Probab. Theory Relat. Fields (2007) 138:551-579
DOI 10.1007/s00440-006-0037-y

Limit theorems for Toeplitz quadratic functionals
of continuous-time stationary processes

M. S. Ginovyan - A. A. Sahakyan

Received: 26 May 2006 / Revised: 21 September 2006 / Published online: 17 November 2006
© Springer-Verlag 2006

Abstract Let X (1), t € R, be a centered real-valued stationary Gaussian
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552 M. S. Ginovyan, A. A. Sahakyan

1 Introduction

Let X(¢), t € R, be a centered real-valued stationary Gaussian process with
spectral density f(A) and covariance function r(z), i.e.

+00

() = / e f(1) da. (1.1)

—00

We consider a question concerning asymptotic distribution (as T — o0) of the
following Toeplitz type quadratic functional of the process X (¢):

T T
Or= //E(I—S)X(t)X(s) drds, (1.2)
0 0
where
+00
20 = / eMgdr, reR, (1.3)

is the Fourier transform of some integrable even function g(i), 2 € R. We will
refer g(A) as a generating function for the functional Q7.

The limit distribution of the functional (1.2) is completely determined by the
spectral density f(1) and the generating function g(A), and depending on their
properties it can be either Gaussian (that is, Q7 with an appropriate normal-
ization obey central limit theorem), or non-Gaussian. We naturally arise the
following two questions:

(a) Under what conditions on f (1) and g(1) will the limits be Gaussian?
(b) Describe the limit distributions, if they are non-Gaussian.

In this paper we essentially discuss the question (a). This question goes back to
the classical monograph by Grenander and Szego [12], where the problem was
considered for discrete time processes, as an application of authors’ theory of
the asymptotic behavior of the trace of products of truncated Toeplitz matrices.

Later the problem (a) was studied by 1. Ibragimov [14] and M. Rosenblatt
[17], in connection with statistical estimation of the spectral (F (1)) and covari-
ance (r(7)) functions, respectively. Since 1986, there has been a renewed interest
in both questions (a) and (b), related to the statistical inferences for long-range
dependent processes (see, e.g., [1,5,9,10,18,21,22], and references therein). In
particular, Avram [1], Fox and Taqqu [5], Giraitis and Surgailis [10], Ginovian
and Sahakian [9] have obtained sufficient conditions for quadratic form Q7 to
obey the central limit theorem (CLT).

For continuous time processes the above questions are less investigated. The
question (a) was partially studied in [6,8,14].

In this paper we obtain sufficient conditions in terms of f(1) and g(A) ensur-
ing central limit theorems for standard normalized quadratic functionals Qr,
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Limit theorems for Toeplitz quadratic functionals 553

extending the results of Avram [1], Fox and Taqqu [5], Giraitis and Surgailis
[10], Ginovian and Sahakian [9] for discrete time processes.

We will use the following notation: By Q7 we denote the standard normalized
quadratic functional:

~ 1
= —EQ7). 1.4
Or 77 (Qr — EQ7) (1.4)
The notation B
Or &= N@©0,6%) asT — oo (1.5)

will mean that the distribution of the random variable Q7 tends (as T — o0)
to the centered normal distribution with variance o2.

By Br(y) we denote the truncated Toeplitz operator generated by a function
¥ € L1(R) defined as follows (see [12,14]):

T
[Br(¥)ul(r) = / Y — wu(udu,  u() e L*[0,T1, (1.6)
0

where v/ (-) is the Fourier transform of v().

Our study of the asymptotic distribution of the quadratic functional (1.2) is
based on the well-known representation of the kth order cumulant xx(-) of Q7
(see, e.g., [12,14]):

~ 0 fork =1,
1 (Q1) = [ T2k 1) tr Br(DBr@F  fork =2, (7
where Br(f) and Br(g) are truncated Toeplitz operators in [0, T] gener-
ated by the functions f and g respectively, and tr[A] stands for the trace of an
operator A.

By C, M, Cy, My we will denote constants that can vary from line to line.
The remainder of the paper is organized as follows. In Sect. 2 we state the main
results of the paper—Theorems 1-5. In Sect. 3 we prove some auxiliary results.
Sect. 4 is devoted to the proofs of results stated in Sect. 2.

2 Results

Below we assume that f,g € L!(R), and with no loss of generality, that g > 0.
Also, we set

of =167 / F20gr() da. (2.1)

The main results of the paper are the following theorems.
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554 M. S. Ginovyan, A. A. Sahakyan

Theorem 1 Assume that f - g € L'(R) N L>(R) and for T — oo

+0o0

~ 2
x2(0r) = Ttr[BT(f)BT(g)]z —s 167° / F2(0gx () da. (2.2)
Then QT = N(O, 002) as T — oo.
Theorem 2 [f the function
+00
@(x1,X2,x3) = / fagu —x)f (u — x2)g(u — x3) du (23)

belongs to L*(R3) and is continuous at (0,0,0), then @T = N, og) as T — oo.

