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ABSTRACT. In [PS11], efficient algorithms are given to compute with overconvergent modular sym-
bols. These algorithms then allow for the fast computation of p-adic L-functions and have further
been applied to compute rational points on elliptic curves (e.g. [DP06, Tri06]).
we generalize these algorithms to the case of families of overconvergent modular symbols. As a
consequence, we can compute p-adic families of Hecke-eigenvalues, two-variable p-adic L-functions,
L-invariants, as well as the shape and structure of ordinary Hida—Hecke algebras.
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1. INTRODUCTION

In a seminal work from the mid-80s, Hida | , ] introduced a theory of p-adic families
of ordinary Hecke-eigenforms. This work was generalized by Coleman | | in the mid-90s to
include non-ordinary forms which ultimately led to the Coleman-Mazur | | construction of

the eigencurve—a rigid analytic space which parametrizes all finite slope Hecke-eigenforms. Over
the following decade, the theory of p-adic variation of automorphic forms blossomed with multiple
constructions of eigenvarieties over a wide class of reductive groups | , , , ,

]. Moreover, the consequences to number theory of the existence of p-adic families of auto-
morphic forms have been profound with the proofs of the Mazur—Tate—Teitelbaum conjecture, the
Main Conjecture (for class groups or modular forms!), and the Fontaine-Mazur conjecture (just to
name a few) all heavily reliant upon the theory of p-adic variation.

With that said, our current state of understanding of the shape and structure of these eigenva-
rieties is still quite limited. Taking the simplest example of ordinary forms on GLy /Q (e.g. the
setting of Hida’s original work), we do not have a good understanding of a single example of a
Hecke—Hida algebra which is not simply a union of open discs.

This paper will attempt to rectify this situation at least in the case of classical Hida theory by
introducing methods for computing with families of overconvergent modular symbols (which form
the basis of Stevens’ construction of the eigencurve). These methods generalize the constructions of
[ | where overconvergent modular symbols of a fixed weight were studied. As a consequence, we
can compute g-expansions of Hida families, two-variable p-adic L-functions, L-invariants of modular
forms and their symmetric squares, and, moreover, we can get our hands on the geometry of Hida
families in several non-trivial situations.

As an example of some of the invariants we can compute, take p = 11 and consider the 11-
adic Hida family passing through Ramanujan’s discriminant form A. In this case, the Hida family
passing through A is parametrized by a single open disc. Thus, for any prime ¢, the Hecke-eigenvalue
of T; acting on the Hida family through Ramanujan’s A is a power series in a weight variable k'
We compute for example

ag(k) = —2 — 41118k — 22748k* + 37268k> + 43923k* + O(11°, k°).
Note that we have that
az(10) = az(A) = —24
while
a2(0) = az(Xo(11)) = —2

1Here, and throughout the paper, we are normalizing the weight variable k to correspond to forms in My42(T).
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as this Hida family specializes in weight 2 to the modular form associated with the elliptic curve
Xo(11). The above approximation to az(k) does indeed give these values modulo 11°. For other
positive integer values of k, the above formula gives 11-adic approximations to the coefficient of ¢ in
the unique normalized 11-ordinary form of weight k£ and level 1. A higher precision approximation
to az(k) (and a(k) for £ < 11) is given in Example 5.2.

For another example, consider p = 3 and fix a tame level N = 11. There are exactly two 3-
ordinary forms of weight 2 and level 33, and moreover, these forms are congruent modulo 3. In
particular, the Hida family attached to these forms cannot simply be the union of two open discs
(because of the congruence between the two forms). The possibilities for the geometry of this Hida
family include two discs glued together at some collection of points or a double cover of weight space
ramified at several points. We note this example has already appeared in several places including
[ , , ]. Using the methods of this paper, we were able to determine that this Hida
family is a double-cover of weight space ramified at a single (non-classical) weight, and moreover,
this weight is congruent to 30060 (mod 3'1).

To discuss the methods of the paper, we introduce some notation. Let A denote the space of
convergent power series on the closed unit disc, and let D denote the space of distributions equal
to the continuous @,-dual of A. Let Xo(p) denote the semigroup of matrices (¢ %) € My(Z,) with
a € Z;, ¢ € pZy, and with non-zero determinant. For each weight k, one can endow D with a
weight k action by 3¢ (p), and we write Dy, for this space of distributions. The space

Symbpo (Dk)

is the collection of overconvergent modular symbols of level I'g = T'g(Np). The systems of Hecke-
eigenvalues occurring in this space are the same as the systems which occur in the space of finite
slope overconvergent modular forms of weight k + 2 and level I'y (see | , Theorem 7.1])).

As with overconvergent modular forms, these spaces can be p-adically interpolated over weight
space. To this end, set D equal to a closed disc in weight space of radius 1/p about any tame
character, and set R equal to the collection of convergent power series on D. Then D&R sits inside
of the space of R-valued distributions. In particular, by evaluating at a weight k£ in D, we obtain
a specialization map D®R — Dy, and we refer to elements of D&R as families of distributions on
D.

Moreover, one can equip D®R with a ¥o(p)-action which is simultaneously compatible with all
of the specialization maps on D.?> We thus interpret

Symby, (D&R)

as the space of families of overconvergent modular symbols on D of level I'g. This space admits
a Hecke-action, and we define the ordinary subspace SymeO(D@)R)Ord as the intersection of the
images of all powers of U,,. All of the information of p-adic Hida families of tame level N is contained
within this ordinary subspace (as Hida families extend to all of weight space).

In this paper, we introduce methods for explicitly computing approximations to elements of
SymeO(D®R). In particular, we are able to compute approximations to the characteristic poly-
nomial of any Hecke operator acting on Symbp, (D®R)°™. From these computations, one can then
compute g-expansions of Hida families of eigenforms. From this, one can compute L-invariants
via the formulae of | , , ]. Moreover, computing two-variable p-adic L-functions
is immediate once you have a family of overconvergent eigensymbols in hand as in | ]. Lastly,
these computations also allow us to gain some fine control over the geometry of these Hida families
in a wide variety of examples. We include several of the examples we computed below and intend
in future work to compute examples more systematically.

2To work with other discs in weight space, one needs to replace D with smaller spaces of distributions such as
Dr] with r < 1.
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The algorithms developed in this paper have been implemented in Sage [ ] and continue to
be developed on the SageMathCloud. Once sufficiently polished, the code will be submitted for
inclusion into Sage.

1.1. Outline. In the following section, we introduce the relevant distribution spaces leading to
the definition of the space of families of distributions, D®R. In the third section, we introduce
methods of working in the space Symbp, (D®R) including producing explicit elements in this space,
forming a basis of Symbp, (D&R)°™, and computing characteristic power series of Hecke operators
on this ordinary subspace. In the fourth section, we explain how to carry out these computations
in practice by giving a systematic method of approximating families of overconvergent modular
symbols. Lastly, in the fifth section, we close with several examples which we computed via these
methods.

Acknowledgments. We would like to thank the Southwest Center for Arithmetic Geometry for
organizing the 2011 Arizona Winter School where the work on this article began as a student
project. We would also like to thank the participants of Sage Days 44 for their work in porting the
original Sage scripts into a full blown Sage package. We would like to thank Sage, as well as the
SageMath Cloud, where we developed the algorithms and computed the examples in this article.
Finally, we would like to thank Glenn Stevens for his support of this project and Frank Calegari
for some very helpful conversations.

2. DISTRIBUTION MODULES IN FAMILIES

In this section, we introduce the relevant distribution spaces which will ultimately be the coeffi-
cients of our spaces of modular symbols.

2.1. Distribution spaces. Let A denote the Tate algebra in a single variable z. That is, A =
Qp (), the collection of power series with coefficients in Q, which converge on the unit disc of C,:

A={f(z) e Q2] : f(»)= Zanz” and |a,| — 0 as n — oco}.
n>0
Note that A is a Banach space under the norm

Il = max |ay|
n

where f(z) =3, anz™. We then define our space of distributions D by
D = Homgont (A, Qp).

Note that D is a Banach space under the operator norm

()]

[|pll = sup ===
rea |If]l
F#0

An element g € D is uniquely determined by its values on all monomials 27 since the latter have

dense span in D. We will refer to the sequence {(z7) 720 as the moments of y. We have that

p € D if and only if {|u(27)|} is a bounded sequence in Q,.

Indeed, for each f(2) =3, cjz) € A, we need that > cju(z7) converges. But since |cj| — 0, this
only forces y(z7) to be bounded (and any bounded sequence defines a distribution).

We will write D? (resp. A°) for the unit ball of D (resp. A). Note that p € DY if and only if
w(z?) € Z, for all j > 0.

The space D is our basic distribution space which we will ultimately study in families. But we

will need to make use of some slightly fancier distribution spaces which we introduce now.
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For r > 1, let A[r] denote the collection of power series over @, which converge on the disc in
C, of radius r around 0, i.e.

Alr] = Zanz” € Qplz] : lap|r™ = 0 as n — oo
n>0

Then Alr] is a Banach space under the sup norm, and we define D[r] = Homeont (A[r], Qp) as the
dual Banach space.

Thus, D[1] is nothing other than D introduced above. However, if r > 1, then D[r| is a
larger space than D and contains distributions whose moments are not bounded. Indeed, for
f=2 cjz’ € Alr] to converge on the disc of radius r, the sequence {c;} must converge rapidly

to 0, thus allowing the sequence {j(27)} to have some non-trivial growth. Explicitly,
1 € D[r] if and only if {|u(27)|} is O(17) as j — oo.

Finally, we set A = hgl Al[r], i.e. the collection of power series which converge on some disc of
r—1+

radius strictly greater than 1. This space is endowed with the inductive limit topology. We define
DT = Homeont (Af, Q). Equivalently, Dt = le D([r]; or more simply, D' is the intersection over

r—1+t

all 7 > 1 of D[r]. Thus,
€ DI if and only if {u(27)} is O(17) as j — oo for all r > 1.

2.2. Weight space. For the remainder of the paper, let p denote an odd prime. Let W =
Hom(Z,',C)) denote the collection of continuous characters from Z); to C;. We will refer to
this as weight space. There is an injective map from Z — W sending k to the “raising to the k-th
power” character.

Since Z, = (Z/pZ)* x (1 + pZp), a character in W is uniquely determined by its restriction
to (Z/pZ)* and by its value on a topological generator v of 1 + pZ,. Moreover, if kK € W, then
K1)~ 1] < 1.

Let D(0,1) be the open unit disc of C, about 0. The map

Hom(1 + pZ,,C,) — D(0,1)
Kk k(y) —1

is a bijection. In particular, W can be identified with p — 1 copies of the open unit disc. Let
w: (Z/pZ)* — Z, denote the Teichmiiller character and, for 0 < m < p — 2, let W), denote the
subspace of W consisting of characters whose restriction to (Z/pZ)* equals w™.

2.3. The weight « action. Let X(p) € Ma(Z,) denote the semigroup of matrices (2 %) of non-
zero determinant with a € Z; and ¢ € pZ,. For each k € W, we wish to define a “weight x action”
of ¥y(p) on the above spaces of power series and distributions. This will allow us to eventually
define Hecke actions on spaces of overconvergent modular symbols.

First, for k an integer, we can define the weight k action of ¥ (p) on the spaces defined in section
2.1 as follows. For f in A[r] with r < p and v € ¥y(p), we define

b+dz>

a—+cz

() = (e
which endows A[r] with a left ¥o(p)-action. Dually, for u € DJr|, we define
(lk)(F) = p(y & )
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which endows D[r] with a right ¥o(p)-action. Furthermore, this endows DT (resp. A') with a right
(resp. left) 3o (p)-action.

Now we consider the case of p-adic weights. Let W, denote the subspace of characters x of W,,
which satisfy |k(y) — 1| < 1/p for some (and hence every) topological generator v of 1 + pZ,; we
can (and will) identify W, with the closed disc of radius 1/p around 0. For k € W,,,, we will define
weight k actions on our spaces of distributions. The key to doing this is to make sense of k(a + cz)
as a power series in z (see Definition 2.4 and Lemma 2.5 below).

We begin with some lemmas.

Lemma 2.1. If ordy,(z) > zﬁ’ then |log(1+ )| = |z|.

Proof. The condition that ord,(z) > ]ﬁ forces the first term to dominate in the power series
expansion of log(1 + x). O

Lemma 2.2. Forn > 1,
n 1
ord, (p"/n!) > n - (l - p—l) .
Proof. We have
ord,(p"/n!) > n— (n/p+n/p* + .. )=n-n/(p-1).

]
Now for k € Wy, define
oo ,log(1+42)
(1) R ) [TOR,
n=0
which the following lemma shows is a power series expansion for the character k.
Lemma 2.3. Fiz k € W).
(1) Fi(z) converges for x such that ord,(x) > 1%’ i.e. Fy(z) € Alr] for any r < p~ V-1,
(2) For x with ordy(z) > ﬁ, we have |F(z)] <1
(3) Forx € 1+ pZy,
Fi(z —1) = k(x).
Proof. For the first part, since k € Wy, we have |k(y) — 1| < 1/p. Furthermore, if ord,(x) > zﬁ’

then by Lemma 2.1, we have ord,(log(1 + x)) = ord,(x). If
I log(1+ x)
log ~y

then ord, (L) = ordy(z) — 1.
Let’s further assume that ord,(z) < 1, so that ord,(L) < 0. Then,
L L(L-1)...(L— 1
ordp<>—ordp( ( ) '( nt )>

n n!
=ord,(L(L—1)...(L—n+1)) —ordy(n!)
= nordy,(L) — ord,(n!)
= n(ordy(z) — 1) — ord,(n!)

n

> n(ordy(z) — 1) — —1

>n <0rdp($) - 1) ,

p—1
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and thus
1

ondy (1) (s = 1" 2 (or,(0) - L5 )

Since this term goes to infinity as n — oo, we have that Fj(z) converges. Furthermore, since
this is true for any x with 1 > ord,(z) > z%’ we must have that Fy(z) converges for all  with
ordy(z) > Jﬁ.

For the second part, note that every term in the power series which defines F(z) has valuation
at least 0 for x with 1 > ord,(z) > ﬁ. Thus, |F(x)| < 1 for all z with ord,(z) > ﬁ (by the

Maximum Modulus Principle applied to any closed disc of radius between 1/p and p V=1 gee
[ , Proposition 3 of §5.1.4]).
For the third part, write x = v*. Then, we have

Fe -1 =3 (105(55)) k) =10 = 3 (1) ) = 17" = 0" = o),

n
n=0

n=0

Definition 2.4. Fiz x € W, and write k = W™ - ko with kg € Wy. Let a € Zg and ¢ € pZ,. Define

Frac(z) = w(a)™ - Fuy (“”Z _ 1) .

w(a)

Lemma 2.5. For k € Wy,, a € Z, and c € pZ,, we have

§4 )
(1) Fya.c(x) converges for x such that ordy(z) > ]ﬁ —1, d.e. Frac(2) is in Alp"] for any
o 1 _ p—2
h<Cp.—1—pj—§T1,

(2) |Fraclx)] <1 for x with ord,(x) > ]ﬁ -1,
(3) for x € Zy,
Fia.c(z) = Kk(a+ cx).
Proof. The first and second parts follow from the previous lemma since ord, (‘H—;:)” - 1) > zﬁ‘
The third part also follows from the previous lemma. Indeed, as
a—+ cx

w(a)

Fry (m _ 1) — ko <“:(ac)x> ~ ko <m> — ko (a + cz) .

