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1 Introduction

Let X(t), t ∈ R, be a centered real-valued stationary Gaussian process with
spectral density f (λ) and covariance function r(t), i.e.

r(t) =
+∞∫

−∞
eiλt f (λ)dλ. (1.1)

We consider a question concerning asymptotic distribution (as T → ∞) of the
following Toeplitz type quadratic functional of the process X(t):

QT =
T∫

0

T∫

0

ĝ(t − s)X(t)X(s)dt ds, (1.2)

where

ĝ(t) =
+∞∫

−∞
eiλt g(λ)dλ, t ∈ R, (1.3)

is the Fourier transform of some integrable even function g(λ), λ ∈ R. We will
refer g(λ) as a generating function for the functional QT .
The limit distribution of the functional (1.2) is completely determined by the
spectral density f (λ) and the generating function g(λ), and depending on their
properties it can be either Gaussian (that is, QT with an appropriate normal-
ization obey central limit theorem), or non-Gaussian. We naturally arise the
following two questions:

(a) Under what conditions on f (λ) and g(λ) will the limits be Gaussian?
(b) Describe the limit distributions, if they are non-Gaussian.

In this paper we essentially discuss the question (a). This question goes back to
the classical monograph by Grenander and Szegö [12], where the problem was
considered for discrete time processes, as an application of authors’ theory of
the asymptotic behavior of the trace of products of truncated Toeplitz matrices.

Later the problem (a) was studied by I. Ibragimov [14] and M. Rosenblatt
[17], in connection with statistical estimation of the spectral (F(λ)) and covari-
ance (r(t)) functions, respectively. Since 1986, there has been a renewed interest
in both questions (a) and (b), related to the statistical inferences for long-range
dependent processes (see, e.g., [1,5,9,10,18,21,22], and references therein). In
particular, Avram [1], Fox and Taqqu [5], Giraitis and Surgailis [10], Ginovian
and Sahakian [9] have obtained sufficient conditions for quadratic form QT to
obey the central limit theorem (CLT).

For continuous time processes the above questions are less investigated. The
question (a) was partially studied in [6,8,14].

In this paper we obtain sufficient conditions in terms of f (λ) and g(λ) ensur-
ing central limit theorems for standard normalized quadratic functionals QT ,
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extending the results of Avram [1], Fox and Taqqu [5], Giraitis and Surgailis
[10], Ginovian and Sahakian [9] for discrete time processes.

We will use the following notation: By Q̃T we denote the standard normalized
quadratic functional:

Q̃T = 1√
T
(QT − EQT) . (1.4)

The notation
Q̃T ⊂�⇒ N(0, σ 2) as T → ∞ (1.5)

will mean that the distribution of the random variable Q̃T tends (as T → ∞)
to the centered normal distribution with variance σ 2.
By BT(ψ) we denote the truncated Toeplitz operator generated by a function
ψ ∈ L1(R) defined as follows (see [12,14]):

[BT(ψ)u](λ) =
T∫

0

ψ̂(λ− µ)u(µ)dµ, u(λ) ∈ L2[0, T], (1.6)

where ψ̂(·) is the Fourier transform of ψ(·).
Our study of the asymptotic distribution of the quadratic functional (1.2) is

based on the well-known representation of the kth order cumulant χk(·) of Q̃T
(see, e.g., [12,14]):

χk(Q̃T) =
{

0 for k = 1,
T−k/22k−1(k − 1)! tr [BT(f )BT(g)]k for k ≥ 2,

(1.7)

where BT(f ) and BT(g) are truncated Toeplitz operators in L2[0, T] gener-
ated by the functions f and g respectively, and tr[A] stands for the trace of an
operator A.

By C, M, Ck, Mk we will denote constants that can vary from line to line.
The remainder of the paper is organized as follows. In Sect. 2 we state the main
results of the paper—Theorems 1–5. In Sect. 3 we prove some auxiliary results.
Sect. 4 is devoted to the proofs of results stated in Sect. 2.

2 Results

Below we assume that f , g ∈ L1(R), and with no loss of generality, that g ≥ 0.
Also, we set

σ 2
0 = 16π3

∞∫

−∞
f 2(λ)g2(λ)dλ. (2.1)

The main results of the paper are the following theorems.
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Theorem 1 Assume that f · g ∈ L1(R) ∩ L2(R) and for T → ∞

χ2(Q̃T) = 2
T

tr
[
BT(f )BT(g)

]2 −→ 16π3

+∞∫

−∞
f 2(λ)g2(λ)dλ. (2.2)

Then Q̃T ⊂�⇒ N(0, σ 2
0 ) as T → ∞.

Theorem 2 If the function

ϕ(x1, x2, x3) =
+∞∫

−∞
f (u)g(u − x1)f (u − x2)g(u − x3)du (2.3)

belongs to L2(R3) and is continuous at (0, 0, 0), then Q̃T ⊂�⇒ N(0, σ 2
0 ) as T → ∞.

Theorem 3 Assume that f (λ) ∈ Lp(R) (p ≥ 1) and g(λ) ∈ Lq(R) (q ≥ 1) with
1/p + 1/q ≤ 1/2. Then Q̃T ⊂�⇒ N(0, σ 2

0 ) as T → ∞.

Theorem 4 Let f ∈ L2(R), g ∈ L2(R), fg ∈ L2(R) and

+∞∫

−∞
f 2(λ)g2(λ− µ)dλ −→

+∞∫

−∞
f 2(λ)g2(λ)dλ as µ → 0. (2.4)

Then Q̃T ⊂�⇒ N(0, σ 2
0 ) as T → ∞.

Let SV(R) be the class of slowly varying at zero functions u(λ), λ ∈ R

satisfying u(λ) ∈ L∞(R), and

lim
λ→0

u(λ) = 0, u(λ) = u(−λ), 0 < u(λ) < u(µ) for 0 < λ < µ.

