MA556, MA242

The Algebraic Eigenproblem

Variational principles

If z; is an eigenvector corresponding to eigenvalue A; of symmetric matrix A, then
Aj = LE‘]TACL‘J‘ / :UJTJ:] The rational function

2T Az

Aw) = 2! Bx

(6.223)

where A = AT, and where B is positive definite and symmetric is Rayleigh’s quotient. Apart
from the obvious A(z;) = A;, Rayleigh’s quotient has remarkable properties that we shall

discuss here for the special, but not too restrictive, case B = I.

Theorem (Rayleigh) 6.50. Let the eigenvalues of A = AT be arranged in the ascending

order A\ < Ay < --- < A\, with orthogonal eigenvectors x1,xa,...,T,. Then
T
xt Ax
N1 € —p— < Mif alay =2z = =20, =0, 240 (6.224)
ot

with the lower equality holding if and only if x = x4, and the upper inequality holding if

and only if v = x,,. Also

2T Az

A1 < <Ak if xTxn = xTxn—l == xTxn—k—H =0, z+#o0 (6.225)

with the lower equality holding if and only if x = x1, and the upper if and only if x = x,_}.

The two inequalities reduce to

2T Ax

xTx

A < < An (6.226)

for arbitrary x € R™.

Proof. Vector x € R", orthogonal to z1,x9, ..., z; has the unique expansion

T = O 1Th41 + Qpy2Tpyo + -+ apZy (6.227)
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with which

We normalize x by

ele=al 4 +ajt+--+al=1 (6.229)

and use this equation to eliminate oz,% 41 from T Az so as to have
AMz) = 2T Az = M1 + afiohin — Mes1) + -+ a2 (O — Asn)- (6.230)
By assumption A\j — Ap41 > 0 if j > £+ 1 and hence
Az) = M\pa1 + non-negative quantity (6.231)
or \(x) > Ag11, with equality holding if and only if
Afro(Mera — Mer1) + -+ a2 (A — Apg1) = 0. (6.232)

In case of distinct eigenvalues, A\; — A\g41 #0 j = k+2,...,n, equality holds if and only if
Qpt2 = Qg3 = - = ap = 0, and AN(@g41) = Ag41. If eigenvalues repeat and A\j — Ap41 =0,
then a; need not be zero, but equality still holds if and only if z is in the invariant subspace

spanned by the eigenvectors of A q.
To prove the upper bound we use
2 2 2 2
al=1-a2,,—al,— --—a’, (6.233)
to eliminate it from A(z), so as to be left with

A@) = An — O‘%—H()‘n = A1) == ap (A = Aa1) (6.234)

and \(z) < A\, with equality holding if and only if z = x,,.

The proof to the second part of the theorem is the same. End of proof.

Corollary 6.51. If A = AT, then the (k + 1)th and (n — k)th eigenvalues of A are

variationally given by
Mep1 =min ANz, alay =a2Tay = =272, =0 (6.235)
z/=o
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p—— m/ax A(z), ola, =aloy 1= = xT$n,k+1 =0.
T /=0

The two extremum statements reduce to

A1 =min\(z), A, = max\(x) (6.236)

for arbitrary x € R™.

Proof. This is an immediate consequence of the previous theorem. If A; is isolated, then
the minimizing (maximizing) element of A\(z) is unique, but if A\; repeats, then the minimizing
(maximizing) element of A\(x) is any vector in the invariant subspace corresponding to A;.

End of proof.

Minimization of A(x) may be subject to the k linear constraints 27 p; = 27py = -+ =
xTpy = 0, where p1,pa, ..., pi are any k constant vectors in R". Because of the constraints
the minimum of A\(x) is raised, and the maximum of A\(x) is lowered. The question is by how

much.

Theorem (Fischer) 6.52. If A= AT, then

I'Tpl — prz — .. = prk =0. (6237)

Proof. We order the eigenvalues of A in the ascending order A\ < Ay < --- < )\, with
the corresponding orthogonal eigenvectors xyi,xo,...,z,. Any vector x € R™ is uniquely
expanded in the form x = a1 + agxa + - - - + anx,. We shall start with the one constraint

zTp; = 0 that in terms of ay, oo, ..., ap is
0= ala:lTp1 + aga:gm +---+ aanpl. (6.238)

This is one homogeneous equation in the n unknowns aq, as, . . ., a;, and possesses a nontrivial
solution. We may even set a3 = a4 = - -+ = «a,, = 0 and still be left with aw{pl +a2x§p1 =0
that has a nontrivial solution. Thus, when a3 = ay = --- = a,, = 0, AMz) = (\a? +
o) /(a? + a3), by Rayleigh’s theorem A(z) < A2, and obviously min A(z) < As.
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On the other hand if we choose a1 = as = -+ = a9 = 0, then we are left with
the constraint equation an,lxg_lpl + Ozn:z:gpl = 0, which we know possesses a nontrivial
solution. Now A(x) = (\n_102_; +\a2)/(a?_; +a2), by Rayleigh’s theorem \(x) > Ap_1,
and obviously max A(z) > Ap,—1.

Extension of the proof to k constraints is straightforward and is left as an exercise. End

of proof.

The following interlace theorem is the first important consequence of Fischer’s theorem.

Theorem 6.53. Let the eigenvalues of A = AT be \y < Xy < --- < \,, with correspond-

g eigenvectors x1,x2,...,xTy. If
T T T
L =minA(z),{ L T s e mrna =00 ooy 6.239
o= mina@) f £ = CiskSaomo o (6239)
then
e <A < Mot (6.240)
In particular, form =1
A <A <A, <A< A3 e A1 S < (6.241)

Proof. The lower bound on )} is a consequence of Rayleigh’s theorem, and the upper

bound of Fischer’s with k£ 4+ m — 1 constraints. End of proof.

Theorem (Cauchy) 6.54. Let A = AT with eigenvalues A1 < dg < --- < A, be

partitioned as

n—m m
A= A/T ¢ nem (6.242)
C B '
If Np <Xy <--- <X are the eigenvalues of A’ then
Me SN < Moy K=1,2,...,n —m. (6.243)

. T T _ . ... .
Proof. minz” A'2’ /2’ z', x’ € R"™™ can be interpreted as minimization of 27 Az /2" z,

z € R™ under the m constraints ZL’TGn_m_H = ... =gT¢, = 0. Theorem 6.53 then assures

the inequalities. End of proof.



Theorem 6.55. Let x be a unit vector, A a real scalar variable, and define for A = AT

the residual vector r(\) = r = Az — Ax. Then A = X\z) = 2T Az minimizes r7r.

T

Proof. If z happens to be an eigenvector, then r*r = 0 if and only if A is the corre-

sponding eigenvalue. Otherwise
rTr(\) =rTr = (@TA = XaD)(Az — Az) = X2 — 2227 Az + 2T A%, (6.244)

The vertex of this parabola is at A = ! Az and m)%n rTr =T A% — (ZL"TAQf)Q. End of proof.

If z is given as an approximation to an eigenvector, then Rayleigh’s quotient A = A\(z) is
the best approximation, in the sense of minr!r, to the corresponding eigenvalue. We shall

look more closely at this approximation.

