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1 Introduction

We fix, once and for all, an integer M > 3 and two distinct primes p, ¢ with
(pl, M) = 1. We let B denote the quaternion algebra over Q ramified exactly
at foo. We let R denote a fixed maximal order in B. For each prime ¢ we
let B, := B® Q,, and R, := R ® Z,. For each ¢ # ¢ we fix, once and for
all, an isomorphism ¢, : B ® Q, = M(Q,) for which ,(R ® Z,) = Ms(Z,).
Henceforth we will use these isomorphisms to make the identifications

B, =M(Q,) and R,=M,(Z,) (1.1)

whenever g # (.

Recall that a Hecke pair in a group G is, by definition, a pair (X, ) with
K C ¥ C G where K is a subgroup of G and ¥ is a subsemigroup of G
that commensurates . For any rational prime ¢ we define the Hecke pair
(X4, ;) in GLy(Q,) by

. a b ad — be # 0,
M = {(c d)EMQ(Zq)‘ a=1,b=0 (modMZq)}

K, = 2,NGLy(Z,).

(1.2)

This Hecke pair will play the role of auxiliary tame level structure.

For any positive integer @), we let 3¢ = (é g) and define

2(Q) =5, NBeE.0,",  and  Ky(Q) =K, N BekKyO," . (1.3)
We then let

Ho(Q) = H(%(Q), Ky (Q)) (1.4)

be the convolution algebra generated by double cosets on X,(Q)) with respect

to ICq(QA). R
Let Z denote the profinite completion of Z and Ay := Q ® Z denote the
finite adeles of Q. For Q € Z* we define the Hecke pair (3(Q), K(Q)) by

2@ :=]]"%(Q), and K@) =]]K,Q). (1.5)
q#L qF#t



We may then define Hecke pairs (X¢r, (Q), KeL, (Q)) and (Xpx (Q), Kpx (Q))
in GLy(Af) and B*(Ay), respectively, by

YL, (Q) == 3(Q) x X(Q), Ko, (Q) == Ke(Q) x K(Q)  (1.6)

and

S5 (Q) = Ry x 5(Q), Ko (@ =R xK(@).  (17)

where R is the subsemigroup of non-zero elements of R,.
Finally, we define the Hecke algebra

H(Q) =H(2(Q). K@) = (X)) Hq(Q), (1.8)
q#l

where the tensor product is the restricted tensor product with respect to the
choice of the multiplicative identity 1 € H,(Q) for each q.

If we wish to emphasize the tame level M, we will write H (M, @) instead
of simply H(Q). We note that in more classical language, we have

H(M,Q)=17 {Tq, Tyq Us | q,7 are primes # ¢, with ¢ /M@ and r|MQ | .

Note that we have omitted Hecke operators at the prime ¢. In particular,
this algebra acts on the cohomology of both K(Q) and Kgx (Q)). The Jacquet-
Langlands correspondence, a version of which is described in the next section,
is a correspondence that identifies systems of eigenvalues of H(Q)) occurring
on the quaternionic side and with certain systems of Hecke eigenvalues (those
that are new at £) occurring on the GL side.

2 Geometric Jacquet-Langlands

2.1 Cohomology of Modular Curves

We fix, once and for all, embeddings: Q — Q; C C. Let Z; be the ring of
integers in Q; and F, be the residue field. We have the diagram

s := Spec(F,) — S := Spec(Z;) «+— 1 := Spec(Qy). (2.1)

For Z any scheme over Spec(Z,) we denote by Zy, Zg, Z,, and Zc be the
base-changes of Z via the morphisms induced by the ring homomorphisms
from Z, to ¥y, Z;, Qp, and C respectively.
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Now fix a positive integer () and let Y := Y, be the affine modular curve
over Z; with Kgr,(Q)-level structure. Let

I :=Tg = GLy"(Q) N Kew,(Q) (2.2)

We also choose a section y of Y/Spec(Z,). Tensoring with s, S and n over
Spec(Z,) we obtain sections ys, ys and y, of Y /s, Ys/S and Y, /n, respectively,
and we have the following diagram with cartesian squares:

s — I —

n
Ys | ys | Uy |
Y, —  Yg «— Y,

n

For x = s, S, or n we then let
A=y (Ye,n)
and note that we have canonical group homomorphisms
Ay — Ag+— A, T

Proposition 2.1. Let p be a prime different from ¢ and let F be a finite
abelian p-group endowed with a continuous right action of K,(Q) (see (1.3)).
Let F be the local coefficient system on Y¢ associated to F'. Then there is a
unique finite locally constant sheaf Fg on the etale site YE" whose base-change
to C is F.

Proof. Consider the p-adic Tate module on Yy

Tap(Es/Ys) = lim Eg[p"].

This is a projective limit of finite etale group schemes Eg[p"] over Ys and
therefore determines a representation 1" of Ag. Since the action of Ag must
respect the level structure on E/Y we have a commutative diagram of group
homomorphisms

r
Y (2.3)
Ag — Kp(@)‘



in which the horizontal arrow is continuous and the vertical arrow is the
natural inclusion. The action of IC,)(Q)) on F' therefore induces a continuous
action of Ag on F which classifies a finite locally constant sheaf Fgs on Y.
The commutativity of the above diagram implies that the base change of Fg
to C is F. This proves the existence of the desired sheaf Fg.

Since Ag acts trivially on Zj, it acts trivially on p-power roots of unity
and therefore properties of the Weil pairing imply that the image of Ag in
K,(Q) is contained in the subgroup of elements of determinant 1. But the
image of I' in /C,(Q) is dense. Thus the action of I" on F' determines the
action of Ag and uniqueness of Fg follows. This completes the proof. O

Now assume F' is a finite abelian p-group endowed with a continuous
(right) action of the semigroup ¥,(Q) and let Xgr, act on F via projection
to ¥,(Q). Under this assumption we may define Hecke operators on the
cohomology of the sheaves F, (x = s,S5,n) as follows.

Let ¢ be an arbitrary prime different from ¢. Then, over S, we have two
finite etale morphisms

1,79 YQq — YQ.

The first of these is the morphism associated to forgetting the level ¢-structure,
while the second is associated to dividing by the level g-structure. Now let

By = (é 2) € Y¢L,(Qq) and define the group homomorphisms

i1, 2 0 Ker, (Qq) — Ker,(Q)

by letting 4; be the natural inclusion and i, be conjugation by £,: z +—

B, '26,. Moreover, the map F L, F' intertwines the i;-action with the
is-action of gr,(Qq), hence induces a morphism p, : ifF — i3 F.

It follows immediately from the definitions that the finite locally constant
sheaves on (Yy,)s associated to ij(F'), i5(F") by Proposition 2.1 are respec-
tively 7} (Fs) and m3(Fs). Moreover, p, induces a morphism of sheaves

pq 71 (Fs) — w3y (Fs).

Definition 2.2. Let Y = Y, and F' be as above. Let Fg be the finite locally
constant sheaf on Ys associated to F' by Proposition 2.1. Then for ¢ any
prime different from ¢ and for x = s,.5,n we define
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to be the composition
H (Y, o) — HX((Yo)e mF2) =5 HI(Yo)s 3 FL) — HI(Y., Fo).

Let X := Xg be the complete modular curve of level Kgp,(Q) and let
a:Y — X be the associated affine modular curve, everything over Spec(Zy).
Consider the fundamental diagram

Y, Xy &y,
1 oy | ag A e (2.4)
X, X Xy &0X

-
For x = 5, S, or n and a finite locally constant sheaf F, on Y. define

H(Y,, F) = H"(X., an(F.)). (2.5)

2.2 Vanishing Cycles for Modular Curves

In this section we fix a positive integer @) that is not divisible by ¢? and
consider the modular curve X := Xy as well as the affine modular curve
Y =Y, as defined in the last section. We note that is X is flat and proper
over Spec(Zy) with connected geometric fibers, smooth generic fiber, and
semi-stable reduction, and that we have an open immersion

OéZYS‘—>XS

whose image is obtained from Xg by removing the finite set C's of smooth
sections of Xg/S associated to the cusps of Xg.

Now fix a locally constant sheaf Fg of finite abelian p-groups on Ys and
let

Fs =1iyFs and Fy = jvFs.
Then F,, Fs, and F, are locally constant sheaves on the etale sites Y, Y&,
and Y, respectively.

Finally, let 3 denote the finite set of singular points in Y; and let (Fj)s
denote the skyscraper sheaf whose stalk at an arbitrary point y of Y; is given
by

(F)w ifyel,
((F s)E)(y) =
0 ify &3



Theorem 2.3. We have a canonical exact sequence
0 — H{(Y,,F) — H(Y,F) — H(Y. (F)s) —
- ch(stfS) - Hg(Ym:’tn) — 0.
Proof. The proof is an immediate consequence of the following two lemmas

from the theory of vanishing cycles on proper curves over Z, with semistable
reduction, together with the fact that H'(Y;, (F,)s) = 0. O

Lemma 2.4. Let X & Xs & X, be as above and let L be a constructible
sheaf of finite Z/p™Z-modules on X;t. Let

R"W(L) = 15 (R"jx«(L)), (n=0)

be the complex of vanishing cycles sheaves on X (see [SGA7]). Then we
have a canonical long exact sequence

0 — HYX,,RW (L) — HYX,,L) — H' X, R'VU(L))
— H* X, R°W(L) — H*X,,L) — HYX,,R'U(L)).

Proof. Since the morphism Xg — S is proper of relative dimension one, the
above exact sequence is induced by the vanishing cycles spectral sequence (see
[SGAT] for details). O

Now let £, and L, be the constructible sheaves on X and X¢', respec-
tively, given by

L, = (ay)hF, and Ly:= (a;)hFs.
Lemma 2.5. The sheaves R"V(L,) (n > 0) on X are given by
(a) For each n > 0 we have
R x ((ag)hFy) = (ash Ry (F,).
(b) R"U(L,) = Ls;
(¢) RNU(Ly) = (Fo)s;



(d) R"U(L,) =0 forn > 2.

Proof. First note that F, is tamely ramified at the “cusps”, i.e. at the points
of the subscheme C,, of (X, —X,) associated to the points of X, \Y,. Since C,
is smooth over 7, Proposition 2.1.9 of [SGAT7|, XIII applies and (a) follows.