Froc(z) =w(a)™ - ko (a+ cx) = Kk(a+ cz).

=1 (mod p),

we have

Thus,

0

We can now define the weight x action for k € W, just as before. Indeed, for f in A[r| (with
1 <r<r,:=p?)and v € Xy(p), we define

('7 ‘K f)(z) = Fﬁ,a,c(z) : f<

which by Lemma 2.5 is again in A[r]. Thus, we have endowed A[r] with a left Xy(p)-action.
Further, for u € D[r|, we define

b—l—dz)

a—+cz

(k) (f) = p(y s f)

which endows D[r] with a right Xo(p)-action. Again, this automatically endows D' (resp. A') with
a right (resp. left) ¥o(p)-action.
7



2.4. Power series in families over weight space. Let R := A(W,,) denote the space of con-
vergent power series on the closed disc W,,, say in a variable w. We then have

R = {Zan@"

If we set w := g, then R is simply the Tate algebra Q,((w)) in the variable w. Set R® equal to

an € Qp and [p"ay| — O} )

p
the unit ball of R under the sup norm which is simply the integral Tate algebra Z,((w)).
Consider the space A®R. We can think of elements of this space as families of elements of A
over W,,. Indeed for each x € Wy, with values in Q,, we have a map

k:ARQR — A

given by evaluating elements of R at . Thus, for a fixed element of F of A®QR, we get a family of
elements k(F) € A for each x € W), having values in Q,,.
More explicitly, we have

ADR = Qp((2)0Qp{(w)) = Qp(z,w)),

and thus elements of A®R are formal power series in z and w which converge for all |z| < 1,
|lw| < 1. Evaluating at s simply means evaluating w at (k(y) — 1)/p. Thus, as we p-adically vary
Kk over W,,, we get a p-adic family of elements of A.

We now seek to give A®R the structure of a ¥o(p)-module in such a way that the above map
(“evaluation at k”) is equivariant with respect to this action on the source and the weight s action
on the target. We do this by constructing a two-variable power series that interpolates Fj 4 (%) as
K varies.

For a € Z; and c € pZy, define

Kaem(z,w) = w(a)™ - i (10%(%;;;)) (pw)™* = w(a)™ - (1 +pw)log”(%>

where log. (2) := log z/log~.

Lemma 2.6. Fora € Z; and ¢ € pZy,, we have

(1) Kqem(z,w) converges for z and w such that |z| < p® and |w| < 1. That is, Kqcm(z,w) €
APM&R for h < cp,

(2) |Kaem(z,w)| <1 for all such z,w,

(3) for k € W, we have

K(Kaem(z,w)) = Fya.0(2).
Proof. The third part follows immediately from the definitions as
K(Ka,em(2,w)) = Kaem(z, w)|w:(m(7)—1)/p = Fya.c(2)

But then the first and second parts follow from this equality and from Lemma 2.5.
O

With this lemma in hand, we can thus define a ¥y (p)-action on A[r]®R for r < p®. For f € Alr],
set

(@) Y (F@) 1) = Kaem(z,w) - f (

b+dz
a+cz)’

and extend this action R-linearly to all of A[r]®R.
8



Lemma 2.7. For k € W,, and r < p°, we have
K A[r]@R — Alr]

is Yo(p)-equivariant where the source is endowed with the action in (2) and the target is endowed
with the weight k action.

Proof. This lemma follows immediately from the definition of both actions. O

We mention here two basic properties of the automorphy factor K ¢ m (2, w), both of which follow
directly from the definition and which will be useful later.

Lemma 2.8. We have
(1) Klaoﬂn(sz) =1,
(2) Kaem(z,0)]

2.5. Distributions in families over weight space. In this section, we discuss families of distri-

butions and their ¥ (p)-actions. To consider families of distributions, a natural place to begin is
the space

w0 = w(a)™.

D[r](R) := Homeont (A[r], R),

that is, the space of R-valued distributions. Evaluating such distributions at varying x € W, then
gives rise to a family of single-variable distributions. Moreover, these distributions are again quite
concrete. They are uniquely determined by their sequence of moments, and, in this case, each
moment is a power series in w.

However, the space D[r|(R) turns out to be much larger than what we need to work with, and
instead, we consider the space D[r]®R. Note that there is a natural injection:

D[r]®R = Homcont (A[r], Qp)®R < Homeont (A[r], R) = D[r](R),
but this map need not be surjective. For example, the distribution g € D(R) defined by
fi(27) = w’ for each j >0

is not in D®R. To see this, note that every distribution in D®R is a limit of finite sums of
elements of the form p ® f with p € D and f € R. As such, for each n, there are only finitely
many coefficients of f which are not in p"Z,. In particular, for any fixed element of D®R, in all
of its moments only finitely many coefficients are not in p"Z,. Note that the distribution x above
clearly does not have this property.

We again have a specialization map

D[r]®R — D[r]

given by evaluation at k € W,,. We now seek to give an action of ¥o(p) on D[r]®R which makes
the above map equivariant when D[r| is given the weight x action.
To do this, first note that D[r| is an A[r]-module via

(g-m)(f) = pngf)

where f,g € A[r] and u € D[r]. Thus, D[r]®R is naturally a A[r]J®R-module. Note also that
D[r](R) is naturally an A[r]®R-module as

D[r](R) = Homeont (A[r], R) & Homeont, r(A[F]®R, R).
Furthermore, we can easily define a weight 0 action of ¥y(p) on D[r](R) via
(g (f) = By 0 f)
for 1 € D[r](R).



Lemma 2.9. Both D[r]®R and D[r](R) are Yo(p)-modules via the formula
/7‘7 = (Ka,c,m<za w) : ﬁ)’ﬂ'}’a

v = (i Z) € Xo(p).

Proof. This formula clearly gives an action on D[r](R). To complete the proof, we must check that
D[r]®R C D[r](R) is preserved by this action. This detail is verified in | , page 30, Remark
3.1]; we note that in [ ], the notation D[r](R) refers to D[r]®R. O

for

We will also have the need to consider the larger distribution space
DY(R) := Homeont (AT, R)

(when we solve the “difference equation”). This space again is naturally a Yg(p)-module and we
note that as before

fi € DY(R) if and only if {|fi(2%)[} is O(r7) as j — oo for all r > 1.
The following lemma will allow us to use the Hecke operator U, to pass from DT (R)-valued
modular symbols to D®R-valued ones.

Lemma 2.10. If i € DI(R), then ﬁ‘((l) Z) € D®R.

Proof. Since Ji € DI(R), we have that the sequence {|fi(27)|} is O(r?) for every r > 1. Furthermore,
we have that

J .
. . . . 7 - .
(53D = Al 0z w)a +p20) = 3 (TNl "an)
n=0

since K1,0,n(2,w) = 1 by Lemma 2.8. Because p"fi(2") — 0, it is clear that the moments of 72| (§ %)
are bounded and thus this distribution is in D(R). Furthermore, for any M, for n large enough
p"(z") € pMR°. Thus, modulo p™ R?, the moments of the distribution [Z‘((l] g) only depend on
finitely many moments of yi. In particular, ﬁ’ ((1] Z) can be written as a limit of elements of D ® R,

and hence ﬁ!(é 4) € DRR. O

2.6. Analyzing the automorphy factor. By Lemma 2.6, K, . (2, w) is in A®@R. In this section,
we will further analyze the coefficients of this automorphy factor in order to gain better control
of the Yy(p)-action on families of distributions. We begin by introducing some rings that will be
useful for this purpose.

Consider an abstract Tate algebra, Q,((z)) and define

Sy = {Z apx" € Qu((x)) : ordp(a,) > ncp}

where ¢, =1 — zﬁ = g%f, as before. Note that by definition S, C Z,((z)).

Lemma 2.11. S, is a subring of Z,({x)).

Proof. We only need to check that S, is closed under multiplication. To this end, let f = > a,a™
and g = > byx™. Then the n-th coefficient of fg equals ZHF“ a;bj, and we have

ordp(a;b;) = ordp(a;) + ordy(bj) >i-cp+j-cp =n-cp.
Thus fg € S, as desired. O

Lemma 2.12. If f € S, with f(0) € Z), then ftes,.
10



Proof. Let f(x) = >, a;a" and g(z) = > bjz? with f-g = 1. We check inductively that ord,(b,,) >
n - c¢p. For n = 0, this is immediate as by = aal. For n > 0, we have

1 n
bn = aibn,i.
0 2

By induction, for i > 0 we have ord,(b,—;) > (n — i) - ¢, and thus

ordy(by) > min{ordy,(a;ib,—i)} >i-cp+(n—i)cp =n-¢p
as desired. O
Lemma 2.13. Ifr € Q and f(z) =), ana™ € Qy[x] are such that

(1) f(x) converges for all x in the open disc of radius p" centered around 0, and

(2) |f(x)] <1 for all such ,
then ordy(a,) > nr.

Proof. Write g(x) = f(x/p") which is then a power series which converges on the open unit disc of
Cp. This power series is bounded in size by 1 and thus is in Oc, [z] (since the Gauss norm equals
the sup norm). Thus, a,/p™ € Oc, as desired. ]

Remark 2.14. From Lemma 2.13, we have that S, is simply the collection of Q,-power series
which converge on the disc of radius p®» and all of whose values have size less than or equal to 1.
This gives another way to see that S, is a ring.

Theorem 2.15. We have
Koem(z,w) is in S,&RY.

Proof. Write
Koem(z,w) = ZRj(w)zj = ZT](,z)wJ
j=0 j=0

To prove, Kqcm(z,w) € S;®@R°, we must show that T;(z) € S, for each j > 0. Thus, we must
show that the coefficient of 2% in T}(z) has p-adic valuation at least ic, for all 4, j > 0. But this is
equivalent to showing that p'» divides R;(w) in R? for all i > 0.

Next fix some wp with |wg| < 1. Then Kg . m (2, wo) is a power series which converges on the
open disc of radius p® and all of its values have size bounded by 1 on this disc (by Lemma 2.6).
Thus, by Lemma 2.13, R;(wp) has valuation at least ic,. But since this is true for every wy in the
closed unit disc, we have that every coefficient of R;(w) has valuation at least ic, (since the Gauss
norm is the same as the sup norm). O

Theorem 2.16. We have
Ko em(z,w) is in A'®S,,.

Proof. Mimicking the proof of Theorem 2.15, it suffices to show that Kg . (2, w) converges for
|z| <1 and |w| < p® to something of size less than or equal to 1. To this end, recall that

> L
Kocmlzow) = wla)™ 35 ()"
n=0
a+cz

where L = log,( He) ). Since plc, we have L € Zp[z]. Thus, for |z| < 1, we have

ord,, <pn <i) w") = n — ordy(n!) + nordy(w) > n - (¢, + ord,(w)).

If ord,(w) > —c, this expression is always positive and goes to infinity as n — oo as desired. O
11



The following lemma will be useful later.

Lemma 2.17. Let

Then 9(w) isinc-Sy.
w

Proof. We first show that g(w) is in ¢ - S, (and then automatically g(w)/w is in ¢ - S,). The
coefficient of w™ in Ko ¢m (2, w) is

%L(L—l)...(L—nH)

where L = logw(‘zj('g)z). We must show that the coefficient of z in this expression has valuation at

least ord,(c) + nc,. But this is easy as ord,(p"/n!) > ¢, and the coefficient of z in L is always
divisible by c.

To finish the proof, it suffices by Lemma 2.12 to check that the coefficient of w in g(w) is in ¢Z.
This coefficient is the same as the coefficient of wz in K, ¢ (2, w) which is

0 a+cz p  w(a)™
m
p-wla) 9z o ( w(a) ) 0 log v a
which is indeed in cZ; . O

3. FAMILIES OF OVERCONVERGENT MODULAR SYMBOLS

We will refer to an element ® in Symbrp, (D®R) as a family of overconvergent modular symbols.
Indeed, for each k € W,,, the map x : D@R — D induces a Hecke-equivariant map

sp,, : Symbp, (D&R) — Symbrp, (D).
Thus, for each £ in Wp,, we get a corresponding weight x overconvergent modular symbol, and as

K varies over W,,,, we have that sp,® vary in a p-adic family.

3.1. Constructing families of overconvergent modular symbols. In this section, we describe
a method of producing “random” families of overconvergent modular symbols. Here we follow the
methods described in | , Section 2] to explicitly write down modular symbols. We refer to loc.
cit. for any undefined notation.

Proposition 3.1. Assume g is torsion-free. Then there exist divisors D1,..., Dy in Ag and
matrices Y1, ...,V in SLa(Z) such that for any right I'-module V' and any ¢ € Symbr (V), we have

¢({0} — {oo})|A =D " d(Dy)|(v; = 1)
j=1

where A := (1) — 1. Conversely, for any vi, ..., v in'V satisfying
¢

(3) Voo A = sl = 1),

j=1
there is a unique modular symbol ¢ € Symbr (V') such that
¢(Dj) = v
for each j.

Proof. See | , Corollary 2.7]. O
12



Remark 3.2. In | | explicit algorithms are given to determine the D; and the «;. This is the
so-called process of “solving the Manin relations”. In the end, the -; together with the identity
matrix form a subset of a full set of right coset representatives for I'g in SLo(Z), and the D; are
Z[T']-generators of Ay.

Proposition 3.1 gives us a strategy for explicitly writing down families of overconvergent modular
symbols. Just randomly pick elements v1,...,v; in D&R, and then try to solve equation (3).

We will refer to equations of the form w‘A = v as difference equations. These equations were
studied in detail in | , Section 4.2] for the the module DT. The following lemma generalizes the
situation to DT(R).

Lemma 3.3. Let A := (1) — 1 denote the difference operator. We have
(1) the map A : DI (R) — DI(R) is injective;
(2) if @ € im(A), then (1) = 0;
(3) for i € DI(R) with [i(1) = 0, there exists a unique v € DI(R) such that U|A = [i.

Proof. The first part follows verbatim as in | , Lemma 4.3]. The second part is clear as
(1] (5 1)) = p(1) = u(1) = p(1) =0
since K m(z, w) = 1. For the last part, just proceed as in | , Theorem 4.5]. Note that the
newly constructed measure p still takes values in R. ([l
Remark 3.4.
(1) The explicit formulas for the solution of the difference equation given in | , Lemma 4.3]

apply equally well in the case of families.

(2) We note in the above lemma that if 7 were in the smaller space D& R, there is no reason for
fi to again be in the D&R as denominators naturally appear in the solution of the difference
equation. These denominators are the primary reason for considering the space DT(R) in
this paper.

Thus, to solve equation (3) the only condition which we need to verify is that the right hand

side has total measure zero. However, for randomly chosen v; € D'(R), there is no reason for
t

Z vj‘(vj — 1) to have total measure zero. Indeed, we compute
J=1

t

Y ouil =1 | @)=

=1

(vs]5) (1) —vj(1)

M)~

1

<.
Il

((Kajvcjvm(sz) : UJ') ’o'Yj) (1) - Uj(l)

<.
I
—

vj (Kajem) = vj(1);

<
I
—

I
-M“

and see that the result is just some power series in R. We do note that by Lemma 2.8, we have
K,c0(2,0) =1, and thus this power series specializes to 0 in weight 0 if m = 0 (mod p — 1), that
is, this power series is divisible by w if m =0 (mod p — 1).