Theorem 6.56. Let \; be an eigenvalue of A = AT with corresponding unit eigenvector
xj. Consider unit vector x as an approzimation to xj and A = X(x) as an approzimation to
Aj. Then

1A — Al < (A — A\1)4sin? % (6.245)

where ¢ is the angle between x; and x, and where A1 and A, are the extreme eigenvalues of

A.

Proof. Decompose z into x = x; + e. Since olr = x?xj =1, ele+ 26ij =0, and

A= (zj+e)TA(xj+e) =X+ el (A—\De. (6.246)
But
lef(A—\jD)e| < max Ak — Ajlefe < (A — Ap)ele (6.247)
and therefore
1A — Al < ele(hy — M) (6.248)

which with e = 2(1 — cos ¢) = 4 sin? % establishes the inequality. End of proof.

To see that the factor A,, — A1 in Theorem 6.56 is realistic take z = z1 +exp, vl z = 1+€2,

so as to have

€2

A== g (= A, (6.249)
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Theorem 6.56 is theoretical. It tells us that a reasonable approximation to an eigen-
vector should produce an excellent Rayleigh quotient approximation to the corresponding
eigenvalue. To actually know how good the approximation is requires yet a good deal of

hard work.

Theorem 6.57. Let \j < Ao < --- <\, be the eigenvalues of A = AT with correspond-

ing orthonormal eigenvectors x1,xo, ..., xy. Given unit vector x and scalar A, then
min|A; — A < || (6.250)
J
ifr = Ax — Ax.

Proof. In terms of the n eigenvectors of A, x = ajx1 + asws + - - - + apxy, so that

r= 041()\1 — )\)xl + 042(/\2 - )\)ZEQ + -+ Oén()\n — )\)In. (6.251)
Consequently
rTr=a2( A = N2 +a2(M = A2+ + a2\, — V)2 (6.252)
and
rTr > min(\; — N)?(af + a3 + -+ a2). (6.253)

J
Recalling that o + a3 + --- + a2 = 1, and taking the positive square root on both sides

yields the inequality. End of proof.

Theorem 6.57 does not refer specifically to A = A(x), but it is reasonable to choose this
)\, that we know minimizes 77 7. It is of considerable computational interest because of its
numerical nature. The theorem states that given A and ||r|| there is at least one eigenvalue
Aj in the interval A — |7 < X; < A+ |7

At first sight Theorem 6.57 appears disappointing in having a right-hand side that is
only ||7||. Theorem 6.56 raises the expectation of a power to ||7| higher than 1, but as we
shall see in the example below, if an eigenvalue repeats, then the bound in Theorem 6.57 is

sharp; equality does actually happen with it.

Example. For

1 e] Il:g [1

e 1 1

| S

A:[ ] M=1+4¢€ x9= {_11] A=1—c¢ (6.254)
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we choose 2 = [1 0] and obtain A(z) = 1, and 7 = €[0 1]7. The actual error in both \; and

A2 is €, and also ||r|| = e.

For

1 ¢

A:L 5 CA=1—€2 M=2+€ << (6.255)

we choose z = [1 07 and get A(z) = 1, and r = €[0 1]7. Here ||7|| = ¢, but the actual error

in \; is €2.

Al Az A3

Fig. 6.3

A better inequality can be had, but only at the heavy price in practicality of knowing

the eigenvalues’ separation. See Fig.6.3 that refers to the following

Theorem (Kato) 6.58. Let A= AT, 270 =1, A\ = \z) = 2T Az, and suppose that o
and (B are two real numbers such that o < X\ < [ and such that no eigenvalue of A is found

mn the interval a < A < f3.

Then
B-NN—a)<rTr=€, r=Ar -z (6.256)

and the inequality is sharp.

Proof. Write x = ayz1 + avxo + agx3 + - - - + apxy, to have

Az — fr = (M — Blarzr + (A2 — Blagza + -+ + (A — B)anzy

Az —az = (M — a)arzr + (Mo — @)agzs + - + (A — @) ann. (6:257)
Then
(Az = Br)" (A — az) = (M = B)(M — a)af + (A — B) (A2 — @)a)
ot = B) (A — a)a, > 0 (6.258)

7



because (A\j — ) and (\; — «) are either both negative or both positive, or their product is

Zero.
But
Ar —arz=Az - x4+ (A —a)z=r+ (A —a)z
(6.259)
A —Pr=Az—Xe+ (A= Blze=r+ (A—P)x
and therefore
(r4+ O\ —a)z)l(r+(\=p)z) > 0. (6.260)
Since 77 = 0, 272z = 1, multiplying out yields
rfr+(A=a)A=6) >0 (6.261)

and the inequality is proved.

To show that equality does occur in Kato’s theorem assume that © = a2 + agze, af +

a3 = 1. Then

A=afA +a3de, M —A=ai(\ — A), A — Ao =aZ(A\ — o),

(6.262)
e = Oz%(/\l — )\)2 + Oz%()\z — )\)2 = a%a%(/\l — )\2)2
and in fact €2 = (A — A\)(A — A1). End of proof.
Example. The three eigenvalues of matrix
1 -1
A=|-1 2 -1 (6.263)
-1 2
are \; = 4sin?(0;/2), 0; = (2j — 1)x/7 j = 1,2,3, or numerically

A1 = 0.1980623, A = 1.5549581, A3 = 3.2469796. (6.264)

We take

3 2 1
dh=2| ,25=|-1|,2h=1]-2 (6.265)
1 —2 2

as approximations to the three eigenvectors of A and compute the corresponding Rayleigh
quotients

3 14 29
N = g = 0-2143, Ny = o5 = 15556, Ny = o = 32222 (6.266)
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These are seen to be excellent approximations, and we expect them to be so in view of
Theorem 6.56, even with eigenvectors that are only crudely approximated. But we shall not

know how good N[, \j, \j are until the approximations to the eigenvalues are separated.

We write rj = Az, — N.a’;, compute the three relative residuals

[l V5 rall V2 Irall V5
| = = Y2 2 0.1597, e = = Y2 201571, e = =2
23] 14 lzall 9 lzgll 9

= 0.2485 (6.267)
and have from Theorem 6.57 that
0.0546 < A1 <0.374, 1.398 < X\ < 1.713, 2.974 < \3 < 3.471. (6.268)

Figure 6.4 has the exact A1, A2, A3, the approximate A}, A5, A5, and the three intervals marked

on it.
)\' ! )\' 2 X 3
00546 0374 1398 1713 2974 3471

| | |
0 | 2 3 4
Al Az A3
Fig. 6.4

Even if the bounds on A1, A2, A3 are not very tight, they at least separate the eigenvalue

approximations. Rayleigh and Kato’s theorems will help us do much better than this.