Theorem 3 Assume that f(1) € LP(R) (p > 1) and g(») € L4(R) (g = 1) with
1/p+1/q < 1/2. Then Q1 &= N(0,07) as T — co.

Theorem 4 Let f € L*(R), g € L>(R), fg € L*(R) and
+00 00
/ P — p)dr — / Pg () dr aspu — 0. (2.4)

Then QT = N(O, 002) as T — oo.

Let SV(R) be the class of slowly varying at zero functions u(1), A € R
satisfying u(r) € L*°(R), and

}irrb uA) =0, u) =u(=xr), 0<u) <u(p)for0<ir < u.

Theorem 5 Assume that functions f and g are integrable on R and bounded on
R\ (—m,m) and let

FO) < TLi, 180 < MPLav), 2 € [—m, 7], (2.5)
where L1()) and Ly ()) are slowly varying at zero functions and

a<1l,B<l,a+B8=<1/2
Li € SVR), »~“tAL;0) e LX), i=1,2. (2.6)
Then QT = N(O, 002) as T — oo.

Remark 1 For p =2, q = oo Theorem 3 was first established by Ibragimov [14],
while the general case was proved by Ginovian in [8]. Here we give a different
proof of this theorem by showing that it follows from Theorem 2.
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Limit theorems for Toeplitz quadratic functionals 555

Remark 2 The analogs of Theorems 1 and 4 for discrete time processes were
proved by Giraitis and Surgailis in [10], the discrete analogs of Theorems 2 and 5
were established by Ginovian and Sahakian in [9] while the discrete analog of
Theorem 3 was proved by Avram in [1].

3 Preliminaries

Lemma 1 Let Br(f) and Br(g) be the truncated Toeplitz operators generated by
functions f € L'(R) and g € L'(R) respectively. Then

tr [BT(f)BT(g)]2 = /GT(X1 —x3)Gr(x3 —x2)Gr(x2 — x4) G (x4 — x1)

R4
xf(x1)f (x2)g(x3)g(x4) dxydxadxzdxy, (3.1)
where
T . eiTu -1 .
Gr(u) = /e"” dt = — = e T2 . Do) (3.2)
u
0
and D is the Dirichlet kernel defined by
sin(Tu/2)
R ———— 33
Dr(u) u/2 (3.3)

Proof Using (1.6) it is easy to check that [BT(f)BT(g)]2 is an integral operator
with kernel

T T T
K(t,s) = / / / r(t —u)g(uy — up)r(uy — uz)g(uz — s) duy dup dus,
0 0 0

where r(f) and g(¢) are as in (1.1) and (1.3). By the formula for traces of integral
operators (see [11, Sect. 3.10]), we have

T
tr[Br(HBr(®)] = / K(t, 1) dt

0
T T T T
= ////r(l— u)guy — u)r(uy — u3)
00 00
x g(us — t) duy duy dus dt. (3.4)
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556 M. S. Ginovyan, A. A. Sahakyan

Taking into account (1.1), (1.3) and (3.2) from (3.4) we obtain (3.1). Lemma 1

is proved.
Let u = (u1,up,u3). Consider the kernel

Or(u) = -D1(u)D1(u2)Dr(us3)Dr(uy + uz + u3). (3.5)

1
873T
Lemma 2 The kernel ®1(u) possesses the following properties:

(a) sup/ |@7(w)|du = C; < o0;
T
R3

®) / b7 (w du = 1;

R3
(©) Tlim /|d>T(u)|du=O forany §>0;
— 00
Ej
(d) forany § > O there exists a constant Ms > 0 such that
/ dZ(wydu < Ms for T > 0. (3.6)
5

where E§ = R3\ Es and Es = {(uy,ur,u3) € R3: Juy| <8, i=1,2,3).

Proof The proof of properties (a)—(c) can be found in [2] (Lemma 3.2). To
prove (d) first observe that

/DZT(u)du <CT and |Drw)| <Cs for|u|>8, T > 0. (3.7)
R

For u = (uj,us,u3) € R3 we have

/ ®Z.(w)du < / ®Z.(u)du + / ®Z.(u)du

]Eg lug|>6 |luz|>6
+ / rwydu=:1, + L + . (3.8)
luz|>5
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It is enough to estimate /:

I < / 7% (w)du + / ®Z.(u)du

lug|>3, |uz|>8/3 lug [>9, |uz|>8/3

+ / oZwdu=1"+1% 110 (3.9

u1]>9, luz|<8/3, luz|<d/3
According to (3.7)
1
I;l) <Cs- 2 / D%(uz)DZT(LB)DZT(ul + up + uz)duduszduy

luz|>8/3

1
< Cs / — du2 < Ms. (3.10)
u
luz|>68/3

Likewise,

12 < M. (3.11)

Note that in the integral 19, we have |u; + up + uz| > 3/3, hence by (3.7)