In our quest to write down a family of overconvergent modular symbols, we have chosen the v;
arbitrarily, and thus we still have a great deal of flexibility. The following lemma explains precisely
how to choose one of the v; more carefully to force the total measure of the right hand side of

13



equation (3) to vanish. In the following lemma, j; denotes the distribution whose j-th moment is
1 and all of whose other moments vanish.

Lemma 3.5. Let v}, ...,v, be any elements of DT(R) and set

t

g=—|D_viltw -1 | ).

j=1
If m =0 (mod p—1), fixr any ¢ between 1 and t, and set

v; = / g e .
3 cu1 ift=m
@Kaivchm(Z’w)‘z:O

If m#0 (mod p—1), fir some i between 1 and t such that a]* # 1 (mod p), and set

V; =

v} if i #m
/
1

+ J wo ifi=m-

V.- .
Kaivciam<07 w) -1

Then, in either case, v; € DI(R) for all j, and 22:1 vj’(yj — 1) has total measure zero.

Proof. We begin with the case m =0 (mod p — 1). We first justify that v; is in DT(R). That is, if
h= %Kai,ci,m(z, w)|,_,» we need to check that g/h € R. Note that h is simply the coefficient of 2
in Kq, ¢; m(z,w) and is thus in S, by Theorem 2.16. However, h is not invertible in S,,. Indeed,
by Lemma 2.8 part (2), we have h(0) = 0. Fortunately, g also vanishes at w = 0 by the discussion
immediately preceding this lemma (this is where we are using the fact that m = 0 (mod p — 1)).
Further, by Lemma 2.17, h/w is in ¢; - S*. By Remark 3.2, we have ¢; # 0, and thus h/w is
invertible in R. Therefore, g/h = (g/w)/(h/w) is in R.
For the second part, we compute

S vl =0 ) @)= Yool = 1) | (W45 Gl = 1) (1)
j=1 j=1
=g+ 5 (Bueom(zw) - ) ) (1) = (1)
=g+ 5 i (Ko, com(z0))
=0

as p1(Kq, c;m(z,w)) = h.
Now onto the case of m % 0 (mod p — 1). We again justify that v; is in Df(R). That is, if
h = Kq, ¢;,m(0,w), we need to check that g/(h —1) € R. By Theorem 2.16, h— 1 is in S,,. Further,
by Lemma 2.8 part (2), the constant term of h — 1 is w(a;)™ — 1 which is a unit by assumption.
Thus, by Lemma 2.12, h — 1 is invertible and thus g/(h — 1) € R as desired.
14



For the second part, we again compute

t t
S w10 ) @)= { Yool = 1) | W)+ 7 (ol = 1) (1)
j=1 Jj=1
=—g+ % ' (((Kaiaci,m(%w) ' :U’O) ‘()’Yi) (1) - M()(l))
= -9 + % ' (MO(Kai,ci,m(sz)) - 1)
=0
as po(Kayc;m(z,w)) = h. O

Remark 3.6. In the case m # 0 (mod p — 1), if it happens that a]* =1 (mod p) for every i, then
a simple computation shows that Z;Zl vj‘(’yj — 1) has 0-th moment which vanishes in weight 0.
We could thus proceed as in the case of m = 0 (mod p—1). We leave the details to the reader, but
we note that in our computations we have never encountered this case. Possibly this case never
occurs or only occurs in very small level.

Corollary 3.7. Keeping the notation of Lemma 5.5, there exists ® € Symbr, (DT(R)) such that
(D) = v;
for each j.

Proof. By Lemma 3.5 and Lemma 3.3, there exists v, € Df(R) such that
t

’UOO‘A = Zvj‘(’yj —1).

j=1
Thus, by Proposition 3.1, there exists ® € Symbp, (DT(R)) such that ({0} — {o0}) = Ve, and
(Dj) = vj
for each j as desired. O
Remark 3.8. The assumption that Iy be torsion-free is not at all essentially. In [ , Section

2.5], there is a discussion on how to deal with torsion elements in constructing modular symbols.
Further, the arguments of Lemma 3.5 carry through to this case with just minor changes.

3.2. Ordinary families of overconvergent modular symbols. As Hida families are the pri-
mary object of interest in this paper, we now describe how to pass to the ordinary subspace of our
spaces of modular symbols. To this end, recall that if X is a compact Z,-module equipped with a
compact operator U,, we define the ordinary subspace X ord . N, Uy X. Then X ord s the largest
subspace of X on which U, acts invertibly. If moreover X is profinite, then there is a canonical
decomposition X = X4 @ X! where X™! is the subspace of X on which U, acts topologically

nilpotently (see | , Proposition 2.3]). Moreover, projection onto X°'¢ is given by the operator
e:= lim U;”.
n—o0

Unfortunately, Symbp, (D°&RY) is not a profinite space since the Tate algebra R is not profinite,
and thus it is not a priori clear that Symbp (DY®R?) admits its ordinary subspace as a direct
summand. However, R® = Z,({w)) is contained in A := Z,[[w]] which is a profinite ring. Moreover,
viewing A as the ring of bounded functions on the open disc of radius 1/p contained in R", we see
that this ring is preserved by the action of ¥y(p), and thus we get a Hecke-equivariant inclusion

Symbr, (D’®R") C Symbp, (D'®A).
15



Further, we obtain a direct sum decomposition into ordinary and non-ordinary parts:
Symbr, (D°®A) 2 Symby, (D°&A)°" @ Symby, (D&A)".

In what follows, the space Symbp, (D°&A)°™ will be our primary object of interest. To ease
notation we will denote this space simply by X°™.

We note that in the ordinary case no Hecke information should be lost by working on this open
disc of radius 1/p. Indeed, as Hida families extend to all of weight space, one expects that the
Hecke-eigenvalues of ordinary families of modular symbols should do the same. This fact is stated
in the following theorem and proven in the appendix.

Theorem 3.9. We have
(1) X°4 s a free A-module and

ranky (X°d) = rankzp(SymeO(Symk(Zg))ord)

for any k =m (mod p—1),
(2) for T any Hecke operator,
char(T | X°)
has coefficients in Zy[[W]] = Zp[[pw]]; that is, the coefficients of this characteristic polyno-
mial extend to the open unit disc.

3.3. Vector of total measures. In this section, we make the following simple but extremely
helpful observation: an element of X° is completely determined by the total measures of all of
its values. Moreover, since a modular symbol is determined by its values on finitely many divisors,
one only needs finitely many of these total measures to determine the symbol. We can thus express
any element of X4 as a vector with coordinates in A, and thus reduce many computations with
ordinary families of overconvergent modular symbols to computations in a free module over A.

More precisely, choose D1, ..., Dy € Ay which generate Ag as a Zy[I'g]-module (see Remark 3.2).
We then define the vector of total measures map

a: XOord Al

defined by sending ® to the vector (@(Di)(l))le.

We note that this construct works equally well for a fixed weight, thus expressing an overcon-
vergent modular symbol as an element of Z;; that is, set X,?rd = SymeO(Dg)ord; we then have a
map

ord

o X, —)ZZ

defined exactly as above.

Proposition 3.10. We have
(1) the map « is injective;
(2) the map oy, is injective;
(3) the induced map
a: XU A/m—s(A/m)t = F
is injective. Here m is the mazimal ideal of Z,[[w]].

Proof. We first note that part (3) implies part (1). Indeed, if K is the kernel of «, then part (3)
implies that K ® A/m = 0 and thus K = 0. Similarly, part (3) implies part (2). Indeed, by Lemma
A4,

X (A/pr) = X,
and reducing the map « modulo p; yields the map aj. Moreover, m = pi + pA. Thus, if K is now

the kernel of ay, by part (3), K ® A/m =0, and thus K = 0.
16



So it suffices to prove part (3). In fact, from the observations above, it suffices to see that
d ¢
Xp ek, —TF,

is injective. That is, it suffices to see that if ®; € X' with ®,(D;)(1) divisible by p for each 1,
then @y is divisible by p. Seeking a contradiction, assume that ||®|| = 1. Since the D; generate
Ay, we see that &5 (D)(1) is divisible by p for every D € Ay. But then

p—1 p—1
(@r|Up) (D)) =D (@((65) D) (65))(=7) =D ®x((45) D)((a +pz))
a=0 a=0
which is divisible by p since ®5((§%) D)(1) is divisible by p by assumption. Thus, ||®x|Up|| < 1.
But since ®j is in the ordinary subspace, we have ®; = lim, @k\U;! which implies ||®x|U,|| =
||®x|| = 1. This contradiction establishes part (3) and completes the proof. O

Here’s one example of the usefulness of these vector of total measure maps.

Corollary 3.11. We have that {CIJ(I’rd, . ,q);?rd} can be completed to a A-basis of X°™ if and only

if {@(q)‘frd), e ,a(@grd)} is a linearly independent set in IF},.

Proof. By Proposition 3.10, a(®$*), . .. ,5(@?“1) are linearly independent in IF; if and only if the im-
ages of <I>C1’rd, ey <I>§-’rd in X°rd /m X4 are linearly independent. By a compact version of Nakayama’s
lemma, this is true if and only if @‘frd, .. ,@?rd is the start of a A-basis of X. ]

3.4. Bases of X! and characteristic polynomials of Hecke operators. We present here
a method of computing the characteristic polynomials of Hecke operators acting on the ordinary
subspace of X°rd.

We begin by describing a naive idea of how one can form a A-basis of X9, We first note that
we can assume that we know the A-rank of X°'¥ as Theorem 3.9 expresses this rank in terms
of the Zp-rank of some classical space of modular symbols which by standard methods is readily
computed.® Let us assume then that we have in hand elements <I>‘1’rd, el <I>§?rd in X4 which are

the start of a A-basis of X°*1. We now describe how to extend this set to a full A-basis by working
one element at a time.

To this end, produce some “random” element ® of Symbyp (D°®A)—for instance, using the
methods described in section 3.1. Then, as described in section 3.2, by iterating U, we can form
®°rd . the projection of ® onto X°'d. If <I>‘1’rd, ey @?rd together with ®°™ still form the beginning

of some A-basis of X°™ (which we can test via Corollary 3.11), we have succeeded in extending
our partial basis. Otherwise, we produce another “random” symbol ® and continue repeating this
process. As long as our method of producing such symbols is sufficiently random, we will eventually
find a symbol ®°"4 which extends our partial basis.

Now, with a A-basis of X°™4 in hand, we next want to compute the characteristic polynomials of
Hecke operators acting on X°'4. To do this, we simply need to write down the associated matrix
of any Hecke operators with respect to this basis. To this end, for T" a Hecke operator, we must be
able to write

T =" ayj(w)dyd
J

3The Z,-rank of Symbr (Sym*(Z2))°™ is simply given by the number of non-zero roots of the characteristic
polynomial of U, acting on Symby. (Sym"*(F})).
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with a;;(w) € A. To find the power series a;;(w) which solve these equations, one can use the vector
of total measures described in section 3.3. Indeed, it suffices to solve

a(@|T) = 3 ayy(w)a( @)

which is now a system of linear equations over A.

We note that even though the matrix associated to T will be defined over A, by Theorem 3.9,
the characteristic polynomials of these matrices will lie in Z,[[pw]], and thus extend to all of weight
space.

Lastly we mention that the above method works equally well for the plus and minus subspace
(X°rd)* by simply passing to the +-parts of the random symbols produced.

3.5. Restricting to collections of congruent forms. The methods of the previous section
describe how to form a basis of X°'9 and how to compute the Hecke action on this basis. In the
special case when the dimension of (X°™)* is 1, our single basis element is then an eigensymbol,
and thus immediately contains the information of families of Hecke eigenvalues. However, it is
extremely rare for (X°9)* to be one-dimensional; this only happens for small primes and small
tame level. To partially circumvent this problem, we now describe a decomposition of X°™ into
Hecke stable subspaces, comprising of congruent families, and it is not at all uncommon for pieces
of this decomposition to be 1-dimensional.

Let T denote the Hecke algebra over A acting on X°9. The ring T is a semi-local ring with
T ~ ®,Tw where m varies over the maximal ideals of T. This isomorphism induces a Hecke-
equivariant isomorphism X ~ @, X4, We now describe how to compute the characteristic
polynomials of Hecke operators acting on X2 for each individual maximal ideal m.

Fix a prime ¢ and let T denote either T or U; depending on whether or not ¢ divides Np. Set ?m,g
equal to the characteristic polynomial of T acting on X°™¢ /mX°™ which is a polynomial defined
over F,.* For a fixed m, one can find a prime ¢ so that any lift fu ¢(T') of Fme(T) to characteristic
0 acts topologically nilpotently on Xﬁrd and invertibly on X;’lr,d for all m’ # m.

Now, to form a basis of X‘Sfd, we can simply follow the method of §3.4 as long as we can produce
sufficiently random symbols in X,?fd. To do this, we form a random symbol ® € X° and then
iterate the Hecke operator [] far o(T) which results in projecting ® to the subspace X', as
desired.

Again, we mention that this method also works to produce a basis of (XJ™4)*.

m’'#m

4. EXPLICIT COMPUTATIONS WITH FAMILIES OF OMSs

In section 3, we described methods of computing with ordinary families of overconvergent mod-
ular symbols. However, this discussion was all carried out on a theoretical level as a single
¢ € Symbrp, (DY®A) is determined by an infinite amount of information. In order to compute
with these families in practice, one must have a systematic method of approximating each ® with
a finite amount of data. Moreover, such approximations must be respected by the Hecke operators.
In what follows, we describe our method of approximating families of overconvergent modular sym-
bols. Further, we verify that the methods we described in the previous section still carry through
with our approximated families.

4We note that this polynomial also arises as the characteristic polynomial of T" acting on the space of p-ordinary
modular symbols of weight k defined over F,, for any k = m (mod p — 1) and is thus readily computed.
18



4.1. Finite approximation modules in families. We begin by reviewing the methods of | ]
where a systematic method of approximating elements of D was given which was compatible with
the Y(p)-action. These approximations allowed for explicit computations to be carried out in the
space Symbr (Dy).

In forming an approximation of a distribution g in Dg, we note that the naive method of
considering the first M moments of p each modulo p is not stable under the matrix action on
Dy.. Instead, in | ], a Xo(p)-stable filtration on DY was introduced:

FilM(DY) = {p € D° : ord,(u(z7)) > M —j for 0 < j < M},

and thus one can approximate p € Dg by looking at its image in the finite set Fi(M) :=
DY/ FilM (DY). Explicitly, one is then approximating a distribution x4 € DY by considering its
j-th moment modulo p™~7 for 0 < j < M. For this reason, we refer to the Yo(p)-stable space
Fi(M) as a finite approzimation module. The space Symbp (Fi(M)) is thus a natural space to
work in to approximate overconvergent modular symbols.

We seek to generalize this construction to the case of families; that is, we seek a ¥y(p)-stable
filtration on D°®A. One could hope to define a nice filtration on D°®A by simply extending the
above filtration on DY by A-linearly. However, this filtration is not preserved by the Yg(p)-action
defined in section 2.5. Indeed, the ¥y (p)-action on D°®A is defined by combining the A-action on
D with a weight 0 action. However, Fil¥ (DY) is not preserved under the A-action. For instance,
multiplication by the element z maps Fil* (D) into Fil¥~1(D0).

