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Abstract

The goal of this work is to contribute to the development of a background-independent, non-perturbative
approach to quantization of the gravitational field based on the conformal and projective structures of
space-time. But first | attempt to dissipate some mystifications about the meaning of quantization, and
foster an ecumenical, non-competitive approach to the problem of quantum gravity (QG), stressing the
search for relations between different approaches in any overlapping regions of validity. Then | discuss
some problems raised by the approach we call unimodular conformal and projective relativity (UCPR).

1. Only Theories

Perhaps it will be helpful if | recall a tripartite classification of theories that | proposed many
years ago. The three categories are:

1) Perfectly perfect theories: The range of these theories includes the entire universe:
There is nothing In the world that these theories do not purport to explain, and they
correctly explain all these phenomena. Today we call such theories TOEs— Theories of
Everything.

2) Perfect theories: These are more modest. They correctly explain all phenomena within
their range of application, but there are phenomena that they do not purport to explain.

3) Then there are just plain Theories: There are phenomena that they do not purport to
explain, and there are phenomena that they do purport to explain, but do not explain
correctly.

Both the history of science and my own experience have taught me that all we have now, ever
have had in the past, or can hpe to have in the future are just plain theories. This tale had two
morals:

1) Every theory has its range of validity and its limits; to understand a theory better we must find
its limits. In this sense, we understand Newtonian gravity better than general relativity (GR).

2) There will be theories with over-lapping ranges of validity; to understand each of these
theories better we must explore the relations between them in the overlap regions. Some
examples will be given in the next Section.

2. What is quantum theory? What quantization is and is not

A certain mystique surrounds the words “quantum theory.” The very words conjure up visions of
probing the depths of reality, exploring the paradoxical properties of the exotic building blocks of
the universe: fundamental particles, dark matter, dark energy—dark thoughts.

But the scope of the quantum mechanical formalism is by no means limited to such
(presumed) fundamental particles. There is no restriction of principle on its application to



any physical system. One could apply the formalism to sewing machines if there were
any reason to do so! (Stachel 1986).

Then what is quantization? Quantization is just a way accounting for the effects of the existence
of h, the quantum of action, on any process undergone by some system--or rather on some
theoretical model of such a system. This is the case whether the system to be quantized is
assumed to be “fundamental” or “composite.” That is, whether the model describes some
(presumed) fundamental entities, or whether it describes the collective behavior of an ensemble
of such entities.

[T]he universal quantum of action ... was discovered by Max Planck in the first year of
this [20th] century and came to inaugurate a whole new epoch in physics and natural
philosophy. We came to understand that the ordinary laws of physics, i.e., classical
mechanics and electrodynamics, are idealizations that can only be applied in the
analysis of phenomena in which the action involved at every stage is so large compared
to the quantum that the latter can be completely disregarded ( Bohr 1957).

We all know examples of the quantization of fundamental systems, such as electrons, quarks,
neutrinos, etc.; so | shall just remind you of some examples of non-fundamental quanta, such
as: quasi-particles: particle-like entities arising in certain systems of interacting particles, e.g.,
phonons and rotons in hydrodynamics (see, e.g., Mehra 2001); and phenomenological field
guanta, e.g., quantized electromagnetic waves in a homogeneous, isotropic medium (see, e.g.,
Ginzburg 1989).

So, successful quantization of some classical formalism does not necessarily mean that one
has achieved a deeper understanding of reality— or better, an understanding of a deeper level of
reality. What is does mean is that one has successfully understood the effects of the quantum of
action on the phenomena (Bohr’s favorite word), or processes (Feynman’s favorite) described
by the formalism being quantized.

Having passed beyond the quantum mystique, one is free to explore how to apply quantization
techniques to various formulations of a theory without the need to single one out as the unique
“right” one. One might say, with Jesus: “In my Father's house are many mansions”(John 14:2);
or with Chairman Mao (in his more tolerant moments): “Let a hundred flowers blossom, let a
hundred schools contend.”

Three Morals of This Tale:

1. Look for relations between quantizations: If two such quantizations at different levels are
carried out, one may then investigate the relation between them. Example: (Crenshaw
2002) have investigated the relation between microscopic and macroscopic
guantizations of the electromagnetic field in a dielectric, when it is treated as a lattice of
molecules and as a continuous medium, respectively.