To prove (b) we note that by definition, we have ROWy (F) = (iy)*(jy )« (F)-
But F,, = (jy)*Fs so we have

ROy (F,) = (iy)* (v )« (v )" Fs = (iy)* Fs = Fu.

Now (b) follows from (a).
To prove (c), let y be an s-point of X;. It follows from (a) that

0 ify e C;
(R™Wx(L,)), = (@) R™ Wy (F,)), =
(R"Uy(Fy)), ifyeY,.

If y ¢ ¥ then y is a smooth point and the acyclicity of smooth mor-
phisms property implies that (R"Wy (F )))y = 0. It follows that the sheaves
R"W (L) are skyscraper sheaves supported on .

Now suppose y € X. Let Z 7, Ys be an étale neighborhood of y in Y
such that the restriction of Fg to Z is constant, i.e. f is a finite étale cover
such that f*(Fs) is a constant sheaf on Z. Choose z to be an s-point of Z
such that f(z) = y. Since f is proper and finite, we have

(R'Oy (F))y = (f: ROy (F))). = (R'L(f*Fs)). = H (Z() ®s 5, f*Fs).
As f*Fg is constant, equal to (f*Fs), = (Fs),, we have
(RYOy(Fy)), = H'(Z), Az) @4 (Fo)y = (R'Ty(Ay)), @2 (F)y,

where Az, Ay are the constant sheaves A = Z/p™Z on Z°* and Y§" respec-
tively. From Lemma 1.5 [I1], we have (Rl\lly(Ay))y - (Rl\IIX(AX))y = A.
Hence, we have

(Rl‘I}Y(}—n))y = (fS)y

as claimed. This proves (c).

To prove (d), we use the fact that for every y € ¥ and n > 1 we have
(R"\Ify(]-"))y = H"(Y(y) xsn,F), where Y, is the spectrum of the strict
henselization of Y at y. For dimension considerations, if n > 2 we have

(R”\Ify(}"))y =0 and (d) follows. O



2.3 The /(-New Cohomology Groups

We now fix a positive integer N with ¢ JN. We let X := Xy and X := Xy.
Similarly, we let Yy, Y be the associated affine modular curves over Z,. We
have two finite morphisms

T, T Yy — Y

where 7, is induced by the forgetful functor and m, = m o w, where wy :
Yy — Y} is the Atkin-Lehner involution. On the special fibers, we also have
closed immersions

i7" Yy — Yo

where ¢ is induced by the adding level-¢ structure given by the canonical
subgroup at ordinary points, and i = wy o 1.

Now let F be a locally constant sheaf of finite abelian groups on Y
and Fy := 7*(F) be the pullback to YF*. We note that the Atkin-Lehner
involution induces an isomorphism Fy = 7} (F) = (m)*(F). For s € {n, s}
we therefore have a homomorphism

v, : H{(Y,, F.) @ HNY., F.) — H!(Yo., Fo.) (2.6)

induced by the pair of maps 7, (7;)* and define
H}(Yy., F)™™ := Coker(v,).

Over the special fiber we also have a homomorphism

ps s Ho(Yos, Fos) — Ho (Y, Fo) @ H, (Ys, F) (2.7)
induced by the pair i,, i,. We also define

H (Voos e = Kex(n,).
The composition
Mg = psovs: HN (Y, Fo) @ HN(Ys, Fo) — HY(Ye, Fo) © HY(Y, F)

is given by the 2 x 2 matrix

([ 14+ T,
Mz = ([e]—lT,Z 1 +€)
over End(H}(Y;, Fs)).

Now let Y denote the set of supersingular points in the special fiber
Yy.s and let (Fo)y be the skyscraper sheaf defined in the paragraph before
Theorem 2.3. The main theorem of this section is the following.
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Theorem 2.6. All of the follwing are true.

(a) The exact sequence in Theorem 2.3 induces an exact sequence

0— Hcl(}/b,svfs>new - Hcl(}/b,naf‘O)neW - HO(}/O,Sa (F(J)E) - Hg(}/b,s:fo,s)-

(b) Moreover, us induces a canonical exact sequence
0= H' (Yo, (Fo)z) = Hi (Yo Fo) & (H(Ye, F2))* =0
and a canonical isomorphism
s HE (Yo, Fo ) —HZ (Y, 7o),
(c) There is a canonical exact sequence
Ker(Mg) — H° (Yo, (Fo)s) — H} (Yo, Fs)"Y — Coker(Mz) — 0.
Proof. Since Yj is smooth we have R'Wy (F,) = 0 for ¢ > 1 and therefore the

vanishing cycles sequence for Y gives isomorphisms H} (Y, Fs) = HL(Y,, F,).
Putting everything together we obtain the following commutative diagram.

0 — (HY.F)) = (H\Y,F))" - 0
L Vs Ly !
0 — Hcl(YEJ,S:]'—O,S) - Hcl(YO,m}—O,n) - HO(%,S‘](FO)E)
! !
0 — Hi(Yos Fos)™™ — Hi(Yoy Fou)™™ — H(Yos (Fo)s)
! ! !
0 0 0

As the first two rows of the diagram are exact, the third row is exact as well.
We then use Theorem 2.7, to continue this exact sequence as follows

HO(YE],Sa(fO)E> — H(?(YE),sva,s) B HCQ(YE],T];-,FO,T]) — 0.

Assertion (a) of the theorem now follows.
On the other hand, for 7 > 0, the Meier-Vietoris sequence for Y; , and its
two components gives a long exact sequence in cohomology

H(Yos Fos) — (H(Y: F))? — H Y., (Fo)s) —
— H' (Yo Fos) = (HAYY,, F,))? — 0.

11



Setting ¢ = 0 in this sequence, and using the fact that H?(Y;, (F,)*(—1)) =0,
since Y is affine open in a smooth proper curve, we conclude by duality that
HY(Y,, Fs) = 0. So the last three terms of this sequence form a short exact
sequence proving the first assertion of (b). On the other hand, setting ¢ = 1,
and using the fact that H'(Y;, (Fo)s) = 0, we see that p, is an isomorphism
on H? proving the second assertion of (b).

To prove (c) we start with the exact sequence of (b) and note that v
induces a commutative diagram with short exact rows

0 — Ker(Mz) — (HNY;, Fy))? Yz Image(Mz) — 0.
! L s N

0 — H'(Yos, (Fo)s) — Hi(Yos,Fos) = (HA(Y.F)? — 0.

An application of the snake lemma gives us a canonical exact sequence

Ker(Mz) — H° (Yo, (Fo)s) — H}(Yos, Fos)™" — Coker(Mz) — 0

and the theorem is proved. O

3 Cohomological Automorphic Forms

Let G be one of the reductive algebraic groups GlL, or BX. We let Div®(P(Q))
be the group of divisors of degree 0 supported on P*(Q) and let GLy(Q) act
on Div?’(P'(Q)) on the left in the usual way by fractional linear transforma-
tions. We then define

Div'(PY(Q)) ® Z[GLy(Af)]  if G = GL,,
Sg =
Z @ ZB*(Ay)] if G =B*.
We let G(Q) act diagonally on the left on Sg and let G(Ay) act on the right
through the second factor.
As in §1 we fix a tame level M, choose @), with (M, Q) = 1, and consider

the Hecke pair (Xg(Q), Kg(Q)) and the corresponding Hecke algebra H :=
H(M, Q).

Definition 3.1. Let G be either GL, or B*, and F' be an abelian group
endowed with a right action of Kg(Q). We let G(Q) act trivially on F' on
the left and define

Se(Q, F) := Homg(q)xxe(0)(Sc, F).

12



We will refer to Sg(Q, F') as the space of F-valued cohomological automor-
phic forms over G.

In the applications, we will fix a prime p with (p, M{) = 1, set Q = ¢
or pl, and let F' be a projective limit of finite p-primary groups endowed
with a continuous (right) action of X (Q). Under these hypotheses we may
compute etale cohomology with values in F. In this chapter we shall ex-
plain the relationship of the groups Sgr, (@, F') and Spx (Q, F') to these etale
cohomology groups.

3.1 Modular Symbols and Compactly Supported Co-
homology

Let F' be an abelian group endowed with a right action of ¥ := ¥(Q).
We endow the group Hom(Div’(P'(Q)), F) of additive homomorphisms from
Div’(P'(Q)) to F with a right action of ¥ by ¢ + ¢|o where (£|3)(D) =
£(BD)|3 for ¢ € Hom(Div’(P'(Q)), F) and 3 € ¥. The group of F-valued
modular symbols over T' := T'g := GLy " (Q) N Kgr,(Q) is defined in [AS1] to
be the group
Symby(F) := Hom(Div’(P*(Q)), F)".

Proposition 3.2. For ¢ € Sgr,(Q, F) define &, € Hom(Dil’(PX(Q)), F) by
£,(D) = (D ®1). Then the map ¢ —— &, defines a Hecke equivariant

1somorphism
SG]Lz(QaF) — Syme<F)

Moreover, we have isomorphisms
H)(Ye, F) = Se,(Q,F) and H?(Ye, F) = Hy(Dg, F)

where Y¢ is the complex Riemann surface associated to 'Y, and F is the local
coefficient system on Y¢ associated to the I'-module F.

Proof. A simple calculation establishes that the map ¢ —— &, is a Hecke
equivariant isomorphism Sgr,(Q, F') — Symbp(F). Indeed, the inverse
map is given by & — ¢ where, for g € GLLy(A;) and D € Div’(PY(Q)), we
define

pe(D®g) = (£(vD) | vg) € F

where v € GL,"(Q) is any element for which vg € Kgp,(Q). That the
expression on the right is well-defined follows from the invariance of ¢ under

13



GL2(Q) N Ker,(Q), and the invariance of ¢ under GL3(Q) x Kgr,(Q) is
an equally straightforward calculation. This proves the first assertion. The

isomorphism H!(Y¢, F) = Symbp(F) is Proposition 4.2 of [AS1] and the

isomorphism H2(Yg, F) & Hy(Tg, F) follows from Poincaré duality. O

The following corollary follows from the proposition and Artin’s Compar-
ison Theorem.

Corollary 3.3. Suppose F' is a profinite K¢, (Q)-module and let F, be the
associated profinite sheaf on'Y,. Then there are canonical Hecke-equivariant
1somorphisms
H. (Y, Fy)
H2(Y,, Fy)

where I is the augmentation ideal in Z[T'].

Ser, (Q, F)
Hy(T, F).

