that = has a natural structure as A ;-module. Namely, for a € Ay and ¢ € = we let
Y* € Zg be defined by

V(L) = P(at).
We also let
Ei={veZ |vl)=1}.

Then = is a Z-submodule of =o.

Proposition.
(1) =g is a free rank one Ap-module generated by e.
(2) Z1 is a free rank one Z-module generated by e.

Moreover, the map
Af X Q — =
(67 t) — 66 : Qt

s an isomorphism.
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3.4 The group Aut(F)

The group G := Aut(F) acts naturally on Z := Hom(Q, §*) through its action on F*. For
each 0 € G we define t € Q*, f € Ay, and u € Z*, by

ole) = €
Q) = @
We then define

0 t

where B is the group of upper triangular matrices in PGLy. Note that B(A) is given as the
restricted product:

p(o) = (“ 5) € B(A) C PGLy(A)

B(A) = B([R) x [[ B@,)

and that the groups B(Q,) are totally disconnected. Thus the connected component B(A)°
of B(A) is given by

B(A)" = B(R)" x {1}
where B(R)° the connected component of B(IR), which is the subgroup consisting of matrices
with positive determinant.

Theorem. The map p induces an isomorphism

G = B(A)/B(A)°.

3.5 Remarks on Fourier Expansions

Every f € § is periodic mod m for some m € N and has two ” g-expansions”

fi= Z ang"™ € Qup((¢*™)) and fo= Z bng™™ € Qup((g~Y™))

neZ nez
n>>—o00 n<<oo

with coefficients in Q,;,, where the first of these expansions converges to f on some upper
half-plane and the second converges to f on some lower half-plane. It follows from this that
Qqp is the algebraic closure of QQ in §.

We write

Qus((¢")+ = Jimy, Qu((¢¥™) and  Qu((¢h))- = lim Qus((g~Y™))

m

and let Gy, := Gal(Qq/Q) act on both through the action on the coefficients.
The maps

5 — Qulla):

fo— J
are in injective homomorphisms. Moreover the image of each of these inclusions is easily
seen to be invariant under the action of G,,. We therefore obtain a natural inclusion

Gu = G = Aut(3).
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4 The Algebra of Simplicial Cones

Let V be a finite dimensional vector space over Q and let V* = Hom(V,Q). For each
0 # X € V* we let [A] denote the positive ray spanned by A in V*. We define C, (V) to be
the free Z-module generated formally by the set of all such rays [A]. Thus, a typical element
of C1(V) is a finite formal sum ) njy - [A]. We define the graded algebra C, (V) of simplicial
cones on V' to be the Grassman algebra on C1(V'). More precisely, for each m > 0 we let

m

Cnlv) = A1)

and let

C.(V) =P Cu(V)

with the usual A-product as multiplication.

We let the group GL(V) act on V' on the right, so that GL(V') acts naturally on C.(V)
on the left.

We also have a natural differential 0 : C,.(V) — C.(V) of degree —1 defined in the usual
way by

m

a(po] Ao A [Am]) = Z(—ni([xo] A AN A A [Am]).

=0
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5 The Circular Distribution

5.1 The group of circular units

Let V be a finite dimensional vector space over Q and let V* = Homg(V, Q). We let GL(V)
be the group automorphisms of V' and view the elements of GL(V) as acting on the right.
Let A(V) denote the ring of all holomorphic functions £ : Vo — C that are translation
invariant under some lattice L C V. Let M(V') be the fraction field of A(V).

We let GL(V') act on the right on A(V') (and thus also on M(V)) by

(Flo)(z) = F(z07")

for F € A(V), 0 € GL(V), and z € V¢.
Let W denote the set of all pairs w = (r,\) € Q x V* with A # 0. For each w € W,
define €, € A(V)* by €,(2) = exp(2mi(A\z —r)) and let

R(V) = Zle, | weW];
KK(V) = the fraction field of R(V).

We define the group of circular units on V' to be the subgroup C(V') of K(V)* generated by
the elements ¢, and 1 — €,, as w runs over W':

C(V):=(ew, 1 — €, |weW).

Finally, we define the ring

5.2 Test functions
We define
S(V):={f:V — Z]| f is uniformly locally constant and of bounded support }

These are what we call the test functions on V. We let the group GL(V') act naturally on
S(V) on the left by

(0f)(v) = f(vo).

5.3 The circular distribution on Q

In this section we take V' = Q. Thus W = Q x Q*. The divisor of a circular unit u € C(Q)
is defined to be the function ¢, : Q — Z given by

0u(v) :=ord ,(u)

where ord ,(u) is the order of vanishing of u at v. We note that §, € S(Q) for every u € C(Q).
Moreover, the function u — ¢, defines a homomorphism

J:C(Q) — S(Q).
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The kernel of § is the group £(Q) generated by the elements €, with w € W.
Complex conjugation induces an involution ¢ on R(Q) (and on /C(Q)) by the formula

£(2) = £G).