If two such quantizations at the same level exist, one may investigate the relation
between them. Example: (Ashtekar 1992) studied the relation between loop quantization
and the more usual field quantization of the electromagnetic field: They showed that, if
you “thicken” the loops, the two are equivalent.

2. Don’t Go “Fundamentalist™ The search for a method of quantizing space-time structures
associated with the Einstein equations is distinct from: the search for an underlying
theory of all “fundamental” interactions.



| see no reason why a quantum theory of gravity should not be sought within a standard
interpretation of quantum mechanics (whatever one prefers). ... We can consistently use
the Copenhagen interpretation to describe the interaction between a macroscopic
classical apparatus and a quantum-gravitational phenomenon happening, say, in a small
region of (macroscopic) spacetime. The fact that the notion of spacetime breaks down at
short scale within this region does not prevent us from having the region interacting with
an external Copenhagen observer (Rovelli 2004, p. 370).

3. Don't go “Exclusive”. Any attempt, such as ours, to quantize the conformal and
projective structures does not negate, and need not replace, other attempts to quantize
other space-time structures. Everything depends on the utility of the results of formal
guantization in explaining some physical processes depending on the quantum of action.

One should not look at different approaches to QG as aut aut (either-or) alternatives, but vel (as
well as) alternatives: The question to ask is not: “Which is right and which is wrong?” but: “In
their regions of overlapping validity, what is the relation between these different models of
guantized gravitational phenomena?”

3. Measurability Analysis

A physical theory consists of more than a class of mathematical models. Certain mathematical
structures within these models must be singled out as corresponding to physically significant
concepts. And these concepts must be in principle measurable. This is not operationalism: the
assertion that only what is measurable is real. Rather, it is the opposite: the assertion that what
is real must be measurable by some idealized physical procedure that is consistent with the
theory. This test of the physical validity of a theory is called measurability analysis

Measurability analysis identifies those dynamic field variables that are susceptible to
observation and measurement (“observables”), and investigates to what extent
limitations inherent in their experimental determination are consistent with the
uncertainties predicted by the formal theory (Bergmann 1982)

4. Process is Primary, States are Secondary
| cannot put this point better than Lee Smolin has done:

[R]elativity theory and quantum theory each ... tell us-- no, better, they scream at us- that
our world is a history of processes. Motion and change are primary. Nothing is, except in
a very approximate and temporary sense. How something is, or what its state is, is an
illusion. ... So to speak the language of the new physics we must learn a vocabulary in
which process is more important than, and prior to, stasis (Smolin 2000).

Carlo Rovelli has helped us to develop that vocabulary for QG:

The data from a local experiment (measurements, preparation, or just assumptions)
must in fact refer to the state of the system on the entire boundary of a finite spacetime
region. The field theoretical space ... is therefore the space of surfaces 2 [a three-
dimensional hypersurface bounding a finite four-dimensional spacetime region] and field
configurations ¢ on 2 . Quantum dynamics can be expressed in terms of an [probability]
amplitude W[2 ,¢] [for some process].

Background dependence vs background independence:
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Notice that the dependence of W[Z,@] on the geometry of Z codes the spacetime
position of the measuring apparatus. In fact, the relative position of the components of
the apparatus is determined by their physical distance and the physical time elapsed
between measurements, and these data are contained in the metric of Z. Consider now
a background independent theory. Diffeomorphism invariance implies immediately that
WI[Z ,¢] is independent of Z ... Therefore in gravity W depends only on the boundary
value of the fields. However, the fields include the gravitational field, and the
gravitational field determines the spacetime geometry. Therefore the dependence of W
on the fields is still sufficient to code the relative distance and time separation of the
components of the measuring apparatus! (Rovelli 2004, p. 23).