Rayleigh’s theorem assures us that Ay < A}, and hence we select & = A1, 3 = 1.398 in

Kato’s inequality so as to have
(A= A\1)(1.398 — ) < & (6.269)

and

0.1927 < A; < 0.2143. (6.270)

If Xy < Ao, then we select & = N}, = A2 in Kato’s inequality and obtain

2

Ny < o < Ny + X%X (6.271)
2 1



while if Xy > Ag, then we select & = g, = A\j in Kato’s inequality and

Y 2 << (6.272)

Hence, wherever the location of X, relative to Ay

VR RSV I (6.273)
or numerically
1.5407 < A9 < 1.5740. (6.274)

The last approximate \j is, by Rayleigh’s theorem, less than the exact, \j < A3, and we

select a = 1.5740, B = A3 in Kato’s inequality,
(A3 — M5) (N — 1.5740) < €2 (6.275)

to obtain

3.222 < A3 < 3.260. (6.276)

Now that better approximations to the eigenvalues are available to us, can we use them
to improve the approximations to the eigenvectors? Consider A1, z1 and A}, x}. Assuming

the approximations are good we write
1 =1a) +dr1, A\ =\ +d\ (6.277)
and, upon neglecting the product dAidx1, obtain
(A= X Dxy = (A= N I)(z} +dz1) —d\r) =0
from which the approximation

z1 = d\ (A= N 1)" 1] (6.278)

readily results. Factor d)\; is irrelevant, but its smallness is a warning that (A — \j1)~'2}

can be of a considerable magnitude because (A — A1) may well be nearly singular.
The enterprising reader should undertake the numerical correction of a, 25, 5.
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Now that supposedly better eigenvector approximations are available, they can be used in
turn to produce better Rayleigh approximations to the eigenvalues, and the corrective cycle
may be repeated, even without recourse to the complicated Rayleigh-Kato bound tightening.
This is in fact the essence of the method of shifted inverse iterations, or linear corrections,

described in Sec. 8.5.

Error bounds on the eigenvectors are discussed next.

Theorem 6.59. Let the eigenvalues of A = AT be N\ < Ny < -+ < N\, with corre-
sponding orthonormal eigenvectors x1,x2, ..., Ty, and x a unit vector approxvimating ;. If

ej =x —xj, and X\ = T Az, then

N2\ 12N 172
lej|| < (2—2(1— (E—J> ) ) L9 < (6.279)

a «
where € = ||rj||, 7; = Az — Az, and where
a = min |\, — A (6.280)
k/=i
If lej/af << 1, then
.
< =L, 6.281
Jesll < & (6.251)
Proof. Write
T =oqa1 + g+ d izt oty d a3+ +ad =1 (6.282)
so as to have
ej =2 —xj =121 +aoxa+ -+ (aj — D)zj + - + apay (6.283)
and
e]Tej:oz%%—oz%—i--'-—k(oej—1)2—|—~~-—|-oz721. (6.284)
Because 272 = 1
1
elej=2(1—qj), aj=1- 5e]Tej. (6.285)
Also,

e =rirj=ai(A = A2+ a3l = N>+ +af(Aj =N+ +ai (M — A (6.286)
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and

&> af(M = AP+ aa(Aa = A7+ + 04+ ai (A — A2 (6.287)
Moreover
2 >min(\, — N?(af +a3 + -0+ +a?) (6.288)
] = k= 1 2 n :
or
€& > a*(1—0aj). (6.289)
But oj =1 — %e;fej and therefore
L p 9 €5 2

With the proper sign choice for x, %e]Tej < 1, and taking the positive square root on both

sides yields the first inequality. The simpler inequality comes from
€:\ 2 % 1/€:\2
1— J)) :1—<J> 6.291
( (a 2\« ( )

Notice that Theorem 6.57 does not require A to be z1 Az, but in view of Theorem 6.55 it

for (¢j/a) << 1. End of proof.

is reasonable to choose it this way. Notice also that as z — x;, A may be replaced with A;,
and o becomes the least of A\j11 —A; and A\; — A\j_;. To compute a good bound on ||z — x|
we need to know how well A; is separated from its left and right neighbors. To see that the

bounds are sharp take x = x1 + exg, €2 << 1, 50 as to get ||z — z1|| = ||7||/ (A2 — A\1).
Lemma 6.60. Ifz € R" and 27z =1, then
21 + [zo? + -+ |zn)? =1 and |a1| + |22 4+ + |2n] < V. (6.292)

proof. Select vector s with components £1 so that s’z = |z1| + |zo| + --- + |74

Obviously ||s|| = v/n. By the Cauchy—Schwarz inequality
sha < |ls|l[|=[l = v/n (6.293)

since ||z|| = 1, and hence the inequality of the lemma. Equality occurs in eq.(6.292) for

vector  with all components equal in magnitude. End of proof.
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Theorem (Hirsch) 6.61. Let matrix A = A(n x n) have a complex eigenvalue \ =

a+i03. Then
1 1
Al = nmax[Ayl, |af < nmax g[Ay; + Ajil, 6] < nmax [Aij — Ajil. (6.294)
2¥} ] 2¥}

proof. Let z be a unit, 72 = 1, eigenvector corresponding to eigenvalue A so that

Az = \zx. Then

A= IHAx = Anxim + AeTiee + AogxiTo + - + AnnInTn (6.295)
and
Al < max |Aijl(J21? + 2|z ||z2| + - + |2a]*) (6.296)
or
A < n}z}x|Azj|(|x1| + |z + -+ ]:cn\)z (6.297)

and since |z1|> + 22> + -+ + |z,]? = 1, Lemma 6.60 guarantees the first inequality of the

T

theorem. To prove the other two inequalities we write z = u + iv,u’u = 1 vTv = 1, and

separate the eigenproblem into
Au = au — pv, Av=av+ fu (6.298)
from which we get through premultiplication by u” and v’

1 1
20 = ul (A+ Au+ vl (A+ AN, 28 =u'(A—AT). (6.299)

From the second equation we derive the inequality
20 < max|Aij — Ajil(jur||oa] + fual[va] + Jugllor £+~ + fun|[vn]) (6.300)

or
26 < max [Aij — Ajil(Jua] + Juz| + -+ fun])(Jor] + vz] + -+ fon). (6.301)
Recalling lemma 6.60 we ascertain the third inequality of the theorem. The second inequality
of the theorem is proved likewise. End of proof.
For matrix A = A(n x n), A;; = 1, the estimate |A\| < n of Theorem 6.61 is sharp; here
in fact A, = n. For upper-triangular matrix U,U;; = 1, |A| < n is a terrible over estimate;
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all eigenvalues of U are here only 1. Theorem 6.61 is nevertheless of theoretical interest. It
informs us that a matrix with small entries has small eigenvalues, and that a matrix only

slightly asymmetric has eigenvalues that are only slightly complex.

We close this section with a monotonicity theorem and an application.

