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Abstract. Let X(t), t = 0,%£1,..., be a real-valued stationary Gaussian sequence with a
spectral density function f(X\). The paper considers the question of applicability of the central limit
theorem (CLT) for a Toeplitz-type quadratic form @, in variables X (t), generated by an integrable
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1. Introduction. Let X(¢),¢=0,+1,42,..., be a centered (EX (t) = 0) real-
valued stationary Gaussian sequence with a spectral density f(\) and a covariance
function r(t), i.e.,

(1.1) r(t) = [ et F(N) dA.

We consider a question concerning an asymptotic distribution (as n — oo) of the
following Toeplitz-type quadratic form of the process X (¢):

(1.2) Qn=Y_ a(k—j) X (k) X(j),
k,j=1
where
(1.3) a(k) = /7r e g\ dN,  k=0,%+1,%2,...,

are the Fourier coefficients of some real, even, integrable function g(A\), A € T =
[, 7). We will refer to g(\) as a generating function for the quadratic form Q.
Throughout the paper the functions f(A) and g(\) are assumed to be 2w-periodic.

The limit distribution of the random variables (1.2) is completely determined by
the spectral density f(A) and the generating function g(\), and depending on their
properties it can be either Gaussian (that is, @), with an appropriate normalization
obeys the central limit theorem (CLT)), or non-Gaussian.

We naturally raise the following two questions:

(a) Under what conditions on f(A) and g(A) will the limit distribution of @,, be
Gaussian?

(b) Describe the limit distribution of @, if it is non-Gaussian.
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In this paper we essentially discuss question (a). This question goes back to the
classical monograph by Grenander and Szego [9], where they considered this problem
as an application of their theory of the asymptotic behavior of the trace of products
of truncated Toeplitz matrices.

Later this problem was studied by Ibragimov [11] and Rosenblatt [12], in con-
nection with statistical estimation of the spectral (F (X)) and covariance (r(t)) func-
tions, respectively. Since 1986, there has been a renewed interest in questions (a)
and (b), related to the statistical inferences for long-range dependent processes (see,
e.g., the papers by Avram [1], Fox and Taqqu [4], Giraitis and Surgailis [8], Terrin
and Taqqu [14], Taniguchi [17], and the monograph by Taniguchi and Kakizawa [18]).
In the papers [1], [4], and [8] sufficient conditions for quadratic form @, to obey the
CLT were obtained. B

To state the corresponding results, we need some notation: By @,, we denote the
normalized quadratic form

(1.4) Qn = —= (Qn — EQn).

Sl-

The notation
(1.5) Qn &= N(0,0°)

will mean that the distribution of the random variable @, converges (as n — 00) to
the centered normal distribution with variance o2.
By T,,(f) and T,,(g) we denote the nxn Toeplitz matrices generated by functions f

and g, respectively, i.e.,
(1.6) T.(f) = Hr(k _j)Hk,j:ﬁ and Ty,(g9) = ||a(k _j)Hk,jzma

where (k) and a(k) are as in (1.1) and (1.3), respectively. By C, M, C, M}, we denote
constants that can vary from line to line.

THEOREM A (Avram). Let the spectral density f(\) and the generating function
g(X\) be such that f(X\) € LP1(T), g(\) € LP2(T), where p1,p2 2 1 and 1/p1+1/pa <
Then (1.5) holds with o2 given by

1
5-

(1.7) o? =167 ! 2N g2 (N dA.

—T

Remark 1.1. For p; = ps = oo, Theorem A was first established by Grenan-
der and Szegd [9, Theorem 11.6], while the case py = 2, po = oo was proved by
Ibragimov [11] and Rosenblatt [12].

THEOREM B (Fox and Taqqu). Assume that the following conditions hold:

(a) The discontinuities of f(A\) and g(\) have Lebesgue measure zero, and f(\)
and g(X\) are bounded on [6, ] for all § > 0;

(b) there exist « < 1 and B < 1 such that a+ 5 < %,

(1.8) FO) ~N7YLi(N) as A —0,
g\) ~ N TPLy(N)  as A— 0,

where L1 (X) and La(X) are slowly varying at A = 0 functions.
Then (1.5) holds with variance o2 as in (1.7).
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The proofs of Theorems A and B in [1] and [4] are based on the well-known repre-
sentation of the kth order cumulant x(-) of the quadratic form @, (see, e.g., [9], [11])

0 for k=1,

Xk(Qn) = {n_k/22k—1(k —1ltr [Tn(f) Tn(g)]]C for k=2,

where tr[A] stands for the trace of a matrix A.