5. Poisson Brackets vs Peierls Brackets

One central method of taking into account the quantum of action is by means of introducing
commutation relations between various particle or field quantities entering into the classical
formalism. These commutation relations have more than a purely formal significance

We share the point of view emphasized by Heisenberg and Bohr and Rosenfeld, that
the limits of definability of a quantity within any formalism should coincide with the limits
of measurability of that quantity for all conceivable (ideal) measurement procedures. For
well-established theories, this criterion can be tested. For example, in spite of a serious
challenge, source-free quantum electro-dynamics was shown to pass this test. In the
case of quantum gravity, our situation is rather the opposite. In the absence of a fully
accepted, rigorous theory, exploration of the limits of measurability of various quantities
can serve as a tool to provide clues in the search for such a theory: If we are fairly
certain of the results of our measurability analysis, the proposed theory must be fully
consistent with these results (Amelino-Camelia 2007)..

It follows that one should replace canonical methods, based on the primacy of states, by some
covariant method, based on the primacy of processes. As Bryce DeWitt emphasizes, Peierls
found the way to do this:

When expounding the fundamentals of quantum field theory physicists almost
universally fail to apply the lessons that relativity theory taught them early in the
twentieth century. Although they usually carry out their calculations in a covariant way, in
deriving their calculational rules they seem unable to wean themselves from canonical
methods & Hamiltonians, which are holdovers from the nineteenth century, and are tied
to the cumbersome (3+1)-dimensional baggage of conjugate momenta, bigger-than-
physical Hilbert spaces and constraints. One of the unfortunate results is that physicists,
over the years, have almost totally neglected the beautiful covariant replacement for the
canonical Poisson bracket that Peierls invented in 1952 (DeWitt 2004, Preface, p. v; see
also Section 1.4, “The Peierls Bracket).

6. What is Classical General Relativity?

GR is often presented as if there were only one primary space-time structure: the pseudo-
Riemannian metric tensor g. Once one realizes that GR is based on two distinct space-time
structures, the chrono-geometry (metric g) and the inertio-gravitational field (affine connection
N, and the compatibility conditions between the two (Dg = 0), the question arises: What
structure(s) shall we quantize and how?



Usually, it is taken for granted that all the space-time structures must be simultaneously
guantized. Traditionally, one attempts to quantize the chrono-geometry, or some canonical
(3+1) version of it, such as the first fundamental form of a Cauchy hypersurface; and introduces
the inertia-gravitational field, again in canonical version as the second fundamental form of the
hypersurface, disguised as the momenta conjugate to the first fundamental form (see, e.g.,
Stephani 1990, pp. 160-170). More recently, the inverse approach has had great success in
loop quantum gravity: One starts from a (3+1) breakup of the affine connection that makes it
analogous to a Yang-Mills field, and introduces some (3+1) version the metric as the momenta
conjugate to this connection (see, e.g., Rovelli 2004).

Both approaches have one feature in common: the (3+1) canonical approach adopted naturally
favors states over processes, leading to a number of problems. In particular, the state variables
(“positions”) are primary; their time derivatives (the “momenta”) are secondary.

However, there is no need to adopt a canonical approach to GR, nor to initially conflate the two
structures g and /. From the point of view of a first-order Palatini-type variational principle, the
compatibility conditions between the two are just one of the two sets of dynamical field
equations derived from the Lagrangian, linking g and I, which are initially taken to be
independent of each other. The other set of field equations, of course, link the trace of the affine
version of the Riemann tensor R(I") ( which | prefer to call the affine curvature tensor) the Ricci
tensor ( which | prefer to call the affine Ricci tensor) to the non gravitational sources of the
inertio-gravitational field. There is a sort of electromagnetic analogy: In the first order formalism,
G" and F,, (or A,) are initially treated as independent fields, which are then made compatible by
the constitutive relations (Stachel 1984).

Both the canonical approach and the first-order Palatini-type approach take it for granted that
the compatibility conditions must be preserved exactly, whether from the start or as a result of
the field equations. As we shall see, in UCPR this is no longer the case.