Theorem (Weyl) 6.62. Let A and B in C = A+ B be symmetric. If og < ag < -+ <
oy, are the eigenvalues of A, 61 < Pa < -+ < (), the eigenvalues of B, andv1 < v9 < -+ <y,

the eigenvalues of C, then

@i + B < Yitj—1, Vitj-n < @i+ G5 (6.302)

In particular
a; + 1 <y < g + B (6.303)
Proof. Let aj,as9,...,a, be the n orthonormal eigenvectors of A, and by, bs, ..., b, the

orthonormal eigenvectors of B. Obviously

ey S 2T Ax n 2By
min min min
- Ty - z Ty Ty
Tay=--=a2Ta;_1=0 Tay=--=a2Ta;_1=0 ;L«Tblz...:mejflzo

(6.304)
By Fischer’s theorem the left-hand side of the above inequality does not exceed ~;y;j1,
while by Rayleigh’s theorem the right-hand side is equal to a; + (3;. Hence the first set of
inequalities.

The second set of inequalities are obtained from

=T Cx =T Az 2T Bz
max — < max —= + max —
r gply r gply r ply
:L“Tai+1:---:$Tan:0 :L“Tai+1:---:$Tan:0 :UTbj+1:---:ben:0
:L‘Tbj_H == :L’Tbn = 0.

(6.305)
By Fischer’s theorem the left-hand side of the above inequality is not less than «;4;_,, while
by Rayleigh’s theorem the right-hand side is equal to a; + ;.
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The particular case is obtained with j = 1 on the one hand and 5 = n on the other hand.

End of proof.

Theorem 6.62 places no limit on the size of the eigenvalues but it may be put into a

perturbation form. Let positive € be such that —e < 31, 3, <e. Then

and if € is small |y; — ;| is smaller. The above inequality together with Theorem 6.61 carry
an important implication: if the entries of symmetric matriz A are symmetrically perturbed

slightly, then the change in each eigenvalue s slight.

One of the more interesting applications of Weyl’s theorem is the following. If in the

symmetric

[ 4

o (6.307)

matrix R = O, then A reduces to block diagonal and the eigenvalues of A become those of
K together with those of M. We expect that if matrix R is small, then the eigenvalues of

K and M will not be far from the eigenvalues of A, and indeed we have

Corollary 6.63. If

T D LR R VTP

then
IAi = Xl < |pal (6.309)

where \; and N, are the ith eigenvalue of A and A', respectively, and where p2 is the largest

eigenvalue of RTR, or RR”.
Proof. Write

T T

RT}

[R I,} =p V,] (6.310)

Then RTRx = p?r or RRTz' = p?a’, provided that p = 0. If p2 is the largest eigenvalue
of RTR (or equally RR"T), then the eigenvalues of E are between —p,, and +p,, and the

inequality in the corollary follows from the previous theorem. End of proof.
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exercises

6.16.1. Let A = AT. Show that if Az — Az =7, A = 2T Ax/z"z, then 27r = 0. Also, that

Bx = Az for
B=A—(ar" +ra”) /2T,

6.16.2. Use Fischer’s and Rayleigh’s theorems to show that

Ao = mgx(glllg)\(x)), Ap—1 = mpln(r:rclfi)c A(z))

where \(z) = 2T Az /2T 2.

6.16.3. Let A and B be symmetric positive definite. Show that
M (AB) < M\(A)A,(B)

and

M(A+B) > M(A) +M(B) |, M(A+ B) < M(A) + M(B).

6.16.4. Show that for square A
2T Ax

o <
iy

< ap

where a1 and o, are the extremal eigenvalues of %(A + AT).

6.16.5. Let A = AT and A’ = A" have eigenvalues A\ < \g < --- < \pand ] <\, < -+

An such that \; > A; for all j. Is it true that 2T A’z > 2T Ax for any 2?7 Consider

-1 -1 , [ -11 JOos8
A=|T ) ma 4= o Vs )

IN

6.16.6. Prove that if for symmetric A’ and A, 2T A’z > 2T Az for any z, then pairwise

A (A/) > N\ (A) .

6.16.7. Let A = AT be such that A;; > 0. Show that for any z,z; > 0,

(2T Az)? < (2T z) (2T A22).
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6.16.8. Use corollary 6.63 to prove that symmetric

T
a a
A_[a A

has an eigenvalue in the interval
ja = A < (a"a)'/?

Generalize the bound to other diagonal elements of A using a symmetric interchange of rows

and columns.

6.16.9. Let o; = (A\;(ATA))Y/2 be the singular values of A = A(n x n), and let ¢} be the

singular values of A’ obtained from A through the deletion of one row (column). Show that
o <o, <oi1i=12...,n—1

Generalize to more deletions.

6.16.10. Let oy = (Ai(ATA))Y/2 be the singular values of A = A(n x n). Show, after Weyl,
that

0109+ -0 S ’)\1“)\2’ ‘)\k’, and Ok ...0p—10n Z ’)‘k|’)‘n—1H)‘n’a ]4,’ = 1,2,...,n

where A\, = A\i(A) are such that || < A2 < -+ < |\,

6.16.11. Recall that
211/2
1AllF = (3 A)Y

Y]
is the Frobenius norm of A. Show that among all symmetric matrices, S = (A + A)/2

minimizes ||A — 9| .

6.16.12. Let nonsingular A have the polar decomposition A = (AAT)l/ZQ. Show that among
all orthogonal matrices, Q = (AAT)~1/24 is the unique minimizer of | A — Q|| 7. Discuss the

case of singular A.

Bounds and perturbations
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Computation of even approximate eigenvalues and their accuracy assessment is a seri-
ous computational affair and we appreciate any quick procedure for their enclosure. Ger-

schgorin’s theorem on eigenvalue bounds is surprisingly simple, yet general and practical.

Theorem (Gerschgorin) 6.64. Let A = A(n xn). If A= D+ A', where D is the

diagonal D;; = Ay, then every eigenvalue of A lies in at least one of the discs

IN— Ayl <AL+ A+ + ALl i=1,2,...,n (6.311)

nl

in the complex plane.

Proof. Even if A is real its eigenvalues and eigenvectors may be complex. Let A be any
eigenvalue of A and & = [x1 22 ... 2,)7 the corresponding eigenvector so that Az = Az z = o.
Assume that the kth component of z, z, is largest in magnitude (modulus) and normalize

x so that |zg| =1 and |z;| < 1. The kth equation of Az = Az then becomes
Apixy + Agoro + - -+ A + -+ + Appxn = A (6.312)

and . , /
A — Apr| = |Apy21 + Apowa + - + Ap, 24|

<A o1] + [Afol 2] + -+ 4 |Akn] |2l (6.313)
< A | + | ARl 4+ -+ - + Al

We do not know what £ is, but we are sure that A lies in one of these discs. End of proof.

Example. Matrix

2 =3 1
A=1-2 1 3 (6.314)
1 —4 2
has the characteristic equation
AN+ —130+14=0 (6.315)

with the three roots

3
1 2+ 227 2 1

%

19
- gz A3 = 2. (6.316)

N W
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Gerschgorin’s theorem encloses the eigenvalues in the three discs
01:2=A <4, b2: |1 =N <5, 83:12—A <5 (6.317)
shown in Fig. 6.5. Not even a square root is needed to have these bounds.
Corollary 6.65. If )\ is an eigenvalue of symmetric A, then
min(Agg — [Aj| = -+ = [Aful) <A < max(Agg + [ A [+ + [Apal) (6.318)

where Aj; = Ajj and Aj; = 0.