1
102Gy / D2u1) D3 () D3 (u3) duyusduy

lug|>8

1
< Cs / — du1 < M;s. (3.12)
uy

up[>68
From (3.8)-(3.12) we obtain (3.6). Lemma 2 is proved.
Lemma 3 [fthe function ¥ (u) € LYR3) N LA(R3) is continuous at (0,0,0). Then
Tli_)moo/ V) @7 (u)du = ¥ (0,0,0), (3.13)
R3
where u = (uy,uz,u3) and ®7(u) is defined by (3.5).
Proof By Lemma 2 (b) we have

Ry = / Y(u)®7(u)du — ¥ (0) = /[\Il(u) — Y (0)]P7(u)du. (3.14)
R3 R3
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For any ¢ > 0 we can find § > 0 to satisfy

W () — W(0) < —

3.15
& (3.15)

where Cy is the constant from Lemma 2 (a). Consider the decomposition ¥ =
Wy + W; such that

&
P12 < «/_ﬁ and [[W2]le < 00, (3.16)
)

where M is defined in Lemma 2 (d). Applying Lemma 2 and (3.14)—(3.16) for
sufficiently large 7 we obtain

IRT S/I‘I’(u)—‘I’(O)I|¢T(u)|du+/I‘I‘1(U)II<1>T(U)Idll
E;s ES

+/|‘1’2(u)—‘1’(0)|I<1>T(ll)Idll§ Ci/ICDT(ll)Idll
S "B,

1/2
+ ||\111||2[/ <I>2T(u)du} + CZ/ |[®7(w)|du < 3e.
E§ E§

This combined with (3.14) yields (3.13). Lemma 3 is proved.
Denote

1
nr(A) = T / Gr(h = A23)Gr(A3—22)Gr(Aa — A1) G (A2 — Ag)dA1drzdA3dAg
A
(3.17)

and let Cp,(R") be the space of continuous functions on R” with bounded
support.

Lemmad4 Iff € Ciloc(RY), then
Jim / fdur = 873 / Fu,u,u,u)du (3.18)
— 00
R¢ R
Proof Making a change of variables

AM=U, A—A=u, IM—A=Uu, IA—ii=us,
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from (3.2)-(3.5), (3.17) and the equality

Gru)Gru)Grw3)Gr(—uy — up — u3)
= Dr(u) D7) D7 (u3)Dr(uy + uz + u3),

we get
1
/fdMT = T//f(u,u+uz+u3,u+u1 +up + uz,u+uz)du

R4 R3 R
x Gr(u)Gr(w)Gr(u3)Gr(—uy — up — uz)duyduydus

=: 8n3/\ll(u)cbr(u)du, (3.19)
R3

where u = (11, u», u3) and
Y(u) = /f(u,u 4+ uy +uz, u+up + up +uz,u+ up)du.
R
It is not difficult to check that the function W satisfies conditions of Lemma 3

and

li V() = du. 3.20
Jim v = [ (320)
R

Hence applying Lemma 3 from (3.19) and (3.20) we get (3.18). Lemma 4 is
proved.

Lemma 5 Iff € L'(R), then

(€8] /|f(xi)|d|MT| =CGlfllpw, i=123,4, (3:21)
R4

2) ﬁmmwwwmam@w,w=m&mﬁﬁ (322)
R4

where C and C, are absolute constants.

Proof For T > 0 we have

|GT(x)| < 2Ty r(x), where ¥r(x) = eR. (3.23)

T+ T
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We show that for u,v € R,
T / PG+ wgrGe e < Gl w—v), §>0,  (324)
R

Indeed, (3.24) is equivalent to the following

1 1
dy < G——r,
H{ A+ DA+ x+)  — A+ i

reR. (3.25)

Denoting by J () the left-hand side of (3.25), we can write

1 1
J(@) = dx
® /(1+|x|><1+|x+t|) + / armarrrn &

x| <2l¢| x| =>2]¢]
C 1 1 1
< —— + dx+C / .
1+t / L+m 1+M+J 1+ |xD?
x| <2t x| =>2]¢]
In(1 + |t 1 1
< chd A+ <G 550,
1+ 1] 1+ 1] (1+ et

yielding (3.25). To prove (3.21) for i = 1 (say), we apply the inequality (3.24)
with § = 1/4 to obtain

/If(xl)IdIMTI < CT3/ lfGeD T (1 — x3)¥T(x3 — X2)
R4 R4
X Y (x4 — x) Y1 (X2 — x4)dx1dxpdxsdxy

<cr / e / Y3 — x)duadey < Clf i,
R R

This proves (3.21). To prove (3.22) for i = 1, j = 2 (say), we use (3.24) and
Cauchy inequality to obtain

/ Fanfeldlur]
R4

< cr? / FEDf D Wr (1 — X33 — x2) ¥ (xa — x1)
R4

X Y1 (x2 — x4)dx1dxrdxzdxy

<CT / FODF e (1 — x2)dxpdxs
]RZ
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12

<cir / ey — x2)dxy dxo

172

1T / P20 —xdudn b <G / f2(0)dx.
2 R

Lemma 5 is proved.