Theorem 5 Assume that functions f and g are integrable on R and bounded on
R \ (−π ,π) and let

f (λ) ≤ |λ|−αL1(λ), |g(λ)| ≤ |λ|−βL2(λ), λ ∈ [−π ,π ], (2.5)

where L1(λ) and L2(λ) are slowly varying at zero functions and

α < 1, β < 1, α + β ≤ 1/2;

Li ∈ SV(R), λ−(α+β)Li(λ) ∈ L2(T), i = 1, 2. (2.6)

Then Q̃T ⊂�⇒ N(0, σ 2
0 ) as T → ∞.

Remark 1 For p = 2, q = ∞ Theorem 3 was first established by Ibragimov [14],
while the general case was proved by Ginovian in [8]. Here we give a different
proof of this theorem by showing that it follows from Theorem 2.
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Remark 2 The analogs of Theorems 1 and 4 for discrete time processes were
proved by Giraitis and Surgailis in [10], the discrete analogs of Theorems 2 and 5
were established by Ginovian and Sahakian in [9] while the discrete analog of
Theorem 3 was proved by Avram in [1].

3 Preliminaries

Lemma 1 Let BT(f ) and BT(g) be the truncated Toeplitz operators generated by
functions f ∈ L1(R) and g ∈ L1(R) respectively. Then

tr
[
BT(f )BT(g)

]2 =
∫

R4

GT(x1 − x3)GT(x3 − x2)GT(x2 − x4)GT(x4 − x1)

×f (x1)f (x2)g(x3)g(x4)dx1dx2dx3dx4, (3.1)

where

GT(u) =
T∫

0

eitu dt = eiTu − 1
iu

= eiTu/2 · DT(u) (3.2)

and DT is the Dirichlet kernel defined by

DT(u) = sin(Tu/2)
u/2

. (3.3)

Proof Using (1.6) it is easy to check that
[
BT(f )BT(g)

]2 is an integral operator
with kernel

K(t, s) =
T∫

0

T∫

0

T∫

0

r(t − u1)̂g(u1 − u2)r(u2 − u3)̂g(u3 − s)du1 du2 du3,

where r(t) and ĝ(t) are as in (1.1) and (1.3). By the formula for traces of integral
operators (see [11, Sect. 3.10]), we have

tr
[
BT(f )BT(g)

]2 =
T∫

0

K(t, t)dt

=
T∫

0

T∫

0

T∫

0

T∫

0

r(t − u1)̂g(u1 − u2)r(u2 − u3)

× ĝ(u3 − t)du1 du2 du3 dt. (3.4)



556 M. S. Ginovyan, A. A. Sahakyan

Taking into account (1.1), (1.3) and (3.2) from (3.4) we obtain (3.1). Lemma 1
is proved.

Let u = (u1, u2, u3). Consider the kernel

	T(u) = 1
8π3T

· DT(u1)DT(u2)DT(u3)DT(u1 + u2 + u3). (3.5)

Lemma 2 The kernel 	T(u) possesses the following properties:

(a) sup
T

∫

R3

|	T(u)| du = C1 < ∞;

(b)
∫

R3

	T(u)du = 1;

(c) lim
T→∞

∫

E
c
δ

|	T(u)| du = 0 for any δ > 0;

(d) for any δ > 0 there exists a constant Mδ > 0 such that∫

E
c
δ

	2
T(u)du ≤ Mδ for T > 0. (3.6)

where E
c
δ = R

3 \ Eδ and Eδ = {(u1, u2, u3) ∈ R
3 : |ui| ≤ δ, i = 1, 2, 3}.

Proof The proof of properties (a)–(c) can be found in [2] (Lemma 3.2). To
prove (d) first observe that

∫

R

D2
T(u)du ≤ C T and |DT(u)| ≤ Cδ for |u| > δ, T > 0. (3.7)

For u = (u1, u2, u3) ∈ R
3 we have

∫

E
c
δ

	2
T(u)du ≤

∫

|u1|>δ
	2

T(u)du +
∫

|u2|>δ
	2

T(u)du

+
∫

|u3|>δ
	2

T(u)du =: I1 + I2 + I3. (3.8)
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It is enough to estimate I1:

I1 ≤
∫

|u1|>δ, |u2|>δ/3
	2

T(u)du +
∫

|u1|>δ, |u3|>δ/3
	2

T(u)du

+
∫

|u1|>δ, |u2|≤δ/3, |u3|≤δ/3
	2

T(u)du =: I(1)1 + I(2)1 + I(3)1 . (3.9)

According to (3.7)

I(1)1 ≤ Cδ · 1
T2

∫

|u2|>δ/3
D2

T(u2)D2
T(u3)D2

T(u1 + u2 + u3)du1du3du2

≤ Cδ

∫

|u2|>δ/3

1

u2
2

du2 ≤ Mδ . (3.10)

Likewise,

I(2)1 ≤ Mδ . (3.11)

Note that in the integral I(3)1 , we have |u1 + u2 + u3| > δ/3, hence by (3.7)

I(3)1 ≤ Cδ · 1
T2

∫

|u1|>δ
D2

T(u1)D
2
T(u2)D2

T(u3)du2du3du1

≤ Cδ

∫

|u1|>δ

1

u2
1

du1 ≤ Mδ . (3.12)

From (3.8)–(3.12) we obtain (3.6). Lemma 2 is proved.

Lemma 3 If the function�(u) ∈ L1(R3)∩L2(R3) is continuous at (0, 0, 0). Then

lim
T→∞

∫

R3

�(u)	T(u)du = �(0, 0, 0), (3.13)

where u = (u1, u2, u3) and 	T(u) is defined by (3.5).

Proof By Lemma 2 (b) we have

RT :=
∫

R3

�(u)	T(u)du −�(0) =
∫

R3

[�(u)−�(0)]	T(u)du. (3.14)
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For any ε > 0 we can find δ > 0 to satisfy

|�(u)−�(0)| < ε

C1
, (3.15)

where C1 is the constant from Lemma 2 (a). Consider the decomposition � =
�1 +�2 such that

‖�1‖2 ≤ ε√
Mδ

and ‖�2‖∞ < ∞, (3.16)

where Mδ is defined in Lemma 2 (d). Applying Lemma 2 and (3.14)–(3.16) for
sufficiently large T we obtain

|RT | ≤
∫

Eδ

|�(u)−�(0)||	T(u)|du +
∫

E
c
δ

|�1(u)||	T(u)|du

+
∫

E
c
δ

|�2(u)−�(0)||	T(u)|du ≤ ε

C1

∫

Eδ

|	T(u)|du

+‖�1‖2

[∫

E
c
δ

	2
T(u)du

]1/2

+ C2

∫

E
c
δ

|	T(u)|du ≤ 3 ε.