~
Y

3.2 Skyscraper Sheaves and Quaternionic Automor-
phic Forms

Now let p be a prime different from ¢. Chosse @ > 1 with (Q, M) = 1 and
for each prime ¢ # ¢ let I, := ICy(Q) C GL2(Q,) be defined as in 1.3. Let
Kp: =R/ xK where K:=K,x K® and K@ .= H Ky
q#p,t

Fix a finite p-power torsion group F’ endowed with a continuous action of £,
and let Ay, act on F' via the homomorphism Ayg — K, induced by the
action of K, on the p-adic Tate module of the universal elliptic curve over
the modular curve Y, s. We may therefore apply the language of section 2.1
and in particular we obtain a sheaf 7 ¢ on ¥ ¢ as in proposition 2.1. We let
¥ be the set of supersingular points on Yj s and let (Fys)s be the skyscraper
sheaf of Fy s supported on .

Theorem 3.4. There is a canonical Hecke equivariant isomorphism
S<ICB7 F) = HO(%,sv (fo,s)z)-

Proof. To see this we consider the tower YO(? = lim Y5(p")5, of modular

curves in characteristic ¢ with full level p"-level structure. This is a galois

14



tower of etale covers of Y[ ; with galois group K, and the action of Ay on
this tower is given by the surjective homomorphism Ay, — K,. The set
2P € v®) of (limits of) points lying over elements of 3 inherits an action
of Ay that factors through this homomorphism. It follows that we have an
isomorphism
HO (Yo, (Foo)s) = (Maps(2{”, )",

To complete the proof, it will therefore suffice to show that there is a canonical
K,-equivariant bijection £ < B*\ B* /K.

Indeed, by definition ¥ is the set of isomorphism classes of pairs (E, o)
consisting of a supersingular elliptic curve E over F, together with a K®)-
level structure o on E. If we now let (Ep, 0¢) € X be fixed and if we assume
our chosen maximal order R in B is isomorphic to the endomorphism ring
Endg, (Ep), then the set Zﬁp ) may be regarded as the set of isomorphism
classes of triples (E,0,&) consisting of an element (E,0) € 3 together with
an isomorphism ¢ : Ta,(Ey) — Ta,(E).

On the other hand, to any ¢ € B\X, we may associate the isomorphism
class of projective rank one right R-modules represented by the R-module
M, := gR N B. We then let E, be the supersingular elliptic curve given
by E, = M, ®r FEy (see [Se2]) and note that M, = Homg, (Ey, E,;). In
particular, g induces an isomorphism from the level structure (og,&y) to a
corresponding level structure (o4, §,) on E,. Moreover, the isomorphism class
of the triple (E,, 0,,&,) is unchanged when ¢ is replaced by any other element
of the double coset B* gng)). It follows that the map g — (E,, 0,4, &,) induces
a K,-equivariant bijection

BX\EX/,C%)) -~ Eép).

which is, in fact, a bijection (see [G], section 2). Putting everything together
we obtain

HO (Yo, (Fo)x) 2 (Maps(S{, F))” = Maps(B*\B*, F)X = S(Kp, F)

as claimed. O

3.3 Automorphic Geometric Jacquet-Langlands

We keep the conventions of the last section, so that we have a fixed tame
level M > 1 (which we suppress from the notations) and two distinct primes

15



p, 0 with (M,pl) = 1. We now fix N € Z* with (N, M/¢) = 1 and in the
following will take Q = N or @) = N/.

We have two inclusions iq,1s @ Kgr,(N¢) — Kgr,(N) where i; is the
natural inclusion and iy is given by conjugation z —— 3, 'z, with (3, :=

0 ¢)
right action of K, := IC,(N) the map « — x| for z € F induces a K¢, (N/)-
morphism f, : ¢3(F) — i5(F). which in turn induces an isomorphism

(1 O> Thus for any finite abelian group F' endowed with a continuous

pp = SeLy(NE, i1 (F)) — SgL, (N, i5(F)).

On the other hand, we have trace maps T'ry : SgL, (N?, i} (F)) — Sgr, (N, F).
Thus, identifying Sgr,(NV, F') = Sgr, (N, (F)), we obtain a map

T =(71,72) : SgL,(Nl, F') — SgL, (N, F') x SgL, (N, F)
given by 71 = T'ry and 7 = T'ry 0 pg. We define
S¢iy (NL, F) := Coker(7).

Finally, we let {F(}, be a projective system of finite p-primary abelian
groups endowed with a continuous right action of IC, := K,(N), and let

{F. é”)}n and {fé”s)}n and be the associated system of p-primary sheaves on
Y& and Yj g respectively. Let F' = lim F;, be the associated projective limit

module, and use the following conventions for computing projective limits of
cohomology with values in these sheaves:

H* (Y, F) :=lim H*(Y, F™) and H*(Yp, Fo) = lim H* (Yo, F").

n

With these conventions, the maps v, and pg defined in section 2.3 induce
maps

v, : HY(Y.,, F)© H (Y., F.) — HYo., For)

and
ps s H (Yo, Fos) — HNY,, Fo) @ HN(Y,, Fy).

As in section 2.3 we define

H!(Yy., F)™ := Coker(v,)
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and note that the matrix
Myp = psovs: H (Y, Fo) ® HY (Ye, Fs) — H}(Ys, Fs) @ HX (Y, Fs)

is given by the 2 x 2 matrix

(140 T
Mr = ([E]ng 1+£)
over End(H}(Y;, Fs)).

We then have the following reformulation of Theorem 2.6 which we will
refer to as the geometric Jacquet-Langlands theorem.

Theorem 3.5. Let {F,}, be a projective system of finite p-primary abelian
groups with continuous action of X, and let F and Fy be the associated
systems of sheaves on' Y and Yy respectively (see above). Let F := lim F,

be the projective limit of the ¥,-modules F,. Then we have canonical Hecke
equivariant exact sequences

(a) 0= HX (Yo, Foo)"™ — SEU(NE,F) — S5 (N, F) — HA(T, )

(6) 0 = Spx (N, F) = H(Yo,i, Fou) = (HH(Ys, F2))* = 0;

(¢c) Ker(Mz) — Spx (N, F) — H} (Y, Fos)"" — Coker(Mg) — 0.
Proof. From Theorem 2.6 (a) we have an exact sequence

0= HE(Yos, Fo )™ = SELNE F™) — Sp (N, F ) — HA(T, P

for each n. Since these are all finite groups the Mittag-Leffler conditions
are satisfied. Passing to the projective limit over n, we therefore obtain
an exact sequence of projective limits. However, it follows immediately from
the definitions that formation of cohomological automorphic forms commutes
with projective limits. Hence
lim SEEU(NE, FM) 2 SEev(NC, F)  and  lim Sgx (N, F™) 2 S« (N, F).
Likewise, since H2(T', F (M) can be computed from a finite chain complex,
the Mittag-Leffler conditions imply that formation of cohomology commutes
with projective limits, so we have
lim H2(T, F™) = H2(T, F).

n

This proves (a). The proofs of (b) and (c¢) are similar, but easier.
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4 Locally Analytic Functions and Distribu-
tions

4.1 Basic Definitions and Simple Facts

We let | - | be the usual p-adic absolute value on C,, i.e. the one normalized
so that |p| = p~!. More generally, for d > 1 we let | - | : C, — R’ be the
norm defined by

’(.771, e ,.Z'd)| = zirllfl)fd |x1’
For a compact subset X C Zg, and a positive real number r € |C}f\ = p? we
let

B[X,r]| = {z € Cg

EIa:GXs.t.|z—x|§r}

and note that this is an affinoid neigborhood of X in (CZ.

Let W denote the weight space, i.e. the rigid analytic space over Q,
whose K-points are given by: W(K) := Homee(Z,;, K*) for any complete
subfield K of C,. It is easy to see (and well-known) that every point of
W(K) is locally analytic on Z. For n a positive integer, we say that a
point k € W(K) is n-analytic if k extends to a rigid analytic function on the
affinoid B[Z),p™"].

For any K-affinoid subspace S C W we let kg : Z — A(S)* be the
canonical character defined by rg(a)(s) = a® for a € Z; and k € S. (Here
and throughout the paper we let A(Z) = Oz(Z) denote the algebra of global
K-rigid analytic functions on Z.) In the applications, S will almost always
be either a singleton point k € W(K) or a K-affinoid subdomain U C W.

Let Ty := Z, x Z,, which we regard as a compact open subset of the
space of row vectors (Z,)?. We have the following structure on Tp:

a) a natural left action of Z, by scalar multiplication;

b) a natural right action of the semigroup

= ={(¢ 7)) em@)

and its subgroup

ad —bc # 0, and (a,c) € Z, Xpr}

w(Z,) == =(Z,) N GLy(Z,)

given by matrix multiplication on the right.
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The two actions obviously commute.
For any K-Banach algebra A we let

A(Toy, A) = {f Ty — A ' f is locally analytic } ,

and for any integer n > 0 we let let A[n](Tp, A) denote the subspace consist-
ing of functions that extend to A-affinoid functions on B[Ty, p~"]. Clearly, for
eachn > 0, A[n](Tp, A) is a Banach A-module and the inclusion A[n|(Tp, A) —
A[n](Tp, A) is a compact (i.e. completely continuous) linear map. Moreover,
we have

A(Ty, A) = lim Aln] (T, A),

which we endow with the compact inductive limit topology (see [Sch]).

Definition 4.1. Let S be a K-affinoid subspace of W. Then we make the
following definitions:

(1) Ag:= {f € ATy, A(S)) | Ya € Z), t € Ty, we have f(at) = ks(a)f(t) }

Clearly, Ag is a closed A(S)-submodule of A(T,, A(S)). We endow it
with the induced topology.

(2) Dg := Homy(s)(As, A(S)) where here and elsewhere “Hom” denotes
continuous homomorpisms.

We note that both Ag and Dy inherit actions of =(Z,) over A(S). We will
denote these actions by

E(Zp) X .AS — .AS and DS X E(Zp) — DS
(v » f) — ~f w5 ) o ply

Each of these pairings is continuous in both variables, that the action on Ag
is a left action and the action on Dg is a right action.