A different approach, applied in [8], extended Theorems A and B to linear se-
quences. In the Gaussian case the corresponding result can be formulated as follows.

THEOREM C (Giraitis and Surgailis). Assume that as n — oo
(1.10)  x2(Qn) = %tr[Tn(f)Tn(g)}2 — 167 [ f2(\) g2 (\) d) < 0.

Then (1.5) holds with variance o2 as in (1.7).

In [1] and [4] (see also [8]) it was established that each of the conditions of Theo-
rems A and B implies (1.10). Unfortunately (1.10) is not an explicit condition. In [8]
the following explicit sufficient condition was also obtained.

THEOREM D (Giraitis and Surgailis). Let f € L*(T), g € L*(T), fg € L*(T)
and for p — 0

(L.11) " PWEO—md— [ PO @O

Then (1.5) holds with variance o2 as in (1.7).

In the same paper [8] Giraitis and Surgailis conjectured that (1.10) holds under
the single condition that the integral on the right-hand side of (1.10) is finite. In [6]
one of the authors answered this conjecture negatively. To state this result, consider
the functions

28 1/p
il if 275" 1< A<275 s=2m,
(112)  fo() = { \&?

and

28 1/q
<) if 2751 §)\§278, s=2m+1,
(1.13) go(A\) = s

where m is a positive integer and p,q = 1.

It is easy to see that fo(N\) € LP(T), go(A\) € LYU(T), fo(N) go(A) € L™(T) for every r
and 02 = 167% ["_ f2(X) g3(A) dA = 0. On the other hand, in [6] it was proved that
for 1/p+1/g>1

(1.14) Xg(@n) = %tr(Tn(fo)Tn(go))2 — 0 as n — oo,

and thereby the convergence in (1.10) breaks down. In [6] it was conjectured that the
condition

o< [ 2N g2\ dr < o0

—T

implies the convergence in (1.10).
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The problem (b), that is, description of the limit distribution of the quadratic
form @, if it is non-Gaussian, was considered by Terrin and Taqqu in [14] and [15].
Let

FO)=""Li(A) and  g(A) = |A7PLa(N),

where L1 (A) and Ly () are slowly varying at 0 bounded functions. In [14] and [15] it
was proved that if a <1, < 1, and o+ 3 > %, then the random variable

1

(1.15) Qn = L) Ly (@~ )

converges in distribution to some non-Gaussian random variable Y («, ), which can
be represented as a double Wiener—Ito integral.

Note that the slowly varying functions L;(\) and La(\) are of importance because
they provide great flexibility in the choice of functions f(A) and g(A). In [14] it was
proved that they influence only the normalization in (1.15) and not the limit Y («, ).
In this paper we show that in the critical case a 4+ 3 = % the limit distribution of the
standard normalized quadratic form @, depends on the functions Li(\) and Lo(X).

The critical case a+ 3 = % was partially investigated by Terrin and Taqqu in [16].
Starting from Y («, 3), which exists only when o + 3 > %7 they showed that when
0<a<1,0<f < 1therandom variable (a+ 03— %)Y(a, ) converges in distribution
to a Gaussian random variable as « + § approaches %

In this paper, assuming that f(\) and g(\) are regularly varying at A\ = 0 of
orders « and f, respectively, we prove the CLT for standard normalized quadratic
form @, in the critical case a 4+ § = % We also show that the CLT for @Q,, is not
valid under the single condition that the asymptotic variance of @Q,, is separated from

zero and infinity.

2. Main results. Let SV be a class of slowly varying at zero functions u(\)
satisfying u(A) € L>®(R), limy_ou(A) = 0, u(A) = u(=2A), and 0 < u(\) < u(p) for
0<A<p.