This combined with (3.14) yields (3.13). Lemma 3 is proved.
Denote

µT(A) = 1
T

∫

A

GT(λ1 − λ3)GT(λ3−λ2)GT(λ4 − λ1)GT(λ2 − λ4)dλ1dλ2dλ3dλ4

(3.17)

and let Cloc(R
n) be the space of continuous functions on R

n with bounded
support.

Lemma 4 If f ∈ Cloc(R
4), then

lim
T→∞

∫

R4

f dµT = 8π3
∫

R

f (u, u, u, u)du (3.18)

Proof Making a change of variables

λ1 = u, λ3 − λ2 = u1, λ4 − λ1 = u2, λ2 − λ4 = u3,
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from (3.2)–(3.5), (3.17) and the equality

GT(u1)GT(u2)GT(u3)GT(−u1 − u2 − u3)

= DT(u1)DT(u2)DT(u3)DT(u1 + u2 + u3),

we get

∫

R4

f dµT = 1
T

∫

R3

∫

R

f (u, u + u2 + u3, u + u1 + u2 + u3, u + u2)du

× GT(u1)GT(u2)GT(u3)GT(−u1 − u2 − u3)du1du2du3

=: 8π3
∫

R3

�(u)	T(u)du, (3.19)

where u = (u1, u2, u3) and

�(u) =
∫

R

f (u, u + u2 + u3, u + u1 + u2 + u3, u + u2)du.

It is not difficult to check that the function � satisfies conditions of Lemma 3
and

lim
u→(0,0,0)

�(u) =
∫

R

f (u, u, u, u)du. (3.20)

Hence applying Lemma 3 from (3.19) and (3.20) we get (3.18). Lemma 4 is
proved.

Lemma 5 If f ∈ L1(R), then

(1)
∫

R4

|f (xi)|d|µT | ≤ C1‖f‖L1(R), i = 1, 2, 3, 4, (3.21)

(2)
∫

R4

|f (xi)f (xj)|d|µT | ≤ C2‖f‖2
L2(R)

, i, j = 1, 2, 3, 4, i �= j. (3.22)

where C1 and C2 are absolute constants.

Proof For T > 0 we have

|GT(x)| ≤ 2TψT(x), where ψT(x) = 1
1 + T|x| , x ∈ R. (3.23)
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We show that for u, v ∈ R,

T
∫

R

ψT(x + u)ψT(x + v)dx ≤ Cδψ
1−δ
T (u − v), δ > 0, (3.24)

Indeed, (3.24) is equivalent to the following

∫

R

1
(1 + |x|)(1 + |x + t|) dx ≤ Cδ

1
(1 + |t|)1−δ , t ∈ R. (3.25)

Denoting by J(t) the left-hand side of (3.25), we can write

J(t) =
∫

|x|<2|t|

1
(1 + |x|)(1 + |x + t|) dx +

∫

|x|≥2|t|

1
(1 + |x|)(1 + |x + t|) dx

≤ C
1 + |t|

∫

|x|<2|t|

[
1

1 + |x| + 1
1 + |x + t|

]
dx + C

∫

|x|≥2|t|

1
(1 + |x|)2 dx

≤ C
ln(1 + |t|)

1 + |t| + C
1

1 + |t| ≤ Cδ
1

(1 + |t|)1−δ , δ > 0,

yielding (3.25). To prove (3.21) for i = 1 (say), we apply the inequality (3.24)
with δ = 1/4 to obtain

∫

R4

|f (x1)|d|µT | ≤ CT3
∫

R4

|f (x1)|ψT(x1 − x3)ψT(x3 − x2)

×ψT(x4 − x1)ψT(x2 − x4)dx1dx2dx3dx4

≤ CT
∫

R

|f (x1)|
∫

R

ψ
3/2
T (x1 − x2)dx2dx1 ≤ C1‖f‖L1(R).

This proves (3.21). To prove (3.22) for i = 1, j = 2 (say), we use (3.24) and
Cauchy inequality to obtain

∫

R4

|f (x1)f (x2)|d|µT |

≤ CT3
∫

R4

|f (x1)f (x2)|ψT(x1 − x3)ψT(x3 − x2)ψT(x4 − x1)

×ψT(x2 − x4)dx1dx2dx3dx4

≤ CT
∫

R2

|f (x1)f (x2)|ψ3/2
T (x1 − x2)dx1dx2
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≤ C

⎧⎪⎨
⎪⎩T

∫

R2

f 2(x1)ψ
3/2
T (x1 − x2)dx1dx2

⎫⎪⎬
⎪⎭

1/2

+

⎧⎪⎨
⎪⎩T

∫

R2

f 2(x2)ψ
3/2
T (x1 − x2)dx1dx2

⎫⎪⎬
⎪⎭

1/2

≤ C2

∫

R

f 2(x)dx.

Lemma 5 is proved.

Lemma 6 Let f (u1, u2, u3, u4) =
4∏

i=1
fi(ui), where fi ∈ L1(R) ∩ L∞(R), i =

1, 2, 3, 4. Then (3.18) holds.

Proof Suppose ‖fi‖∞ ≤ M < ∞, i = 1, 2, 3, 4. Using Lusin’s theorem for any
ε > 0 we can find functions hi, gi, i = 1, 2, 3, 4 satisfying

fi = gi + hi, gi ∈ Cloc(R), ‖hi‖L1(R) ≤ ε, ‖gi‖C ≤ M. (3.26)

Therefore

∫

R4

f dµT =
∫

R4

4∏
i=1

(gi + hi)dµT =
∫

R4

4∏
i=1

gidµT + IT , (3.27)

where by (3.26) and Lemma 5

|IT | ≤
4∑

j=1

∫

R4

|hj|
4∏

i=1,i �=j

(|gi| + |hi|)d|µT |

≤ CM

4∑
j=1

∫

R4

|hj|d|µT | ≤ CM

4∑
j=1

‖hj‖L1(R) ≤ CMε. (3.28)

By Lemma 4

lim
T→∞

∫

R4

4∏
i=1

gi(ui)dµT =
∫

R

4∏
i=1

gi(u)du

=
∫

R

4∏
i=1

[
fi(u)− hi(u)

]
du =

∫

R

f (u, u, u, u)du + J, (3.29)
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where

|J| ≤
4∑

j=1

∫

R

|hj(u)|
4∏

i=1,i �=j

(|fi(u)| + |gi(u)|)du ≤ CMε. (3.30)

From (3.27) – (3.30) we get (3.18). Lemma 6 is proved.