If S C W is a K-affinoid subspace and x € S(K), then we define special-
ization maps

As(Ty) — Ax(Ty) and n.:Ds(ly) — Du(To)

f— fe o (41)

where fn(x7y) = f(?l],y)(li) and My € DH(TO) 18 given by Hr f € AH(TO) —
1(fs)(x), where fs € As(To) is given by fs(z,y) :== xs(@)f(1,y/x).
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Proposition 4.2. Let U C W be a K-affinoid subdomain, let k € U(K),
and let t, € A(U) be a local parameter at k which has no zeroes in U other
than at k. Then we have canonical exact sequences of Z(Z,)-modules

t

0 — Ay(hy) — Ay(T,) — AJ(Ly) —0

t

0 — Dy(Ty) = Dy(T,) = D.(Ty) — 0.

For future reference we record in the next proposition a simple result
concerning the structure of the module Dy. Before stating the theorem, it is
convenient to first give the following definitions.

Definition 4.3. For n > 0 define
A[n] := A[n](Ty, K) and D[n] := Hom(A[n], K).
For any affinoid subdomain U of W we then define A(U)-Banach modules
Ayn] == A[n)(Ty, A(U)) and Dyln] := Hom ) (Ay[n], A(U)).

The module Ay [n] is an orthonormalizable A(U)-Banach module, but unfor-
tunately Dy|n] is not ON-able as A(U)-module. So we consider instead the

subspace B
Dyl[n] := Hom{' (A[n)(Z,), A(U)) € Dy[n]

of completely continuous K-linear maps.

We note that Dy[n] = D[n]@xA(U) as A(U)-module and is therefore
orthonormalizable over A(U), since D[n| is orthonormalizable over K.

Lemma 4.4. For any K-affinoid subdomain U C W and all sufficiently large
n (depending on U ), Ayn] is a Z(Z,)-invariant subspace of Ay. Moreover,
for n sufficiently large, we have the following assertions.

(1) 2(Z,) acts on Ayn|, and therefore by duality also on Dy[n], as a semi-
group of operators of norm < 1.

(2) Dyn] is a Z(Z,)-invariant subspace of Dy [n].

(3) The canonical map Dy — Dyn] is =(Z,)-invariant, and its image is
contained in Dy (n].

Proof. To appear. m
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4.2 Distribution Modules and Finite Projective Limits
In this section we will prove the following theorem.

Theorem 4.5. For every n > 1, there is a projective system {F™[n]},, of
finite A := Okl[[Z)]] and a A[lw(Z,]-isomorphism

Dln]° — lim F™[n].

m

Proof. The proof follows immediately from the following simple lemma by
taking A = A[n] and Ay = A[1].
O

Lemma 4.6. Let A be a K-Banach space endowed with a continuous action
of a topological group G. Let D be the space of K-linear functionals on A,
endowed with the dual action of G. Suppose, moreover, there is a K-Banach
space Ay with continuous action of G and an inclusion i : Ay — A satisfying
the following three properties:

(1) i is G-equivariant;
(2) i is completely continuous and has norm < 1;
(3) the image of i is dense in A.

Then there is a projective system {Fm), Om }m>o0 of finite G-modules F) gnd
surjective G-morphisms ¢y, : FTD) — F) sych that

D° 2 ljm F™)

m

Proof. For each m > 0, consider the image of the composition
p—mAS L) p—on _ p—on/Ao'

The image is finite by complete continuity. Letting A™) := p™™AS + A°, we
have an increasing sequence of open subsets of A

A=A cAD Cc...c A C...C A.

Thus | J,, A™ is an open subset of A containing Ag = |J,, p~™Ag. Since, by
assumption Ay is dense in A we see that

A:UAW.
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Now set

D™ .= {u €D’

u(a) € Z, for all @ € A } :

Then D™ is a weakly open subset of D°. Indeed, for any a € A™ the set
Un == {pn € D°| p(a) € Z, } is weakly open in D°. Moreover, D™ = n'_, U,,
for any complete set aq,...,a, € A of representatives for A modulo
A°. We let

Fm .— ]D)O/]D)(m)

endowed with the discrete topology given the induced action of G. We note
that the map D°/D™ —— F is an isomorphism of finite discrete G-
modules.

Thus we have a sequence of inclusions

.cD™c...p® c D@ =pe°

of weakly open subsets of D°. Moreover, (), D™ = {0}. Indeed, if u €
N, D™, then u(a) € Z, for all a € |J,, A™ = A, hence u = 0.
For each m > 0 the pairing

A /A° x D° /D™ — Q,/7Z,.
is perfect and therefore the canonical map

D° — lim F™

m

is a G-equivariant isomorphism. O

4.3 Application to Jacquet-Langlands for Eigencurves

Theorem 4.7. Fizn > 1 and let {D := DI be o projective system of
finite p-primary abelian groups defined as in the last setion. Let D° and Dg be
the associated systems of finite sheaves on'Y and Yy respectively. Let D° :=
lim F (M) be the projective limit. Then we have canonical Hecke equivariant

m
exact sequences

(a) 0 — H (Yo, D5, )" — SEU(NE,D°) = Sge (N, D°) — HA(T, D)
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(b) 0= Sgx(N,D°) — H, (Yo, Dy ) = (H, (Y, DY))* — 0;
(¢) Ker(Mpe) — Sgx(N,D°) — H, (Yo, Dg,)"" — Coker(Mpe) — 0.

Tensoring the map Sgf¥(N(,D°) — Spx(N,D°) with K we obtain a
Hecke equivariant morphism

S¢iy (N¢, Din]) — Sgx (N, D[n])

and the above theorem can be used to prove that this map induces a closed
immersion of the quaternionic eigencurve into the new part of the modular
eigencurve.

5 Finite slope decompositions

Let as before K denote a finite extension of @, and let (A, |- |) be a Banach
K-algebra. Let also (M,u) be a pair consisting of an ON-able Banach A-
module M together with a completely continuous, A-linear homomorphism

u: M — M. We recall a few definitions and results from chapter 4 of
[AS2].

Definition 5.1. An element a € A* will be called a multiplicative unit if
lax| = |a||z| for all elements x € A.

Let us remark that if F(t) € A[[t]] is non-zero then it has a well defined
Newton polygon (see §4.2 of [AS2].) Briefly, we first define the valuation
va: A— {0} — Q by the relation |z|4 = p~*4® for every z € A — {0}.

Than, the Newton polygon of the non-zero series F(t) = Z a,t" € A[[t] is
n=0

the sub-convex hull in R? of the following set:
{(i,va(a;)) | ¢€ Nsuch that a; # 0}.

Definition 5.2. Let h € Q and non-zero elements P(t) € A[t] and F(t) €
Al[t]].

a) We say that P(t) has slope < h if the leading coefficient of P(t) is a
multiplicative unit, P(0) =1 (i.e. P(t) is a Fredholm polynomial) and if all
the slopes of the edges of its Newton polygon are smaller or equal to h.

b) We say that F'(t) has slope < h if F(0) =1 (i.e. F(t) is a Fredholm
series) and all the slopes of the edges of its Newton polygon are larger then

h.
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Remark 5.3. 1) Let us notice that the constant polynomial P(¢) = 1 has
slope < h for all h € Q.

2) The hypothesis on the leading and constant coefficient of the polyno-
mial P(t) (respectively of the constant coefficient of F'(t)) in definition 5.2
are made in order to insure the following compatibility. Suppose that A is
an affinoid algebra over K with affinoid space X =Spm(A). Let z € X and

if G(t ZantneA ]] we set G(t Zan )t € k(x)[[t]].

If P(t) E Alt] has slope < h then for all x € X, P(t), has slope < h in
k(x)[t]. If F(t) € A[[t]] has slope > h, then for all x € X F(t), has slope
> h.

We will use the following notation: if Q(t) € A[t] is a non-zero polynomial
of degree d, then Q*(t) := t?Q(1/t).

Let now (M, u) be a pair as at the beginning of this section and h € Q.
Let us define S = ), C A[t] to be the set of polynomials Q*(t), where Q(t)
runs over non-zero polynomials of slope < h. Let us remark that 1 € S.

It is shown in section 4.6 of [AS2] that S is a multiplicatively closed subset
of A[t]. Let us denote by S, the image of S in Afu).

Definition 5.4. A slope < h decomposition of the pair (M, u) is a direct
sum decomposition as Afu]-modules

M =M o M,

with the properties:

a) M ™ is finitely generated as an A-module and for every z € M™ there
is Q*(u) € S(arw such that Q*(u)x = 0.

b) For every Q*(u) € S(uru), the induced homomorphism Q*(u) : M), —
Mj, is an isomorphism.

It is shown in [AS2] that if a slope < h decomposition of (M, u) exists then
it makes the following diagram of A[u]-modules with exact rows commutative

O—>M(h)—>ML>SlM—>O

| | lN
0 — M®»W — M — My — 0

Here the map j is the canonical one: j(z) =

— 8

We have the following:
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Theorem 5.5. If A = K, then for all h € Q the pair (M,u) has a unique
slope < h decomposition.

Theorem 5.6. Let now U C W be an admissible affinoid sub-domain, h € Q
and xo € U(K). Then there exists an affinoid sub-domain Uy C U such that
xg € Up(K) and such that the pair (M|y,,u|ly,) has a unique slope < h
decomposition over A(Uy), compatible with the slope < h decomposition of
(Mg s Uy )-

Let us make precise the meaning of ”compatible” slope < h decompo-
sitions in theorem 5.6. Let M|y, = M®™ & M, be the slope < h decom-
position of (M|y,,u|y,) given by the theorem. Let t,, € A(U) denote a
uniformizer at xq and denote by the same symbol its restriction to Uy. Let
M, == M/t,,M and u,, the reduction of u. Then (M,,,u,,) is a pair con-
sisting of an ON-able Banach module over K and a completely continuous
K-linear operator. By theorem 5.5 the pair (M,,, us,) has a slope < h de-

composition M,, = Méf}) @® (M,,)n. The compatibility in theorem 5.6 asserts
)

that we have canonical isomorphisms as K[u,,]-modules (M®)), = M;,EZ
and (Mh)xo = (Mxo)h'

All the details of the proofs of these results are in chapter 4 of [AS2] but
let us sketch here outlines of the proofs for the convenience of the reader.

The main ideas used in proving these decompositions are the following.
We first define the Fredholm determinant of u, F(t) = F(au)(t) = det(1 —
tu) € A{{t}}. If h € Qand F(t) is such a power series (it is entire and F'(0) =
1) we try to find a slope < h factorization of F'(t). This is a factorization of
the type

F(t) = Qt)S(),

where Q(t) € A[t] has slope < h and S € A{{t}} is a series of slope > h.