4

Lemma 6 Let f(uy,uz,uz,us) = []fi(u;), where f; € LY(R) N L¥(R), i =
i=1

1,2,3,4. Then (3.18) holds.

Proof Suppose |filloo < M < o0, i = 1,2,3,4. Using Lusin’s theorem for any
¢ > 0 we can find functions 4;, g;, i = 1,2, 3,4 satisfying

fi=8i+hi, gi€Co®), lhillpg <¢ lgillc =M. (3:26)

Therefore

/ﬁm=/TF&+M@w—/rhmw+h, (327)

R4 = 1 R4 = 1
where by (3.26) and Lemma 5

4 4
trt =3 [t T1 Gl + ddier
s =l
4 4
< CMZ/ Ihjldier| < Ca D Ikl 1wy < Cure. (3.28)
=1 s =1

By Lemma 4

Jfim /Hgl(ul)dur —/Hgl(wdu

4 i=1
4

/H fitw) — h(u) du_/f(u u,u,u)du +J, (3.29)
1

R =
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where
| < Z / ()| H (Ifiw)| + Igiw))du < Cye. (3.30)
=R i=1,i#]
From (3.27) — (3.30) we get (3.18). Lemma 6 is proved.

Lemma 7 Let (1) € LY(R) N LP(R), with 1 < p < oc. Then
1t = IBr(W)lleo = o(TYP) as T — co. (3.31)
Proof Let Nt be a positive function of 7', which we will specify later. We set
Mr={»eR; [y > N (3.32)
We have

wr = 1Br(¥)llec = sup |((Br(¥)u, u)|
ueLZ(R) llull=1

= sup / / (t —s)ut)u(s) deds
0

uel2(R), [lu|l2=1 0

T T
= sup / / / e Dy ) di | u®uls) drds| .
ueL2(®), llull=1 |y

—00

(3.33)

A square integrable function u(¢) is also integrable on [0, T']. Hence, switching
the order of integration in (3.33), we get

+o00 T T
/ v(L) { / u)e™ dr / u(sye s ds:| da
—00 0

Ur = sup
uel2R), |lull2=1 0
+o00 T 2
< sup / v ()| / u(r) e*de| da. (3.34)
ueL(R), ljullz=1_-/ o

Since for u(f) € L?[0,T] with |lul]l» = 1 we have |f0T u(?) ei“dt|2 < T, by
Plancherel’s theorem from (3.34) we obtain

ur <2aNp+T / W)l da, (3.35)
Mr
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where M7 is as in (3.32). We show that for every p(1 < p < 00)

/ W)l dh < y2 NP, (3.36)
My
where
1/p
YT = /Il/f(k)lp da . (3.37)
My

Indeed, by Holder inequality

/ Wl dh < yr [mMp)] P07, (3.38)
Mt

where m(Mr) is the Lebesgue measure of the set M7. Next, by Chebyshev
inequality

m(Mr) < y? N;p. (3.39)

A combination of (3.38) and (3.39) yields (3.36). Now from (3.35) and (3.36)
we have

ur < 2xN7 + Tyh NG P, (3.40)

If ¢ € L®°(R), then putting N7 = || ||« for all T > 0, we will have yr = 0 and
(3.40) implies ur = O(1).
Now suppose ¢ ¢ L°°(R) and for fixed T > 0 consider the function
1/p
F(N)=N—-Tlr / [ (WP da , N €[0,00).
(Al (M)I=N}

Since F(0) < 0and limpy_, oo F(N) = 400 there exists a positive number N = Nt
with F(N7) =0, i.e.

Np=TYP / WP | =Ty (3.41)
{L:ly)I>N7}
Itis easy to see that for v ¢ L°°(R) the equality (3.41) implies lim7_, oo N7 = 00.

Hence y7 = o(1) and from (3.40) and (3.41) we obtain 7 < 8TPyr = o(T/P)
as T — oo. Lemma 7 is proved.
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564 M. S. Ginovyan, A. A. Sahakyan

Lemma8 Lety € LY(R) N L2(R). Then

1
TIIBT(IP)H% — 2x||y 11} as T — oo. (3.42)

Proof Using the formula for Hilbert-Schmidt norm of integral operators (see
[11]), by (1.6) we have

T

1 1
FIBrI5 = 7/

T
/|$<t—s)|2drds
00

T

T

_l _ T2 4 _ﬂ a2

= T/(T HINZG] dt_/(l T)|1//(t)| de. (3.43)
-T

Passing to the limit as 7' — oo and using Plancherel’s equality, from (3.43) we
obtain (3.42). Lemma 8 is proved.

The next lemma is known (see [4], Proposition 1(i)), we deduce it from
Lemmas 7 and 8.