7. The Newtonian Limit, Multipole Expansion of Gravitational Radiation

The remarkable accuracy of the Newtonian approximation for the description of so many
physical systems suggest that the Newtonian limit of GR might provide a convenient starting
point for a discussion of quantization of the gravitational field. In the version of Newtonian theory
that takes into account the equivalence principle (see Stachel 2006), the chronometry (universal
time) and the geometry (Euclidean in each of the preferred frame of reference picked out by the
symmetry group, i.e., all frames of reference that are rotation-free, but linearly accelerated with
respect to each other) are absolute, i.e., fixed background structures; while the inertia-
gravitational field is dynamical and related by field equations relating the affine Ricci tensor to
the sources of the field. The compatibility conditions between connection and chronometry and
geometry allow just sufficient freedom to introduce a dynamical gravitational field. Thus, the
guantum theory must proceed by quantization of the connection while leaving the chronometry
and geometry fixed.(see Christian1997).

This suggests the possibility of connecting the Newtonian near field and the far radiation field by
the method of matched asymptotic expansions. Kip Thorne explained this approach:

Previous work on gravitational-wave theory has not distinguished the local wave zone
from the distant wave zone. | think it is useful to make this distinction, and to split the
theory of gravitational waves Into two corresponding parts: Part one deals with the
source’s generation of the waves, and with their propagation into the local wave zone;
thus it deals with ... all of spacetime except the distant wave zone. Part two deals with



the propagation of the waves from he local wave zone out through the distant wave zone
to the observer ... The two parts, wave generation and wave propagation, overlap in the
local wave zone; and the two theories can be matched together there. ... [F]or almost all
realistic situations, wave propagation theory can do its job admirably well using the
elementary formalism of geometric optics (Thorne 1980, p. 316).

If one looks at this carefully, there are really three zones:

1) Near zone, where field is generated by the source.
2) Intermediate zone, where the transition takes place between zones 1) and 3).
3) Far zone, where pure radiation field has broken free from the source.

But before proceeding any further with the discussion of quantization in this Newtonian limit, it
will be helpful first to discuss UCPR.

8. Unimodular Conformal and Projective Relativity

Einstein was by no means wedded to general covariance when he started his search for a
generalized theory of relativity that would include gravitation. The equivalence principle:

made it not only probable that the laws of nature must be invariant with respect to a
more general group of transformations than the Lorentz group (extension of the principle
of relativity), but also that this extension would lead to a more profound theory of the
gravitational field. That this idea was correct in principle | never doubted in the least. But
the difficulties in carrying it out seemed almost insuperable. First of all, elementary
arguments showed that the transition to a wider group of transformations is incompatible
with a direct physical interpretation of the space-time coordinates, which had paved the
way for the special theory of relativity. Further, at the outset it was not clear how the
enlarged group was to be chosen (Einstein 1956).

He actually considered restricting the group of transformations to those that preserved the
condition that the determinant of the metric = -1, both when formulating GR and when
investigating whether the theory could shed light on the structure of matter. So the choice of
SL(4,R) as the preferred invariance group is actually in the spirit of Einstein’s original work..

| suspect that the restriction to such unimodular diffeomorphisms, which guarantees the
existence of a volume structure, may be the remnant, at the continuum level, of a discrete
guantization of four-volumes, which would form the fundamental space-time units, as in causal
set theory. Quantization of three-volumes, two-surfaces, etc., would be “perspectival” effects,
dependent on the (3+1) breakup chosen for space-time. The fact that one can impose the
unimodularity condition prior to, and independently of, any consideration of the conformal or
projective structures lends some credence to this speculation.

If we confine ourselves to unimodular diffeomorphisms, we can easily go from compatible
metric and connection to compatible conformal and projective structures. Many of the questions
discussed above must then be reconsidered in this somewhat different light. One will now have
to take into account both the conformal and projective connections and their compatibility
conditions; and the conformal and projective curvature tensors.

Now we are ready to return to the Newtonian limit, and propose a conjecture:

In zone 1), the projective structure dominates; the field equations connect it with the sources of
the field. In zone 3), the conformal structure dominates; the radiation field obeys Huygens’



principle (see the next Section). In zone 2), the compatibility conditions between the conformal
and projective structures dominate, assuring that the fields of zones 1) and 3) describe the
same field.

In order to verify these conjectures, we shall have to find the answers to the following questions:
How do the field equations look in the near zone? Which projective curvature tensor is related to
the sources in the near zone? In the far zone, which conformal curvature tensor obeys Huygens’
principle? In the intermediate zone, which conformal and projective connections/curvatures
should be made compatible?