If a slope < h factorization of the Fredholm determinant of u exists such
that moreover the ideal in A{{t}} generated by Q(¢) and S(¢) is the unit
ideal we have a Riesz decomposition

M = My & Ms,

which can be shown to be the slope < h decomposition of (M, u).

Now, if A = K the program sketched above can be followed without
obstruction: every entire, Fredholm series F'(t) € K{{t}} has a slope < h
factorization and if F'(t) = F{as.)(t), the corresponding Riesz decomposition
of (M, u) is the desired slope < h decomposition. This proves theorem 5.5.
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For theorem 5.6 let F(t) = Flaru)(t) = Zant” € A(U){{t}} be the

n=0
Fredholm determinant of w and let zy € U(K). We denote, as in remark

5.3 by t,, € A(U) a uniformizer of A(U) at zy and let My := M/t,,M and
ug : My — My the induced K = A(U)/t,,A(U)-linear map. Then M, is an
ON-able K-Banach module and uq is completely continuous. Moreover

Fy(t) = F(t)@o) =Y _ ay(xo)t"

n=0

is the Fredholm determinant of ug. By theorem 5.5 Fy(t) has a slope < h fac-
torization Fy(t) = Qo(t)So(t). In general this factorization cannot be lifted
to a slope < h factorization of F'(t) but one can explicitly define an affinoid
sub-domain Uy C U containing x such that F'(t)|y, has a slope < h fac-
torization F'(t)|y, = Q(t)S(t) over A(Up){{t}}. Moreover this factorization
has the property that Q(t),, = Qo(t) and S(t),, = So(t). The slope < h
factorization of F(t)|y, gives rise to a Riesz decomposition

M|y, = Mg & Ms,

which turns out to be the desired slope < h decomposition of (M |y,, u|v,)-
This proves theorem 5.6.

Let now U C W be an admissible affinoid disk, n € N and My[n| any one
of the A(U)-Banach modules H!(T', Dy [n]), HX(T', Dy [n])*v=¢, Sy (¢, Mp)[n].
Let u, : My[n] — My[n] be the U,-operator. Let us recall that My[n| an
ON-able Banach A(U)-module and w, is completely continuous.

Lemma 5.7. If Uy C U s an admissible affinoid sub-domain such that
(My[n]|vy, unlu,) has a slope < h decomposition. Then (My,[n], u,) has a
slope < h decomposition.

Proof. - O

Let us now fix h € Q, n € N and U C W an admissible affinoid open.
Let My[n] be one of the A(U)-modules above and let w, : My[n| — My[n]
be the U,-operator. We know that if U is an affinoid disk then My [n] is
ON-able and wu, is completely continuous. We wish to compare Fredholm
determinants and slope < h decompositions for My[n] and Myn + 1]. We
have (see chapter 6 of [AS2])
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Proposition 5.8. a) Suppose that U is an affinoid disk. Then the Fredholm
determinants of u, and u,+1 on My[n] and Myn + 1] are equal.

b) Suppose that both (My(n],u,) and (My[n + 1], up41) have slope < h
decompositions over U (where ty,, uy41 are the Uy-operator for both modules).

Then the natural restriction maps ry, : My[n + 1] — My[n] induce isomor-
phims My[n + 1]™ 2 M [n]®.

Proof. a) Let us first recall how the U,-operator is defined. For 0 <a <p-—1

let G, := 1l a € My(Z,). If X C Z, is a subset we define B|X,p™"| =
0 p P P

{z € C, |thereexistsz € X,|z — x| < p™"}. In section ?? we denoted
Uln] = B[Z,,p™"]. Let us remark that the 3,’s shrink Uln|, i.e. they give
analytic isomorphisms

Ba:Uln] 2 Bla+ pZ,,p "',
where the action of 3, on Oc, is defined in lemma ?7. Therefore let us define
p—1
by v : Dy[n] — Dyln + 1] the A(U)-linear operator v(p) = ZNWa- The
a=0

operator u, = U, on My[n| is then defined by the composition u,, = r, o v
and we have a natural commutative diagram (where the diagonal map is v):

MU[TL] ﬂ> MU[TL]
o 1 N o 1
My[n+1] =5 Myn+ 1]

Now the fact that the Fredholm determinants of w,, and w, ., are equal follows
from the following linear algebra lemma.

Lemma 5.9. Let X,Y be ON-able Banach modules over A(U) andu : X —
X,u:Y —Y,r:Y — X andv: X — X continuous A(U)-linear maps
such that w =rowv and u' =vor. Assume that r is completely continuous.
Then

i) Both u and v’ are completely continuous.

it) For every n > 0 we have Tr(u™) = Tr((u')").

iii) det(1 — tu) = det(1 — tu').

b) Let us now prove that the restriction map r, : Myln + 1] — My|n|
induces an isomorphism on the slope < h submodules. As both M [n]®
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and My[n + 1]™ are finitely generated A(U)-modules, there is a polynomial
Q(t) € A(U)[t] with slope < h such that Q*(u)My[n]" = Q*(u)My[n +
1]™ = 0. Let us recall that as Q(t) has slope < h its leading coefficient is
a multiplicative unit therefore we may suppose Q(t) monic, i.e. Q*(t) =1 —
tP(t) for some polynomial P(t) € A(U)[t]. It follows that on both M [n]®
and My[n+ 1] we have u, P(u,) = id (respectively w41 P(tn11) = id), i.e.
the restrictions of u,, and u, 1 to My[n]™ (and respectively to My [n +1]%")
are isomorphisms.

Let us now show the injectivity of 7, : My[n + 1]® — My[n]®. Let
x € My[n + 1] be such that r,(z) = 0. Therefore u,1(x) = v(r,(z)) =0
and because u,1 is an isomorphism it follows that x = 0.

For surjectivity, let y € My[n]™. Let z € My[n]™ be such that u,(z) =
y. Set x = v(2) € My[n + 1]™. We have r,(z) = 7,(v(2)) = un(2) = y and
we are done.

]

6 The Jacquet-Langlands correspondence on
eigencurves

We'll first define the notion of a compatible projective system of Banach-
modules and respectively of a compatible inductive system of Banach-modules
on the weight space W (the latter we defined in [Ch].) A compatible projec-
tive system of Banach modules M on W is the following type of data: for each
affinoid subdomain U C W, we associate a projective system (My[n])n>a,
of Banach A(U)-modules such that each module My [n] has an action of
the abstract Hecke algebra Hy generated over Z by 1, for ¢ fMpl and U,
and the transition maps are euqivariant for this action. Let us denote by
H := A ®z Hz, where A = Z,[[Z;]] the A-adic universal Hecke algebra.
Moreover for every V' C U admissible affinoid open of W, and for all n > dy,
we have A(U)-linear morphisms which are continuous, compatible with the
projective system maps and with the Hecke operators My [n] — My [n]. For
a sequence W C V C U of affinoid subdomains the restriction maps defined
above satisfy the usual comaptibility relation.

It is clear what a morphism of compatible projective systems of Banach-
modules is. Example of such objects and morphisms between them are:

1) H, where Hy[n] := H(T,Dy[n])
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2) S(B), where S(B)y[n] = Sy (¢, Mp)[n]
3) H*V~* where HEY*[n] = HX(T', Dy [n]) "
We have natural morphisms H — S(B) and an exact sequence in this

category
0 — S(B) — H*¥* — S(B) — 0.

The definition of a compatible inductive system of Banach modules on
W is defined similarly and an example is Sy defined as follows: for every
admissible affinoid open U C W and n > 0, Sy[n] := (Sr)y[n] is the space of
p-adic families over A(U) of modular forms of tame level I'y(M¥) which are
1/(p + 1)p™-overconvergent, the map Sy[n] — Sy[n + 1] being induced by
restriction.

Let us denote by (x) the following property of a compatible projective
(respectively inductive) system of Banach modules M.

There is an admissible covering U := {U} of W by admissible affinoid
opens with the following properties:

a) My[n] is ON-able A(U)-module for all U € U and n > dy and the
U,-operator on My [n| is compact.

b) The characteristic power series of U, on My[n] is independent of n >
dy. We denote by Py y(t) this power series.

Suppose from now on that M satisfies (). Then the power series Py (t)
glue on W to give a power series Py(t) € A{{t}}, where A = Z,[[Z)]].

Remark 6.1. The compatible systems H, D(B), H**"~¢ Sp satisfy the prop-
erty (%) for the same admissible covering . In fact the open sets in U may
be taken to be affinoid disks.

Let us denote by Pyew—¢ € A{{t}} the characteristic power series of the
Up-operator acting on the p-adic families of elliptic modular forms of tame
level M{, new al /.

Lemma 6.2. We have
Pg(B) = Pnew_g and Panwfl (t) = PS(B) (t)z.

Now we are going to attach in a functorial (contravariant) way to a compat-
ible projective (respectively inductive) system of Banach-modules M satis-
fying the condition (%) a rigid analytic variety Cy together with a natural
morphism & : Cyy — W as follows.
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We first define Zyy C W X A}ig as the rigid analytic variety associated to
the noetherian, reduced Z,-algebra Ry := A(t)/Pu(t)A(t). In other words
the C,-points of Zy are pairs (x,A) € W(C,) x C, such that (Py).(\) = 0.
We have the following diagram of rigid spaces and morphisms:
Zy — WxAL 5 Al
L pr
4%

associated to the ring homomorphisms: A — Ry — Z,(t) where the
second map is induced by the natural augmentation A — Z,,.

We denote by 7 := Ty the collection of pairs (U, Q(t)) where U C W
is a connected admissible open affinoid and we have a factorization Py(t) =
Qt)S(t) € 1+tAU){{t}} such that Q(t) € A(U)[t] with Q(0) = 1,Q*(0) €
A(U)* and (Q(t), S(t)) = 1.

Lemma 6.3 ([Col]). a) There is a natural bijection between T and the col-
lection T := Tz of admissible open affinoids Y of Zy such that:

i) V :=pry(Y) is an admissible open affinoid of W

i) Y is a connected component of pri (V) = pry ' (pr(Y))

iii) pri|ly : Y — V is a finite morphism.

b) T is an admissible covering of Zy.

Proof. : We will only recall here how the bijection is defined and send the
reader to [Col] for the details.