Lemma 7 Let ψ(u) ∈ L1(R) ∩ Lp(R), with 1 < p < ∞. Then

µT := ||BT(ψ)||∞ = o
(
T1/p) as T → ∞. (3.31)

Proof Let NT be a positive function of T, which we will specify later. We set

MT = {λ ∈ R; |ψ(λ)| > NT}. (3.32)

We have

µT = ||BT(ψ)||∞ = sup
u∈L2(R), ||u||2=1

|(BT(ψ)u, u)|

= sup
u∈L2(R), ||u||2=1

∣∣∣∣∣∣
T∫

0

T∫

0

ψ̂(t − s)u(t)u(s)dt ds

∣∣∣∣∣∣

= sup
u∈L2(R), ||u||2=1

∣∣∣∣∣∣
T∫

0

T∫

0

⎡
⎣

+∞∫

−∞
eiλ(t−s)ψ(λ)dλ

⎤
⎦u(t)u(s)dt ds

∣∣∣∣∣∣ . (3.33)

A square integrable function u(t) is also integrable on [0, T]. Hence, switching
the order of integration in (3.33), we get

µT = sup
u∈L2(R), ||u||2=1

∣∣∣∣∣∣
+∞∫

−∞
ψ(λ)

⎡
⎣

T∫

0

u(t)eitλ dt

T∫

0

u(s)e−isλ ds

⎤
⎦ dλ

∣∣∣∣∣∣

≤ sup
u∈L2(R), ||u||2=1

+∞∫

−∞
|ψ(λ)|

∣∣∣∣∣∣
T∫

0

u(t) eiλtdt

∣∣∣∣∣∣

2

dλ. (3.34)

Since for u(t) ∈ L2[0, T] with ||u||2 = 1 we have
∣∣∫ T

0 u(t) eiλtdt
∣∣2 ≤ T, by

Plancherel’s theorem from (3.34) we obtain

µT ≤ 2πNT + T
∫

MT

|ψ(λ)| dλ, (3.35)



Limit theorems for Toeplitz quadratic functionals 563

where MT is as in (3.32). We show that for every p(1 < p < ∞)

∫

MT

|ψ(λ)| dλ ≤ γ
p
T N(1−p)

T , (3.36)

where

γT =
⎛
⎜⎝
∫

MT

|ψ(λ)|p dλ

⎞
⎟⎠

1/p

. (3.37)

Indeed, by Hölder inequality
∫

MT

|ψ(λ)| dλ ≤ γT
[
m(MT)

](p−1)/p, (3.38)

where m(MT) is the Lebesgue measure of the set MT . Next, by Chebyshev
inequality

m(MT) ≤ γ
p
T N−p

T . (3.39)

A combination of (3.38) and (3.39) yields (3.36). Now from (3.35) and (3.36)
we have

µT ≤ 2πNT + Tγ p
T N(1−p)

T . (3.40)

If ψ ∈ L∞(R), then putting NT = ‖ψ‖∞ for all T > 0, we will have γT = 0 and
(3.40) implies µT = O(1).

Now suppose ψ �∈ L∞(R) and for fixed T > 0 consider the function

F(N) = N − T1/p

⎛
⎜⎝

∫

{λ:|ψ(λ)|>N}
|ψ(λ)|p dλ

⎞
⎟⎠

1/p

, N ∈ [0, ∞).

Since F(0) < 0 and limN→∞ F(N) = +∞ there exists a positive number N = NT
with F(NT) = 0, i.e.

NT = T1/p

⎛
⎜⎝

∫

{λ:|ψ(λ)|>NT }
|ψ(λ)|p

⎞
⎟⎠ = T1/pγT . (3.41)

It is easy to see that forψ �∈ L∞(R) the equality (3.41) implies limT→∞ NT = ∞.
Hence γT = o(1) and from (3.40) and (3.41) we obtainµT < 8T1/pγT = o(T1/p)

as T → ∞. Lemma 7 is proved.
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Lemma 8 Let ψ ∈ L1(R) ∩ L2(R). Then

1
T

||BT(ψ)||22 −→ 2π ||ψ ||22 as T → ∞. (3.42)

Proof Using the formula for Hilbert–Schmidt norm of integral operators (see
[11]), by (1.6) we have

1
T

||BT(ψ)||22 = 1
T

T∫

0

T∫

0

|ψ̂(t − s)|2 dt ds

= 1
T

T∫

−T

(
T − |t|)|ψ̂(t)|2 dt =

T∫

−T

(
1 − |t|

T

)
|ψ̂(t)|2 dt. (3.43)

Passing to the limit as T → ∞ and using Plancherel’s equality, from (3.43) we
obtain (3.42). Lemma 8 is proved.

The next lemma is known (see [4], Proposition 1(i)), we deduce it from
Lemmas 7 and 8.

Lemma 9 Let Y(t), t ∈ R, be a real-valued, centered, separable stationary Gauss-
ian process with the spectral density fY(λ) ∈ L1(R)∩L2(R). Then the distribution
of the normalized quadratic form

LT := 1√
T

⎛
⎝

T∫

0

Y2(t)dt − IE

T∫

0

Y2(t)dt

⎞
⎠ (3.44)

tends (as T → ∞) to the normal distribution N(0, σ 2
Y) with variance

σ 2
Y = 4π

+∞∫

−∞
f 2
Y(λ)dλ. (3.45)

Proof Let R(t) be the covariance function of Y(t). For T > 0 denote by µj =
µj(T), j ≥ 1 the eigenvalues of the operator BT(fY) (see (1.6)), and let ej(t) =
ej(t, T) ∈ L2[0.T], j ≥ 1, be the corresponding orthonormal eigenfunctions, i.e.