9. Zero Rest Mass Radiation Fields, Huygens’ Principle, and Conformal Structure

Pure massless radiation fields can be defined as those that propagate in accord with Huygens’
Principle:

Hadamard shows that the general [solution of Cauchy’s problem] u(x,) depends on the
data in the interior of the intersection of the retrograde characteristic conoid C'(x,) with
the initial surface S. If the solution depends only on the data in an arbitrarily small
neighborhood of S I C'(x,) for every Cauchy problem and for every X, € V, [the n-
dimensional manifold of the independent variables], we say the equation satisfies
Huygens’ principle or is a Huygens’ differential equation (M°Lenaghan 1982, p. 212).

Only for such solutions does the null ray representation make sense; and with it, the analysis of
the radiation field in terms of the shear tensor of a congruence of null rays, the conformal
curvature tensor, etc.—and a corresponding measurability analysis based on the image cast on
a screen-by a-circular hole in a screen in front of it.

In an arbitrary space-time (whether it is defined as a fixed background, or is interacting with the
Maxwell field), solutions to the empty space Maxwell, or the Einstein-Maxwell equations,
respectively, do not obey Huyghens’ principle. However, in a conformally flat space-time they
do; and the interacting Einstein-Maxwell plane wave metric (type N in the Penrose-Petrov
classification) does so as well.

| assume that solutions that have not broken free from their sources do not obey the condition,
and that “free” asymptotically flat, locally plane wave solutions that are regular at null infinity
(Penrose’s Scri) obey the Huyghens condition. This condition is necessary for an analysis of
scattering in terms of the probability amplitude :<incoming free wave | outgoing scattered free
wave> to make sense.

If these assumptions are correct, then the free radiation field can be analyzed—and presumably
guantized-- entirely in terms of the conformal structure. All of these assumptions must of course
be carefully checked.

10. Zero Rest-Mass Near Fields and Projective Structure

One would expect that the local fields tied to the sources cannot be so analyzed. However, the
gravitational analogue of the Bohr-Rosenfeld method of measuring electromagnetic field
averages over four-dimensional volumes should still hold in this case. In UCPR, four-volumes
are invariantly defined independently of any other space-time structures. If we want the four
volume elements to be parallel (i.e., independent of path), we introduce a one form related to
the gradient of the four-volume field and require this to be the trace of the still unspecified affine
connection. So we are still left with full freedom to choose the conformal and projective
structures.



The so-called equation of “geodesic deviation” (it should really be called “autoparallel deviation”
since it involves the affine connection) will ultimately govern this type of analysis. And if we
abstract from the parametrization of the curves, the projective structure should govern the
resulting equations for the autoparallel paths..And in terms of amplitudes connecting asymptotic
in- and out-states, one would expect that projective infinity will take the place of conformal
infinity. Again, these expectations, and their implications for quantization of the near fields and
their sources must be carefully investigated.
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ADDITIONAL MATERIAL NOT INCLUDED IN THE FINAL PAPER
Choices in Measurements of zero rest-mass fields and massive particles

When a beam of massive particles impinges on a double-slit screen, rigidly attached to the body
defining the inertial frame (IFR), one can either measure the positions (which slit) of the
particles, or their momenta (diffraction pattern on a distant screen). Even if we don’t measure
their positions at the first screen, we still have a choice. Second screen is either rigidly attached
to the body defining the inertial frame (IFR), leading to a position measurement of the individual
particles coming through the double slit screen; or we allow the finite- mass screen to move
relative to the IFR, allowing us to make a measurement of their momentum.

Now suppose it is a light wave (zero rest mass field) obeying Huygens’ Principle. We can still do
an analogous measurement by impinging the light wave on the double-slit, rigidly attached to
the body defining the inertial frame (FR). We can either put a photon counter behind one of the
two slits, so that it measures the position of the photon at the time the counter registers; or we
can allow the finite-mass double slit to move, allowing us to measure the momentum of the
photon as it passes through the screen. Both measurements depend on the quantum of action
h. Actually, we only need a one-hole screen to do this part.