Suppose that (U, Q(t)) € 7. Let us define the A(U)-algebra A(Y) :=
At/ (Q)A(U)[t]. Obviously A(Y) is an affinoid algebra over A(U)
and let Y be the associated affinoid. The C,-points of Y are elements
(z,A\) € U(C,) x C, such that Q,(\) =0 and so Y (C,) C Zy(C,). Now the
factorization Py(t) = Q(¢)S(t) with the properties above imply that Y is an
admissible open affinoid of Zy; and it has the required properties.

Conversely, let Y € 7z and let us denote by U = pry(Y) C W and
Zy = ZyN (U x AL,) = pr; 1 (U). By property ii) Y is a connected compo-
nent of Zy therefore it is open (and closed) in Zy and so it is flat over U.
By iii) Y is finite over U, therefore A(Y) is a finite projective A(U)-module
generated as an A(U)-algebra by the image of ¢. Let Q(t) denote the char-
acteristic polynomial of the A(U)-linear map multiplication by ¢ on A(Y").
It is monic and Q(0) € A(U)*. The canonical surjective homomorphism

of A(U)-algebras A(U)[t]/Q(t)A(U)[t] — A(Y) is an isomorphism as both
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A(U)-modules are projective of equal rank. One may now deduce that Q(t)
divides Py (t) in A(U){{t}} and that (Q(t), Pu(t)/Q(t)) = 1. O

To each Y € 7 as in lemma 6.3 we associate an affinoid T'(Y") as follows. Let
(U,Q(t)) € T be the pair associated to Y by lemma 6.3. The factorization
Py(t) = Q(t)S(t) with (Q(t),S(t)) = 1 over A(U) gives, for every n > dy a
Riesz decomposition

My [n] = My([n]q © My[n]s,

compatible with the transition maps My[n + 1] — My[n] if M is a com-
patible projective system and with My[n] — My[n + 1] if M is a com-
patible inductive system of Banach modules on W. In fact by proposition
5.8 the above transition maps define isomorphisms My[n + 1]g = My[n]g
and we’ll denote henceforth these modules by My g. Let H(Y) denote the
image of H ®x A(U) — Endaw)(Muy,q), where let us recall H is the A-
algebra generated by the Hecke operators. As My is a finite projective
(in fact free as U is connected) A(U)-module, if we endow End s (My,)
with the sup-norm, it becomes a finite free Banach A(U)-module. In par-
ticular, as H(Y') is one of its A(U) commutative subalgebras, it is itself
finite, free and (topologically) closed i.e. an affinoid A(U)-algebra. We de-
note by T'(Y) its associated affinoid. We have natural ring homomorphisms
AU) — A(Y) = AU /QAW)E] = AW)[UyMurq)] — H(Y) which
induce morphisms of affinoids (x%) T(V) =5 Y 25 U with composition
Ky = pIy o Ty.
We have the following

Proposition 6.4 ([Col]). a) IfY1,Ys € T then Y1NY, € Tz and the natural
map T(Y1 NY3) — T(Y1) is an open immersion.

b) for any pair Y)Y’ € Ty let T(Y,Y") denote the image of T(Y NY’) in
T(Y) via the open immersion at a) and let i((Y,Y') : T(Y NY') — T(Y,Y’)
be the natural isomorphism. Let us denote by p(Y,Y") :=i(Y, Y )oi(Y', V)~ L.
Then the data ((T(Y)yer,, (T(Y,Y"))vyrer,, (@(Y,Y"))yyier,) is a gluing
data for the family of affinoids (T(Y))yer, as in [BGR], 9.3.2.

Proof. : We will only sketch the main ideas in a). Let us fix Y € 7,
denote U = pry(Y) and let V' C U be any admissible affinoid open. Let
Y':=pr; (V) NY C Zy. Then Y’ € T, and we claim that the canonical
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morphism 7T(Y’") — T'(Y') is an open immersion. To see this let (U, Q(t)) €
7T be the pair associated to Y. Then the pair associated to Y’ is (U, Q' (%)),
where Q'(t) = Q(t)|y. By the uniqueness of Riesz decomposition My o =
Muoly = Myo®awyA(V). As My g is a finite free A(U)-module the natural
map

A(V) ®aw) Endaw)(Muq) — Endaw)(Myg)

is an isomorphism and we have a natural commutative diagram

AWV)@a0y HY) — A(V) ®aw) Endawy(My,g)
] =
H(Y/) — EndA(V) (MV,Q/)

The first horizontal map is injective as A(U) — A(V) is flat and the left
vertical arrow is surjective. It follows that the natural map A(V) ® 4w
H(Y) — H(Y’) is an isomorphism which implies that Y/ — Y is an open
immersion.

Now if Y3, Y, € 7 by the above argument Y; N pry*(pr,(Yz)) € Tz so we
may reduce to the case pr; (Y1) = pry(Y2). Then it is clear that Y1 NY; € T,
so may in fact assume further that Y5 C Y7, which is then an open immersion
into a connected component. If Y; is associated to the pair (U, Q;(t)),i = 1,2,
then one proves that (1(t) divides Q2(t) in A(U)[t]. It follows that My o,
is a direct factor of My g, and so the natural morphism H(Y;) — H(Y2)
induces an isomorphism of T'(Y3) with a connected component of T'(Y;). In
particular the map T'(Y3) — T'(Y7) is an open immersion. O

Remark 6.5. Let us remark that if we denote for Y € 7, T(Y)™? the affi-
noid attached to H(Y)/M(H(Y)), where D(H(Y")) is the nilradical of H(Y"),
then the family ((T(Y)™)yer,, (T(Y, Y)Y yyrer,, (0(Y. Y ) )y yrer,) is a
gluing data for the family of affinoids (T'(Y)™4)yc7,.

Let us denote by Cy (respectively Ci¢?) the rigid analytic space obtained by

gluing the family of affinoids (T'(Y))yez, (respectively (T(Y)™)ycz,). We
have natural morphisms induced by the diagram (xx)

Cu —— Zu

LK 1 pry
w = 4%
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The main result of the Appendix, theorem ?7 is that the reduced eigen-
curve Ci#d is canonically isomorphic to the eigencurve C*¢, which is the re-
duced eigencurve whose points parameterize overconvergent elliptic eigen-
forms of finite slope and of tame level M.

We have

Theorem 6.6. The morphism between the compatible projective systems
of Banach-modules H — S(B) defines a closed immersion, the Jacquet-
Langlands correspondence, @1, : Cyp) < Cr whose image is the new-(-part

Of CF.

Moreover, let us go back tot he construction of the eigencurve Cy. We
had a sheaf of Oyy-modules H" on Ty and a sheaf of Oyy-algebras on the
same Grothendieck tolopogy Ag. Obviously, Hf" is a sheaf of Ag-modules on
Tiz. Therefore, H™ induces a coherent sheaf of Oc, .-modules on Cy, denoted
‘H. Similarly (Hnew_ﬁ)ﬁn defines a coherent sheaf of Oc, . -modules on Cy(p),
denoted H V.

Theorem 6.7. a) The sheaf H is generically of rank two on Cy and we have
a canonical isomorphism ¢%, (H) = H**V = as sheaves on Cs(p).
b) We have a canonical exact sequence of sheaves on Cs(py:

new—/{
0— Ocs(m — H — OCS(B) — 0.

(Note to ourselves: The following theorem does not belong here.)

Theorem 6.8. Let U C W be a K-admissible affinoid open and r € U(K)
be an arithmetic point. Then we have a canonical commutative diagram of
Hecke modules

0 — S(IC,DU) — Hl(F’DU)E-ne’w I S(IC,DU>

! l !
0 — S(K, Vi) — HYL, V)t —  S(K,V,)

Proof. For each integer t > 1, let F, := V.2 /p'V?, which we regard as a finite
=Z(@_module. As in Corollary ??, we let S+ denote the directed set of finite

E(Z,)-submodules of Dy [n]°/p'Dy[n]°. By Theorem ?? we have, for each
triple (n,t, F,,;) with F,; € S,,+, a commutative diagram with exact rows:

0 — S(IC,Fmt) — Hl(r)Fn’t)E-new — S(K,Fn’t)

| | !
0 — SK,F) — HYT,E)™v — S(K,F)
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We note that formation of S(K, ) and H!(T,*) commute with direct and
inverse limits, as well as with @ K. So, since lim and ® K are exact functors

—

and lim is left exact, we may use Corollary ??7 to pass to the limit of the

—

above diagram over the directed set of all triples (n,t, F},;) to obtain the
exact sequence of Theorem 6.8. This completes the proof. O]

7 Appendix
by Glenn Stevens

In this appendix we wish to compare two reduced eigencurves: Ci¢ and Cred.
Let us recall the projective system of Banach module H, where Hy[n] =
H}(T',Dy[n]), which produces the eigencurve Ci¥9. In fact we prefer to work
here with the projective system of Banach modules H™ defined by Hj;[n] =
H!(T,Dy[n])="', where ¢ is the natural involution acting on H!(T', Dy [n)).
The Hecke equivariant morphism of compatible systems of Banach modules
H~ — H induces isomorphisms of rigid spaces Cy = Cy- and Cif¢ = C59.

In section 6 we also mentioned the compatible system of inductive Ba-
nach modules Sy where (Sr)y([n] is the A(U)-Banach module of 1/(p+ 1)p"-
overconvergent p-adic families of modular forms of tame level I'o(M¢), which
produces Cr4.

Proposition 7.1. Let us fir w € 'H an operator which acts completely con-
tinuously on every H[n] and Sy[n] for U € U, n > dy. For example
w = vU, for any v € H. Then the Fredholm determinants Pysyn(t) =
det(1 — tw|Sy[n]) and P,u- v, := det(1 — tw|H [n]) are independent of n.

As a consequence of proposition 7.1, the power series denoted P, /(%)
and P, - (t) glue for various U’s to give Fredholm series P, s(t), P, u-(t) €
1+ tA{{t}}.

Proposition 7.2. Let w € H be as in proposition 7.1. Then P,s(t) =
P, u-(t) as power series in A{{t}}.

The Fredholm series of w on S or on H™ as in the proposition 7.2 will be
denoted P, (t). In particular the Fredholm series of U, are equal. These were
denoted in section 6 by Ps(t) = Py-(t) and will be denoted henceforth by
P(t). Let us remark that the two spectral curves Zg and Zy- are canonically
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isomorphic (they only depend on the Fredholm series P(t) of U,) and will be
denoted Zp.