We do note however that the subring Z,[pz] C A does preserves Fil™ (D°)—this is immediate
from the above definition of Fil™ (D?) as multiplication by z simply shifts the moments of a distri-
bution down by one. Moreover, the ¥o(p)-action on D’®A does not act through arbitrary elements
of A; rather, we are only acting by power series of the form

© atcz
Ka,c,m(z, w) = w(a)m . an <log7( w(a) ))wn7

n

n=0

and thus the only power series in z we need to act by are of the form

@) o <log7(1 + pa + pbz)> .

n
But even for n = 1, these power series need not be in Zy[pz]. For instance,

P22
2

plog,(1+pz) = IL (pz —i—--‘—l-(—l)ppplzp—i-...) :

ogp
note the troubling term is pP~12?.

We now turn to Theorem 2.15 to see how far these power series are from being in Z,[[pw]].
Indeed, this theorem tells us that such power series are in S,, and thus their j-th coefficients have
valuation at least c,j.

We are thus led to modify our filtration at any fixed weight as follows. Set

~M .
Fil' (DY) = {z € DY : ord,(u(2?)) > M —j - ¢, for all j > 0}
In FilM (DY), the sequence of lower bounds on the valuations of the moments was

M,M~—1,...,2,1.

~M
In Fil (DY), the corresponding sequence begins as

M,M,M —1,...,M— (p—3).
19



This pattern of p — 1 terms, with the first two terms stable and the rest decreasing by 1, then
continues to repeat.

—~— M
Lemma 4.1. The weight k action of Yo(p) on D preserves Fil  (DY).

~M
Proof. We argue as in | , Prop 7.1] with some small changes. Let p € Fil Dg. For j > 0, we
must show that ordy(u|v)(27) > M — j - ¢,. We compute
(

(1l)(=7) = g (@ + e2) 7 (b + d2)7)

(5 C)ermene) (55, Gme))
. (ﬁ; ) . icsmzsx

~M
for some ¢ € Z,. Since pu € Fil (DY), we have that ord, u(2°) > M — s - ¢,. For s < j, we then
have ord, pu(2°) > M —j-¢,. For s > j, an easy computation with the explicit formula above yields
that ¢, is divisible by p*~7. Thus,

ordp(cs,u(zs))ZM—s-cp+5—j:M—|—i1—jZM—I-%—j:M—j‘Cp
p—= p—=
as desired. (]

—~ M
Lemma 4.2. The action of S, C A on D preserves Fil  (DY).

Proof. Tt suffices to check that for u € D and for monomials of the form a,,2" such that ord,(a,) >
n - cp, we have a,2" - p € D?. To this end, we compute
ordy((an=" - 1) (7)) = ordy(an) + ordy(u(=*"))
>n-cp+M—(j+n)- ¢
as desired. g
We now simply define a filtration on D°®A by:
~ M . ~M .
Fil (D°®A) :=Fil (D°)&A.

~M .
That is, u € Fil (D°®A) if its j-th moment is an element of A whose p-adic valuation is at least
M — j - cp, i.e. if when written as a power series in w, all of its coefficients have valuation at least
M —j-cp.

Lemma 4.3. We have that F/‘\i/lM(DOQA@A) is preserved by the ¥o(p)-action.
Proof. The Xo(p)-action is defined as:
puly = (Kaem(z,w) - 1)o7y
The lemma thus follows from Theorem 2.15, Lemma 4.1, and Lemma 4.2. (|
We set ]?(M) = (D0®A)/F~ﬂM(DO®A). Unfortunately, note that ]-'(M) is not finite. Indeed,

this module still keeps track of the coefficients of infinitely many powers of w. To fix this, fix L > 0,
and we define

—~ M, L ~ —~ M ~ ~
Fil "(D'®A) :=Fil (D")&A + wD'®A.
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—M,L - . . o
That is p € Fil ~ (D°®A) if the first L coefficients of its j-th moment (thought of as an element
of A) have valuation at least M — j - ¢,. Set

F(M, L) = (D°&A)/Fil" " (DY&A),

and then

F(M, 1) =DO/FI" (D) @ (A/w*A)
~ D/Fil" (DY) ® (Zy[w]/wZ,[w))

~M . —~ M,L .
which is finite. We will refer to Fil  (D°®A) as the M-th approximation module and to Fil "~ (D°®A)
as the (M, L)-th finite approximation module.

Remark 4.4. All of the previous discussion goes through equally well if we replace D°®A with
. ~M . —~ M, L . )
DY®R? allowing us to define Fil (D°®R°) and Fil ~ (D°®R"). We further note that since

AJwPA = RY/wPRY, we have

N —~M,L R R —~ M,L ~
DY°&RY/Fil 7 (D°®R?) = D°®A/Fil " (DY®A).
When working with these finite approximation modules, one cannot distinguish R° (the Tate alge-
bra) from A (the Iwasawa algebra).

4.2. Handling denominators. The one downside to the above formulation of finite approxima-
tion modules is that it only allows us to approximate families of distributions whose moments are
integral power series. However, in solving the difference equation, the resulting distributions don’t
have integral moments (they aren’t even bounded!). To fix this problem, we proceed as in [ ,
page 29]. Set

Ko(R) = {M € DY(R) such that ord,(u(z7)) > —j - cp} .
Lemma 4.5. We have

(1) Ko(R) is a So(p)-module;
(2) pMKo(R) NDYSRO = Fil (DO&RY).

Proof. Part one follows exactly as in Lemma 4.3. Part two follows immediately from the definitions.
O

We thus have the following alternative description of our approximation modules in families:

DY&RO + pMKy(R) DY&RO _ DOQR°

PMEo(R)  pMEo(R)NDYGRY  F™ (Dog o)

Note that these maps are Yo(p)-isomorphisms. Thus, as long as we are working with distributions
in DY&RO + pM Ko(R), it makes sense to project to the M-th approximation module.

4.3. Solving the difference equation in F(M). We now use the description of F(M) given in
section 4.2 to explain how one solves the difference equation in these approximation modules. We

first review the case of a fixed weight, and then discuss the case of families.
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4.3.1. The case of a fized weight. The following is a slight improvement on | , Lemma 7.5]. We
refer to loc. cit. for undefined notation. In what follows, set

Ko = {,u € D! such that ordp(,u(zj)) > —j} .

Lemma 4.6. Let u € D and v € D° with u|A = v. Then for any M > 0, we have
p"ue DY+ pM K,

where m = Lilogl(é\g;_lw
Proof. By the explicit solution of the difference equation given in | , Theorem 4.5], it suffices

to see for all j > 1 that
p™ - % e D° + pM K.
We must thus check that for r < M, we have
(5) p () € 2,
and for r > M, we have
(6) poitem A e 7,
We start with the case r < M. To see (5), it suffices to see that

m

P T
— br—jt1 €Z
j<j—1>”“ ’

for r > j — 1. We thus have that M > j — 1 and so % € L. It % € pZy, then we are done by the
Clausen—von Staudt theorem as each Bernoulli number is in %Zp. Thus, we just need to consider
the case where j = ap™ with 1 < a < p — 1 and deduce that (jil)br,jﬂ € ZLp.

If r = j —1 we are done as bg = 1. Then, for r > j—1, we have b,_;41 has a p in its denominator
if and only if p — 1 divides » — j + 1. In this case, we have

r=j—1l=a—1(mod p—1)

,
an,I
the base p digits of ap™ — 1 is greater than one of the base p digits of . The base p expansion of

ap™—1lis(a—1p—1p—1 ... p—1),. Since r < M < p™*™1 the only possibility that r has every
base p digit larger than those of ap™ —1 is if the base p representation of r is (cp—1p—1 ... p—1),
with p—1 > ¢ > a — 1. In this case, r = (¢ + 1)p"™ — 1. But then r = ¢ (mod p — 1) which is
impossible as r =a — 1 (mod p —1).

Now in the second case where r > M, set s =1 — M. To see (6), if suffices to see that

and we must deduce that (a ) is divisible by p. By Lucas’ theorem, it suffices to see that one of

m-+s

)
5 (j - 1>b“j“ <

for r > 5 — 1. Note that

o {log(M +1)

i J:>pm+12M—|—2:>pm+52M+2+S:T+2>j
ogp

and thus pry;i is divisible by p. Again, by the Clausen—von Staudt theorem, we are done. O
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Corollary 4.7. Let v € F(M) have total measure 0. Then there exists i € Fi(M) such that

oA =pmy
where m = L%J
Proof. Lift 7 to some element v in D? with total measure 0. Solving the difference | , Theorem

4.5], then yields u € D with M‘A = v. Then by Lemma 4.6, we have p € D? + pMKy. Projecting
p to (DO 4 pMICy) /pM Ky = DO/ FilM (DY) then yields a solution to the difference equation in the
finite approximation module. O

We note that the above corollary tells us the existence of solution to the difference equation in
F(M). We now describe how to explicitly write down such a solution. Moreover, by analyzing this
explicit solution, we will see that a smaller power of p is needed to control denominators.

To start, we note that the solution to the difference equation in F(M) is not unique.

Lemma 4.8. If u € Fil™ (D), then p|A € Fil™(DO).
Proof. Take p € Fil®~1(D?), and we compute
7j—1 .
|2 =l 1) = te?) = 3 (7)),

- 1
=0

Since p(2%) € pM =177, for i between 0 and j—1, we see that (,u}A)(zj) c pM-1-G-Nz, = pM-iz,,
Thus p|A € FilM (D?). O

Proposition 4.9. Toke v € Fi (M) with total measure zero, and set m = Llol(g)g\;[)J. Define
Fo € Fr(M —1) by

for0<r < M-=2. Iffi € F,(M) is any element which projects to Ty in Fi,(M —1), then E}A =p"v
in Fr(M).
Proof. We first note that the formula defining 7iy(2") makes sense. To see this, note that

P Vo ez

i \Gi-1 r+1—j P
by the proof of Lemma 4.6. Further, 7(27) is well-defined modulo p» 7, and thus 7i,(z") is well-
defined modulo p™ ~1=". Hence, Ji, is a well-defined element of F(M — 1).

Next, let v denote any lift of 7 to D? with total measure 0, and let u € D be the unique
distribution satisfying ,LL}A = p™v (by | , Theorem 4.5]). Then the image of p in F(M — 1)
equals 71 since the explicit formulas in | , Theorem 4.5] exactly match the formulas defining
o in this proposition. (Note that our choice of m allows us to form this projection.) Thus, for any
7 € F(M) lifting 1y, we have that the image of p in F(M) equals & up to some distribution taking
values in Fil” ~1(D?). Our proposition then follows from Lemma 4.8. g

4.3.2. The difference equation in F (M). We now generalize the discussion of the previous section
to the case of families.

Lemma 4.10. Let u € DY(R) be such that ,u|A =v € DYQA. Then for any M > 0, we have
p"u e D'&RY + pMKo(R)

log(M/cp—l—l)J -

where m = { Togp
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Proof. The proof proceeds nearly the same as in Lemma 4.6. Indeed, we still have an explicit
solution to the difference equation, and so it suffices to see that

" % e D°@R° + pM Ko(R).
By definition, this means we need to check that for » < M/c,, we have
™) o) €y,
and for r > M/c,, we have

(8) prcp—M-i-m . M(zr) c7
J

Analyzing these two cases then follows exactly as in Lemma 4.6. g

D-

Thus, by scaling our distributions by a small power of p we will be able to solve the difference
equation in these finite approximation modules.

Corollary 4.11. Let v € f(M) have total measure 0. Then there exists L € .7?(M) such that

AlA =p™D
where m = L*log%é?mj :
Proof. The proof follows verbatim as in Corollary 4.7. O

Just as in the fixed weight case, the solution to the difference equation is not unique in F (M).
Unfortunately, the analogue of Lemma 4.8 (which describes part of the kernel of A) does not quite
hold in families. We instead just state a slightly weaker version of Proposition 4.9 in families.

Proposition 4.12. Take U € .7?(M) with total measure zero, and set m = LMJ Define

log p
neF(M—-1) by
r+1

. pre) (or
S N s by
) = 2T o
]_
for 0 <r < M/c,—1. Then fi|A = p™v in F(M —1).

Proof. To see that the above formulas yield a well-defined element of F (M — 1), note that

m r
T <j - 1>b’”“j =

by the proof of Lemma 4.6. Further, 7(z7) is well-defined modulo p/™=7%!. From the above
formula, we then see that 7i(z") is well-defined modulo p/M—(r+Der] = pIM=cp=res] = Hence, 7i(2")
is well-defined modulo p/™~1=7¢1 and 7 is a well-defined element of F(M — 1).

Next, let v denote any lift of 7 to D’®R? with total measure 0, and let . € D(R) be the unique
distribution satisfying ,u|A = p"v (by Lemma 3.3). Then the image of u in j':(M — 1) equals 1
since the explicit formulas defining 1 exactly match the formulas defining @ in this proposition.
By Lemma 4.10, p € D®R® + pM 1K (R), and thus projecting to F(M — 1) gives the desired
result. O
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4.4. The ordinary subspace of Symbr, (F(M)). Since F(M) is defined by taking the reduction

modulo various powers of p, the space Symbrp (F(M)) has the potential to have a complicated
structure even as a Zj,-module. However, if we restrict to the ordinary subspace, the following
proposition proves that passing to the M-th approximation module is equivalent to reducing modulo

p
Proposition 4.13. The natural map D°®A — .7-"(M) induces an isomorphism
x4 @ 7/pM7Z 5 Symbr, (F(M))°,

and thus _
X @ A/(pM, wh)A = Symbp, (F(M, L))

In particular, Symbp, (F(M, L)) is a free Zp[w]/(pM, w¥)-module, and for T a Hecke operator
char(T | X°') = char(T | Symbpo(]?(M, L)) (mod pM, wh).
Proof. We first show that N
X° — Symby, (F(M))

is surjective. To this end, consider the exact sequence

Mooy A 04 =

0—Fil (D")®A — D"®A — F(M) — 0.
Identifying Symbrp (V) with H}(T'g,V) and invoking the long exact sequence for cohomology, it
~M .

suffices to show that H2(I'g, Fil (D%)&A)° = 0. But

H2(To, Fil T (DY)&A) = Hy(To, Fil - (D)&A) = (ﬁﬂM(DO)é@A)

(Fmnea), )™ (M wmen)”)

which vanishes as in the proof of Lemma A .4.

To check injectivity of the map of this proposition, we must take ® € X ord which takes values
in Fil(M), and show that & is divisible by pM. To this end, take the largest possible 7 such that
p" divides @, and assume that r < M. Then ¥ := p~"® has size 1 and takes values in

P (ﬁl(M) N p’“D0®A) C Fil(M — ).

To
and
C ((DO®A)Ord>

To o

But since M —r > 0, this means that the total measure of each value of W is divisible by p. Arguing
as in Proposition 3.10, we then have that ||¥|U,|| < 1. This is a contradiction since ¥ is in the
ordinary subspace.

The remainder of the proposition all follows formally from the first claim and the fact that
Symbp, (D°®A) is a free A-module. O

4.5. Vector of total measures. As before, fix Dy,...,D; € Ag which generate Ag as a Zy[I'g]-

module. We again define a vector of total measures map, but now for F (M, L)-valued symbols.
Set

anr,p : Symby, (F(M, L))" — (A/(p™,wh)A)’

defined by sending ® to the vector (®(D;)(1))!_;.

Proposition 4.14. The map ar,1, s injective.