T∫

0

R(t − s)ej(s)ds = µjej(t), j ≥ 1. (3.46)
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Since by Mercer’s theorem (see, e.g., [11], Sect. 3.10)

R(t − s) =
∞∑

j=1

µjej(t)ej(s) (3.47)

with positive and summable eigenvalues {µj}, we have the Karhunen–Loéve
expansion (see, e.g., [16], Sect. 34.5)

Y(t) =
∞∑

j=1

√
µjξjej(t), (3.48)

where {ξj} are independent N(0, 1) random variables. Therefore by (3.44) and
(3.48)

LT = 1√
T

∞∑
j=1

µj(ξ
2
j − 1). (3.49)

Denote by χk(LT) the kth order cumulant of LT . By (3.49) (cf. (1.7)) we have

χk(LT) =
{

0 for k = 1,
(k − 1)! 2k−1T−k/2tr[BT(fY)]k for k ≥ 2.

(3.50)

By (3.50) and Lemma 8

χ2(LT) = 2
T

||BT(fY)||22 −→ 4π

+∞∫

−∞
f 2
Y(λ)dλ as T → ∞. (3.51)

Next, by (3.50) for k ≥ 3

|χk(LT)| ≤ C
1
T

||BT(fY)||22 T1−k/2µk−2
T , (3.52)

whereµT = ||BT(fY)||∞. By Lemmas 7 and 8 the right-hand side of (3.52) tends
to zero as T → ∞. Lemma 9 is proved.
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4 Proofs

Proof of Theorem 1 By Theorem 16.7.2 from [15] the underlying process X(t)
admits the moving average representation

X(t) =
+∞∫

−∞
â(t − s)dξ(s), (4.1)

where

+∞∫

−∞
|̂a(t)|2 dt < ∞, (4.2)

while ξ(s) is a process with orthogonal increments such that IE[dξ(s)] = 0 and
IE|dξ(s)|2 = ds. Moreover the spectral density f (λ) can be represented as

f (λ) = 2π |a(λ)|2, (4.3)

where a(λ) is the inverse Fourier transform of â(t). We set

a1(λ) = (2π)1/2 a(λ) · [g(λ)]1/2, (4.4)

where g(λ) is the generating function, and consider a process Y(t) (t ∈ R)

defined by

Y(t) =
+∞∫

−∞
â1(t − s)dξ(s), (4.5)

where â1(t) is the Fourier transform of a1(λ) and ξ(s) is as in (4.1). Since
fg ∈ L1(R) by Parseval’s identity we have

+∞∫

−∞
|̂a1(t)|2 dt = 2π

+∞∫

−∞
|a1(λ)|2 dλ = 4π2

+∞∫

−∞
f (λ) g(λ)dλ < ∞. (4.6)

So, Y(t) is well-defined stationary process with spectral density

ϕ(λ) := |a1(λ)|2 = 2π f (λ) g(λ). (4.7)

Since by assumption f (λ)g(λ) ∈ L1(R) ∩ L2(R), the process Y(t) defined by
(4.5) satisfies the conditions of Lemma 9. Hence Lemma 9 and Lemma 10 that
follows imply Theorem 1.
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Lemma 10 Under the assumptions of Theorem 1

Var(QT − LT) = o(T) as T → ∞, (4.8)

where QT and LT are as in (1.2) and (3.44), respectively.

Proof By (1.2) and (4.1) we have

QT =
∫

R2

⎡
⎣

T∫

0

T∫

0

ĝ(t − s)̂a(t − u1)̂a(s − u2)dt ds

⎤
⎦ dξ(u1)dξ(u2). (4.9)

Similarly, by (3.44) and (4.5)

LT =
∫

R2

⎡
⎣

T∫

0

â1(t − u1)̂a1(t − u2)dt

⎤
⎦dξ(u1)dξ(u2). (4.10)

Setting

d1T(u1, u2) =
T∫

0

T∫

0

ĝ(t − s)̂a(t − u1)̂a(s − u2)dt ds (4.11)

and

d2T(u1, u2) =
T∫

0

T∫

0

δ(t − s)̂a1(t − u1)̂a1(s − u2)dt ds

=
T∫

0

â1(t − u1)̂a1(t − u2)dt, (4.12)

from (4.9)–(4.12) we get

QT − LT =
∫

R2

[
d1T(u1, u2)− d2T(u1, u2)

]
dξ(u1)dξ(u2). (4.13)

Since the underlying process X(t) is Gaussian, we obtain

Var(QT − LT) = 2
∫

R2

[
d1T(u1, u2)− d2T(u1, u2)

]2 du1 du2. (4.14)
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We set

p1(λ1, λ2,µ) = a(λ1)a(λ2)g(µ), (4.15)

p2(λ1, λ2,µ) = a1(λ1)a1(λ2)δ(µ) = a(λ1)a(λ2)[g(λ1)]1/2[g(λ2)]1/2. (4.16)

By Plancherel’s identity we have

∫

R2

d2
iT(u1, u2)du1 du2

= (2π)2
∫

R2

∣∣∣∣
∫

R

GT(λ1 − µ)GT(µ− λ2)pi(λ1, λ2,µ)dµ
∣∣∣∣ dλ1 dλ2

= (2π)2T||pi||2T , i = 1, 2, (4.17)

where GT(u) is given by (3.2), ||p||2T = (p, p)T ,

(p, p′)T =
∫

R4

p(λ1, λ2, λ3)p′(λ1, λ2, λ4)dµT , (4.18)

and the measure µT is defined by (3.17).
As in (4.17) (see also (4.14))

Var(QT − LT) = 8π2T‖p1 − p2‖2
T (4.19)