THEOREM 2.1. Let

(2.1) FO) = ATLi(A)
and

(2.2) lg(V)] £ A7 La(N),
where

1
a<l, B<l1l, a+p=Z=
(2.3) 2

Li(\) € SV, A8 L(\) € L3(T), i=1,2.
Then (1.5) holds with variance o® as in (1.7).

Remark 2.1. Examples of the spectral density f(\) and the generating func-
tion g()\) satisfying the conditions of Theorem 2.1 provide the functions

FO) =7 [log A7 and  g(A) = [A 77 [log |\,

Wherea<1,,8<1,a+ﬁ<l7and'y>%.
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Remark 2.2. The functions f(\) and g(\) in Theorem 2.1 have singularities at the
point A = 0 and are bounded in any neighborhood of this point. It is clear that the
choice of the point A = 0 is not essential, and instead any point Ao € [—7, 7| can be
taken. Using the properties of the product of the Toeplitz matrices T,,(f) and T, (g) it
can be shown that the assertion of Theorem 2.1 remains valid in the case where f(\)
and g(\) have singularities of the form (2.1), (2.2) at the same finite number of points
of the segment [—, 7.

For the functions f,g € L'(T) we denote

(2.4) ety ta,t3) = | f(u)g(u—t1) fu—12) g(u — t3) du.

THEOREM 2.2. If the function ¢(t1,ts,t3) € L*(T3) is continuous at (0,0,0),
then (1.5) holds with variance o2 as in (1.7).

PROPOSITION 2.1. Theorem 2.2 implies Theorems A and D.

Remark 2.3. For the functions f(\) = A~3/% and g(\) = A\3/* satisfying the
conditions of Theorem B, the function ¢(t1,t2,t3) is not defined for to = 0, t; # 0,
t3 # 0. This shows that Theorem 2.2 generally does not imply Theorem B.

The next result shows that the condition of positiveness and finiteness of the
asymptotic variance of the quadratic form @, is not sufficient for @,, to obey the CLT.

PROPOSITION 2.2. There exist a spectral density f(\) and a generating func-
tion g(\) such that

(2.5) o< [ 2N g2V dA < oo
and
(2.6) lim sup X2(Qn) = lim sup % tr [T (f) Tn(g)]2 = 0

that is, the condition (2.5) does not guarantee convergence in (1.10).

3. Preliminaries. Recall (see [3], [13]) that a positive function u(z) is called
slowly varying at zero if
u(Ax)

xli»r%) u(x)

for any A > 0. We list some properties of slowly varying functions, which we will use
below. The following property is well known (see, e.g., [13]).
LEMMA 3.1. Let u(z) and v(x), x € R, be slowly varying at zero functions. Then
(a) for any p <1

/Oy z Pu(z) dz = O(y' Pu(y)) as y— 0;

(b) the function xPu(x) increases on some interval (0,8) if p > 0, and decreases
if p <0

(c) u(z)v(z) and u(z)/v(x) are slowly varying at zero functions.

LEMMA 3.2. For any functions u,v € SV and numbers p,q < 1, p+q > 1, there
exists a constant M > 0 such that

(3.1) / 2] Pl — y|~tu(z) v Nz — y) dz < Mly|" P tu(y) v y), yeT.
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Proof. Denote

Q(z,y) = |2 Plz — y|~Tu(z) v (z — y).

It is not hard to check that for any 6 > 0

sup /Q(m,y) dr < oo and min y' P u(y) v (y) > 0.
ly|>6JT ly|>6

Therefore it is enough to prove (3.1) for y € (—6,8) with sufficiently small § > 0.
Applying Lemma 3.1(a) we obtain

—q
/ Q) di < ('g) (g) / (2l Pu(z) da
0<|z|<]y|/2 0<|z|<|yl/2

(32) < Oy () u(y),
-p
/ Qds < (1) e | o~y ) do
lyl/2<]z|<2|y| lyl/2<|z|<2|y|
<cllvuly) [ el e @) de
0<]z|<4ly|
(3.3) < Cy' P u(y) v(y),
and
[ Qe | 2 () do
2ly|<|z|<m 2ly|<|z|<m
(3.4) < Cy' P Mu(y) v(y).