Proof. When A is symmetric A is real and the Gerschgorin discs become intervals on

the real axis. End of proof.

* Ai=L5+218i

* X2=1.5-218i

Fig. 6.5

Gerschgorin’s eigenvalue bounds are utterly simple, but on difference matrices the theo-
rem fails where we need it most. The difference matrices of mathematical physics are, as we
noticed in Chapter 3, most commonly symmetric and positive definite. We know that for

these matrices all eigenvalues are positive, 0 < A\ < g < -+ < A\, but we would like to have
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a lower bound \j in order to secure an upper bound on A, /A;. In this respect Gerschgorin’s

theorem is a disappointment.

For matrix

A= -1 2 -1 (6.319)
-1 2 -1
1 2

Gerschgorin’s theorem yields the eigenvalue interval 0 < A < 4 for any n, failing to predict

the positive definiteness of A. For matrix

5 —4 1
—4 6 -4 1
A2=11 -4 6 -4 1 (6.320)
1 —4 6 —4
1 —4 5

Gerschgorin’s theorem yields —4 < A < 16, however large n is, where in fact A > 0.
Similarity transformations can save Gerschgorin’s estimates for these matrices. First

we notice that D™1AD and D~'A%D, with the diagonal D, D; = (—1)° turns all entries

of the transformed matrices nonnegative. Matrices with nonnegative or positive entries are

common; A~ and (A2?)~! are with entries that are all positive.

Definition. Matriz A is nonnegative, A > O, if A;; > 0 for all i and j. It is positive,
A>0, ZfAU > 0.

Discussion of good similarity transformations to improve the lower bound on the eigen-
values is not restricted to the finite difference matrix A, and we shall look at a broader class

of these matrices.

Theorem 6.66. Let symmetric tridiagonal matriz

o] + a9 —Q9
—Q9 o9 + o -
T = s (6.321)
—ag " —ay,
—Qpn O+ Qptl
be such that oy > 0, ag >0, a3 > 0,..., 00 >0, apy1 > 0. Then eigenvector x correspond-

ing to its minimal eigenvalue is positive, x > o.
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Proof. If x = [x1 29 ... 2,]7 is the eigenvector corresponding to the lowest eigenvalue

A, then

_ onaf +ao(r — 1) +ag(a — 22)? + - + ap(en — 2a-1)” + angiy

6.322
a3+ 4k (6.322)

A(x)

and matrix T is seen to be positive semidefinite. Matrix T is singular only if both a; =

apnt1 =0,and thenz =11 ... 1]T. Suppose therefore that a; and a1 are not both zero.

Looking at the equation Az = Az we readily observe that no two consecutive components
of x, including x; and x2, may be zero, for this would imply x = 0. No interior component of
x can be zero either; speaking physically the string may have no interior node, for this would
contradict the fact, by Theorem 6.49, that x is the unique minimizer of A\(z’). Say n = 4
and x2 = 0. Then the numerator of A\(x) is (a1 + a2)2? + azzd + au(zs — 24)? + 23, and
replacing x1 by —z1 leaves A(z) un affected. The components of x cannot be of different signs
because sign reversals would lower the numerator of A(z) without changing the denominator
contradicting the assumption that x is a minimizer of A(z’). Hence we may choose all

components of z positive. End of proof.
For the finite difference matrix A of eq.(6.319), or for that matter for any symmetric
matrix A such that A; > 0 and A;; < 0, the lower Gerschgorin bound on first eigenvalue A\

may be written as

A1 > min(Ae); (6.323)
1
fore=[111 ...,1)7. If D is a positive diagonal matrix, D > O, then also
A1 > min(D~1ADe); (6.324)

i
where equality holds for De = z1 if 1 > o.

Matrix A of eq.(6.319) has a first eigenvector with components that are all positive,
that is, approximately =} = [0.50 0.87 1.00 0.87 0.50]7. Taking the diagonal matrix D with
Dy = (21)i yields

2 —1.740
—0.575 2 —-1.15
D7 'AD = —0.87 2 —0.87 (6.325)
-1.15 2 —0.575
—1.74 2
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and from its five rows we obtain the five, almost equal, inequalities
A1 > 0.260, Ap > 0.275, A1 > 0.260, A; > 0.275, A\; > 0.260 (6.326)
so that certainly A\; > 0.260, whereas actually A; = 4sin? 15° = 0.26795.

On the other hand according to Rayleigh’s theorem A\; < Aq(z)) = 0.26797, and 0.260 <
A1 <0.26797.

Gerschgorin’s theorem does not require the knowledge that z is a good approximation
to z1, but suppose that we know that \] = A(z}]) = 0.26797 is nearest to A\;. Then from
r = Az} — Nz = 1073[3.984 6.868 7.967 6.868 3.984]" we get that 0.260 < \; < 0.276.

Similarly, if symmetric A is nonnegative A > O, then Gerschgorin’s upper bound on the
eigenvalues of A becomes
An < ngix(D*lADe)i (6.327)
for any D > O.

The following is a symmetric version of Perron’s theorem on positive matrices.

Theorem (Perron) 6.67. If A is a symmetric positive matriz, then the eigenvector

corresponding to the largest (positive) eigenvalue of A is positive and unique.

Proof. If 2, is a unit eigenvector corresponding to \,, and  # x,, is such that 27z = 1,
then
T _ _ T
xt Ax < Ay = Nay,) = x,, Az, (6.328)
and A, is certainly positive. Moreover, since A;; > 0 the components of z;, cannot have
different signs, for this would contradict the assumption that z,, maximizes \(x). Say then
that (z,); > 0. But none of the (z,); components can be zero since Az, = A\,x,, and

obviously Az, > o. Hence x,, > o.

There can be no other positive vector orthogonal to z,, and hence the eigenvector, and

also the largest eigenvalue \,, are unique. End of proof.

Theorem 6.68. Suppose that A has a positive inverse, A=t > O. Let x be any vector
satisfying Ar —e =r,e=[11 ... 1]T, ||7]looc < 1. Then

[

[l
L[|l

<A Y < . 6.329
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Proof. Obviously z = A~'e + A~!r so that
Izlloe < AT elloo + 1A 7 loo < 1A oo + AT looI7lloo (6.330)

and
7] 0o
1+ |7l

To prove the other bound write = A~'e — (—A~!r), observe that A7 e|loo = ||A™! |00,

< Ao (6.331)

and have that ) .
[2lloo > [[A™ €lloo — A7 7[00
. . (6.332)
> |A™ oo = 1A ool 00

Hence, if [[r||co < 1, then
[

e > a1 . 6.333

End of proof.

Gerschgorin’s theorem has some additional interesting consequences.

Theorem 6.69. The eigenvalues of a symmetric matriz depend continuously on its

entries.

Proof. Let matrix B = BT be such that |B;j| < e. The theorems of Gerschgorin and
Hirsch assure us that the eigenvalues of B are in the interval —ne < g <ne. If C = A+ B,
then according to Theorem 6.62 |y; — | < ne where ag < ag < --- < a, are the eigenvalues
of Aand 73 < 79 < -+ < 7, are the eigenvalues of C. As € — 0 so does |y; — 4], and

|7 — ;| /€ is finite for all € > 0. End of proof.