We say that an element of £ € IC(Q)* is positive if (1) &' = €, and (2) the leading coefficient
in the Taylor expansion of £ at the origin is positive. Note that the set of positive elements
is a subgroup of I(V)*. We let C* := C*(Q) denote the group of positive circular units on

Q:
ct = {u € C(Q)

u 1s positive } :
One easily verifies that for every u € C(Q) there exists one and only one € € £(Q) such that
€ - u is positive. The following theorem is an immediate consequence.
Theorem: The map ¢ : CT(Q) — S(Q) is an isomorphism of abelian groups.
Proof: A straightforward calculation.
The composition
7:8(Q) = CH(Q = C@
defines a QT -invariant distribution 1 € Dist(Q, C(Q)) such that for all w = (r,\) € Q x Q*

n(r+ AZ)(z) = 2sin (%) = —1-5g0(\) - €y (1 — €y).

We call n the circular distribution on Q.
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6 The Manin Relations over GLJ(Q)

Let Ay = Div’(P'(Q)) with the standard fractional linear action of G'Ly(Q) (on the left). Let
D, = {0} — {ico} € Ag. Then Ay is generated by D, as a Z[GLj (Q)]-module. Moreover,
the annihilator of Dy, in Z[GL3 (Q)] is the left ideal generated by the set

{7—1 ‘ yadiagonalmatrix} U {1—1—0, 1+p+p2}
(0 -1 d poe 0 -1
=11 4 and p:={,

JFrom this we deduce the following proposition.

Proposition: Let M be a right GL3 (Q)-module and let ;i € M be an element for which the
following properties hold.

where

1. ply = p for every diagonal matriz v € GL3 (Q);
2. ul(l+0)=0;
3opul(L+p+p?)=0.
Then there is a unique G L3 (Q)-invariant homomorphism
DAy — M

for which ®(Dy) = p.
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7 Compactly Supported Cohomology.

Let V be a finite dimensional vector space over Q. For k£ > 0, we let (V"‘)"€+1 be the (k+ 1)-
fold product of V* and let (Q*)**! act componentwise on (V*)**'. The orbits of this action
will be called k-simplices on V. For A € (V=) we let [\] denote the k-simplex represented
by A. A simplex [Ag,..., ] will be called non-degenerate if every m-element subset of
{Xo, -, A} with m < n is linearly independent.

For each k£ > 0, we let C(V') denote the free abelian group on the set of non-degenerate
k-simplices on V. We let

C.(V) =P Cr(V)

k>0

and define a boundary map 0 on C,(V') by
S A0 A N iR >0

0 if k=0.
A standard computation shows that the sequence

) S L) Bz 0

is exact.
The group GL(V') acts naturally (on the left) on the complex (C4(V'),d). For an arbitrary
arithmetic subgroup I' of GL(V') and an arbitrary I-module M, we define the complex

C3(T, M) := Homp(Cy, M).

We have the following theorem (of Borel-Serre (77)).

Theorem Suppose the order of every torsion element of I' acts invertibly on M. Then there
18 a canonical isomorphism

HZ(T, M) = H(CZ(T, M)).
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8 K-groups and higher dimensional circular distribu-
tions

Let V:=Q". Foreachi=1,2,... ,nlet ¢; : Q" — Q be projection to the ith coordinate.
Define 7; : S(Q) — R to be the composition of

ni: S(@) -5 R -5 R}
Now take the tensor product of the first k of these to get
=m0 SQF) — Ry®-- @Ry

Now for any sequence Aq, ..., of linearly independent linear functionals on Q", we
may choose 0 € GL,(Q) such that \; = oe; and define

DAy, ..., M) i=lo ! S(QF) — R
Note: This definition doesn’t make sense since o doesn’t act on S(Q").
Claim: This is independent of the choice of o.

To see that this is true, we will check that if oe; = t;e; for all ¢ where t; € Q*, then
n|lo~' = n. (Note: it appears that we actually need to know t; € QT.) It suffices to check

that if f1 ® - ® fr € S(Q¥) then (njo~1)(f) = n(f). So we compute:
o™ (f) =nlo™ flo™" € (Ry)™

So we first compute o' f. For any € Q* we have

(7' ) (@) = flzo™) =TI, fizo™" - e)
= Hle fi(ti_lxi)
= H%l(tilfi)(%)
= <®(ti1fi)) (@)
Hence .
o) = Q@Qmlt )

k

= ® (n(t;7fi) o e:)

=1

- é((nml) )

tiO€Z’
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Thus,

ol = ((é n(fi) | ti oaei).

i=1

(o~ )0 = @mm toc)

Finally, we compute each factor at a point z € C™:

<77(fz‘) | tio Uez‘) (2) = (n(f)lt:)(zoe;) = (n(fi)lt:) (tizi) = n(fi)(zi) = (ni(£i))(2)-

Hence
(ﬂ(fi) | ti Ogei) = ni(fi)

and therefore .