We can also allow the beam to pass through the rigidly-attached double-slit and impinge on the
second screen. Again we have a choice: keep the second screen rigidly fixed and make a
position measurement; or allow it to move relative to the IFR so that it effectively acts as a
photon counter, registering the momentum of the photon at the moment the second screen
starts to move. Again, both measurements depend on the quantum of action h. Actually, we only
need a one-hole screen to do this part.

But we can also let it impinge on a first screen with a circular hole and examine the shape of the
shadow on a second screen, both rigidly attached to the body defining the inertial frame (FR),"
and neglecting diffraction effects at the edges of the hole. In this way, we can determine the
shear of the light beam; this is a treatment of the beam based on its classical wave aspects, and
independent of h.

| suppose only a material system with discrete energy levels that depend on h can act as an
emitter and a detector of photons.

The gravitational analogue of this last enables us to measure the two degrees of freedom of the
classical gravitational field associated with this wave—but always assuming it obeys Huygens’
principle!

NB: The formulations involving two screens allow for the formulation of a probability amplitude
for the process: preparation (registering something about the passage of a system through the
first screen), propagation from the first to the second screen, registration (of something about
the system by the second screen).

Photons: Their Emission and Detection
Under what conditions will an (ideal) device be able to register:

the emission of a photon (must be non-destructive);

! careful analysis shows the result is independent of the IFR chosen
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the detection of a photon (may be destructive)?

Presumably the device must contain a system with a series of discrete energy and/or
momentum levels, the differences between which are proportional to h (the quantum of action)
so that it can emit or absorb photons of energy hv and/or momentum h/A, somehow linked to a
system sufficiently complex that it is able to record an irreversible change when such photons
are emitted or absorbed.

Bergmann and Smith are quite clear on this need for a two-stage registration process for
photons and gravitons and criticize Bohr and Rosenfeld for not making this sufficiently clear in
their analysis of the measurement process:

... detection of the state of a quantum field requires at least two stages. At the first
stage, some conserved physical quantity is to be transferred from the quantum field to
an intermediary device, a quantum system with but a finite number of degrees of
freedom. This intermediary device is not the ultimate instrument upon which the outcome
of the state determination is registered, because its observable features are subject to
the indeterminacies of ordinary quantum mechanics; on the other hand, it is not a
guantum field, because its state vector is not subject to second quantization. At the
second stage, the conserved quantity is to be transferred from the intermediary device to
a classical instrument, whose readout is classically determinate, in such a manner that
the state of the quantum field is minimally altered ... Having distinguished between the
guantum field, the intermediary device and the classical instrument, we shall avoid ...
Bohr and Rosenfeld’s word “Test body,” which sometimes seems to refer to the classical
instrument, and sometimes to what we have called the “intermediary device” (pp. 1147-
1148).

It is not hard to describe the Compton effect in this language

Bergmann and Smith use a mechanism that converts from gravitational to electromagnetic
effects. But it seems that one should be able to carry out the entire measurement process
without having to invoke non-gravitational fields. Based on the ideas of matched asymptotic
expansions, first applied to gravitation by Burke,? | think that one can carry this out by using
Newtonian and post-Newtonian gravitational fields to provide the generating and registering
devices. In GR, one may use a Newtonian system to generate and detect, divided into two parts
as above. For detection, say, the final stage will be a system that may be treated as classical
Newtonian and hence non-radiating; the initial stage being Newtonian or post-Newtonian, but
coupled, through some intermediate approximation, using the method of “matched asymptotic
expansions,” to the far gravitational radiation field. Here is where the extension of Newtonian
theory to include magnetic-type fields will become important: One must use a detector that can
interact (absorb, radiate) with the magnetic type terms of the curvature tensor (as Bergmann
and Smith make clear), and hence has angular momentum itself (see discussion above).

Returning to Bohr’s approach:

Of course, Bohr would say that talk of emission and detection of photons, as if they were
somehow like classical particles, is just a metaphorical way of talking about the discrete

> William L. Burke, ”Gravitational Radiation Damping of Slowly Moving Systems Calculated Using Magtched
Asymptotic Expansions,” Journal of Mathematical Physics 12 (1971), pp. 401-418. See also Kip S. Thorne,
“Multipole expansions of gravitational radiation,” Reviews of Modern Physics 52 (1980), pp. 299-339.
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changes of energy and momentum in the system in question due to its interactions with the
electromagnetic field.