Lemma9 LetY(t),t € R, be areal-valued, centered, separable stationary Gauss-

ian process with the spectral density fy () € L' (R)NL2(R). Then the distribution
of the normalized quadratic form

T T
Ly= % ( [roa-E 0/ Y20 dz) (3.44)

0

tends (as T — o0) to the normal distribution N (0, 0)2,) with variance

+00
@:M/ﬁmm. (3.45)

Proof Let R(t) be the covariance function of Y (¢). For T > 0 denote by u; =
w;(T),j = 1 the eigenvalues of the operator Br(fy) (see (1.6)), and let e;(t) =
ej(t,T) € L»[0.T],j > 1, be the corresponding orthonormal eigenfunctions, i.e.

T

/R(z —s)ej(s)ds = pjej(t), j=1. (3.46)
0
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Since by Mercer’s theorem (see, e.g., [11], Sect. 3.10)

R(t—s)= > wiej(n)e;(s) (3.47)

=1

with positive and summable eigenvalues {u;}, we have the Karhunen-Loéve
expansion (see, e.g., [16], Sect. 34.5)

Y1) =D Sk, (3.48)

=1

where {&;} are independent N(0,1) random variables. Therefore by (3.44) and
(3.48)

1 o0
Lt =— (EX —1). 3.49
T ﬁ;:u,(éj ) (3.49)

Denote by xx(L7) the kth order cumulant of L7. By (3.49) (cf. (1.7)) we have

0 fork =1,

3.50
(k — D125 1 T=*2t By (fy) 1k for k > 2. (3:50)

xik(L1) = [

By (3.50) and Lemma 8
2 +o00
xo(L7) = ?||Br(fy)||% —> 47 /f%(x) dr as T — oo. (3.51)
—00

Next, by (3.50) for k > 3

1 _
Ixe(L7)| < C 7||Br<fy>||% Tk k2, (3.52)

where ur = ||B7(fy)||co- By Lemmas 7 and 8 the right-hand side of (3.52) tends
to zero as T — oo. Lemma 9 is proved.
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4 Proofs

Proof of Theorem 1 By Theorem 16.7.2 from [15] the underlying process X (¢)
admits the moving average representation

+00
X = / ai —s)dé(s), 4.1)
where
+00
/ [a)|*dr < oo, (4.2)

while £(s) is a process with orthogonal increments such that IE[d&(s)] = 0 and
[E|d&(s)|> = ds. Moreover the spectral density f(A) can be represented as

fO) =27 |la()P?, (4.3)
where a(}) is the inverse Fourier transform of a(r). We set
a () = @m)'* a0 - [g1'2, (4.4)

where g()) is the generating function, and consider a process Y (f) ( € R)
defined by

“+o00

Y(0) = / a1t — 5) dECs), 45)

—00

where @ (¢) is the Fourier transform of a;(1) and &(s) is as in (4.1). Since
fg € L' (R) by Parseval’s identity we have

+o0 +00 +o0
/|’a‘1(t)|2dt=2n / |a1(k)|2dk=4n2/f(k)g(k)dk<oo. (4.6)

So, Y (¢) is well-defined stationary process with spectral density
0() == la W =27 f0) g(h). (4.7)
Since by assumption f(A)g(A) € L1(R) N La(R), the process Y (¢) defined by

(4.5) satisfies the conditions of Lemma 9. Hence Lemma 9 and Lemma 10 that
follows imply Theorem 1.
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Lemma 10 Under the assumptions of Theorem 1
Var(Qr — L7) =0(T) as T — oo, (4.8)
where Q1 and Lt are as in (1.2) and (3.44), respectively.
Proof By (1.2) and (4.1) we have
T T
or= | [ [ [ae-sa-wiac-w drds} dE(un) ). (49)
R2 LO O
Similarly, by (3.44) and (4.5)
T
Ly = / |:/51 (t —upa(t — uz) dti| d& (uy) d§ (u2). (4.10)
Rz LO
Setting
T T
dir(uy,up) = //'g(t —s)a(t —uy)a(s — up) deds (4.11)
00
and
T T
dorturun) = [ [ o= 901~ s — ) drds
00
T
= /61 (t—uq )ﬁ] (t — up) dr, (4.12)
0
from (4.9)-(4.12) we get
Or— Ly = [ [dirtu.) - dar ()] ) déa). (413)
R2
Since the underlying process X (¢) is Gaussian, we obtain
Var(Qr — L) = 2/[d1T(u1,u2) - dzT(lt1,uz)]2 duy duy. (4.14)

RZ

@ Springer



568 M. S. Ginovyan, A. A. Sahakyan

We set

P1(A1, 22, 1) = a(r)a(r2)g(w), (4.15)
P20, 22, ) = ay(A)ay (A)8 () = a(r)a(r)gOD1 (g2 (4.16)

By Plancherel’s identity we have

/ 4% (uy, u2) duy duy
R2

= 2n)? / ‘ / G — WGT( — 1a)piCha. A ) due| diy i
R2 R
= Qo) TIpillF, =12, (4.17)

where G7(u) is given by (3.2), ||p||2 = P.P)T,

p.p)T = /P()»l,)»z,/\3)P/()»1,/\2,k4) dur, (4.18)
R4

and the measure w7 is defined by (3.17).
Asin (4.17) (see also (4.14))