The eigenvalues of any matrix depend continuously on its entries. It is a basic result
of polynomial equation theory that the roots of the equation depend continuously on the
coefficients (which does not mean that roots cannot be very sensitive to small changes in
the coefficients.) We shall not prove it here, but will accept this fact to prove the second
Gerschgorin theorem on the distribution of the eigenvalues in the discs. It is this theorem

that makes Gerschgorin’s theorem invaluable for nearly diagonal symmetric matrices.

Theorem (Gerschgorin) 6.70. If k Gerschgorin discs of matriz A are disjoint from

the other discs, then precisely k eigenvalues of A are found in the union of the k discs.
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Proof. Write A = D + A’ with diagonal D;; = A;;, and consider matrix A(7) = D+71A’
0 <7 < 1. Obviously A(0) = D and A(1) = A. For clarity we shall continue the proof for a

real 3 x 3 matrix, but the argument is general.

Suppose that the three Gerschgorin discs 61 = 61(1), 62 = 62(1), 63 = 83(1) for A = A(1)
are as shown in Fig. 6.6 For 7 = 0 the three circles contract to points A;(0) = Aj1, A2(0) =
Aga, A3(0) = Ags. As 7 is increased the three discs 61(7), d2(7), 63(7) for A(7) expand and
the three eigenvalues A1(7), A2(7), A3(7) of A vary inside them. Never is an eigenvalue of
A(7) outside the union of the three discs. Disc 61(7) is disjoint from the other two discs for
any 0 < 7 < 1. Since A\ (7) varies continuously with 7 it cannot jump over to the other two
discs, and the same is true for Aa(7) and A3(7). Hence 6; contains one eigenvalue of A and

01 U b9

)

M) MO)

Fig. 6.6

Example. Straightforward application of Gerschgorin’s theorem to

1 —1072 2102
A=|-5103% 2 1072 (6.334)
1072 —102 3

yields

A1 — 1] <3.01072, Ay — 2| < 151072, A3 — 3| <2.01072 (6.335)
and we conclude that the three eigenvalues are real. A better bound on, say, A; is obtained
with a similarity transformation that maximally contracts the disc around A; but leaves it
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disjoint of the other discs. Multiplication of the first row of A by 1072 and the first column

of A by 10? amounts to the similarity transformation
1 —107* 2104
D'AD=1{-05 2 1072 (6.336)
1 —107%2 3

from which we obtain the better [A; — 1| < 3.0 107

Corollary 6.71. A disjoint Gerschgorin disc of a real matriz contains one real eigen-

value.

Proof. For a real matrix all discs are centered on the real axis and there are no two

disjoint discs that contain A = a + i and A = a — i3, 3 # 0. Hence 8 = 0. End of proof.

With a good similarity transformation Gerschgorin’s theorem may be made to do well

even on a triangular matrix. Consider the upper-triangular U,U;; = 1. Using diagonal
D, Dj; = €"" we have
1 € & &
] 1 € €
DUD ! = 1 . (6.337)
1

and we can make the discs have arbitrarily small radii around A = 1.

Gerschgorin’s theorem does not know to distinguish between a matrix that is only slightly
asymmetric and a matrix that is grossly asymmetric, and it is might be desirable to decouple

the real and imaginary parts of the eigenvalue bounds. For this we have

Theorem (Bendixon) 6.72. If real A = A(n x n) has complex eigenvalue A = o+ i3,
then « s neither more nor less than any eigenvalue of %(A + AT, and 8 is neither more

nor less than any eigenvalue of %(A — AT).

Proof. As we did in the proof to Theorem 6.61 we write Az = Az with z = u+iv, v’ u =

vTv =1, and decouple the complex eigenproblem into the pair of equations
1 1
2a = iuT(A + ATy + §UT(A + ATy, 28 =uT(A— AT ). (6.338)

Now we think of u and v as being variable unit vectors. Matrix A + A7 is symmetric, and it

readily results from Rayleigh’s Theorem 6.50 that a in eq.(6.338) can neither dip lower than
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the minimum nor can it rise higher than the maximum eigenvalues of (A + AT). Matrix
A — AT is skew-symmetric and has purely imaginary eigenvalues of the form \ = +i20.
Also, uT(A — AT)u = 0 whatever u is. Therefore we restrict v to being orthogonal to u,
and propose to accomplish this by v = —1/23(A — AT), with factor —1/23 guaranteeing

vy = 1. Presently,

46% = —uT (A — AT)u. (6.339)

Matrix —(A — AT)? is symmetric and has nonnegative eigenvalues all of the form \ = 2.
Rayleigh’s theorem assures us again that 442 is invariably located between the least and

most values of 402, and the proof is done.
exercises

6.17.1. Show that the roots of A> — a1\ + ag = 0 depend continuously on the coefficients.

Give a geometrical interpretation to A.

6.17.2. Use Gerschgorin’s theorem to show that the n x n

— = =0
— = QO
— QO = =
S H— = =

is positive definite if & > n — 1. Compute all eigenvalues of A.

6.17.3. Use Gerschgorin’s theorem to show that

is nonsingular.

6.17.4. Does

A= -1 10 1
-1 14 1
-1 18

have complex eigenvalues?
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6.17.5. Consider

A= 3 g _5| and D= 0.7

-5 12 0.4
Show that the spectrum of A is nonnegative. Form D~'AD and apply Gerschgorin’s theorem
to this matrix. Determine « so that the lower bound on the lowest eigenvalue of A is as high

as possible.

6.17.6. Nonnegative matrix A with row sums all being equal to 1 is said to be a stochastic
matrix. Positive, A;; > 0, stochastic matrix A is said to be a transition matrix. Obviously
e=[11 ... 17 is an eigenvector of transition matrix A for eigenvalue A = 1. Use the
Gerschgorin circles of Theorem 6.64 to show that all eigenvalues of transition matrix A are
such that |A\| < 1, with equality holding only for A\ = 1. The proof that eigenvalue A = 1
is of algebraic multiplicity 1 is more difficult, but it establishes a crucial property of A that

assures, by Theorem 6.46, that the Markov process A, = A™ has a limit as n — oo.

6.17.7. Let S = 5(3 x 3) be a stochastic matrix with row sums all equal to A\. Show that

elementary operations matrix

1 1 1 —1
E = 1 1|, E'= 1 -1
1 1

is such that E~1SE deflates matrix S to the effect that
Ajp — A3z Ap— Az 0
E7'SE= | Ay — Az Ay — Azs 0
Az Aszg A
Apply this to

A=

Ot — DO
N W

2
4
1
for which A = 7. Then apply Gerschgorin’s Theorem 6.64 to the leading 2 x 2 diagonal block

of E71SE to bound the rest of the eigenvalues of S. Explain how to generally deflate a

square matrix with a known eigenvalue and corresponding eigenvector.
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6.17.8. Referring to Theorem 6.68 take

1 -1
-1 4 =3
A= -3 8 =5
-5 12 -7
-7 16

and z = af5 4 3 2 1]7. Fix a so that ||r||s is lowest and make sure it is less than 1. Bound

|A™ |00 = ||[A'e]|oc and compare the bounds with the computed ||A™! | s.