Proof. By Proposition 4.13, Symbr, (F(M, L))°" is simply the reduction of X°™ modulo (p*, w’)A.
Likewise, vy 7, is simply the reduction of o (from section 3.3) modulo (p™, wr)A. Thus, if K is the

kernel of apz,r,, by Proposition 3.10, we have K @ A/m = 0. Thus, K = 0 and «ayy,, is injective. [
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Corollary 4.15. We have {@‘ffd, ceey @?rd} is the start of A/ (p™, w¥)A-basis of Symbrp, (F(M, L))ord
if and only if {al,l(@‘frd), . ,aLl((Iﬁrd)} is a linearly independent set in (A/(p,w)A)" =T},

Proof. The same argument in Corollary 3.11 applies (invoking Proposition 4.14 instead of Propo-
sition 3.10). O

4.6. Characteristic polynomials of Hecke operators. In section 3.4, we sketched a method
of computing the characteristic polynomials of Hecke operators acting on X Ord.~ In this section, we
explain how to carry this method out in practice in the finite spaces Symbrp, (F (M, L))°"d. Recall
that by Proposition 4.13, for T' a Hecke operator

char(T | X°*%) = char(T | Symbr, (F(M, L)) (mod p™,wh).

Thus, we can (in theory) recover the true characteristic polynomials to any degree of accuracy by
taking M and L large enough.

The method of section 3.4 to form a basis X°'¥ was to produce “random” elements of X°™ until
one was the start of a A-basis of the space. Then produce random elements until one has two
elements forming the start of a A-basis. Continue this until we have a full basis (whose size we
know as in footnote 3).

To carry this method out in Symby, (F(M, L))°", we note that we can form elements in Symbr., (F(M, L))
as described in section 3.1. Note that this requires solving the difference equation in F (M, L) which
is done explicitly in Proposition 4.12. To form elements of Symbp (F(M, L))°"4 one then just needs
to iterate the Up—opera‘cor.5

Further, to determine when elements of Symbp, (F(M, L))" are the start of a A/(pM, wh)A-
basis, we can invoke Corollary 4.15 and examine the associated vectors of total measures modulo
(p, w)A. If these vectors are linearly independent over [, then the original elements are the start
of a basis. B

Lastly, if we have a basis B = {®¢™, ..., &5} of Symbr, (F (M, L))’ over A/(p™,w") in hand,
we describe now how to compute the matrix of a Hecke operator T' with respect to B (which in
particular gives the characteristic polynomial of T'). To this end, we have

(9) BT =) aij-
J

for some a;; € A/(p™,wl)A, and our job is to find the a;;. Applying anr, the vector of total
measures map, we get

(10) ann(®ilT) = agj - o (®;)
J

Since ayy,r, is injective (Proposition 4.14), any solutions to (10) will also be solutions to (9). Thus
we have reduced our question to solving linear equations over A/(p™, w’)A.

Since the maximal ideal of A/(p™,w™)A is not principal, solving linear equations over this ring
is not as simple as over say Z/pMZ. So we include here at least a few words about how one can do
this. Assume we have a consistent system of linear equations over A/(p™, w)A:

> ai(w) - vi(w) = u(w);

%

5To verify if a symbol ® is actually in the ordinary subspace, one looks at ®, ®|Up, <I>\U]f7 ..., until there is a
relation.
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that is, the v;(w) and u(w) in (A/(pM,wL)A)t are given and we must find a;(w) in A/(p™, w")A
solving this equation. Evaluating at w = 0 yields

Zai(()) -vi(0) = u(0),

which is a consistent system over Z/pMZ. Standard methods then gives us the values of a;(0) for
each i. Then differentiating and evaluating at w = 0 gives:

> aj(0) - vi(0) = w'(0) = > a;(0) - vi'(0)
i i
This is another system of linear equations over Z/p™Z (with the a}(0) as the unknowns) which we
can again solve. Repeating this method gives the values of each derivative of a;(w) at w = 0. From
this information, we can recover a;(w) for each i as desired.

5. DATA AND EXAMPLES

In this section, we describe some sample computations that we have carried out with the al-
gorithms implemented as part of this project. Specifically, we include computations of formal
g-expansions of Hida families, the structure of Hida—Hecke algebras, L-invariants of modular forms
and their symmetric squares, and two-variable p-adic L-functions of Hida families. For the sake
of presentation, we have elided some of the data in this section; the full data is presented in
Appendix B.

5.1. Examples of g-expansions in families. We may view a p-ordinary family of eigenforms as
a formal g-expansion

(11) F=> an(k)q",

n>1
where the a, (k) are Iwasawa functions of the p-adic weight variable k. Since the a, (k) are Iwasawa
functions, there are A,(T) € Z,[T] such that a,(k) = A,((1+p)* —1). Our computations provide
power series in w = pT.

If F is a normalized (i.e. a; = 1) eigenform, then the a,(k) are determined by the a,(k), for ¢
prime, using the standard Hecke operator recurrence relations. We may thus obtain the g-expansion
from knowing the ay(k). Furthermore, ay(k) is the Hecke eigenvalue of the Hecke operator T;. Thus,
if ® is a family of Hecke eigensymbols, we may compute the corresponding ay by comparing ®|Ty
with ®. Below, we provide the first few a, for some examples of families passing through specific
newforms. See §§3.4 and 3.5 for the method used to isolate these examples.

Example 5.1. Let p = 5 and N = 1. In this case X°'9 is 1-dimensional and this dimension is
entirely explained by the ordinary Eisenstein family. Using the methods of section 3.4, we can
produce a basis of this space and since this basis is 1-dimensional, its unique element & is an
eigensymbol. By comparing ®|7; with ® we can thus compute families of ordinary Eisenstein
eigenvalues. For example, we compute that:

az(k) =3+ (4p +p? 4+ 4pt + p° + 4p® + 4p” + 3p8) k+---+ (4]98) K + O(pg, klo)

We note that in this case, we have an exact formula for ay(k) as as(k) = 1 + w(€){€)k*1 for £ # 5.
Expanding as a power series, we get

ag(k) =1+w(t) )

n>0

(k +1)"log, (¢)

n!

)

which we note matches perfectly with the computations listed above. At £ = p = 5, the Hecke
eigenvalue is the constant 1 in the family and our computations witness this.
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Example 5.2. Let p = 11 and let f be the unique cuspidal newform of weight 2 and level T'y(11)
(i.e. the one corresponding to the elliptic (and modular) curve Xo(11)). In this case, X° is 3-
dimensional. As in the previous example, one dimension is explained by the ordinary Eisenstein
family. The other two dimensions are explained by the Hida family passing through f with this
family contributing one dimension to each of the plus and minus subspaces. Since the Eisenstein
family lands in the plus subspace, we focus on the minus subspace as (X Ord)* is 1-dimensional.
Again, a basis of this space is automatically an eigensymbol and from this eigensymbol we computed
ayp for £ < 11. Computing these eigenvalues took 6 minutes on a the SageMathCloud in Sage 5.11
(computing the eigenfamily took 5 minutes, computing the 5 eigenvalues took 1 minute). The full
data is included in Appendix B.1. A sample eigenvalue is

ann =14+ Bp+2p°+ - +p' ) k+--+ (3p') K" + 0", k).

Note that plugging in &k = 12 — 2 into the data, one can verify that the eigenvalues agree with those
of (the ordinary 11-stabilization of) the modular discriminant A (up to precision 11'1).

Example 5.3. Let p = 5 and let f be the unique newform of weight 2 and level I'g(15) (i.e.
the one corresponding to the elliptic (and modular) curve X(15)). The minus subspace is again
1-dimensional so a basis of it is an eigensymbol from which we computed ay for £ < 11. The full
data is included in Appendix B.1. A sample eigenvalue is

as = 1 + (4p+4p2 4. +4p10) k+ . + (2p10> k;ll +O(p11’k12)

Plugging in k& = 6 — 2, one can verify that the eigenvalues agree with those of (the ordinary 5-
stabilization of) of the unique newform of weight 6 and level T'o(3) (up to precision 51°). In weight
22 and level T'x(3), there are three Galois conjugacy classes of newforms; their Hecke eigenvalue
fields are Q, Q, and Q(+/11 - 59), respectively. The first two are not 5-ordinary. The third Galois
conjugacy class is only ordinary under one of the two embeddings of Q(v/11-59) into Q5. We
plugged in k = 22 — 2 to the computed ay and they agreed with the Hecke eigenvalues of this weight
22 and level I'g(3) newform (up to precision 51).

Example 5.4. Let p = 5 and let f be the ordinary 5-stabilization of the (unique) newform of
weight 2 and level I'g(19) (i.e. the one corresponding to the elliptic (and modular) curve X¢(19)).
In this case, (X Ord)_ is 8-dimensional. However, if m is the maximal ideal corresponding to f, we
have that (X2'4)~ is 1-dimensional. Indeed, as(f) = 3 (mod 5) and as(g) = +1 (mod 5) for all
of the remaining eigenforms (as they are all new at 5). In particular, the operator T, 52 — 1 acts
invertibly on (X')~ and topologically nilpotently on (Xt?lr,d)_ for all m’ # m. In particular, using
the methods of section 3.5, we can form a basis of (X2"4)~ and obtain an eigensymbol as this space
is 1-dimensional. The a, for £ < 19 are included in Appendix B.1. Here is as:

a5 =3+3p+3p° +p° +4p° + (54+2p° + -+ 2p°) k+ -+ (3p° +20°) K + O(p, k®)

In weight 6 and level I'y(19), there are 4 Galois conjugacy classes of newforms; their Hecke eigenvalue
fields are Q,Q, Q(v/3-59), and K4, respectively, where K, is a totally real Sy-quartic extension
of discriminant 101148696 = 23 - 33 - 11 - 42571. All of these are ordinary at 5. The fourth Galois
conjugacy class has one embedding into Q5 (the remaining three are into Qs3) and the corresponding
newform is the only one whose a5 is congruent to the as of the elliptic curve X((19). Plugging in
k =6 — 2 in the computed ay agrees with the g-expansion of this newform (up to precision 57).

Example 5.5. Let p = 5. There are two Galois conjugacy classes of newforms of level I'g(95); their

Hecke eigenvalue fields are K3 and Ky, where K3 is the unique (real) cubic field of discriminant

148, and K, is the unique totally real quartic field of discriminant 11344. These represent the

remaining 7 dimensions in (X°9)~ from the previous example. In this example, we deal with the

conjugacy class with cubic Hecke eigenvalue field as its a5 is 1 (while the other conjugacy class has
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as = —1) and hence the forms in this class will have an L-invariant (studied in §5.3 below). The
field K3 has only one embedding into Q5 (the remaining embeddings landing in Qs2). We let f be
the newform corresponding to the embedding in Q5 and remark it is congruent to an Eisenstein
series. We may isolate it from its two other conjugates (as in section 3.5) as its ag; is 2 (mod 5),
whereas its conjugates have ag; = 3 (mod 5). The ay for £ < 11 are included in Appendix B.1.
Here is as, which is used to compute the L-invariant below:

as =1+ (20" +3p°) b+ (p* + 20" +0°) % + (2p" + p°) K + (20°) 7 + (3p°) K° + O(°, &)

5.2. The structure of Hida algebras. Here, we summarize some computations of the structure
of the connected components of the Hida algebras of level I'g(lem(p, ¢)) where ¢ is prime.

Example 5.6. Let p = 3 and N = 11. In this case, there are two 3-ordinary cuspforms in any even
weight. In weight 2, one of these forms comes from the ordinary 3-stabilization of the cuspform
associated to Xy(11). The other form is the unique newform of level 33, and, moreover, these two
forms admit a congruence modulo 3. Note then (X°'9)~ is 2-dimensional with (Xg'4)~ ~ (X°d)~
making this example fundamentally different from the examples in section 5.1 where we were always
able to cut down to a 1-dimensional space.

Nonetheless, we know that Ty, is a A-algebra of rank 2 and we seek to understand its structure.
From a geometric perspective, possibilities for Spec(Ty,) include two copies of weight space glued to
together at a finite collection of points (possibly only at the point of characteristic p) or a ramified
cover of weight space ramified at finitely many points.

To further understand Ty, consider a Hecke operator T, (or U,) acting on (X°%)~ and let f,
denote its characteristic polynomial, which is a monic polynomial of degree 2 over A. Let dy(T) € A
denote the discriminant of this polynomial. By p-adic Weierstrass preparation, we can write

de(T) = p"* - Py(T) - Vo(T)

where Py(T) is a distinguished polynomial of degree say Ay and V(7)) is a unit power series. We
can use information from this decomposition to understand Ty,. For example, if A\, is odd, then
A[Ty] is a ramified extension of A forcing Ty /A to be ramified.

Using the methods outlined in section 3.4, we computed approximations to the characteristic
polynomials f, described above. For example, for £ = 2, we computed this discriminant to be:

d(T) =p* +O0("™)+ (2+2p+ 20> + 20" +p° +p" +O(®')) T+ - + (1 +O(»))T® + O(T?)

Note that this power series has A-invariant 1 and thus has a unique root ay which is defined over
Zy,. We explicitly found the following approximation to as:

az =p® +2p" +2p° + p" + p* +p° (mod p).
We thus get that
da(T) = (T — a3) - Vi(T)
where V4(0) = —1 (mod p). In particular, —V(7T') is a square in A and we see that d2(7") and
—(T — ay) differ multiplicatively by a square. In particular, A[Ts] = A[y/—(T — ag)]
Now for R a ring which is a finite and free A-module, let disc(R) C A denote its discriminant

ideal. Write M € May(A) for the change of basis matrix corresponding to the embedding A[T5] C Ty,
both of which are free A-modules of rank 2. We then have

disc(A[T3]) = det(M)? - disc(Ty).
Since disc(A[T2]) = (T — a2)A is a square-free ideal, we must have that det(M) is a unit and
A[Ty] = Ty In particular, Ty ~ Al\/—(T — a2)].
As a check, we computed dy(T) for all primes ¢ < 11. In each case, dy(T") had A-invariant equal
to 1, and its unique root cay was congruent to as modulo the precision of the computation.
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Example 5.7. Let p = 37 and N = 1. This example gains its fame from the fact that 37 is an
irregular prime with Bss having positive valuation at 37. In particular, there is a cuspform f of
weight 32 congruent to the Eisenstein series F392 modulo 37. For this reason we consider the 30th
component of weight space (corresponding to the classical weight 32). On this component there
are exactly 3 ordinary normalized eigenforms: f, E§§d (the ordinary 37-stabilization of Es33), and a
third form not congruent to either f or FE$d.

Let m denote the maximal ideal of T corresponding to f and Eord. In this case, the Eisenstein
symbols live in the plus part of X°9 and thus (X"4)* is rank 2 over A (with one dimension
coming from the Eisenstein series and the other coming from the Hida family through f). Using
the methods of sections 3.5, we can form a basis (of size 2) of this space. As in the previous example,
we compute the discriminant of the characteristic polynomial of T, for various £. For example, for
{ =2 we get:

do(T) = 16p% + 23p> + 6p° + 12p5 + 24p” + 12p® 4 27p° + 17p1% 4 14p™ + O(p'?)
+ (34p + 13p* + 2p° + 27p" + 36p° + 29p° + 32p” + 32p° + 35p° + 17p'° + O(p'")) T
+ (25 + 20p + 26p* + 9p® + 22p* + 6p° + 3p° + 8p” + 17p° + 24p° + O(p'?)) T*
4+ 4 (6+0(p) T +0(T'?)
which we note has A-invariant 2. In fact, looking at the Newton polygon of this power series we see

that it has two roots each of valuation 1; call these roots as and f3. By inspection, we can only
find a single root (mod p%), namely:

oo = 23p + 10p* + 35p° + 36p* + 34p° + O(p°)

This suggests that ae = 32, that is, that d2(T") has a double root at as.