From (3.2)—(3.4) we obtain (3.1). Lemma 3.2 is proved.
The following lemma can be proved similarly.
LEMMA 3.3. Given functions u,w € SV satisfying

/Tx_lu(x) w3 (z) dr < oo,

for any q € (0,1) there exists a constant M > 0 such that

[l e =yl u@) w2 @) 0 o - g do S My w0w), we T,
T

We denote by D,,(z) the Dirichlet kernel

sin(nxz/2)
. D, (z) = 2NL/2)
(3:5) (z) sin(x/2)
It is not hard to see that
(3.6) |Dp(z)| £ min{n, |z|7"} and |Dy(z)| £ Crapy (), zeT,

where 9, () = (1 + n|z|)~L.
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LEMMA 3.4. For any function w € SV and a number t € (0,1) there exists a
constant M > 0 such that

|Dn(2)] £ Mw(n™") nlz|" " o™ ().

Proof. According to Lemma 3.1(b) the functions x'~tw~!(z) and z~tw(z) are
decreasing in some interval (0, §). Since

min {w(n™ ") n'lz[" v (z)} >0,

we can assume that n=' < § and |z| < §. Now, if |z| £ n~!, then n'~tw=1(1/n) <
xt~tw=(x) and (3.6) imply

|Dp(z)| £ n=whn Han'tw (™) Swhn ™) |z (z).

The proof in the case |z| > n~! is similar. Lemma 3.4 is proved.
The following lemma was proved in [8].
LEMMA 3.5. For any 6 € (0,1) there exists a constant Cs > 0 such that

n/wn(x—y) Yp(x —2)dx < C(sw?ll_é(y—z), y,z € T.
T

Denote
1

(3.7 Pu(w1,x9,23) = @nn

Dy, (1) Dn(x2) Dy (x3) Dn(xl +x9 + 3),

where D,,(z) is as in (3.5). For given « € (0,7) we set

Ea = {|X| g Oé} = {(7;17*%'271:3); ‘$k| g «, k= 17273}7

ES = {|x| <7} \ {]x| £ a}.

LEMMA 3.6. The kernel ®,,(x) defined by (3.7) with x = (x1,x2,z3) possesses
the following properties:

(a) [ps Pr(x)dx =1;

(b) sup,, [1s |Pn(x)]dx = C1 < o0;

(c) for any e € (0,7) we have lim, oo [p. |Pn(x)| dx = 0;

(d) for any 6 > 0 there exists a positive constant Ms such that

(3.8) /m@ﬂ@dxgﬂﬁ, n=12....
E

c
é

Proof. Proofs of (a)—(c) can be found in [2, Lemma 3.1]. To prove (d) first observe
that

(3.9) /Dg(x)d:cgcn and |Du(2)| SCy  as |g|>6 n=1,2,...,
T
where D, () is the Dirichlet kernel, while C' and Cs are some positive constants. We
have
/ P2 (x)dx < / P2 (x) dx+/ P2 (x) dx+/ P2 (x) dx
E |z1]|>6 |zo|>6 |z3|>6

c
5

(3.10) =nL+L+1;
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Clearly, it is enough to estimate I;. We have

I §/ @i(x)dx+/ @2 (x) dx
|$1|>5,|JE2|>6/3 |£E1|>6,|w3‘>5/3

(3.11) ®2(x)dx = 11V + 1% 4 11,

+ /
|z1|>6,|22|£6/3,|x3]S6/3

Using (3.9) we obtain

(3.12) < / D2 (z3) D%(21 + o + 23) doy dao dug < Ms.
Likewise,
(3.13) 1 < .

Now, observing that in the integral I 1(3) the integration region is such that |1 + z2 +
x3| > 6/3, from (3.9) we find

(3.14) 1(3 / l)2 332 333) d$1 dl‘g dCL’g < M§

From (3.12)—(3.14) we obtain (3.11). Lemma 3.6 is proved.
LEMMA 3.7. Let the function ¥(u) € L?(T?) be continuous at 0 = (0,0,0). Then

(3.15) lim U(u) P, (u)du = ¥(0),

n—oo Jr3

where u = (u1,ug,us) and the function ®,(u) is defined by (3.7).
Proof. By Lemma 3.6(a) we have

(3.16) R, = /T () &, (w) du — (0) = /T [W(u) — ¥(0)] B, (u) du.