For any K > 0 we consider the sets

EK
1 = {u ∈ R : |a(u)| < K}, EK

2 = {u ∈ R : g(u) < K}, (4.20)

and denote

pK
1 (u) = p1(u)χK

1 (u1)χ
K
1 (u2)χ

K
2 (u3), (4.21)

pK
2 (u) = p2(u)χK

1 (u1)χ
K
1 (u2)χ

K
2 (u1)χ

K
2 (u2),

where u = (u1, u2, u3) ∈ R
3 and χK

j (u) is the characteristic function of the set

EK
j , j = 1, 2. Then

‖p1 − p2‖2
T ≤ 3

(‖pK
1 − pK

2 ‖2
T + ‖p1 − pK

1 ‖2
T + ‖p2 − pK

2 ‖2
T

)
. (4.22)
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Now, (4.15), (4.16) and (4.21) imply that ‖pK
1 − pK

2 ‖2
T = ∫

R4 �dµT , where
� = �(u1, u2, u3, u4) is a sum of four functions satisfying the conditions of
Lemma 6. Since �(u, u, u, u) = 0 for u ∈ R, applying Lemma 6 we get

lim
T→∞ ‖pK

1 − pK
2 ‖T =

∫

R

�(u, u, u, u)du = 0. (4.23)

Next, according to (4.18) we have

‖p1‖2
T = ‖pK

1 + (p1 − pK
1 )‖2

T = ‖p1‖2
T + 2(pK

1 , p1 − pK
1 )T + ‖p1 − pK

1 ‖2
T .

Therefore

‖p1 − pK
1 ‖2

T ≤ ∣∣‖p1‖2
T − ‖pK

1 ‖2
T

∣∣+ 2
∣∣(pK

1 , p1 − pK
1 )T

∣∣. (4.24)

By (2.2), (4.17) and Lemma 1

‖p1‖2
T = (2π)−2 1

T
tr
[
BT(f )BT(g)

]2 → 2π
∫

R

f 2(u)g2(u)du, (4.25)

while according to Lemma 6 and (4.17)

‖pK
1 ‖2

T → 2π
∫

HK

f 2(u)g2(u)du, (4.26)

where HK := {u ∈ R : f (u) < K, g(u) < K}. From (4.25) and (4.26) we get

lim
T→∞

(
‖p1‖2

T − ‖pK
1 ‖2

T

)
=

∫

R\HK

f 2(u)g2(u)du = o(1) as K → ∞. (4.27)

To estimate the last term on the right-hind side of (4.24) we denote

�K(u1, u2, u3, u4) = pK
1 (u1, u2, u3)

[
p1(u1, u2, u4)− pK

1 (u1, u2, u4)
]

.
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From (4.20) and (4.21) for �K(u1, u2, u3, u4) �= 0 we have

|a(u1)| < K, |a(u2)| < K, g(u3) < K, g(u4) > K, (4.28)

Next, for any L > K and u = (u1, u2, u3, u4) we have

(pK
1 , p1 − pK

1 )T =
∫

R4

�K(u)dµT =
∫

R4

�K(u)χL
2 (u4)dµT + I, (4.29)

where with some constant CK depending on K,

|I| ≤ CK

∫

R4

g(u4)
(

1 − χL
2 (u4)

)
d|µT |. (4.30)

It follows from (4.15), (4.16) and (4.21) that �K(u)χL
2 (u4) is a linear combina-

tion of functions satisfying the conditions of Lemma 6. Applying Lemma 6 and
taking into account that �K(u, u, u, u) = 0 for u ∈ R (see (4.28)), we obtain

lim
T→∞

∫

R4

�K(u)χL
2 (u4)dµT =

∫

R

�K(u, u, u, u)χL
2 (u)du = 0. (4.31)

For given ε > 0 and sufficiently large L by (3.21)

CK

∫

R4

g(u)
(

1 − χL
2 (u)

)
d|µT | ≤ CK

∫

{u: g(u)>L}
g(u)du ≤ ε. (4.32)

From (4.29)–(4.32) we obtain

lim
T→∞(p

K
1 , p1 − pK

1 )T = 0.

This combined with (4.24) and (4.27) yields

lim
T→∞ ‖p1 − pK

1 ‖T = 0. (4.33)

Finally, we prove that

lim
T→∞ ‖p2 − pK

2 ‖T = 0. (4.34)
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Indeed, according to (4.16), (4.21) and (3.22)

‖p2 − pK
2 ‖T ≤

∫

R4

[1 − χK
1 (u1)]f (u1)g(u1)f (u2)g(u2)d|µT |

+
∫

R4

[1 − χK
1 (u2)]f (u1)g(u1)f (u2)g(u2)d|µT |

≤
∫

{u:|f (u)|>√
K}

f 2(u)g2(u)du +
∫

{u:|g(u)|>K}
f 2(u)g2(u)du = o(1),

when K → ∞ (uniformly on T). A combination of (4.19), (4.23), (4.33) and
(4.34) yields (4.8). This completes the proof of Lemma 10. Theorem 1 is proved.

Proof of Theorem 2 By a change of variables x1 = u, x1 −x3 = u1, x3 −x2 = u2
and x2 − x4 = u3 from (3.1) we obtain

tr
[
BT(f )BT(g)

]2 =
∫

R4

GT(u1)GT(u2)GT(u3)GT(−u1 − u2 − u3) (4.35)

× f (u)g(u − u1)f (u − u1 − u2)

× g(u − u1 − u2 − u3)dudu1du2du3,

where GT(u) is as in (3.2). Taking into account the equality

eiu1(T+1)/2 · eiu2(T+1)/2 · eiu3(T+1)/2 · e−i(u1+u2+u3)(T+1)/2 = 1

and that DT(u) is even function, from (4.35) we obtain

tr
[
BT(f )BT(g)

]2 = 8π3
∫

R3

�(u1, u2, u3)	T(u1, u2, u3)du1du2du3, (4.36)

where	T(u1, u2, u3) is defined by (5),�(u1, u2, u3) = ϕ(u1, u1 +u2, u1 +u2 +u3)

and ϕ(u1, u2, u3) is defined by (2.3). By Theorem 1 and (4.36) we need to prove
that

lim
T→∞

∫

R3

�(u)	T(u)du =
∫

R

f 2(x)g2(x)dx. (4.37)
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Now, since both functions ϕ(u1, u2, u3) and �(u1, u2, u3) = ϕ(u1, u1 + u2, u1 +
u2 + u3) are square integrable and continuous at (0, 0, 0), and

�(0, 0, 0) =
∫

R

f 2(x)g2(x)dx,

from Lemma 3 we obtain (4.37). Theorem 2 is proved.