We note that a computer computation alone could never prove the equality cy = B2 as we are
always working modulo a power of 37. Nonetheless, in this example, we can argue as follows. First
note that if ap # 32, then by the same arguments as in Example 5.6 (since disc(A[73]) is squarefree),
we have

Tw = A[T2] ~ Al\/u(T — a2)(T — 2)]

with u € Z3;. In particular, Ty, is a domain and its spectrum is thus a single irreducible component.
However, looking at the associated Galois representations we will see that this is impossible. Indeed,
at the Eisenstein points in the family, the associated Galois representation is reducible while at
generic cuspidal points this representation is irreducible. If Spec(Ty,) were irreducible, then all
Galois representations would have the same behavior (irreducible vs. reducible) except at a finite
set of points. This contradiction forces ag = (3.

Hence do(T) = (T — a2)? - V,(T) with V;(0) = 25 (mod p). In particular, V;(7T) is a square and
thus A[Ty] ~ A[Y]/(Y? — (T — az2)?). Arguing again with discriminant ideals, we have

disc(A[Ty]) = det(M)? - disc(Ty,)

where M is the change of basis matrix coming from the inclusion A[T3] C Ty,. Since disc(A[Ty]) =
(T—az)?A, we have det(M)? = 1 or (T—az)?. In the later case, we would have that the discriminant
ideal of Ty, over A is a unit, implying that Ty, is an étale A-algebra, and in particular, that the map
A — Ty, is unramified. This implies that (p,T)Ty, = mT,,. Since m corresponds to a g-expansion
in F,, we have that Ty /(p, T)Tw = Tw/mT,, = [, which is a one-dimensional vector space over
A/(p,T) = F,. By Nakayama’s Lemma, T,, must be rank one over A, a contradiction. Thus,
T = A[T3] = AY]/(V2 — (T — as)?).

As a check, we computed dy(T") for £ < 11 and in each case A(dy) = 2 and ay was a root of d¢(T)
modulo our precision.
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Geometrically, the spectrum of this ring is two copies of weight space glued together at the weight
ag. This picture is completely consistent with what is known already in this example. Indeed, the
37-adic (-function has A-invariant 1. Thus, the Eisenstein family and the cuspidal family meet
at a unique weight k, — namely the unique root of (37(1 — k). In [ , §6.2.1], this weight is
computed to tremendous precision (1000 p-adic digits) with the first few digits being

k, = 13 4 20p + 30p* + 8p> + 11p* + O(p°).

To compare with our computations of s, we note that the weight k. in the T-variable corresponds
to (1 + p)'~*=2 — 1 and we do indeed have that

(1+p)"72 -1 =ay (mod p°).

5.3. L-invariants. L-invariants arise when a p-adic L-function vanishes at a point of interpolation
due to the vanishing of the Euler-type interpolation factor. The earliest known example of this
phenomenon of so-called “trivial zeroes” is due to Ferrero-Greenberg | - if ¥ is an even
Dirichlet character, then

Ly(1 = n,) = (1= 4(p)p" ") L(L = n, ™), for n € Zx1,

so (1 —(p)p™ ') vanishes at n = 1 whenever ¢(p) = 1. In | |, Mazur—Tate—Teitelbaum
discovered the same type of vanishing occurs for the p-adic L-function of an elliptic curve, E, with
split, multiplicative reduction at p. The interpolation property gives

L(1,E)

Ly(1.E) = (1 - a,(B) ) =22,

where Qp is the Néron period of E. When FE is split multiplicative at p, a,(E) = 1, so that the
p-adic L-function vanishes for trivial reasons at s = 1 (more generally, weight 2 newforms of level
exactly divisible by p and whose a, = 1 share the same behaviour). They introduced a new quantity,
the p-adic L-invariant, £,(E), given in terms of the p-adic Tate parameter of E and conjectured
that

d L(1,E)
—L E = E .
ds p(87 ) 1 [’p( ) QE
This was proved by Greenberg and Stevens in | | (the more general case of newforms included).

A main ingredient of their proof was a formula they gave for the L-invariant of a weight 2 newform
which is germane to our work:

)

d
Ly(f)=—-2 7 log,, a,(k) o

where a,(k) is the pth Fourier coefficient in the formal g-expansion of Equation (11) for the Hida
family through f. When f corresponds to an elliptic curve, Sage can already compute these L-
invariants using Tate parameters, and we show below that our method provides the same answer.
On the other hand, we can also compute cases that don’t correspond to elliptic curves, i.e. newforms
whose Hecke eigenvalues don’t lie in Q. Furthermore, our code provides new computations for the
L-invariant of the symmetric squares of an eigenform (really, the trace-zero adjoint of an eigenform,
which is a twist of the symmetric square). In | ], Greenberg proposed a general theory of L-
invariants for ordinary motives providing an arithmetic candidate LET(M ) for the p-adic L-invariant
of an ordinary motive M. When M is the trace-zero adjoint, ad’f, of a newform, Hida and the
third author | , | gave a formula for Greenberg’s L-invariant which Dasgupta [ ]
has recently shown is the actual L-invariant: if f is any p-ordinary newform of weight ko + 2 of
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such that p? does not divide its conductor, then the p-adic L-function of ad’f has a trivial zero at
s =1 and its L-invariant is given by

(12) Ly(ad’f) = —2 % log,, ap (k) .
k=ko

We remark that unlike the case of modular forms themselves which (in the p-ordinary case) only
have trivial zeroes in weight 2 and conductor exactly divisible by p, the trace-zero adjoint always
has a trivial zero. We may therefore consider the L-invariant as varying in the Hida family and our
computations allow us to compute the Iwasawa function giving the adjoint L-invariant in a family.
Also, note that the non-vanishing of the L-invariant, an important part of Greenberg’s conjecture,
is only known in the cases of Dirichlet characters and split, multiplicative elliptic curves (where
the result is one from transcendence theory: the theorem of St-Etienne [ |, which says
that the Tate parameter is transcendental). In particular, the L-invariants of newforms that do
not correspond to elliptic curves are not known to be non-zero. Furthermore, up to now, all that
has been known for the adjoint of a newform is that all but finitely L-invariants are nonzero in
a Hida family (since an Iwasawa function has finitely many zeroes). Our computations provide
non-vanishing results for specific newforms. In particular, they show that the adjoint L-invariants
of all forms in the Hida families of the examples in §5.1 are nonzero.

We collect some values of L-invariants of modular forms as well as their trace-zero adjoints.
Again, full data is available in Appendix B.2.

Example 5.8. The Hida families in Examples 5.2 and 5.3 pass through elliptic curves with split,
multiplicative reduction at p (when & = 0) and the data of a,(k) provided above allows us to
compute the p-adic L-invariants of these curves. We obtain:

L11(11al) = 6p + 5p® + 7p° + Tp* + 7p° + 75 + 4p” + 3p® + 6p° + 0 + O(p*)
L5(15al) = 2p +p® + p* + 3p° + 4p° + 20" + 4p® + 4p° + p'° + O(p'Y)

We verified that these agree with Sage’s already available computation of these L-invariants (which
is much quicker) to the given precision.

=

Example 5.9. The Hida family in Example 5.5 passes through a newform with p = 5 exactly
dividing the level and a, = 1. We compute its L-invariant, concluding that it is non-zero, to be:

Ls5(f) =p® +4p° + 4p* + 3p° + O(p°).

Example 5.10. In fact, for each of the Hida families in Examples 5.2-5.5 (which we now label
F11, Fis, Fi9, and Fos, respectively), we can use Equation (12) to provide a formula for the symmet-
ric square L-invariant as a function of the weight. The full results can be found in Appendix B.2.

L11(ad’Fi1) = 6p+ -+ Tp"0 + (10p* + - +9p°) bk + -+ (4p"°) K* + O(p"', k7).
Plugging in k = 12 — 2 yields the value of the 11-adic symmetric square L-invariant of A:
L11(ad’A) = 6p + 6p* + 5p° + 3p* + 3p° + 3p° + 8p” + 6p° + 5p7 + 8p'0 + O(p'?).
For the family Fi5 of Example 5.3, we obtain:
L5(ad’Fis) = 2p + -+ 4p° + p'0 + (3p2 T —|—4p10) Bt (3p9 +3p11) K+ O(ptt, k10,
For the family Fi9 of Example 5.4, we obtain:
L5(adFig) = 5 + 4p® + 2p° + 4p* + p° + 4p° + (3p* +3p° + 3p%) k +--- + (20°) k* + O(p", k).
For the family Fg5 of Example 5.5, we obtain:
Ls(ad"Fos) = p* + 4p° + 4p" +3p° + (0° + 49 + 4p") k+ - + (3p" + 4°) k¥ + 0%, k).
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5.4. Two-variable p-adic L-functions. A p-ordinary eigenform f of classical weight k > 2 has
a p-adic L-function Ly(s, f), attached to it following the work of Manin, Amice-Vélu, and Visik.
Varying the form p-adically in a Hida family one can expect to ‘glue’ the one-variable functions
together to obtain a two-variable p-adic L-function Ly (s, &, f). That this is the case is due to Ohta
(unpublished), Mazur—Kitagawa | ], and Greenberg—Stevens | ]; it was a fundamental in-
gredient in the latter’s proof of the Mazur—Tate—Teitelbaum conjecture. Greenberg has conjectured
that the generic order of vanishing of L, (s, , f) along the line s = x/2 is at most one (and congruent
to the sign of the functional equation of L,(s, f) modulo 2) (see | ] for this statement (p. 439)
and for some important consequences of its proof). Additionally, Greenberg and Stevens end the
introduction to | | by asking about the linear factors of the leading term in the expansion of
L,(s,k, f) about s =1 and xk = 2 when the sign is —1.

In [ , 89], the penultimate author and Stevens explain how to obtain single variable p-adic
L-functions from overconvergent modular eigensymbols. The same method applies in our case and
allows us to compute two-variable p-adic L-functions attached to eigenfamilies of overconvergent
modular symbols. We include below a couple sample computations of the powers series expansion
of two-variable p-adic L-functions.

Let @ be a U, eigenfamily with eigenvalue A and let 1o denotes the restriction of ®({oo} — {0})
to Z, . We let T' (respectively, w) denote the cyclotomic (respectively, the weight) variable in the
two-variable p-adic L-function of the corresponding Hida family. Then, for n > 1, the coefficient of

T is
/zs <log;<z>> o =34 St /ﬁpz,, (= — @) dpa,

7j>1 a=1

(n)

where the coefficients c; are defined by
1 .
( o y) =>4
j=1

Since v, / (z —w(a)ldue | > p~**™), we may determine the error in approximating the
a+pZp
two-variable p-adic L-function by truncating the sum over j using the following lemma.

Lemma 5.11. Forn > 1,
(1) If j < n, then

(2) if 7 > n, then
e o[

Proof. By grouping like powers of y in the product

i 5 +) (s (-5 o) ) b)),

we obtain the formula

m _ 1 i+
(13) ¢ =— Z (—1)itn
o+ +an_1=]
ar>0,a0>0

Hakzo k

Hak7£0 ag logp fy .
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Using that v,(log,(v)) = 1, we obtain

vp(cg,n)) > —wvp(n!) + min Z vp(k) — Z (vp(ag) +1)
apg+-+an—1=J —
ar>0,a0>0 ar=0 ap#0

> —up(n!) — max Z (vp(ar) +1).
ag+--+an—1=j
a;20,a0>0 ~ @70

We thus proceed to find an upper bound for

e max > (uplag) +1).
ax>0,a0>0 = @70
Consider j < n. For a given partition ag+- - -+a,—1 = J, we obtain a 1 in the sum for each non-zero
ai. If we combine m non-zero terms ag,, ..., ay,, into one term, we gain vy,(ag, + --- + ag,,), but
lose m — 14 vp(ag,) + - - - +vp(ag,,). This is never a net gain, so the optimal partition is that with
j ones and n — j zeroes, yielding an upper bound of j.

For j > n, note that the sum of the valuations occurring above is bounded by the same sum
where there is no restriction on the length of the partition. Of all partitions of j, the one maximizing
the sum of the v,(ax) is j =p+p+---+p+r with 0 < r < p. Indeed, it is clearly optimal for
the parts of the partition to be powers of p and, for » > 1, the part p" contributes r» while the sum
p" L4+ p 1 (p times) contributes p(r — 1) > 7. O

In the examples below we have made the following normalizations. As throughout the whole
paper, the weight variable k is normalized to correspond to modular forms of weight k£ + 2, the
cyclotomic variable s is shifted by 1 so that s = 0 corresponds to the central point of the L-function
of a weight two modular form. Furthermore, the p-adic L-function we compute is only well-defined
up to a unit power series in w and we normalize it so that the first non-zero coefficient in T is a
power of p times a power of w.

Example 5.12. We consider the same Hida family as in Example 5.2: the unique 11-adic Hida
family of tame level 1 and branch m = 0. In order to get a non-zero p-adic L-function, we must
use a symbol in the plus subspace, which no longer has dimension 1. Indeed, the presence of an
Eisenstein family raises the dimension of (X°)* to 2. Still, localizing at the maximal ideal m
corresponding to Xo(11), we have that (X2)* is one-dimensional since X(11) is not Eisenstein at
2. We obtain the following two-variable p-adic L-function (see Appendix B.3 for the full expansion):

Li1(Fi1, 8, k) = ak —2as + -+ (6p k" + (2p)kSs 4+ - + (Tp")ks® + (9p7)s™ + O(p%, (K, 5)%)
= (k —2s)(a+ (6p* +10p> + - Ve + (2p° +-- k> +--+),
where o = p + 5p% + 9p> + 9p* + 9 + 5p° + 8p” + O(p®). Note that despite the non-vanishing

of the central L-value of Xy(11), the p-adic L-function vanishes there due to the presence of an
exceptional zero. After factoring (k — 2s) out of Li;(Fi1, s, k) and plugging in s = k/2, we get

p(1 + 5p + 6pk + O(p?, k?)),

which never vanishes. This confirms Greenberg’s conjecture for Fi1, showing that the order of
vanishing along s = k/2 is exactly one throughout the Hida family.

Example 5.13. Now, consider the elliptic curve 37a, the curve of rank 1 of least conductor, and let

p = 37. This curve has non-split multiplicative reduction at 37, so its agy = —1. The space (X°™)*

has dimension 3, the other two dimensions coming from the Eisenstein series and the elliptic curve
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37b. Both of these have as7 = 1, so localizing at the maximal ideal m corresponding to 37a yields a
one-dimensional space. We computed the following p-adic L-function (full data in Appendix B.3):

L37(37a,s,k) = ak — 2as + - + (4p° + 3pO)kC + - + (4p®)s® + O(p”, (k,5)7),
= (k= 25)(a + (3p” +4p° + 3p" + 3p° + p°)k + (0" + 29" +p" + 4p°)s + )
where o = p + 2p? + 4p® + 2p* 4+ p + O(p”). Factoring (k — 2s) out of L37(37a, s, k) and plugging
in s = k/2 yields
p(1+2p + pk + O(p°, k7)),

which is non-vanishing. This confirms Greenberg’s conjecture in this case, showing that in fact the
order of vanishing along s = k/2 is exactly one throughout the Hida family.