For any € > 0, a 6 > 0 can be chosen to satisfy

(3.17) W (u) — ¥(0)| < c% if ue s,

where C is the constant from Lemma 3.6(b). We represent ¥ = ¥y + U5 such that

(3.18) |Tq]le < and  ||P2|leo < 00,

F

where M; is the constant from Lemma 3.6(d). Applying Lemma 3.6(b)—(d) and
(3.16)—(3.18) for sufficiently large n we obtain

[Ral < /E | (u) — ¥(0)] |, (u)| du
o [ 1] ou s [ (a0 - 9(0)] 200 an

1/2
< / @, (u ydu+||\1/12U @i(u)du} 2o [ |@n(w)]du < 3e.
Cl Eg K¢

This together with (3.16) implies (3.15). Lemma 3.7 is proved.
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4. Proofs of main results.
Proof of Theorem 2.1. For f,g € L*(T) and x = (1, T2, 23, 74) We set

F(x) = f(z1) f(z2) g(z3) g(z4),

and let
Hn(x) - Gn(xl - .133) Gn(x2 - .133) Gn(x4 - Il) Gn(x4 - l‘g),
where
(4.1) Gnlu) =) e = D/2 D, (u).
k=1
It is easy to check that
2
(4.2) tr(T,(f) Tn(9))” = /1‘4 F(x) Hy,(x) dx.

By Theorem B it is enough to consider the case a + (3 = % Thus, by Theorem C we
need to prove that

(4.3) lim 1 /11‘4 F(x) H,(x) dx = 87° /ﬂ‘ f2(z) g* () de,

n—oo N
provided that
(4.4) f(@) S J2[~*L(z), |g(x)| < |2|"L(z), xeT,
where L = Ly + Ly € SV and

1
(4.5) a<l, pB<1, aJrﬂ:i, /xile(x)dx<oo.
T

If a,3 2 0, then (4.4) implies f € L'/*(T), g € L*5(T), and Theorem 2.1 follows
from Theorem A. Assuming S < 0, from (4.5) we have

1 1
(4.6) §<a<1, —§<ﬁ<0.

For € € (0,1), we set

f(z) if eS|zl S,

fla) = {O if |z| <e,

and
T = {x€T": |z;| <e}, i=1,2.
We have
% N F(x) Hy(x)dx = J! + J2,
where

Jh= 2t / Fo(wn) fo () 9(as) gl@a) Ho(x) dx
n T4
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and

1 1
|2 £ ﬁ/ |F(><)Jarn(><)\d><+5/T |F(x) Hy(x)|dx =: I} + I.

1,e 2,e

Since f.,g € L*°(T), we have

lim J! = 8z / 2(x) ¢*(x) da.
T

The last integral tends to [l f?(z) g*(x) dz as e — 0; hence (4.3) follows from

(4.7) lim (I} +12) =0.

e—0,n—00

It is enough to prove (4.7) for I'. Set

Bivj{XETLL: xlé?}, i:1’2’ j:3,4,

|z,

B:{XET4: |z1] < e, |xi|>77 i=1,2, j:3,4}.

Then we have
1o 1
1
(4.8) I} < - ;:1 ;:3 /B F(x) H,(x) dx + - /B F(x) H,(x) dx.