Var(Qr — L) = 87°T|p1 — p2ll7 (4.19)
For any K > 0 we consider the sets
EX={ueR:jaw| <K}, EX={ueR:gw <K), (4.20)
and denote

PR = pr X @) xf @) x X ws), (4.21)
PR ) = pow) x K@) 1K @) )X ) (K (wa),

where u = (uq,u2,u3) € R? and x].K (u) is the characteristic function of the set
Ef,j =1,2. Then

Ip1 —p2ll3 < 3(IpK — pX15 + Ilp1 = pXIG + lIp2 — PXIF). (422)
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Now, (4.15), (4.16) and (4.21) imply that [pX — pX|5. = [ps Tdur, where
' = ['(uy,up,u3,u4) is a sum of four functions satisfying the conditions of
Lemma 6. Since I' (u, u, u,u) = 0 for u € R, applying Lemma 6 we get

tim [pK — pKl7 = / P, 1, 14, 10)dit = 0. (4.23)
R

Next, according to (4.18) we have
IpilF = 1Py + (1 = pPOIF = P17 + 201 . p1 = POT + lIp1 — PF I
Therefore
lpr = I < |lIpalF = IpF 17| + 2| p1 = PO 7 (4.24)

By (2.2), (4.17) and Lemma 1

1
Ip1l3 = (2n)—27tr [Br(HBr©] — 27 / g wdu,  (4.25)
R

while according to Lemma 6 and (4.17)

X2 = 27 / P udu, (4.26)
Hg

where Hg '= {u € R: f(u) < K, g(u) < K}. From (4.25) and (4.26) we get

Jim (1p10~1pK13) = [ Paogaode=o) asK o (427)
R\Hg

To estimate the last term on the right-hind side of (4.24) we denote

L (uy,uz,u3, ug) = Pf(ul,uz,%) [Pl (u1,uz,uq) —P{{(bﬂ,uz, u4)] .
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From (4.20) and (4.21) for I'g (u1, ua,us, us) # 0 we have
laui)] < K, la(up)| <K, gws) <K, gus) > K, (4.28)

Next, for any L > K and u = (11, up, u3,us) we have

WK p1 — pF)r = / Fxwdur = / Crxludur +1, (429
R4 R4

where with some constant Cx depending on K,

1] < Cx / gtus) (1 - ) diur . (4.30)
R4

It follows from (4.15), (4.16) and (4.21) that 'k (u) XzL(u4) is a linear combina-
tion of functions satisfying the conditions of Lemma 6. Applying Lemma 6 and
taking into account that ' (u, u, u,u) = 0 for u € R (see (4.28)), we obtain

Jim /FK(“)XzL(LM)dMT = / Tk (1, u, ) x5 (u)du = 0. (4.31)
—00
R4 R

For given ¢ > 0 and sufficiently large L by (3.21)

CK/g(M) (1 - XzL(u)) dlur| < Ck / g(u)ydu < e. (4.32)
R4 {u: gw)>L}

From (4.29)—(4.32) we obtain
lim (pf,p1 —p{)7 = 0.
T— o0

This combined with (4.24) and (4.27) yields

lim [p; —pfllr =0. (4.33)
T—oc

Finally, we prove that
lim lpa — p§ 7 =0. (4.34)
T—oc
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Indeed, according to (4.16), (4.21) and (3.22)

Ip2 — pKli7 < / (1 — xK )l (w)glunf w)gu)dipr]

R4
+ / [1 — x & @) 1f ) g f (u2)guz)dlper|
R4
< / g (wdu + / FAwg*wydu = o(1),
{w:lf )| >vVK} {u:lg(w)|>K}

when K — oo (uniformly on T'). A combination of (4.19), (4.23), (4.33) and
(4.34) yields (4.8). This completes the proof of Lemma 10. Theorem 1 is proved.

Proof of Theorem 2 By a change of variables x| = u,x; —x3 = u, X3 —x2 = u
and xo — x4 = u3 from (3.1) we obtain

w[Br(HBrg] = / G () Gr(un) Gr(us)Gr(—uy —us —uz)  (435)
R4
x fagu —u)f(u —uy —un)
x g(u — uy — up — u3z) duduyduydus,

where Gr(u) is as in (3.2). Taking into account the equality

ol (THD/2 | Giun(T+D)/2 | Gius(T+1)/2 | o=iG+ur+us)(T+1)/2 _

€ € €

and that Dr(u) is even function, from (4.35) we obtain

tr [BT(f)BT(g)]2 = 8713/‘P(ul,uz,u3)¢r(u1,u2,u3) duiduzduz,  (4.36)
R3

where @7 (uy, uz, u3) is defined by (5), W (w1, uz, u3) = @ (ur, uy +uz, uy +uz +u3)
and ¢(uq, up, u3) is defined by (2.3). By Theorem 1 and (4.36) we need to prove
that

fim U(u)®7(u)du = / 2 (x)g? (x)dx. (4.37)
R3 R
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Now, since both functions ¢(u1,u,u3) and W (uy,uz,u3) = e(uy,uq + uz,u +
uy + u3) are square integrable and continuous at (0, 0,0), and

W@Qm=/ﬁm£mm,
R

from Lemma 3 we obtain (4.37). Theorem 2 is proved.