6.17.9. The characteristic equation of companion matrix

—ap
1 —a1
1 —a9

1 —as

C:

is 2% + a3z + a9z? + a1z + ap = 0. With diagonal matrix D, D;; = a; > 0, obtain

—apays/aq

pD-lop — | @/a2 —aroy/ay
042/053 —CLZCM/OQ

ag/oy  —azoy/oy

Recall Gerschgorin’s theorem to deduce from it that root z of a polynomial equation of

degree n is of modulus

if g =0 and a,, = 1.

6.17.10. For matrix A define o; = |Ay| — i |A;j|. Show that if o; > 0 for all 4, then
A~! = B is such that |B;;| < o; %

6.17.11. Prove Schur’s inequality:
n n
Dol < 3T 1Ay
i=1 i,j=1

where \; ¢ = 1,2,...,n are the eigenvalues of A.

6.17.12. Prove Browne’s theorem: If A = A(n x n) is real, then |[A(A)[? lies between the

smallest and largest eigenvalues of AAT .
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6.17.13. Show that if A is symmetric and positive definite, then its largest eigenvalue is
bounded by

max |Ay| < A\ < nmax [Ayl.
7 1

6.17.14. Show that if A is diagonalizable, A = XDX ! with D;; = );, then for any given

scalar A and unit vector =
min [A; — Al < [|X]] 1X ) 1)l
where r = Az — \x. Hint: Write z = X2/.

6.17.15. Prove the Bauer-Fike theorem: If A is diagonalizable, A = XDX ™!, D;; = )\; then
for any eigenvalue N of A" = A+ E,

min |A; — X < [|XTLEX] < X X 2]

6.17.16. Show that if A and B are positive definite, then C,C;; = A;;B;;, is also positive
definite.

6.17.17. Show that every A = A(nxn) with det(A) = 1 can be written as A = (BC)(CB)~!.

6.17.18. Prove that real A(n x n) = —AT, n > 2, has an even number of zero eigenvalues if

n is even and an odd number of zero eigenvalues if n is odd.

6.17.19. Diagonal matrix I’ is such that I/; = £1. Show that whatever A, I'A + I is
nonsingular for some I’. Show that every orthogonal @) can be written as Q = I'(I — S)({ +
S)~1 where S = —S7.

6.17.20. Let A1 and \,, be the extreme eigenvalues of positive definite and symmetric matrix
A. Show that
el Az aTA e (A + )2
< <
= 2Ty 2T T AN\,

6.18 The Ritz reduction

Matrices raised by such practices as computational mechanics are of immense order n,

but usually only few eigenvalues at the lower end of the spectrum are of interest. We may
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know a subspace of dimension m, much smaller than n, in which good approximations to

the first m’ < m eigenvectors of the symmetric A = A(n X n) can be found.

The Ritz reduction method tells us how to find optimal approximations to the first m/
eigenvalues of A with eigenvector approximations confined to the m-dimensional subspace

of R", by solving an m x m eigenproblem only.

Let vy, v9,..., vy be an orthonormal basis for subspace V™ of R™. In reality the basis
for V™ may not be originally orthogonal but in theory we may always assume it to be so.
Suppose that we are interested in the lowest eigenvalue A\; of A = AT only, and know that a
good approximation to the corresponding eigenvector x1 lurks in V. To find x € V'™ that

produces the eigenvalue approximation closest to A\; we follow Ritz in writing

T =y1v1 + Y202 + -+ YmOm = Vy (6.340)
where V' = [v1vs ... vp), and where y = [y1 y2 ... ym]?, and seek y # o in R™ that minimizes
T Ty, T
v Ar y VI AVyY
= = . 6.341
Ply) =1 Ty (6.341)

Setting gradp(y) = o produces
(VTAV)y = py (6.342)
which is only an m x m eigenproblem.

Symmetric matrix VT AV has m eigenvalues p1 < pg < --- < p,, and m corresponding
orthogonal eigenvectors y1, 42, ..., ym. According to Rayleigh’s theorem p; > A; and is as
near as it can get to A\; with x € V™. What about the other m — 1 eigenvalues? The next

two theorems clear up this question.

Theorem (Poincaré) 6.73. Let the eigenvalues of the symmetric n X n matriz A be
A< Ao < oo < Ay Ifmatriz V=V (n xm), m < n, is with m orthonormal columns,

VvTy = I, then the m eigenvalues p1 < p2 < --- < pp of the m X m eigenproblem
VIAVY = py (6.343)
are such that

A< o1 S el A2 <02 S A2y Am—1 < pme1 S Am1, A < pm < A (6344)

30



Proof. Let V = [vjvg,...,vy] and call V™ the column space of V. Augment the basis

for V™ to the effect that vy, v, ..., vy, ..., v, is an orthonormal basis for R"™ and start with
vl av

Pm = Max yTiy , yeR™ (6.345)

Y Yy

or
T

xt Ax

pm =MAX —7—, T € v, (6.346)

This, in turn, is equivalent to

TA
¥ , xT’Um+1 — e e . — xT’Un = 0 (6347)

Pm = Max
T gtz

and Fischer’s theorem tells us that p,, > \;,. The next Ritz eigenvalue p,,_1 is obtained

from the maximization under the additional constraint y’y; = 27 Vy; = 272, 2 € V™,

ol Az T.1 T

Pm—1 = mgxﬂ , ) = xTUm+1 =..=g'v,=0 (6.348)

and by Fischer’s theorem p,,—1 > A—1. Continuing this way we prove the m left-hand

inequalities of the theorem.

The second part of the theorem is proved starting with

T
zt Ax
2Ty 7’ T = =2l v, (6.349)

p1 = min
and with the assurance by Fischer’s theorem that p; < A\,_;+1, and so on. End of proof.

If subspace V™ is given by the linearly independent vy, ve, ..., vy, and if a Gram-Schmidt
orthogonalization is impractical, then we still write x = Vy and have that

2T Ax B yTVTAVYy
Lz yTVTVy

ply) = (6.350)

with a positive definite and symmetric VTV, Setting gradp(y) = o yields now the more

general

(VTAV)y = p(VIV)y. (6.351)

The first Ritz eigenvalue p; is obtained from the minimization of p(y), the last p,, from

the maximization of p(y), and hence the extreme Ritz eigenvalues are optimal in the sense
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that p; comes as near as possible to A1, and p,, comes as close as possible to \,. All the

Ritz eigenvalues have a similar property and are optimal in the sense of

Theorem 6.74. Let A be symmetric and have eigenvalues A\ < Ao < --- < \,. If

p1 < p2 < - < pyy oare the Ritz eigenvalues with corresponding orthonormal eigenvectors

), aby, ... @l then for k=1,2,....m

T
x' Ax
— A\ = mi < _)\>’ Ty = =alaf_, =0 6.352
pr— Ak = min (== = A ), @0 Tty (6.352)
and
T
. xt Ax

Atk = Pmtl—k = Inin, ()\n+1—k; - W)’ wlay, = =alap 5 =0,  (6.353)

Proof. For a proof to the first part of the theorem we consider the Ritz eigenvalues as

obtained through the minimization

yTVTAVy T

: T
P = min Y= =y Yp-1=0 6.354
— (6.354)
where V' =V (n x m) = [viva, ..., vy has m orthonormal columns. Equivalently
T
pr= Wi —p -, @ ==z 2)_1=0 (6.355)

where x = Vy, and xg = Vy;. By Poincaré’s theorem p, > A, and hence the minimization
lowers pr as much as possible to bring it as close as possible to Ax under the restriction that

zeVmand eley = =2l

The second part of the theorem is proved similarly by considering the Ritz eigenvalues

as obtained by the maximization

T
r” Ax 2oL T

Pm+1—k = Max Ty = =T Ty (6.356)

zevm gly
the details of which are left as an exercise. End of proof.