Let w € SV be a function satisfying
(4.9) /x_lLZ(az) w4 (z) dr < oco.
T

Since

x
% < |IJ’J1 — IE3| < 2|£E3‘ as X € Blyg,

the bounds (4.4) and Lemma 3.4 imply

1
Aj = f/ F(x)G,(x)dx
nJB; 3
1
<t (5) [ ol laal loal oLl L) Laa) Do)
B3

X ‘1‘1 — 1‘3‘73/4|I2 — $3|73/4|I1 — 1‘4|73/4‘I2 — I4|73/4

xw Nz — z3)w (2o — x3) wH (@ — 24) wT (T — 24) dx

A

1
Cw* <n) / 2|~ |za| P |zg — 4| T3 AL(22) L(zy) wt (20 — 24) dg
T
X / 21|72y — 2| 3L (1) w2y — x4) day
T

X / |:C3|_6_3/4\a?2 — mg\_3/4L(m3) w_l(xg) w_l(:vg — x3) dxs drs day.
T
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Applying first Lemma 3.2, then Lemma 3.3, we obtain
1 o - -
A3 = Cuw* (n) / |22 ™% 24] '8|x2 — 4] 3/4L(x2) L(zg)w 1(x2 — x4)
T2
X |x4\_a+1/4L(334) w ! (zyg) |x2|_ﬁ_1/2L(x2) w2 (xy) dry day

—cwt (1) [led 2w vt o)

X / |zo| " g — 24| T3 AL? (20) w2 (o) w™ Ny — x4) dag day
T

(4.10) < Cut (i) il 220wt dos = o),

as n — oo. Similarly we can prove that all the integrals in the first sum in (4.8) tend
to zero as n — oo. To estimate the last integral in (4.8) we use (4.4) and Lemma 3.5
to obtain

1
A= E/B |F(x) Hy(x)| dx

S 0”3/ 1|~ 2|~ [as] P |wa| P L(x1) L(xa) L(x3) L(x4)
B

X P (21 — 3) Yo (T2 — T3) Y (@1 — 24) Yy (22 — 24) dx

A

Cn3/( a2 L
—2¢,2¢

X /Twn(xl — x3) Yn (21 — 24) L(z1) dzq

X / wn(l‘z — 56’3) ’(/)n(l‘g — I4) L(l‘g) dl‘g dxg d$4
T

A

Cn/ |:U3|_1/2L(x3)/ a2/ (25 — 24) L(ws) dvs das
(—2¢,2¢) T

2ne oo 71/2 T
411) <cC -2 (Y / S I 2 DO
am scf ) )Ty P\

Let us prove that

> |95|71/2 x —1/2+( Y
4.12 — = [Z)dz < 2r( 2 T.
(4.12) /w<1+|x—y|>3/2 n) VG ) e

Indeed, for y € T

“1/2
/ |$|3/2L<x> d:c§CL<y>/|x|1/2dx
1<y (L+ [z —yl) n n) Jr
CL<y> < Cy1/2L<y>.
n n

A

(4.13)
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According to Lemma 3.1 the function ¢t~'/2L(t) is decreasing on some interval (0, §).
Hence, assuming without loss of generality that n > 7/6, we have for |z| > |y|

—1/27( % —1/2 |z| 2 (e —1/2 ly e Y —1/2 Y
[ V2L( =) =n = LI=)<n — L= ) =1lyl™/"L{ ~ ).
n n n n n n

Therefore

—-1/2 o) 1
[ s (2) [
ey (L4 |z =9[)327 \n n) Joo (14 ]x])%

(4.14) < C|y|_1/2L(y>.
n

From (4.13), (4.14) we obtain (4.12), and from (4.11), (4.12), and (4.5)

2ne 2e
(4.15) A< c/ ly| L2 (i) dy = c/ 1t~ L2(t) dt = o(e),

—2ne —2¢

as ¢ — 0. A combination of (4.8), (4.10), and (4.15) yields (4.7). Theorem 2.1 is
proved.

Proof of Theorem 2.2. By the change of variables 1 = u, 1 — z3 = uq,
T3 — To = ug, and x9 — x4 = ugz from (4.2) we obtain

tr(Ta() Ta(9))” = | Gulur) Gu(ua) Gin(uss) G (—u1 = w2 — ug)

x f(u) g(u —u1) f(u —uy — uz)
(4.16) x g(u — uyp — ug — ug) duy dug dug duy,

where G, (u) is as in (4.1). Taking into account the equality

eiul(n-i-l)/Q eiuz(n+1)/2 eiug(n+1)/2 e—i(u1+u2+u3)(n+1)/2 -1
and that D, (u) is an even function, from (4.16) we obtain
(4.17) tr(Tn(f) Tn(g))2 = 873 / U (uy, ug, ug) ®p(u1, us, uz) duy dus dug,
’H‘S

where ®,,(u1,ug,u3) is defined by (3.7), U(u1, ug,usz) = @(uy, us + us, u1 + us + us),
and o(u1, ug, us) is defined by (2.4). By Theorem C and (4.17) we need to prove that