Proof of Theorem 3 According to Theorem 2 it is enough to prove that the
function

ϕ(t) :=
∫

R

f0(u)f1(u − t1)f2(u − t2)f3(u − t3)du, t = (t1, t2, t3) ∈ R
3 (4.38)

belongs to L2(R3) and is continuous at (0, 0, 0), provided that

fi ∈ L1(R) ∩ Lpi(R), 1 ≤ pi ≤ ∞, i = 0, 1, 2, 3,
3∑

i=0

1
pi

≤ 1. (4.39)

It follows from Hölder inequality and (4.39) that

|ϕ(t)| ≤
3∏

i=0

||fi||Lpi (R) < ∞, t = (t1, t2, t3) ∈ R
3.

Hence, ϕ ∈ L∞(R3). On the other hand, the condition fi ∈ L1(R) and (4.38)
imply ϕ ∈ L1(R3). Therefore ϕ ∈ L2(R3).

To prove the continuity of ϕ(t) at the point (0, 0, 0) we consider three cases.
Case 1. pi < ∞, i = 0, 1, 2, 3
For an arbitrary ε > 0 we can find δ > 0 satisfying (see (4.39))

‖fi(u − t)− fi(u)‖Lpi (R) ≤ ε, i = 1, 2, 3, if |t| ≤ δ. (4.40)

We fix t = (t1, t2, t3) with |t| < δ and denote

f i(u) = fi(u + ti)− fi(u), i = 1, 2, 3.

Then (4.40) implies ‖f i‖pi ≤ ε, i = 1, 2, 3. So in view of (4.38) we have

ϕ(t) =
∫

R

f0(u)
3∏

i=1

(
f i(u)+ fi(u)

)
du = ϕ(0, 0, 0)+ W.
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Each of the five integrals comprising W contains at least one function f i and
can be estimated as follows

∣∣∣∣∣∣
∫

R

fo(u)f 1(u)f2(u)f3(u)du

∣∣∣∣∣∣ ≤ ‖fo‖Lp0 ‖f 1‖Lp1 ‖f2‖Lp2 ‖f3‖Lp3 ≤ Aε.

Case 2. pi ≤ ∞, i = 0, 1, 2, 3,
∑3

i=0
1
pi
< 1

There exist finite numbers p′
i < pi, i = 0, 1, 2, 3, such that

∑3
i=0 1/p′

i ≤ 1. Hence
according to (4.39) we have fi ∈ Lp′

i i = 0, 1, 2, 3 and ϕ is continuous at (0, 0, 0)
as in the case 1.
Case 3. pi ≤ ∞, i = 0, 1, 2, 3,

∑3
i=0

1
pi

= 1
First observe that at least one of the numbers pi is finite. Suppose, without loss
of generality, that p0 < ∞. For any ε > 0 we can find functions f ′

0, f ′′
0 such that

f0 = f ′
0 + f ′′

0 , f ′
0 ∈ L∞(R), ‖f ′′

0 ‖Lp0 < ε. (4.41)

Therefore

ϕ(t) = ϕ′(t)+ ϕ′′(t), (4.42)

where the functions ϕ′ and ϕ′′ are defined as ϕ in (4.38) with f0 replaced by f ′
0

and f ′′
0 respectively. It follows from (4.41) that ϕ′ is continuous at (0, 0, 0) (see

Case 2), while by Hölder inequality |ϕ′′(t)| ≤ Aε. Hence, for sufficiently small |t|
|ϕ(t)− ϕ(0, 0, 0)| ≤ |ϕ′(t)− ϕ′(0, 0, 0)| + |ϕ′′(t)− ϕ′′(0, 0, 0)| ≤ (A + 1)ε,

and the result follows. Theorem 3 is proved.

Remark 3 Observe that in fact, here we have proved that under (4.39)

lim
T→∞

∫

R4

f0(u1)f1(u2)f2(u3)f3(u4)dµT = 8π3
∫

R

f0(u)f1(u)f2(u)f3(u)du.

Proof of Theorem 4 By Theorem 2 it is enough to show that the function

ϕ(t) =
∫

R

f (u)g(u − t1)f (u − t2)g(u − t3)du, t = (t1, t2, t3) ∈ R
3

belongs to L2(R3) and is continuous at (0, 0, 0), provided that f and g satisfy
conditions of Theorem 4, i. e. f ∈ L2(R), g ∈ L2(R), fg ∈ L2(R) and (2.4) holds.

Since

ϕ2(t) =
∫

R2

f (u)f (v)g(u − t1)g(v − t1)f (u − t2)f (v − t2)g(u − t3)g(v − t3)dudv,
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we have

∫

R3

ϕ2(t)dt =
∫

R2

⎡
⎣
∫

R

g(u − t1)g(v − t1)dt1

∫

R

f (u − t2)f (v − t2)dt2

×
∫

R

g(u − t3)g(v − t3)dt3

⎤
⎦ f (u)f (v)dudv

≤ ‖f‖2
L2(R)

‖g‖4
L2(R)

∫

R2

f (u)f (v)dudv < ∞.