It must not be forgotten that only the classical ideas of material particles and
electromagnetic waves have a field of unambiguous application, whereas the concepts
of photon and electron waves have not. Their applicability is essentially limited to cases
in which, on account of the existence of the quantum of action, it is not possible to
consider the phenomenon observed as independent of the apparatus utilized for their
observation. .... [T]he photon idea ... is essentially one of enumeration of elementary
processes... (Bohr, 1931 Maxwell Centenary Talk, cited from J. Stachel, “Bohr and the
Photon,” p. 79).

One would expect analogous results to hold for gravitons in general relativity. According to the
Bergmann and Smith paper:

These three-dimensional surface integrals underlie observables that are basic with
respect to the radiative degrees of freedom of the gravitational field. ... If a field quantity
O(X) satisfies D’Alembert’s equation, then the argument, K , of the Fourier transform of
0, O°(K), must belong to the three-dimensional null-cone K? = 0 in four-momentum
space. Conversely, it must be possible to produce O™ (K) by three-dimensional
integration in Minkowski space-time (p. 1154).

I think the point they miss is that the pure radiation fields—both electromagnetic and
gravitational—will obey Huygens’ principle, and hence data is only needed on the two-
dimensional space-like boundary of the bounded region of the three-dimensional space-like
hypersurface that Bergmann and Smith discuss.

Huygens’ Principle:

It may seem a very special task to investigate Huygens' principle—is it worth studying
and devoting a lot of effort to what is surely a rare class of partial differential operators?
Even though we are far from having a classification of Huygens' operators, and what we
do have amounts to little more than a list of examples, | still have no doubt it is an
important field of inquiry. It is as if you are pulling on a small line connected to a network
set up for bigger game: (i) wave fronts and propagation of singularities for hyperbolic
equations, (ii) the Cauchy problem for hyperbolic equations, (iii) Riemannian geometry,
in particular invariant theory and spectral geometry, (iv) conformai differential geometry,
(v) Lie group theory connected with the metaplectic representation [7], and (vi) wave
propagation in symmetric spaces [6]. (Review by Bent Orsted of Huygens 'principle and
hyperbolic equations, by Paul Gunther. Perspectives in Mathematics, vol. 5, Academic
Press, San Diego, 1988, viii + 847 pp., $69.00. In BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY Volume 23, Number 1, July 1990, pp. 235-
241).

General Case:

This article presents the corresponding derivation of an integral equation satisfied by the
curvature of a vacuum solution to the Einstein field equations of general relativity. The
resultant formula expresses the curvature at a point in terms of a ‘direct’ integral over the
past light cone from that point, a so-called ‘tail’ integral over the interior of that cone and
two additional integrals over a ball in the initial data hypersurface and over its boundary.
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The tail contribution and the integral over the ball in the initial data surface result from
the breakdown of Huygens’ principle for waves propagating in a general curved, 4-
dimensional spacetime.

By an application of Stokes’ theorem and some integration by parts lemmas, however,
one can re-express these ‘Huygens-violating’ contributions purely in terms of integrals
over the cone itself and over the 2-dimensional intersection of that cone with the initial
data surface. Furthermore, by exploiting a generalization of the parallel propagation, or
Cronstrom, gauge condition used in the Yang-Mills arguments, one can explicitly
express the frame fields and connection one-forms in terms of curvature. While global
existence is certainly false for general relativity one anticipates that the resulting integral
equation may prove useful in analyzing the propagation, focusing and (sometimes) blow
up of curvature during the course of Einsteinian evolution and thereby shed light on the
natural alternative conjecture to global existence, namely Penrose’s cosmic censorship
conjecture (Vincent Moncrief, “AN INTEGRAL EQUATION FOR SPACETIME
CURVATURE IN GENERAL RELATIVITY,” <
http://www.newton.ac.uk/preprints/NI05086.pdf>).
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