(o™ )(f) = Q@ mi(fi) = n(f)

i—1
and we have proved n|o~! =7, as claimed.

Note that we have actually proved more. Namely, we have proved: For all t1,... ,t, € Q*
(I think Q%) we have

Dt e, tide) = PO, ..., M)
Now compose ® with projection to Kp(R,) and define
P(Ar, -, M) 1 S(QF) — Ki(Rn)
as above. If \;,... A\ are linearly dependent, we define
DA, -, \p) =0.

Theorem. ® has good properties.
For each A € V* we view A : V — Q and use A to pull-back functions on C to functions
on V. In particular A induces a function

R(Q) 25 R(V).
In particular, A induces a homomorphism
A" Dist(Q, R(Q)*) — Dist(Q, R(V)™).
We will make use of the distributions
A*(n) € Dist(Q, R(V)™)

where 7 € Dist(Q, R(Q)*) is the circular distribution on Q defined in a previous section. It
follows from the QT-invariance of n that A\*(n) depends only on A up to multiplication by
a positive rational number. Letting [A] € Cy(V) be the 0-simplex associated to A we may
therefore define

() == A"(n).

24



More generally, if m > 0 and [\] = [Ao, ... , Ay is an m-simplex on V', we define

E()) = &(Po)) UE(MD U+ - UE([An]) € Dist(Q", Ko i1 (R(V))),
where the cup product is defined as the composition

® £
)

S@) =SS e-08Q 2B vy @RI 2 K (ROV))

where K, is Milnor’s nth K-group and { },, is Milnor’s n-fold symbol.

Now consider the subgroup J,, of K,,(R(V')) generated by elements of the form {7y, ... ,n,}
with n; € C(V') and at least one n; € £(V). We define

Ko = Ko(ROV))/Ea(V).

Note that J,, is the nth graded part of the ideal of the K-ring generated by the elements
€w € K1(R(V)).
Finally, we define the graded ring D(V') by

D(V) := @ Dist(Q™"", Kppi1 (V)

m>0

with multiplication given by cup product. Then £ may be viewed as a homomorphism
§:C(V) — D(V).
The group GL(V) acts on both C,(V') (on the left) and on D(V') (on the right) and we have

the following theorem.

“Theorem”: The map £ is a GL(V')-invariant cocycle. More precisely, for any o € C(V)
we have

&(0o) = 0.

and for any v € GL(V') we have
§(yo)ly = £(o).

Remarks: In fact, I have not yet written down a proof of this “theorem”. What I have done
is examine the special case n = m = 2 in some detail. I am reasonably certain that those
computations will generalize as suggested by the theorem. However, there are a few provisos.
Possibly, the correct statement for GL(V')-invariance is that each element of GL(V') acts by
multiplication by the sign of the determinant. It also seems to me that the statement has
not yet been properly formulated. What we would really like to do is define a Z-algebra
structure on Ci(V') (or something closely related). Then 0 would be a derivation on this
algebra (over Z). We still need to define precisely the algebra structure of D(V'). Then
€:C.(V) — D(V) will be a GL(V)-invariant algebra homomorphism whose “derivative”
is zero (whatever that means).

The significance of the above theorem lies in the fact that D(V) is a very rich algebra,
admitting lots of interesting homomorphisms to interesting arithmetically defined modules.
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For example, if V = Q" and we fix a uniform bounded subset U C V and let I" be the
arithmetic group stabilizing U, then restriction of distributions to U induces a ['-invariant
map

D(V) 2% Dist(U, K,(Q")).

Then any I'-equivariant homomorphism

p: Kn(Q") — M
to a [''module M will induce a ['-invariant map

£, 1 C(V) — M

and that, in turn may be viewed as an element of H}(I", M). Moreover, the GL(V )-invariance
of £ implies &, is a Hecke eigenclass and can even be used to compute the eigenvalues.
These eigenvalues will be of Eisenstein type. Celia’s calculation will arise as a special case
of this general principle (Take n = 2, U = (Z*)'\ (pZ x Z)', and T' = Ty(p); then let
¢ : Ka(Q?) — F,(w") be defined as in Celia’s paper.)

Fantasies: The moral of the story is that ¢ parametrizes cohomology classes
£, € HY(I', M).

[ expect (fantasize?) that these families are significant. When ¢ varies over an analytic
family, the family &, should be analytic as well. Since our construction is global, we expect
to see Kuler systems as special cases. Finally, this picture feels quite general. Similar
constructions should work for modular units (in place of circular units). I believe these
constructions deserve to respect representation theoretic constructions, hence one might
even dream that they point towards a form of Langlands functoriality.

26