(4.18) lim ¥(u) @, (u)du = /Efz(ac) g*(z) dx.

n—oo Jr3

Now, since the functions ¢(u1,ug, us) and V(uy, us, usz) = @(ug, u1 +ug, ug + ug + us)
are square integrable and continuous at (0,0, 0) simultaneously, and

\I/(O,O,O):/TF(:E)gz(x) dz,

from Lemma 3.7 we obtain (4.18). Theorem 2.2 is proved.
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Proof of Proposition 2.1. To show that Theorem 2.2 implies Theorem A it is
enough to prove that the function

(4.19)  »(t) ¢:/Tfo(u)fl(u—tl)f2(u—f2)f3(u—t3)d% t = (t1,12,13),

belongs to L?(T?) and is continuous at (0,0, 0), provided that
3

1
(4.20) fie LP(T), 1<pi<oo, i=0,1,2,3, > —=1.
— pi

It follows from the Hoélder inequality and (4.20) that

3
t)| < H | fill v (T t = (t1,t2,t3) € T

Therefore, ¢(t) € L*(T?). To prove the continuity of ¢(t) at the point (0,0,0) we
consider three cases.

Case 1. p; < 00, 1 = 0,1,2,3. For an arbitrary ¢ > 0 we find 6 > 0 satisfying
(see (4.20))

(4.21) (| fi(u —t) = fi(u)

i=1,2,3, if |t <6

.= <

We fix t = (t1,t2,t3) with |t| < 6 and denote fi(u) = fi(u +t;) — fi(u), i = 1,2,3.
Then (4.21) implies || fi|lp, <€, ¢ = 1,2,3, and hence

3
0= [ fo( [T () + i) du = (0.0,0) + W,

where the quantity W is a sum of five integrals. Each of them contains at least one
function f,; and can be estimated as the following integral:

’/Tfo(U) Fi(w) f2(w) f3(u) du| < | follpo 11llp, (| f2]],, I1f5]lps = Ce.

Case 2. p; L 00,1=0,1,2,3, Z?:o 1/p; < 1. There exist finite numbers p} < p;,
1=0,1,2,3, Z?:o 1/p} < 1, for which we have f; € LPi(T). Hence the function ¢ is
continuous at (0,0,0) as in Case 1.

Case 3. p; £ 00,1=0,1,2,3, Z?:o 1/p; = 1.

At least one of the numbers p; is finite. Suppose without loss of generality, that
po < co. For any € > 0 we find functions f{, f{/ such that

(4.22) fo=fo+ 1oy foel™ |fllp <e.
Then
(4.23) p(t) = ¢'(t) + " (t),

where the functions ¢’ and ¢” are defined as ¢ in (4.19) with fy replaced by f]
and f{/, respectively. It follows from (4.22) that ¢’ is continuous at (0,0,0) (see
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Case 2), while for ¢”, an application of the Holder inequality yields |¢”(t)| < Ce.
Hence, for sufficiently small |t]

}@(t) - @(07070” § |§0I(t) - ¢/(0’0a0)| + |<)0”(t) - gp”(0,0,0)| é (C + 1) g,

and the result follows.
Now we prove that Theorem 2.2 implies Theorem D. To this end it is enough to
show that the function

/f glu—t1) f(u—t2) glu—t3)du,  t=(t1,t2,t3) € T,
is continuous at (0,0,0), provided that f and g satisfy the conditions of Theorem D,

ie., f € Ly(T), g € Lo(T), fg € Lao(T), and (1.11) holds.
Since

2(t) < 27r/ F2(u) g% (u—t1) f2(u — t2) g*(u — t3) du,
T
we have

/TB<P2(t) dt < /T[/ng(u—tl)dh/TfQ(u—tz)dtgAgz(u—t3)dt3] £2(u) du

= [I£l12 lgllz < oo

Now we prove the continuity of ¢(t) at the point (0,0,0). Let & be an arbitrary
positive number. We denote