Now we prove the continuity of ϕ(t) at the point (0, 0, 0). Let ε be an arbitrary
positive number. We denote

EK = {u ∈ R : |f (u)| ≤ K}, f1(u) = χEK (u)f (u), f2(u) = f (u)− f1(u),

where K > 0 is chosen to satisfy
∫
R\EK

f 2(u)g2(u)du ≤ ε. Then

f = f1 + f2, ‖f1‖∞ ≤ K,
∫

R

f 2
2 (u)g

2(u)du ≤ ε. (4.43)

We have

ϕ(t) =
∫

R

f1(u)g(u − t1)f1(u − t2)g(u − t3)du

+
∫

R

f2(u)g(u − t1)f (u − t2)g(u − t3)du

+
∫

R

f1(u)g(u − t1)f2(u − t2)g(u − t3)du

=: ϕ1(t)+ ϕ2(t)+ ϕ3(t). (4.44)

We estimate the functions ϕk(t), k = 1, 2, 3 separately. First,

ϕ1(t) =
∫

R

f1(u)g(u − t1)f1(u − t2)
[
g(u − t3)− g(u)

]
du

+
∫

R

f1(u)g(u)f1(u − t2)
[
g(u − t1)− g(u)

]
du

+
∫

R

f1(u)g
2(u)f1(u − t2)du =: I1 + I2 + I3. (4.45)
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Using Hölder inequality, from (4.43) we get

|I1| ≤ K2‖g‖2 · ‖g(u + t3)− g(u)‖2 = o(1) as t3 → 0. (4.46)

Similarly

|I2| = o(1) as t1 → 0. (4.47)

From (4.43) we have

|I3 − ϕ(0, 0, 0)| =
∣∣∣∣∣∣
∫

R

f1(u + t2)g2(u + t2)f1(u)du −
∫

R

f 2
1 (u)g

2(u)du

∣∣∣∣∣∣

+
∣∣∣∣∣∣
∫

R

f 2
2 (u)g

2(u)du

∣∣∣∣∣∣
≤ K

∥∥∥f1(u + t2)g2(u + t2)− f1(u)g
2
1(u)

∥∥∥
1
+ ε = o(1)+ ε

(4.48)

as t2 → 0. From (4.45)–(4.48) for sufficiently small |t| we obtain

|ϕ1(t)− ϕ(0, 0, 0)| ≤ 2ε. (4.49)

Next, for ϕ2(t) we have

|ϕ2(t)|2 ≤
∫

R

f 2
2 (u)g

2(u − t1)du
∫

R

f 2(u − t2)g2(u − t3)du

=
∣∣∣∣∣∣
∫

R

f 2(u)g2(u − t1)du −
∫

R

f 2
1 (u)g

2(u − t1)du

∣∣∣∣∣∣
×
∫

R

f 2(u)g2(u + t2 − t3)du

→
∣∣∣∣∣∣
∫

R

f 2(u)g2(u)du −
∫

R

f 2
1 (u)g

2(u)du

∣∣∣∣∣∣
∫

R

f 2(u)g2(u)du

as |t| → 0. Therefore, in view of (4.43) for sufficiently small |t|

|ϕ2(t)|2 ≤ ε

∫

R

f 2(u)g2(u)du. (4.50)
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Similarly we can prove that for |t| small enough

|ϕ3(t)| ≤ ε

∫

R

f 2(u)g2(u)du. (4.51)

A combination of (4.44) and (4.49)–(4.51) yields

lim
t→0

ϕ(t) = ϕ(0, 0, 0).

This completes the proof of Theorem 4.

Proof of Theorem 5 In view of (3.1) and (3.17), we need to prove that (2.5) and
(2.6) imply

lim
T→∞

1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT = 8π3
∫

R

f 2(x)g2(x)dx. (4.52)

If α,β ≥ 0, then (2.5), (2.6) imply f ∈ L1/α(R), g ∈ L1/β(R), and the result
follows from Theorem 3. Assuming β < 0, from (2.5) we have g ∈ L∞(R).

Denote

f (x) =
{

0 if x ∈ [−π
2 , π2

]
f (x) otherwise

, g(x) =
{

0 if x ∈ [−π ,π ]

g(x) otherwise
,

and let f = f − f , g = g − g. Then

1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT = 1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT

+ 1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT

+ 1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT

=: I1
T + I2

T + I3
T . (4.53)

Since f , g ∈ L∞(R) and f ∈ L1(R) (see also Remark 3) we obtain

lim
T→∞ I1

T = 8π3
∫

R

f (x)f (x)g2(x)dx = 8π3
∫

|x|>π
2

f 2(x)g2(x)dx,

lim
T→∞ I2

T = 8π3
∫

R

f (x)f (x)g2(x)dx = 0. (4.54)
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Next,

I3
T = 1

T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT + 1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT

+ 1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT

+ 1
T

∫

R4

f (x1)f (x2)g(x3)g(x4)dµT =:
4∑

i=1

Ji
T . (4.55)

We have

J1
T = 1

T

∫

[−π ,π ]4

f (x1)f (x2)g(x3)g(x4)dµT .

Arguments similar to those leading to equality (4.3) from [9] may be used to
prove that

lim
T→∞ J1

T = 8π3

π∫

−π
f 2(x)g2(x)dx = 8π3

π/2∫

−π/2
f 2(x)g2(x)dx. (4.56)

Since f (x1)f (x2) ∈ L1(R2) for any ε > 0 we can find δ > 0 satisfying

∫

|x1−x2|<δ
|f (x1)f (x2)|dx1dx2 < ε.

Because g ∈ L∞(R), in view of (3.23) and (3.24) for sufficiently large T we
obtain

|J2
T | ≤ C · T

π/2∫

−π/2

π/2∫

−π/2
|f (x1)f (x2)|

π/2∫

−π/2
ψT(x1 − x3)ψT(x2 − x3)

×
∫

|x4|>π

1

x2
4

dx4dx3dx1dx2

≤ C

π/2∫

−π/2

π/2∫

−π/2
|f (x1)f (x2)|(1 + T|x1 − x2|)−1/2dx1dx2
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≤ C
∫

|x1−x2|<δ
|f (x1)f (x2)|dx1dx2

+(1 + Tδ)−1/2
∫

|x1−x2|≥δ
|f (x1)f (x2)|dx1dx2 ≤ 2ε.

This means that

lim
T→∞ J2

T = 0. (4.57)

Likewise

lim
T→∞ J3

T = 0. (4.58)

To estimate the integral J4
T in (4.55) note that in this case |xi − xj| > π

2 , i = 1, 2,
j = 3, 4. Therefore

|J4
T | ≤ C

T

∫

R4

f (x1)f (x2)g(x3)g(x4)dx1dx2dx3dx4

≤ C
T

‖f‖2
L1(R)

‖g‖2
L1(R)

→ 0 as T → ∞. (4.59)

From (4.55)–(4.59) we obtain lim
T→∞ I3

T = 0, which combined with (4.53) and

(4.54) yields (4.52). Theorem 5 is proved.
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