Let us now fix k € W(K) — {0} and n > d,. Let us denote H_[n] :=
H!(T,D,[n])="! and by S.[n] the K-Banach space of 1/(p-+1)p"-overconvergent
modular forms of tame level I'o(M/¢) and weight x + 2. If w € H is a Hecke
operator as in proposition 7.1, then it acts completely continuously on H_ [n]

and S, [n]. Moreover the Fredholm series of U, on H [n] and S, [n] are equal

and equal to P,(t) = Y a,(k)t" in P(t) = ant" € A{{t}}.

Suppose that we have a factorization P.(t) = Q(¢)S(t) € 1 + tK{{t}}
where Q(t) € K|t] satisfies Q(0) = 1, and Q(¢),S(¢)) = 1. Let H_[n| =
H, o ® (H; [n])s and Sc[n] =S, ¢ ® (Sk[n])s be the associated Riesz decom-
positions, where let us recall that the Q(f)-components are independent of
n.

Proposition 7.3. In the above hypothesis and notations, the characteristic
polynomials of w acting on H_ 5 and S, g are equal.

Let now (U,Q(t)) € T = Tg- = Tg be a pair as in section 6. Let
us recall that U C W is a connected admissible affinoid open and Q(t) €
A(U)[t] is such that Q(0) = 1, Q*(0) € A(U)* and we have a factorization
P(t) = Q(t)S(t) € 1 +tAU){{t}} with (Q(t), S(¢)) = 1. Let Hy,, and Syq
be the Q(t)-factors of Hy;[n] and respectively Sy[n| for n >> 0 (which are
independent of n) and let w € H be a Hecke operator as in proposition 7.1.

Proposition 7.4. a) Hy, and Syq are finite free A(U)-modules of rank
equal to the degree of Q(t).

b) The characteristic polynomials of w acting on Hy o and Sy, are the
same.

Let as above Y € T; = Tz~ = T be the admissible open affinoid of Zp
associated to the pair (U, Q(t)) € T above. We denote by H(Y )g- and H(Y )s
the images of H ®, A(U) in Endaw)(Hy ) respectively in Endaw)(Sv,q).

Proposition 7.5. We have a canonical isomorphism as A(U) algebras
Yyt HY )a- /M(HY )p-) = HY)s/NH(Y)s)

which commutes with the natural morphisms from A(Y').
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Theorem 7.6. The family of isomorphisms (Vy)yer, in proposition 7.5 in-
duces an isomorphism of rigid spaces 1 : CF*Y — CEY which commutes with
the morphisms to W and Zp respectively.

8 Miscellaneous things to be used in the above.

Corollary 8.1. a) Let k = (k,€) € W be an arithmetic weight where k > 2
and if k = 2 we assume that € is a non-trivial character. Let us denote by
S (Co(Mlph))me¥=* the space of classical "new at 7 cuspidal eigenforms for
Lo(Mlp?) of weight-character k. Then we have an isomorphism as Hecke
modules S, (To(Mep?)nev=t = S, (¢, Mp?).

b) Let U C W be an affinoid subdomain, d = 1,n > 1. Proposition 77
implies that we have an exact sequence of A(U)-modules, Hecke equivariant

0 — Sy (¢, Mp)[n] — H. (T, Dy[n])*" " — Sy (¢, Mp)[n]
compatible with specializations at arithmetic weights k € U.

Proof. a) Using the representation Vj; of Iw@ as in section §3 and proposition
7?7 we obtain an exact sequence, Hecke equivariant

0 — S, (¢, Mp?) — HNT, V)"Vt 25 5, (¢, Mp?) — 0.

The exactness on the right is a consequence of the condition on k. By classical
Eichler-Shimura, HX(T, V, )"V~ 2 (S, (To(M€p?))**¥ )% and so a) follows.
b) We write Dy [n] as a projective limit of inductive limit of finite represen-
tations F' as in proposition ??, apply the proposition to each representation
and take the limits. O

Let U,d,n be as in the corollary 8.1 and let us denote by My[n] =
HYT, Dy[n])*v=¢/Sy (¢, Mp). We'd like to study the injective A(U)-linear
map ¢y : My[n] — Su (¢, Mp).

Lemma 8.2. Let K be a finite extension of Q, with ring of integers Ok and

residue field k and let us denote by m a uniformizer. Let A := K(T') be the

Tate algebra of dimension 1 over K and let M denote a Banach A-module

which is ON-able i.e. orthonormalizable. Let N be an A-submodule of M

such that the natural map N := N°/mN°® —s M := M°/mM°® is injective.
Then
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a) N is a Banach A-module which is ON-able.
b) N is a direct summand of M in the category of ON-able Banach A-
modules.

Proof. Let A= A°/1A° = k[T]. We recall that in order to prove a) it would
be enough to show that N is a free A module. But as M is ON-able, M is a
free A-module and as the latter is a PID, every submodule of M is free.

b) Choose an A-basis of N which extends to a basis of M. Lift these to
orthonormal basis B, B’ of N respectively M such that BN N = B. Let
B” = B’ — B. Then the unique A-submodule of M with orthonormal basis
B” is a complement of N. O

Proposition 8.3. Let U,d,n be as in corollary 8.1. If U C W is an affi-
noid disk then the modules H! (T, Dy[n]), My[n], Sy (¢, Mp) are A(U)-Banach
modules which are ON-able.

Proof. First let us recall that by lemma 1.2 Dy[n] is an A(U)-Banach module
which is ON-able.

We may write H!(T', Dy [n]) = Homp(Div?(P1(Q)), Dy[n]). As Div’(P1(Q))
is a finitely generated Z[I'-module, let Dy, Dy, ..., D; be a set of generators.
Then we have an inclusion as A(U)-modules

DU — HDU glven by o — (a(Di))izl,t-

Without loss of generality we may assume that U is the affinoid disk of radius
1 centered at the origin and apply lemma 8.2.

We may proceed similarly with Sy (¢, Mp)[n| by recalling that the double
coset space '\PGL2(Qy)/K, is finite.

Finally, as now H}(T', Dy[n]) is known to be ON-able, its A(U)-submodule
HYT, Dy[n])*¥~* is ON-able and a direct summand, therefore the quotient
My [n] is also ON-able. O

Proposition 8.4. Let U,d,n be as in proposition 8.3, i.e. U C W 1is an
affinoid disk. Then the morphism ¢ : My[n| — Sy (¢, Mp)[n] defined above
s an isomorphism.

Proof. Let us consider an arithmetic weight k = (k,e) € U satisfying the
condition of corollary 8.1 (i.e. such that & > 2 and if k£ = 2 then ¢ is a non-
trivial character.) Let e be such that p® is the conductor of € and suppose
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that e < n. Then we have the following commutative diagram

My|[n] RN Sv (¢, Mp)[n]

lpn l Pr
HYT© Vrew=t/S (6, Mp®) =  S.(¢, Mp°)

The lower horizontal map is an isomorphism by corollary 8.1. So now we
have an A(U)-linear morphism ¢y between two ON-able modules such that
specializations ¢y, are isomorphisms for a dense subset of weights in U. It
follows that oy is an isomorphism. need more details here O]

8.0.1 more modular stuff

Let p, ¢, M be positive integers as in the introduction, i.e. p, ¢ are distinct
primes and (M,p) = (M,¢) = 1 and let us fix n > 0. We will view the
arithmetic group I'g(Mpf) as a subgroup of Iw(Z,). So for every K-affinoid
subdomain U C W, the group I'o(Mpf) acts naturally on Dy and we may
consider the A(U)-module

]—Ic1 (F7 DU) :

The elements of this module will be called distribution valued cohomological
modular forms over I'y(Mpf). The Hecke operators T, for ¢ fMp¢ and U, act
on HY(To(Mpl),Dy) and the U,-operator acts completely continuously.

Now let © € W(K) be an arithmetic point of signature (k,¢). By this
we mean k € Z7° is a non-negative integer, ¢ : ZX — K* is a finite order
character, and k € W(K) is given by x(t) = t*¢(t) for t € Z¥. Under
these conditions we denote by V, the finite dimensional K-vector space of
homogeneous polynomials of degree k in K[X,Y]. If d > 1 and € is defined
modulo p?, then we define the pair (Iw'®, Z(@) by

=) . {( OCL 2 ) c E(Zp) ‘ pd divides c} and  Iw@ .= E(d)ﬁIW(Zp)-

We let the semigroup Z@ act on the right on V;, by (P|y)(X,Y) = e(7)P((X,Y)y*)
for v € 2@, where €(7) is the value of € on the upper left corner of v and
v* = det(y)y~'. In particular, the arithmetic group T'o(Mp?l) acts on V,

and we may consider the compactly supported cohomology

H (Do(Mp®l), V),
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which is a finite dimensional K-vector space. We will call the elements of this
space classical cohomological modular forms of weight k + 2, level I'o(Mp?¢),
and character e.

We note that the function Ty — Vi, given by (z,y) — x(z)(Y — zX)k
with z = y/z is locally analytic and homogeneous of degree k, so we have a
canonical continuous linear map

Dn — Vn
po— fp k@)Y = 2X) (2, y)
which is easily seen to be equivariant for the action of Z(4). For any affinoid
subspace S C W and any arithmetic point Kk € S we then let

n:lg :Dg — V,,
be defined by the composition Dg — D,, — V... In particular we have the
following proposition.

Proposition 8.5. Let U C W be an affinoid subdomain and k € U be an
arithmetic point. Then the specialization map 1™ . Dy — V. induces a
canonical Hecke equivariant morphism

pr : HX(To(Mpt), Dy) — HNTo(Mp®l), V).