Ex ={ueT: [f(u)| = K}, filu) = xpe () f(w),  f2(u) = f(u) = fr(u),

where K > 0 is chosen to satisfy
[ Pufwdse
T\Ex
Then
(4.24) f=h+fo IflesK [ BOP@wse

Consider the decomposition

=/Tfl(u>g<u—t1>f1<u—t2>g<u—t3>du
+/ng(u)g(u—tl)f(u—tg)g(u—tg)du

(4.25) + /Tf1(u)9(u —t1) fa(u — t2) g(u — t3) du =: 1 (t) + p2(t) + 3(t).

We estimate the functions ¢ (t), k = 1,2, 3, separately. We have
0= [ A gu—t) fu—t) [a(u—ta) — o(w)] du
+ [ 100 900 il = 1) [o(u - 1) = 9(w)]

(426) /f1 fl(u—tg) du =: Il +12+[3



626 M. S. GINOVYAN AND A. A. SAHAKYAN

Using the Holder inequality, from (4.24) we get

(427) LIS K2lglla [lg(u+ts) — g@)], = o(1)  as ts—0.
Similarly
(4.28) |I2] = o(1) as t1—0

and in view of (4.24) we have

I3 /90(03070)‘ =
T

/ Fr (4 1) g% (u + t2) fi () du — / £2(u) g% () du
T T

+‘ [ #3006 du

(4.29) §Aﬂﬁ@u¢gg%u+@)—ﬁ@oﬁ@ML+e:ou)+e

as t2 — 0. From (4.26)—(4.29) for sufficiently small |t| we obtain
Next, for po(t) we have

‘ 2

IN

oa(t)]® < / F2(u) % (u— 1) du / f2(u— t2) g% (u — ta) du

= /fz(u)gQ(u—tl)du—/Tff(u)gQ(U—tl)du

/f2 2(u+ty — t3) du
/T £2(u) g% (u) du

_aAﬁ@fwm—AﬁMfmw

as |t| — 0. Therefore, in view of (4.24) for sufficiently small |t|

(4.31) lo2(t)| < 5/ 2 (u
Similarly we can prove that for sufficiently small |t|
(4.32) e << [ Pue?
A combination of (4.25) and (4.30)—(4.32) yields

lim (t) = £(0.0,0).

This completes the proof of Proposition 2.1.

Proof of Proposition 2.2. We construct functions f(A) and g(\) satisfying the
conditions (2.5) and (2.6). Let p = 2 be fixed; we choose a number ¢ > 1 satisfying
1/p+1/q > 1. For such p and ¢ consider the functions fo(A) and go(A) defined
by (1.12) and (1.13), respectively. For an arbitrary finite positive constant C' we set

g+(A) = go(N) £ C.
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Since the functions fo(\) and go(A) have disjoint supports, we have
N GEN = [ ) (W) £C)?dr=C? [ fF(N)dA < oo,

and hence (2.5) is fulfilled. Next, by (1.14)

(4.33) %tr(Tn(fo) Tn(go))2 — 00 as n — oo,
and by Theorem A with p; = p 2 2 and py = oo,

(4.34) %02 tr(T2 (fo)) — 87°C? 7; fE(N) dX < oo.
On the other hand, we have

(T (fo) Tulg+))” = tx(Tn(fo) Tulgo + C))

= tr(Tu(fo) Tu(90))” £ 2C tr (T2(fo) Tu(g0)) + C*x(T2(fo)),
which combined with (4.33) and (4.34) implies

(T (o) Tal9:))” +  tr(Tao) Tal9-))
= %tr(Tn(fo) Tn(go))2 + %C’Qtr(Tf(fo)) — 00 as n — oo.

Therefore, either

tim sup (T, (fo) T (94))” = o0

or

1
lim sup — tr(7T5,(fo) Tn(g_))2 =
n

n—oo

Thus, we obtain

. ~ . 2
Jim supxo(Qn) = lim sup > tr(T,(f) Tu(9))” = oo

(oo}
with f = fo and g = g4 or g = g_. This completes the proof of Proposition 2.2.
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