Example 5.14. The elliptic curve 91b1 is a curve of rank 1 that has split multiplicative reduction
at p = 7. As such, its one-variable p-adic L-function vanishes to order 2 at the central point,
despite the classical L-function only vanishing to order 1 there. Greenberg’s conjecture states
that the order of vanishing of the two-variable p-adic L-function along the line s = k/2 should
however be 0, generically. Our calculations verify this. First off, (X°'4)* is 9-dimensional, with 2
dimensions coming from Eisenstein series, 2 from isogeny classes of elliptic curves (91a and 91b),
2 from a Galois conjugacy class of newforms defined over Q(v/2), and 3 from a Galois conjugacy
class of newforms defined over the cubic field of discriminant 316. The curve 91b1 is not Eisenstein
at 2 and has a; = a;3 = 1. The quadratic (resp. cubic) Galois conjugacy class has aj3 = —1
(resp. a7 = —1), so that, after localizing at the maximal ideal corresponding to the curve 9161, we
obtain a one-dimensional space. The two-variable p-adic L-function we compute is

L7(91b1, s, k) = (p* + 6p® + 4pH) k% + (2p% + p*)ks + (5p® + 5p° + 6p*)s? + - -+ 0(p°, (k, 5)%)
(the full data is available in Appendix B.3). Plugging in s = k/2, yields
L7(91b1,k/2, k) = p*k*(5 + 4p + 5pk + O(p*, k?)),

which only vanishes at k¥ = 0. Thus, the generic order of vanishing is 0, and in fact, the two-variable
p-adic L-function only vanishes at (s, k) = (0,0) along the line s = k/2.

APPENDIX A. COMPARING XY wiTH GREENBERG—STEVENS MODULAR SYMBOLS

We note that Hida theory implies that ordinary p-adic families of cuspidal eigenforms extend to
all of weight space. We would thus hope to see that the Hecke-eigenvalues occurring in the ordinary
subspace of either Symbp, (D’®R’) or Symbrp, (D’®A) extend to bounded functions on the entire
open disc of radius 1. In particular, in this appendix, we will establish this fact by comparing
Symbpo(D0®A)°rd to the space of Greenberg—Stevens two-variable modular symbols.

A.1l. Relevant measure spaces. Let M(Z) x Z;) denote the space of Z,-valued measures on
Z; X Zp; that is, the continuous dual of the space of continuous functions on Z; X Zp. We endow
this space with a right action of SLy(Z) by

(W) (f (2, y)) = ply - f(2,9)) = p(f(az + cy, br + dy))
and with the structure of a A := Zp|[Z,]]-module by:

([a] - W) (f(z,y)) = p(f(az, ay))

where a € Z,; and [a] is the natural image of a in A.
For k € W, there is a “specialization to weight x” map:

M(Z) x Zp) — Dy,

= e
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where
inlf) = | fw/on() du

Zpy XZop
for f € Ay.
Proposition A.1. For k € W, the specialization to weight Kk map

M(ZS x Zp) — D}

is Xo(p)-equivariant. Further, this map is A-linear if A acts on DO by [a] - = K(a)p.
Proof. For v = (2%) in $y(p) and f € A, we have

() = Sl = ( (2252 far + ).

ax + cy

while
(12 _“”< ke <Z‘TZ>)
= (sta+ ety £ (2R wio)
— s (staz ) £ (YY),
as desired.

Also, for a € Z; , we have

([a] - @) (f) = (la] - w)(f (y/2)r(2)) = p(f (ay/ax)r(ax))
= w(a)u(f(y/2)k(x)) = K(a)ux(f)-

u
Note that D'®A and D(A) := Homeon (A%, A) are both naturally A := Zp|[Z,]]-modules. In-

deed, Ais naturally identified with measures on Z,, and the Amice transform identifies measures
on Z, with bounded (rigid) functions on W which, by restriction to W,,, naturally give elements

of A. Then A acts on D(A) or on DY®A simply by scaling the values of the distribution.

A.2. Comparing modular symbols. We seek to compare M(Z, x Z;,)-valued modular symbols
with D& A-valued modular symbols. We begin with a map.

Proposition A.2. There is a A-linear $o(p)-map
a: M(Z, x Z,) — D(A)
given by

p (f = (5= pa(f)))-

That is, for i € D(Z, x Zp), the moments of the distributions . vary (rigid) analytically as &
varies over weight space.
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Proof. That the moments of the u, vary analytically is standard. We leave the details the reader.
To see that « is 3g(p)-equivariant, first note that o commutes with specialization to weight .
That is,

M(Z) x Zp) —=D(A)

L

DO
K
commutes; this follows directly from the definitions of these maps. Since specialization to weight &
is Yo (p)-equivariant with either M(Z; x Z;) or D(A) as a source, for u € M(Z, x Zj), we have

(@) y)s = alpn] 7 = 1| 7
while
((uly))s = () = s -
Thus a(u)|y and a(uly) have the same specialization to weight x for all kK € W,,. Thus, by
definition, a(u|y) = a(u)]y in D(A) as desired.
To see K—linearity, we can argue the same way since specialization to weight x (with either source)
is A-linear if DY is acted on by A with [a] acting by #(a). O

For any ® € Symbr, (D(A))°"4, we have that ® is in the image of Up, and thus as in Lemma
2.10, ® takes values in D°®A. Thus,

Symbp, (DY®A)° = Symbr, (D(A))*",
and we have a Hecke-equivariant map
Symbp, (M(Z) x 7)) @5 A — Symbp, (D®A).

We aim to show that this map is an isomorphism, and thus the characteristic polynomial of a Hecke
operator acting on the target is the same as the restriction to A of the characteristic polynomial of
that Hecke operator on the source. From this, we can deduce that the coefficients of the charac-
teristic polynomials of Hecke operators on the target (which a priori are in A) extend to an open
disc of radius 1 in weight space.

A.3. Control theorems. Fix a non-negative integer £ = m (mod p — 1) and consider the map
A Zy, given by evaluation at weight k. Let pj, C A denote the kernel of this map; it is a principal
ideal. We now state several control theorems for spaces of Greenberg—Stevens modular symbols
and for our spaces of families of modular symbols. We note that in the below theorems, p is not
inverted.

Let 75k denote the Z,-span of (j), for j = 0,...,k, in the space of Z,-valued continuous functions
on Z,, and set ﬁ,;/ equal to the Z,-dual of 731: We note that 75,;/ is isomorphic to a lattice in
Symk((@%). We have a surjective ¥ (p)-equivariant map®

M(ZS % L) — P

Ly XLy

[ <f(2) - 2* fy/x) du) :

and thus a Hecke-equivariant map
X BV
Symbpo (M (Zp X Zp)) — Symbro ('Pk )
6We note that this map would not be surjective if we simply looked at the span of 27 for j = 0,...,k. See, for

instance, [BP, Lemma A.4].
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Lemma A.3. The above map induces a Hecke-equivariant isomorphism
Symbr, (M(Z) x Z,))" @A /p, — Symbr, (P))

on ordinary subspaces.

Proof. This isomorphism is implicitly given in | | if we allow p to be inverted. The above
integral version is given in [B3P, Corollary A.9]. O
Now, set P equal to the span of 1, z, ..., zF in Aok; we then have a surjective map Dg — PY.

We now state a control theorem for families of modular symbols.
Lemma A.4. Specialization to weight k and the above map induce Hecke-equivariant isomorphisms:
Symbrp, (D°®A)"®A /prA = Symbyp, (D))" = Symbyp, (P))*.

Proof. The first isomorphism is given in [ , Corollary 3.12] if p is inverted. Mimicking the
argument there, we simply need to check that Ho(T'g, D°®A)°™ vanishes. Since

Ho(To, DO&A)Td = ((DO®A)FO)Ord _ ((D0®A)ord)F ’
0

it suffices to see that (D°®A )™ vanishes. (Here, we let U, act on DY®A by acting by Zg;é (§ “).)
To this end, take i € (DY®A)°™, and write i = Z‘U]? for some n. Then

pt—1
a) = (@] (550 )(=)
a=0
p"—1
=) vlla+p"z))
a=0
p"—1 ‘
=7(1) Z a’ (mod p")
a=0
=0 (mod p" ).

by Lemma A.5 below. Since this congruence holds for all n, we get our desired result.

For the second isomorphism, we note that this is proven in | , Theorem 5.4] except that p
is inverted. Mimicking the arguments there, but keeping everything integral, we need to show that
Hy(Tg, K)°'Y = 0 where K C D2 are the distributions which vanish on 27 for 0 < j < k. Arguing
as above, it suffices to see that K°9 = 0. For p € K°, write pu = V‘UI’}, and thus

pr—1
w(z) = ] (650))(=)
a=0
pr—1
= vlla+p"2))
a=0
=0 (mod p")
as v(1) = 0. O
pr—1
Lemma A.5. For all j > 0 and n > 1, we have p"~' divides Z al.
a=0
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Proof. We proceed by induction on n with n = 1 being vacuous. Then, for n > 1, we have
nflil

pnil . p .
Z a =p- Z @’ (mod p" ).
a=0 a=0
n—1__ . n__ .
By induction, p"~? divides Y_7_, Y9, and thus p"~! divides Zﬁzol a’ as desired. O

Lemma A.6. Let X and Y be A-modules with Y free over A. Assume there is a map o : X —
Y such that the induced map X/piX — Y/piY is an isomorphism for some k. Then « is an
isomorphism.

Proof. Let Z be the A-module defined by the exact sequence
X=Y =20
Thus we have an exact sequence,
X/ppX = Y/prY — Z/ppZ — 0.

Since X/prpX =Y /prY, we have Z/pZ = 0. But then Z = 0 and « is surjective.
Now let W be the A-module defined by the exact sequence

0-W-—=X-=Y —=0.
By the snake lemma, we then have an exact sequence
Yipi] = W/ppeW — X/pp X — Y/prY — 0.
Since Y is free, Y[pi] = 0, and since X/pr X =2 Y/prY, we have W/pW = 0. Thus, W =0 and «

is an isomorphism. O
Lemma A.7. We have Symbp, (D°®A)™ is free over A with finite rank.

Proof. We use the fact that if Y is any A-module such that Y/p,Y is a free Z,-module of finite
rank, then Y is free over A with finite rank. Then note that by Lemma A .4,

Symbp, (D°®A)° /pj, Symby, (D°®A) = Symbr. (Py)°™

which is indeed free over Z, with finite rank (as this last space is a classical space of modular
symbols). O

Theorem A.8. The map « induces a Hecke-equivariant isomorphism
Symbp, (M(Z) x Zp))™ @5 A — Symbp, (D°®A).

Proof. 1f we choose k = m (mod p—1) such that 0 < k < p—2, then it is easy to see that ﬁk = Pg.
This theorem then follows from Lemma A.6, Lemma A.3, and Lemma A .4. O

Corollary A.9. The characteristic polynomial of any Hecke operator acting on Symbrp, (DY&A)erd
has coefficients which converge on all of Wp,.

Proof. This corollary follows immediately from Theorem A.8 as characteristic polynomials of Hecke
operators on Symbp, (M(Z, x Z,,))°4 have this property. O
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APPENDIX B. SOME DATA

B.1. ¢g-expansions.

Full data for Example 5.2: p = 11, tame level N = 1, branch m = 0.

as = 9+ 10p + 10p? + 10p® + 10p* 4+ 10p° + 10p% + 10p” + 10p® + 10p° + 10p™°
+ (2p + p* + 2p* + 8p* + 10p° + 7p° + 9p” + 8p® + 8p” + 4p'%) k
+ (10p* + 4p® + 9p* + 9p° + 5p° + 8p” + 2p® + 4p? + 8p'?) &2
(6p* + 2p* + 3p° + 8p° + 6p” + 9p° + p'%) K?
(3p™ + 7p° + 6p° + 5p” + 7p° + 2p'%) K + (8p° + 6p°® + 3p® + 3p'0) &P
(6p° + 10p” + 8p° + 6p” + 8p'%) k° + (9p" + 5p° + 10p” + 5p'%) k" + (10p° + 6p'°) k°
(7p9) k9 4 (7p10) klO 4 (9p10) ]{311 4 O(pll, k12)

as = 10 + 10p + 10p% + 10p> + 10p* + 10p° + 10p° + 10p” + 10p® + 10p” + 10p'°
+ (10p + 6p* + p* + 10p* + 7p° + 8p° + 2p” + 9p® + 3p” + 8p'%) k
+ (10p* + 4p° + 3p° + 2p" + 7p® + 6p” + 2p'°) k?
(8p3 +10p* + 5p° + 4p5 + 6p7 + 8p° + 6p° + 8p10) i3
(9p* + 5p° + 10p° + 9p” + 4p® + 8p'%) k* + (p° + p® + 3p” + 3p® + 5p® + 3p'%) &P
(4p® + 9p™ + 3p® + 3p° + 6p'%) k5 + (5p” + 8p® + 9p° + 3p'°) &7
(4p8 4 10p9 +p10) k8 4 (2p9 4 4p10) ]ﬁg 4 (3p10) klO 4 (pl()) ]CH 4 O(pll,k12)

as =1+ (11 +10p? 4+ p* + 9p° + 6p° + 3p” + 10p° + 8p? + 6p10) k
+ (5p* + 8p* + 9p° + 6p° + 3p” + 3p® + 2p” + 7p'?) K
+ (7p3 4 pt +8p° 4+ 10p8 + 7p7 + 8p° 4+ p° + 5p10) 13
+ (2p* + 2p° + 6p® + 9p™°) k* + (9p° + 10p° + 5p” + 10p° + 4p°) K
+ (5p° 4+ 4p” + 4p° + 6p™°) k® + (10p" + 3p® + Tp” + 3p'°) K7
+ (10p® +10p” + 7p"0) & + (6p° + 9p™°) &7 + (2p'0) K10 + (10p'%) KM + O (P, K'?)
a7 = 9+ 10p + 10p? + 10p® + 10p* + 10p° + 10p°® + 10p” + 10p® + 10p° + 10p*°
+ (4p + 4p® + p* + 3p° + 5p° + 5p” + 6p” + 2p™0) k
+ (0° + 0 + 0"+ 20" + 8p° + 7 + 4p° + 8p° + Tp'0) K
+ (8p® 4+ p* + 6p° +2p5 + 4p” + 3p® + 5p° + 3p'0) &3
+ (7p* + 4p® + 6p° + 8p” + p® + 9p° + 7p'%) k* + (6p° + 4p°® + 9p® + Tp° + 8p'0) &P
+ (6p” + 2p° + 6p° + 4p*°) k® + (10p” + 5p® + 6p° + p'°) k7
+ (5p% +9p° + 2p") K + (9p7 + 9p™0) KO + (20"0) K10 + (7p'0) k' + O(p, K'?)
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a1 =1+ (8p +2p® + 7p* + p* + 7% + 5 + 3p" + 9 + 7 + ) k
+ (20% + 3p® + 2p" +8p% + Tp®) K% + (2p" + 4p° + 6p° + 3p” +p® + 7 + 4p') kP
+ (2p" +4p° + 8p° +4p” + 2p° + 10p” + 6p'°) k* + (10p° + p° + 3p® + 3p”) K°
+ (10p°® + 3p” + 10p% + 3p” + 9p™) kS + (6p7 + 2p° + 3p” + 2p™0) K7
+ (10p® + 8p” + 5p'®) &% + (7p° + 6p™°) K7 + (5p'0) K10 + (3p'%) KM + O (M, K'?)
Full data for Example 5.3: p = 5, tame level N = 3, branch m = 0.