Proof of Theorem 3 According to Theorem 2 it is enough to prove that the
function

p(t) = /fo(u)f1 W —t)fru—)fsw—t)du, t=(t,0,5)cR> (438)
R

belongs to L?(R3) and is continuous at (0,0, 0), provided that
.
fie L"R)NLPIR), 1<p;<oo, i=0,1,2,3, Z_. <1. (439
i=0
It follows from Holder inequality and (4.39) that
3
lo| < [[Ifillen@ < o0, t=(t1.0,13) € R?
i=0
Hence, ¢ € L®(R?). On the other hand, the condition f; € L1(R) and (4.38)
imply ¢ € LY(R3). Therefore ¢ € L2(R3).
To prove the continuity of ¢(t) at the point (0,0, 0) we consider three cases.

Casel. p; <o0,i=0,1,2,3
For an arbitrary ¢ > 0 we can find § > 0 satisfying (see (4.39))

Ifitw —0) — fi@lLriry <&, i=1,2,3, if 7] <4. (4.40)
We fix t = (#1, 1, 13) with |t| < § and denote
fiw) = fiu+ 1) = fiw, i=1,2,3.

Then (4.40) implies ||f;l,, < &,i = 1,2,3. So in view of (4.38) we have

3
p(t) = /fo(u) I (J_‘,-(u) +ﬁ(u)) du = ¢(0,0,0) + W.
R

i=1
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Each of the five integrals comprising W contains at least one function ]_”,- and
can be estimated as follows

/fo(u)]_ﬁ(u)fz(u)fz(u)du < Wfollzrollf o U2l o2 If3lles < As.
R

Case 2. p; < o0, i =0,1,2,3, Z?:o,% <1

There exist finite numbers p; < p;, i = 0,1,2,3, such that Z?:o 1/p; < 1. Hence
according to (4.39) we have f; € LPii=0,1,2,3and @ is continuous at (0,0, 0)
as in the case 1.

Case3.p; <00,i=0,1,2,3, 37 (L =1

First observe that at least one of the numbers p; is finite. Suppose, without loss
of generality, that pp < oo. For any & > 0 we can find functions f3, f such that

fo=fo+1fss foe LM, lfgli <e. (4.41)

Therefore

p(t) = ¢’ (t) + ¢" (1), (4.42)

where the functions ¢’ and ¢” are defined as ¢ in (4.38) with f; replaced by f;

and f; respectively. It follows from (4.41) that ¢’ is continuous at (0,0,0) (see

Case 2), while by Holder inequality |¢” (t)| < Ae. Hence, for sufficiently small |t|
lo(®) — ¢(0,0,0)| < |¢'(t) — ¢'(0,0,0)] + 9" (t) — ¢"(0,0,0)| < (A + D)e,

and the result follows. Theorem 3 is proved.

Remark 3 Observe that in fact, here we have proved that under (4.39)

Jin [ s pafeder =57 [ i
R4 R

Proof of Theorem 4 By Theorem 2 it is enough to show that the function

p(t) = /f(u)g(u — ) —0)gu —)du, t=(i,0,5) € R’
R

belongs to L%(R3) and is continuous at (0,0,0), provided that f and g satisfy
conditions of Theorem 4, i. e. f € Ly(R), g € L2(R), fg € L2(R) and (2.4) holds.
Since

P> (1) = /f(u)f(V)g(u — )8V —t)f(u — )f (v — )g(u — 13)g(v — 13)dudv,
R2
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we have
/ Q) dt = / [ / gl — gy — 1) diy / ft = )f v — 1) dia
R3 R2 R R

x / gl — 1)g(v — 13) dl3:| Ff ()dudy
R

< W 81, [ Fa0f W)y < .
R2

Now we prove the continuity of ¢(t) at the point (0,0, 0). Let ¢ be an arbitrary
positive number. We denote

Ex ={ueR:|[fwl =K}, fitw)=xe,f@w), L) =[f) —/fHw),

where K > 0 is chosen to satisfy fR\ Ex fz(u)gz(u)du < ¢e. Then
f=fith Vil <k [Budwd<e (4.43)
R

We have

o) = /fl(u)g(u —t)fi(u—1t)gu —t3)du
R
+ / g —t)f(u—1)gu — t3)du
R

+/f1(u)g(u — 1) —t)gu — t3)du
R
= @1(t) + 2(t) + @3(1). (4.44)