For any given Ritz eigenvalue p; and corresponding approximate eigenvector x; we may
compute the residual vector r; = Az;’ — p;jz;’ and are assured that the interval |p; — A| <

|75]|/|lz;'|| contains an eigenvalue of A. The bounds are not sharp but they require no
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knowledge of the eigenvalue distribution, nor that x;’ be any special vector and p; any
special number. If such intervals for different Ritz eigenvalues and eigenvectors overlap, then
we know that the union of overlapping intervals contain an eigenvalue of A. Whether or not
more than one eigenvalue is found in the union is not revealed to us by this simple error

analysis.

An error analysis based on Corollary 6.63 involving a residual matrix rather than residual

vectors removes the uncertainty on the number of eigenvalues in overlapping intervals.

Let X' = X'(n x m) =[]z ...2.,], D the diagonal D;; = p;, and define the residual
matrix

R=AX'—X'D. (6.357)

Obviously X "R=X"AX' - D = O, since the columns of X’ are orthonormal. Augment
X' so that @ = [X’X ] is an orthogonal matrix and form

D X""R

7oA | XTAX x7TAX"]
Q AQ— ‘| = RTX// XHTAX// . (6358)

x"Ax’ x" AX"

The maximal eigenvalue of X" "RRTX" is less than the maximal eigenvalue of RRT or RTR.
Hence by Corollary 6.63 if € is the largest eigenvalue of RT R, then the union of intervals

lpi — A <le| i =1,2,...,m contains m eigenvalues of A.

Example. Let = be an arbitrary vector in R", and let A = A(n x n) be a symmetric
matrix. In this example we want to examine the Krylov sequence x, Az,..., A" 'z as a
basis for V™. An obvious difficulty with this sequence is that the degree of the minimal
polynomial of A can be less than n and the sequence may become linearly dependent for

m—1 < n. Near-linear dependence among the Krylov vectors is more insidious, and we shall

look also at this unpleasant prospect.

To simplify the computation we choose A = A(100x 100) to be diagonal, with eigenvalues
1
Nijj = 2—5@2 +1.552) i=1,2,...,10 j=1,2,...,10 (6.359)

so that the first five are 1., 2.2, 2.8, 4.0, 4.2; and the last one is 100.0. It occurs to us
to take x = \/n/n[1 1 ... 1]7, and we normalize Az, A%zx,..., A" 'z to avoid very large

vector magnitudes.
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The table below lists the four lowest Ritz eigenvalues computed from V" with a Krylov

basis, as a function of m.

m p1 P2 p3 p4
4 7.615 31.47 61.83 91.85
6 4.141 17.08 36.78 58.94
8 2.680 10.57 23.42 39.38
12 1.469 5.049 11.19 19.63.

Since the basis of V™ is not orthogonal, the Ritz eigenproblem is here the general VI AVy =
pVTVy and we solved it with a commercial procedure. For m larger than 12 the eigenvalue
procedure returns meaningless results. Computation of the eigenvalues of VTV itself revealed
a spectral condition number x(V7V) = (1.5m)! which means x = 6-5 10 for m = 12, and

all the high accuracy used could not save V'V from singularity.
exercises

6.18.1. For matrix A . .
-1 4 =3
-3 8 -5
-5 12

determine o and s in x = a1[1 10 0]7 4+ az[0 0 1 1]7 so that 27 Az/2Tx is minimal.

A:

Answers

section 6.1

6.1.1. A=2,01 = —ag = £v2/2 or A =4, 01 = as = £1/2/2.
6.1.2. Yes, A = —2.

6.1.3. Yes, A =1/3.

section 6.2

6.2.1. A\ =Xy = A3 =X\ =0, z = aje; + ases for arbitrary aq, as.

6.2.2.
1 -1 7
for A: Mi=1L21=|0|; do=-2,20=1| 3 |; \3=1,23=| 4
0 0 10
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for B : )\1:/\2:)\3:1,513:61.

2
for C': )\1 :)\2:1,1‘:a1€1—|—0z262; )\3:273;3: |:3] .
1

section 6.3

6.3.1.
1—A 1+)\]_>[1—/\ 1+)\]_>{—)\ 0 ]
—14+2X —-1-2AX 1 14+ A 1 14+ A

6.3.2. = X3+ X2 — g A+ ag =0.

6.3.5. f(A) = A2 + )3

6.3.6.
o4 == L] da = =[]
or . 1= 7:(:1_ _2 9 2 = 7'1:2_ 1 .
for B: A—1+i —{1
rB: A= Lrr=|
forC': A\ =0,21 = [H, Ao =2, 29 = [_1]
for D : )\1:/\220,331:[_11.
6.3.7.

0 1
for A: \i=-1,21 = =0,2z0=|1|; \3=1,23=1(0].
0 1
0 1
1 0
0

for B : )\1—01‘1 |:] )\

6.3.8. a1 = a9 = 2.
6.3.9 o < 1/4.
6.3.10. a = 1,A = 0.
6.3.11. A = 2.

6.3.12. A=1.
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6.3.13. An eigenvector of A for A = 1.

section 6.4

6.4.1. Yes. a1y = -3+ 4i,a9 =2 — 31,3 = 5 — 3i.
6.4.2. Yes. No, vo = (1 +1)vy.

6.4.3. a=1+1.

6.4.4. g =[1 —1 2il.

section 6.7

6.7.1. a1 = ag = —1.

section 6.9

6.93. 1 x1, 2x2, 3x3, 3x3, 3x3, 4x4 blocks.
6.95. (A—1Dzx1 =0,(A— DNy =2x1,(A—1D)x3 =29, X = |21 22 x3].

2 -1 =2 1 1
X=1]1 0 0 1 17.
1

0 -1 -3

. X tAx =

6.9.8.

S
I
1

Q
2 ™
0 ™=
| I

section 6.10

6.10.5. 5 = 0.

section 6.13

6.13.1. D>~ I =0,(R—1)*>(R+1) = 0.
6.13.2. A2 -3A=0.

6.13.3. (A=A =0, (B—M)?}=0, (C-X)?>=0, D-X =0.
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