8.0.2 more quaternionic stuff

We will be interested in the sequel in two types of Z(@-representations.
Namely for d = 1 and V = Dy we denote
Su(¢, Mp) .= S(K(¢, Mp),Dy),

for U C VW an affinoid subdomain and call the elements of this space distri-
bution valued automorphic form on B of level K(¢, Mp).
If K € W is a point of signature (k,¢) where k € Z=° and ¢ is a finite
order character defined modulo p? (d > 1). We denote by
SH(£7 Mpd> = S(KZ(& Mpd)7 VH)

and call its elements classical automorphic forms of weight & + 2, level
K(¢, Mp?) and character e.
We have the specialization map

Pk - SU(ga Mp) I Sn(£7 Mpd)

induced by the Z(@-equivariant map n%9 : Dy — V. defined in the last
section. It follows from the definitions that p, is Hecke-equivariant.
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8.1 Some computations in sheaf cohomology

We obtain the obvious

Corollary 8.6. a) R°Ux (L) = (a )i(Fs).
b) R*Ux (L) is a sheaf supported at ¥, and we have

Rl‘PX(ﬁ) = Dyes, (iy)*(qujXE)y - @yGEs(iy)*(qu’Y(f))ya
where fqr every y € X, iy is the composition y — s C Xj.
c) RUx(L)=0 fori>2.
Proposition 8.7. a) For every y € %, (R' Uy (F)), = (F.),
b) (Fs)y = F as m(Ys,y) = m(Y,y) = m (Y, 7)-representations.
Proof. : a) For every y € X, we have (R' Uy (F)), = H'(Y,) xsn, F), where

Y(,) is the spectrum of the strict henselization of Y at y. Let Z EEIN Ys be

a finite étale cover such that f*(F) is a constant sheaf on Z and let z be a
geometric point of Z such that f(z) = y. Let us also remark that f is proper.
We have

(R'y (F))y = (/s Ry (F))). = RY(f*F)). = H (Z) @51, [°F).

As f*F is constant, equal to (f*F). = F,, if we denote by A the constant
sheaf Z/p™Z on Y (and on Z and X) we have

(R'Ty (F)), = H'(Z) xs 0, A) @ F, = (R"Ty(A)), @ F,.

As before because on X, CNY = ¢, for every y € ¥, we have R' WUy (A), =
R'Ux(A), = Z/p™Z. The last equality follows from [Il] and we chose to
ignore a Tate twist by —1. This proves a)

b) By lemma ?7?, as Fis locally constant we have for y € 3

(}_S)yg(ﬁ)yg(}—)ﬁg}—ﬁ:}??
as m(Ys,y) & m(Y,y) = m (Y, 7)-representations. O

Let us now describe the sheaves R'W(L@),i > 0. Let us consider the
commutative diagram of curves and morphisms

x4 B Xy
T Ja 17

X ks x,
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Lemma 8.8. For everyi > 0 we have R0 x ((f,4)+LP) = (fs.a)« (R @ LD).

Proof. We have jo f, 4 = fsa© 7@ therefore for all n > 0 we have R™(j o
fod) =R"(fsacj (4)). The Lerray spectral sequences computing these func-
tors

Raj* © Rb(fn,d)* - Ra+b(j © fn,d)*

and
R*(fsa)s 0 R'LY = R (fsa 0 5).
degenerate at Ey because R¥(f, 4). = 0 and R¥(fs4). = 0 for k > 1 as f,4

and f, 4 are finite morphisms. Therefore we have R" j*O(fn,d) = (fsa)«oR" jid)
which implies that R"U x ((f.0)+L) = (f5,40)+ (R x@) LD). O

Corollary 8.9. We have natural isomorphisms
H (X, R (fa)o L)) = HI(XD, B g0 (£9),

for all i,n > 0. Thus we have
a) Hi(X87 RO\I]X(fn,d)*AC(d» =~ Hé(Y;(d), f(d))
b) HO(Xo, R'Wx (f,.).LD) = HOY, R (0 F D),

8.2 Geometric Jacquet-Langlands

Let notations be as in section 2. Let us recall the diagram of section 2. In
view of lemma 7?7 and corollary 8.9 it may be written as:

0 — H\.F) — HY,F) —  H(Y.R'Ux(F)
! ! !
0 — HEYOFAY) — Y FD) — BV R0 (FD)

By identifying C & Q, we may write H}(Y,, F) = H}(Ye, Fc) = HX(T, F)
and H} (VY 7@y = /YD FP) = H{(T@, F®) where T = To(Mpl)
and ') = T'y(Mp?l) acting on on F, respectively on F@ via their embedding
in Iw(Z,) and Tw'® respectively.

On the other hand, we may use Proposition 8.7 and again Corollary 8.9
in order to describe the terms of the diagram. Let us recall from the section

4 the quaternion algebra B and the open compact subgroups K := K¢, Mp)
and K@ := (¢, Mp?) of BX.
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Lemma 8.10 ([Cal). a) We have natural isomorphisms (compatible for var-
ious M’s)

¥, = B(Q)*\B*/K(¢, Mp) and Y = B(Q)*\B*/K(¢, Mp).
b) Under the isomorphisms above we have isomorphisms of sheaves

R'U(F)

5, = (BQ*\B* x F) /K(¢, Mp)

and

R o (F) |y = (BQ)\B x FO) /(6 Mp*)
c) A
H°(Yy, R'Ux(F)) = Mapsc(B(Q)*\B*, F) = S(K, F)

and

HO(Y D, R'O 0 (FD)) 2 Mapsw (B(Q)*\B*, FD) = $(K@, @)

In view of lemma 8.10 the above diagram can be written as

0 —  HNY,,F,) — H(}(F,F) — S(K, F)
! ! !
0 — H(YD FDY — gY@ F@) — (K@, F)

We can now state and prove the main result of this section.

Theorem 8.11. Let U C W be a K-affinoid sub-domain and choose an
arithmetic point k € U(K) of signature (k,€). Then the maps i r and the
specialization maps p, determine a commutaive diagram, which is equivariant
for the action of the Hecke operators:

HYD,Dy) =5 Sy, pM)
L P iy
(p/C(d),n

H!TW,V,) =" S.(¢ Mp?)

Proof. As in Corollary ?? we may write Dy in the form

B0 K) |

Dy = lim < [hﬂl lim £, ¢

t Spt

n
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where S, is the set of finite =(Z,)-submodules of Dy [n]°/p'. For each F,; €
Sy we let F, and F, 5 := (Fn)s denote the corresponding sheaves on Y,
and Y, respectively . We also let Ft(d) = V2 /p'V? and ]:t(d) and .7:,5(,‘? =
(}"t(d))s be the corresponding sheaves on Yn(d) and Y9 respectively.

Then from Lemma 8.10 we have, for each triple (n, ¢, F},;) with F,,; € S,.4,
a commutative diagram

0 — H;(Y:%Fn,t,s) - Hcl(r’ Fn,t) - S(KaFn,t)
| l |
0 — HVY A — HIOFEY) — SEKD R
Formation of inductive limits is an exact functor and projective limits are left
exact and since formation of H!(T',*), S(IC, ) and HY(T'@ %), S(K@ ) all

commute with both inductive and projective limits we obtain a commutative
diagram of exact sequences

0 — ,CS — H(}(F,DU) — S(,C,DU)
l l l
0 — 29 — HY(@ V) — S(KD,V,)

Ko K)

where we set

£8 = Llin ([1@ IEI)] Hcl(}/;afn,t,s)

t Sn,t

n

LY = lim ([@ lim H(Y D, FY )| @0, K)
n t Snit
This completes the proof. O

8.3 Modular Sheaves

In this chapter, we define a category of sheaves that will be useful to us for
translating the modular data of the previous section into a sheaf theoretic
context.

Definition 8.12. Let Yy be a smooth curve over S := Spec(Z,). We define
E(Ys) to be the category whose objects and morphisms are given as follows.

(a) The objects of £(Ys) are pairs (E/U) where U € Y& and E/U is an
elliptic curve over U.
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(b) A morphism (E/U) — (E'/U’) is a pair («,¢) where ¢ : U — U’
is an etale morphism and o : £ — Ej;, := E' x, U is an isogeny of
elliptic curves over U.

Definition 8.13. We also define the category S(Ys) to be the category whose
objects and morphisms are given as follows.

(a) The objects of S(Ys) are pairs (F,U) where U € Y§" and F is a sheaf
of abelian groups on U®.

(b) A morphism (F,U) — (F',U’) is a pair (n,¢) where ¢ : U — U’ is
an etale morphism and n : F — ¢*F’ is a morphism of sheaves on
Ue.

Definition 8.14. A modular sheaf on Yy is a functor F : £(Ys) — S(Ys)
satisfying the following properties.

(a) Projection of F to the second factor is the identity functor on Y.

(b) F commutes with base change. More precisely, if (F,U) is an object

of £(Ys) and V LU s etale, then for Ey = E xy V we have
F(Ev/V)=¢"F(E/U).

8.4 Hecke Operators

Let Y/S = Yy(N)/S and let E/Y be the universal elliptic curve over Y with
level N-structure. Let Yo(N/) := Yy(N{)/S and let Ey/Yy be the base change
of E to Yy. For each prime ¢ fN{ we let F, := F(E,/Y,) and define

Ty (Y, Fy) — HY(Y,, Fy)

as follows. Let E,/Y, be the universal elliptic curve over Y, with level Ng-
structure. We have two etale morphism m, 7 : Y, — Y, where m; is
induced by the forgetful functor and m, = m o w, where w, is the Atkin
Lehner operator.

Now let F be a modular sheaf on Y. Since E, /Y, is given as base change
E, = Ey, with respect to m; we have

Fq = F(Eq/yq) =mFy
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On the other hand, we have a canonical morphism (E,,Y,) — (E,,Y,) lying

9~ q
over wy. So by functoriality we have a canonical isomorphism of sheaves on

Y.

q
*
Fq — wq]:(]

and therefore we have a canonical isomorphism 7} F, = 75 F. We then define

the Hecke operator T, : HY(Y,, F,) — H'(Y,,F,) by the commutativity of
the following diagram

H* (Yo, miF) = H(Yy,m5F)
1 l

H(Y,F) —% H(Y,F)

(Stop Reading Here:)
Now fix geometric generic points 5 — Y, and 7 — Y, on Y, and Y,
respectively and define

Ay :=m(Y,,5) and A, :=m (Y, 7).

Denoting by 3,7 the images of these points in Yy, and letting Ag := m(Ys, 77)
we may choose a (non-canonical) isomorphism

7T1<Ys,§) = AS. (81)

Henceforth, we shall identify these two groups via this isomorphism. The
commutative diagram

|
3

Y, — Ys — Y,
then induces canonical continuous group homomorphisms
Ay — Ag — A, (8.2)

Finally, we let F' is any finite abelian p-group endowed with a continuous
action of Ag (on the right), then using 8.2 we may also regard F' as having
continuous actions of A, and A, and let

Fs, Fg, and F, (8.3)
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be the associated lisse sheaves on the etale sites Y, Y§", and Y, respec-
tively. We note that

Fs=1iyFs and Fg = yy.F.
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