We estimate the functions ¢ (t), kK = 1,2, 3 separately. First,

() = / Agu — m)fi(u— 1) [gu — 13) — gw)] du
R
+ / fiwgfiu— 1) [ — 1) — gw)] du
R

+/f1(u)g2(u)f1 wu—n)du=51H+1L + Is. (4.45)
R
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Using Holder inequality, from (4.43) we get
L] < K?lIgll2 - 1§ + 13) — gw)ll2 = o(1) as 13 — 0. (4.46)
Similarly
|L| =0(1) ast; — 0. (4.47)

From (4.43) we have

|I3 - (/)(0,0,0)l =

/ filu+ )¢ W+ n)fi wdu — / fEwgwdu
R R

+

/ £ wg*wdu
R

= K|fiw+ g+ - wgw]| +e=ot) +e
(4.48)

as tp — 0. From (4.45)—(4.48) for sufficiently small |t| we obtain
lo1(8) — 9(0,0,0)| < 25 (4.49)

Next, for ¢, (t) we have

) < / g (u — t)du / A —10)g*w—t3)du
R R

/ P — t)du — / P — t)du
R R

X /fz(u)gz(u + 1t —3)du
R

—

/ g wydu — / fEwg*wydu / FAweg*wdu
R R R

as |[t| — 0. Therefore, in view of (4.43) for sufficiently small |t|

() < e / 2w g? w)du. (4.50)
R
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Similarly we can prove that for |t| small enough

lpa(t)| < & / FAwgwdu. (4.51)
R

A combination of (4.44) and (4.49)—(4.51) yields

tling) @) = ¢(0,0,0).

This completes the proof of Theorem 4.

Proof of Theorem 5 In view of (3.1) and (3.17), we need to prove that (2.5) and
(2.6) imply

1
fim = / feDf(x2)g(x3)glxa)dur = 877 / fF0g (x)dx. (4.52)
R4 R

If o, p > 0, then (2.5), (2.6) imply f € LY*(R), g € LY/#(R), and the result
follows from Theorem 3. Assuming 8 < 0, from (2.5) we have g € L>®(R).
Denote

]-C(x)zio if xe[-%,2] _ _[o() if xel[-n,7l

fx) otherwise otherwise

andlet]ﬁ:f—f,g:g—g."['hen

1 1 (-
T/f(X1)f(xZ)g(X3)g(X4)duT = T/f(xl)f(XZ)g(XB)g(x4)dMT
R4 R4
1 _
tT / FOeDf(x2)g(x3)g(xa)dpr
]R4

1
+ 7/]_”(xl)]_”(X2)g(x3)g(x4)d/LT
R4

= I} + I3+ [ (4.53)

Since f, g € L°(R) and f € L1(R) (see also Remark 3) we obtain

T—o00

lim I} =8’ / FOf(0)g*(x)dx = 87° / FF0g (x)dx,
R

s
|x|>7

lim 1% = 873 / F@Of@)g*(x)dx = 0. (4.54)
R

T—o00
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Next,

1 1
I = T / FOnfG)glaz)gxa)dur + — / fO)f (x2)g(x3)g(xa)dpr
R4 R4
1
tr / fOaenf(x2)g(x3)g(xa)dpr
R4

1 ‘o
t7 /]_”(X1)Jf(x2)§(x3)§(x4)dﬂr =: ZIJIT. (4.55)
R4 1=

We have
1 1
Ir=7 / FOe)f(x2)g(x3)g(xa)dpr.
[—m]*

Arguments similar to those leading to equality (4.3) from [9] may be used to
prove that

T /2
TlimwllT = 873 / A (0)g* (x)dx = 87 / (0% (x)dx. (4.56)
-7 —7/2

Since f(x1)f (x2) € L' (R?) for any ¢ > 0 we can find § > 0 satisfying
If (x1)f (x2)|dx1dxs < e.
[x1—x2]<d

Because g € L*°(R), in view of (3.23) and (3.24) for sufficiently large 7" we
obtain

/2 w/2 /2
l<C.T / / FaDf o)l / Y — x)Yr(n — x3)
—/2 —m/2 —/2

1
X / —de4dx3dx1dxz
X
[x4|>7

/2 w2
-c / / FEDFeDIA + Ty — xa) ™ 2dxdes
—n/2 -7 /2
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<c / D () |dxydz

|[x1—x2|<8
L1+ Ts) / e f () ldxds < 2e.
[x1—x2|>6

This means that
lim J2 = 0. (4.57)
T— o0

Likewise
lim J3 = 0. (4.58)
T—o0

To estimate the integral J‘} in (4.55) note that in this case |x; — xj| > 5,i=1,2,
j = 3,4. Therefore

C o
A= T/Jf(xl)J:(xz)g(X3)g(x4)dx1dX2dX3dx4
R4
< Sipe 2 0 asT 459
= T“f”Ll(R)”g”Ll(R) - as —> OQ. ( . )

From (4.55)—(4.59) we obtain Tlim I3T = 0, which combined with (4.53) and
— 00
(4.54) yields (4.52). Theorem 5 is proved.
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