ag = 4+ 4p + 4p? + 4p3 + dp* + 4p° + 4p° + 4p” + 4p® + 4p° + 4p'°
+ (543" +p° + 20" +3p° +3p° +p" +p° +3p"0) k
(2p + '+ 0"+ 4p” + 4p® + 4p” +p'0) K2
+ (3p° + 3p* + 4p° + 2p° + 2p" + 3p° + 2p° +p'0) &
+ (2p" + 3p° + 3p" + 2% + 2p"0) k* + (4p* +p° + p® + 2p7 + 2p'0) K
+ (0 +30° + 4p" + 2% +4p” + ') KO+ (0° + 0"+ 3p° + 3p” + 3p'%) KT
+ (207 + 20° + 4p° + 2p"0) &S + (0% + 4p° + 2p"0) K7 + (2p° + p'0) 1O
+ (4p%) KM+ O(p™, k")

as =4+ 4p + 4p% + 4p> + 4p* + 4p° + 4p° + 4p” + 4p8 + 4p° + 4p*°

+ (3p +4p® +3p° +p" + 3p® + 4p° + 2p') ke

+ (3% +p° +4p° + p7 + 2p° + 2p'0) k7 + (2p° + 3p* + p° + 2p7 + 3p° + 4p” + 4p°) K
+ (p* +p° + 0% + 30"+ 20° + 397 + 3p10) K + (2p" + p° + 20° + 20° + 3p° + 3p'0) K°
+ (4p° 4+ p° + 3p" + 4p® + 4p” + p'°) KO + (4p° + 2p" + 4p” + 3p'*) KT + (p” + 4p7) K®
+ (3p +p 4 4p10) kg (3p 4 2p 4 2p10) klO 4 (pg) kll 4 O(pll,kIQ)
as =1+ (4p—|—4p2—|—p3—|—4p4—|—p7—|—4p10)k:

+ (p* +4p® + p* +2p° +2p% + 3p” + p® + 3p + 3p'°) K2

+ (p* +3p° + 4p" + 2p° + 4p'*) ¥ + (p° + 3p° + 3p7 + 2p° + 2p° + 3p'°) &

(p* +4p° + 2p% + 3p" + 3p'0) k° + (3p° + p° + 3p” + 3p° + 3p'%) kS

(p 4 3]9 4 3]310) ]{77 (3p + 3p )]{78 + (4])8 +p9 +p10) k9
(v°

_|_
+
+ P +p 4 3p10) klO (2p10) kll 4 O(pll,k12)
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ay = (?)p + p2 + 4p3 + 4p4 + 4p5 + 4p7 + 4p8 + 3p9 + 4p10) k
+ (2p* +p* + p* + 29" + 3p° + 3p” + 3p® + 4p” + p'*) k?
+ (3p* 4+ 3p5 + 3p" + 3p® + 7 + 2p'0) &3 + (4p° + 3p° + p” + 4p® +p° + 3p'0) K
+ (2p* +4p° + p® + 4p” + 2p° + 2p° + 2p' ) kP + (p° + 4p® + 2p” + 4p° + 4p'0) K©
+ (2" + 3p® + 4p° + 3p"0) k" + (3p% + 2p"0) K + (3p° + 2p” + p'0) K°
+ (2]7 + 3p 4 4p10) /{:10 (2p10) kll + O(pu, ]{212)

air = 1+ 4p+4p® + 4p° + 4p" + 4p° + 4p° + 4p” + 4p® + 4p° + 4p™°
+ (2 +p*+20° +4pT + %+ 2p10) 4+ (207 + 20 + 2p5 + 3p%) K2
+ (2p3 + 4p4 + 4p6 + p8 + 3p9 + 2p10) k3 + (2p4 + 3p5 + 2p8 + 4p9 + 3p10) k4
+ (3p" 4+ 20° + 2" + 3p® + 7 + 4p™0) K° + (p° + p° + 3p” + p® + 4p°) kE
+ (4p° + p" + 4p® +2p°) K7+ (207 + 3p® + 3p'0) &5 + (2p° + 3p%) K°
4 (2p8 + 2p9 + 4p10) klo + (p9 + 4p10) kll + O(pll, k12)
Full data for Example 5.4: p = 5, tame level N = 19, branch m = 0.
as = (3p + 4p2 + 3p3 + 2p6) k+ (3p2 + p3 + 3p4 + 4p5 + 2p6) K + (p3 + p4 + 2p6) K3
+ (3p4 + 2p5 + 3p6) k4 + (2p4 + 3p6) k5 + (4p5) kG + (2p6) k7 + O(p7,k8)

az =3+ 4p+4p° + 4p® + 4p" + 4p° + 4p° + (2p + 2p° + 2p* + 3p* + 2p°) k
+ (30" +p* + 4°) K + (0° + 20" + 20°) K% + (2p* + 2p° + 2p%) &
+ (3p4 + 4p5) k?5 + (2p6) k6 + (2p6) k?7 + O(p7, ki8)

as =3+ 3p+3p° +p° +4p° + (5+ 20" + 2p* + p° + 20°) k
+ (p* +2p° + 2p* + 4p°) K? + (2p* + 3p° + 3p°) k* + (3p* + 3p° + 3p°) k*
+ (4p* +p°) K° + (3p° + 20%) kC + O(p", k)

ar =4+ 4p +4p” +4p° + 4p* + 4p° + 4p° + (3p + 4p® + 4p* +p° + p°) k
+ (3p3 +4p4 + 3p5 +4p6) ]{2 + (3p3 _|_4p6) kS + (p4 _|_p5 + 2p6) I€4
+ (2p4 +p5 + 4p6) k5 + (2p6) k,ﬁ + (pﬁ) k’7 + O<p7,k8)

a1 =3+ (2p + 3p® + 4p* +p° + 4p°) k + (4p® + p* + 3p* + 2p° + p°) k?

+ (p3 + 2p4 + 3p6) k3 + (3p4 +p6) k4 + (3p4 +p5 + 3p6) k5
( p5) k‘6 + (2p6) k‘7 + O(p7,k38)

42



a3 =1+ 4p + 4p® + 4p> + 4p* + 4p° + 4p° + (3p2 + 2p% + 2p* + 2p° + 4p6) k
+ (3p2 + 3p3 + 4p4 +p5 + 4p6) k2 + (4p3 + 2p4 + 4p5 + 3p6) k3
+ (p° + 2p°) K+ (4p° + 2p°) K + (4p° + 4p°) K + (3p°) KT+ 0(p", k®)

ayy = 24 4p + 4p? + 4p3 + 4p* + 4p° + 4p° + (3]9—1—?&02 + 2p? —|—2p4+2p5+2p6) k
+ (p2 + 3p4 +p5) k2 + (2p4) k?) + (4p5 + 2p6) k4
+ (2p4 +p° + 2p6) k> + (3p5) kS + 00", k%)

a9 =1+ (Bp +2pt +2p° + 3p6) k+ (2p2 + 3p3 + 2p* + 3p° + 4p6) k>
+ (2p3 + 3pt + 2p° +p6) k3 + (4p4 + 3p5) K+ (2p4 +p°+ 2p6) k®
1 (p5 i 3p6) 56 4 (4p6) KT+ 007, k)
Full data for Example 5.5: p = 5, tame level N = 19, branch m = 0.
as =3+ 5+ p? +4p® + 2p" + p° + (2p + 2p% + 3p> + 3p* + 20°) k + (4p® + 4p°) K
+ (p® +3p* +20°) K3 + (3p*) K* + (3p* +p°) K° + (20°) KO + O(p%, k)

az =4+ 2p+p? +2p° + 3p* + p° + (3p + 2p* + 3p + 3p*) k + (3p® + 2p° + 4p*) K?
+ (3p3 +4p5) ]{33 + (3p4 + 2p5) ]{74 + (2p4 + 2p5) ]'6'5 + (4p5) 16'6 + O(pﬁ,k‘7)

as =1+ (2p° +3p°) k + (p* +2p" +p°) k* + (20" +p°) K
+(20°) K2+ (30°) K + O, K7)

+ (4p3 + 4p4 + 4p5) k3 + (2p5) k4 + (p5) k,5 + (3p5) k‘ﬁ + O(p67k7)

an =2+ 5+2p" +p° +4p" +p° + (dp + 4% + 9 +p' + 20°) k

+ (4p2 + 2p3 +p4 +p5) k2 + (2p3 + 2p4 +p5) k3 + (3p4 + 2p5) k4 + (p4 +4p5) k5
+(20°) K + 0", KT)
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B.2. L-invariants.

Full data for Example 5.10:

L11(ad’Fi1) = 6p + 5p* + 7p® + Tt + 7p° 4+ 7p® + 4p” + 3p® + 6p° + 7p'°
+ (10p* + 7p® + 9p* + 9p° + 10p° + p® + 9?) k
+ (7p* + 7p* + 9p° + p® + 9" + 5p° + p'?) k?
+ (Tpt + 9" + 4p” +4p® +p"0) K + (5p° + Tp° + 6p° + 9p'%) &
+ (10p° + 8p™ + 4p® + 9p” + 7p'%) K5 + (4p” + 8p® + 4p™°) k°
+ (8p° +6p™) k7 + (5p” +8p'%) k* + (4p'%) K? + O(p", k7).

L5(ad’Fi5) = 2p + p® + p* + 3p° + 4p® + 2p" + 4p° + 4p° + p'°
I (3p2 4308 4+ 4p* + 20 + 4p8 + 3p7 + 255 + 3p? + 4p10) k
+ (p* + 4p* +2p° + 4p” + 3p® + 2p° + 4p'%) K
+ (3p4 + 3p5 + 2]96 _|_3p9 + 2p10) kS + (2p6 +4p8 +3p9 _|_3p10 + 2p11) k4
+ (20° + 4p° 4 2p° + 3p° + 4p'%) k° + (3p° 4 2p° + p? + 3p'0) k©
+ (07 4+ 395+ 4p® + 4p") K7 + (p° + 2p"0) kS + (397 + 3p") K0+ O(p, K1),
L5(ad"Fig) =5+ 4p* + 2p° + 4p* + p° + 4p° + (3p* + 3p° + 3p°) k + (3p® + 2p" + p°) k?
4 (p4 + 4p° _|_4p6) 3 1 (2p6) K 07, K).

L5(ad"Fos) = p? + 4p® + 4p* + 3p° + (p* + 4p® + 4p*) k
+ (2p* 4+ 20°) K + (3p* + 4p°) K3 + O (0, k*).
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B.3. Two-variable p-adic L-functions.

Full data for Example 5.12

Li1(Fi1, s, k) = (p+5p? + 9p® + 9p* + 9p° + 5p° + 8p" )k

(9p + 3p> + 2p* + 2p° + 10p° + 4p7)s

(6p? + 10p° + 10p* + 6p° + 2p7) k% + (10p® + 9p° + 9p° + 5p" ks
(2p® 4 6pt + 2p° + 2p5 + 9pT)k3 + (2p° + Tp* + 3p° + 4p° + 3p")E>s
(4p + Tp* 4 6p° + 6p°)ks® + (p® + 6p* 4 6p° + 6p° + 10p7)s>

(6p* 4+ 9p° + p®)k + (3p° + 9p° + 6p7)k3s

(8p* 4 10p° + 4p°) k25 + (2p* + 4p° + 3p7)ks?

(10p° + 7p% + 9p") kS + (4p° + 10pT) ks + (8p° + 2p° + 9p") k32
(3p° 4 3p° + 9p k%% + (4p® + 3p° + 4pT) ks + (5p° + Tp8 + 2p7)s°
(9p° + 7Tp")K® + (8p° + dpT)K%s + (7p° + p")k*s? + (9p° + 9pT )k S?
(7p° + 5p")k?s" + (6p° + 6p")ks®

(6p")k" + (2p")KSs + (9p")k°s* + (10p7)k* s

(Tp")k3s* + (10p7) k255 + (Tp")ks® + (9p")s” + O(p%, (K, 5)®)

= (k —2s)(p+ 5p° + 9p® + 9p* + 9p° + 5p° + 8p”

(6p% + 10p® 4+ 10p* + 6p° + 2p7 )k + (2p® + 6p* + 2p° + 2p° + 9p7) k2
(6p° 4 8pt + 8p° + 8p5 + 10p ks + (5p° + 2p* + 2p° 4 2p°)s?

(6p" +9p° + p°)k* + (p* + 2p° + Tp")K?s + (10p* + 10p° + 8p°® + 3p" ) ks”
(10p° + 795 + 9" )k* + (20° + 5p5 + TV E3s + (0° + 20° + 2p7 ) k2
(
(
(
(7p

+ 4+ + o+ o+

5p° 4+ 7p° + 2p")ks® + (3p° + 7p® + 9p7)s*

9p% + Tp" kS + (4p® 4+ 9p ks + (4p° + 9pT) K3 s?

6p° + 6p ) k25 4+ (8p° + Tp")ks? + (6p7)K® + (3p)k®s + (4p")k* s
NE3s® 4+ (10p") ks + (8p7)ks® + (p7)s® + 0%, (k, 5)7)

+ 4+ + + +
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Full data for Example 5.13

L37(37(I,

s, k) = (p+2p* + 4p> + 2p* + pOk + (3p + p* + 4p* + 3p° + 2p%)s
(3p% + 4p® + 3p" + 3p° + V)% + (p° + 4p* + 3p° ks + (3p + 4p® + 2p° + p°)s°

(P +20°)k* + (3p” + p* + p° + P°)k?s
(p> + 4p* + pO)ks® + (3p> + 3p* 4+ 2p° + p°®)s3
(4p* + p° + 20°) k" + (2p" + p° + 3p°) ks + (2p" + p°)k°s°
(3p° + 3p%)ks® + (2p* + 3p° + 2p6)s4
(4p* + 4p° + pO)K® + (20° + 4p%) ks + (3p° + 3p°) ks>
(4p°® + 3p°)k?s® + (2p° + 2p)ks™ + (2p" + 3p°)s°
(4p° + 3p°) kS 4+ (p%)kSs + (2p%) ks + (2p°)k3s3
(P®)k?s* + (°)ks® + (4p°)s® + O, (k, 5)")
= (k—2s)(p+ 2p* + 4p® + 2p"* + p5 + (3p* + 4p> + 3p* + 3p° + POk
P2+ 20t +p° + 4p%)s + (p® + 200 k% + (2p* + pP)ks + (p° + 3p* + 3p° + pF)s?
Ap* +p° + 20°)k° + (3p°)ks + (2p" + p° + p°)ks® + (4p* + p¥)s”
ap* 4+ 4p° + pO)k* + (3p" + p° + 3p%) ks + (p* + p°)k?s”
2p" +p° + 4p°)ks® + (4p* + 4p°)s”
4p° + 3p9)E® + (3p° + 3p®) ks + (p° + 4p®) k352

PIEs + (4p° + pO)ks + (3p° + 4p%)s®) + O(p", (k, 5)7)

+
N
N
N
.
.
.
.
+

+(
+(
+(
+(
+(
+(2p

Full data for Example 5.14

[AIP15]
[AIS14]
[AS08]

[Bel12]
[BGR84]

[BP]
[BSDGPY6]
[Buz06]

[CMOS]

L7(91b1,5,k) = (p° + 6p° + 4p")k? + (2p° + p*)ks + (5p° + 5p° + 6p*)s?
+ (;D3 + 2p4)k:3 + (4p4)k:25 + (3103 + 6p4)k52 + (5103 + 3p4)s3
+ (2p")k?s + (6p")k*s® + (p")ks® + (3p)s* + O(V°, (k, 5)°)
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