Computation of the Wodzicki — Chern —
Simons form in local coordinates.
Computations for S* actions on S*x S°
(Lastupdate : July 1, 2010.)
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1. Preliminaries

SetDirectory ["Mat hemat i ca/Paper St eveYoshi " |;

Set Directory ["research/fabi an/07/not ebooks" ];

Cl ear [coord, netric, inversenetric,
Christoffel, Theta, Phi, Xi, x, X1, X2, X3, X4, A, Con, Nunmt7];
di nensi on = 5;
coord = {Phi, Theta, Psi, y, Tau};
Psi Form= {Plsi, P2si, P3si, P4si };

XField = {X1, X2, X3, X4, X5};
YField = {Y1, Y2, Y3, Y4, Y5};
Wield = (W, WV, V8, W, W5};
ZField = {Z1, 72, Z3, Z4, Z5};
TField = {T1, T2, T3, T4, T5};
Dot Ganma = {Dot 1, Dot2, Dot3, Dot4, Dot5};
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1.1 Computation of the metric

Computation of the general metric: First, we introduce the line element from (2.1) in Gauntlett et al.

Clear [a, c]; coordl = {Phil, Thetal, Psil, yl, Taul};
Funcwl[y_, a_, c_]:=2x(a-y*y)/ (lL-c=xy);
Funcqly_, a_, c_]:=(a-3*y*y+2y*xy*y=*C)/ (a-y*Yy);

Gauntlett's et al. line element ds?. Here a and c are constants.

Del taSquare [Phil , Thetal , Psil , y1 , Taul , a, c_]:=
(l-cxy) /6 (Thetal « Thetal + Sin[Theta] =« Sin[Theta] = Phi 1l % Phi1) + (1 /Funcw[y, a, c]) *
(1/Funcqly, a, ¢]) *ylxyl+1/9Funcql[y, @, c] % (Psil-Cos[Theta] »Phil)"2+
Funcw[y, a, c]* (Taul + (a*xCc-2xy+y*xyxcC) / (6 (a-y=*y)) (Psil-Cos[Theta] »Phil))”"2;

di nension =5; Clear[a, Cc];

GenMetric [Phi_, Theta , Psi_, y , Tau_, a_, c_]:=

Tabl e [D[Del t aSquar e [Phi 1, Thetal, Psil, yl1, Taul, a, c], coordl[[ii]], coordl[[jj11]/
Iflii ==jj, 2, 21, {ii, 1, dinension}, {jj, 1, dinension}]

Sinplify[GenMetric [Phi, Theta, Psi, y, Tau, a, c]]

5+ac?-12cy+6¢c?y?+ (-1+ac?) Cos[2Theta] (2+ac?2-6cy+3c?y?) Cos[Theta]
_ , 0, '
H 36 (-1+cy) 18 (-1+cy)
(aC+y(72+cy)>Oos[ThetaJ} {O 1 1-cy). 0, 0 0}
' -3+3cy BN Lok
(2+ac?-6cy+3c?y?) Cos[Theta] 0 2+ac?-6cy+3c?y? 0 ac+y(72+cy)}
18 (-1+cy) C 18 -18cy C 3-3cy '
l-cy
[0, 0,0, . 0},
2a-6y2+4cy?d

{(ac+y(72+cy))Oos[Theta] 0 ac+y (-2+cy) 0 2(—a+y2)}}
~3:3cy C 3-3cy " 1licy
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Explicit expression for the metric ds? . We set c=1 as in Gauntlett et al.

c =1; GenMetric[Phi, Theta, Psi, y, Tau, a, c]

1 (a72y+y2)2Co:s[Theta}2 2 (a-3y2+2y?%) Cos[Theta]® 1
H_ + +— (1L-y)Sin[Theta]?|, 0,
2 9 (1-y) (a-y?) 9 (a-y?) 3
1 (a72y+y2)ZOos[Theta} 2 (a-3y?+2y3) Cos[Theta] (a-2y+y?) Cos[Theta] }
2 9 (1-y) (a-y?) 9 (a-y?) C 3(1-y) ’

1

2

(a72y+y2)2Cos[Theta} 2 (a-3y2+2y3) Cos[Theta]

l1-y
{0, 6 o0 O}, { 9 (1-y) (a-y?) 9 (a-y?)

0 ° (a-2y+y?)*  2(a-3y*+2y?) a—2y+v2}
y = + , ————— b
219 1-y) (a-y?) 9 (a-y?) 3(1-vy)
1- a-2y+y?) Cos[Theta] a-2 2 2 (a-y2
(0. 0.0 y o). {7( ) o, vyt o ( )}}
2 (a-3y2+2y%) 3(1-y) 3(1-y) 1-y
End of the computation of the metric.
1.2 Computations of Christoffel symbols and curvature
1 (a—2y+y2)2(ios[Theta]2 2 (a-3y2+2y?%) Cos[Thetal® 1
metric:{{— + +—(1-vy) Sin[Theta]?|, O,
2 9 (1-y) (a-vy?) 9 (a-y?) 3
1 (a-2y +y2)2Cos [Theta] 2 (a-3y?+2y3) Cos[Theta] (a-2y+y?) Cos[Theta]
2 | 9 (1-y) (a-y?) ) 9 (a-y?) C 3(1-y) l
1-y 1 (a—2y+y2)2Cos[Theta] 2 (a-3y?+2y3) Cos[Theta]
{fo. — 0, 0,0}, {=]- - ,
6 2 9 (1-y) (a-y?) 9 (a-y?)
. (a-2y+y?)® 2 (a-3y2+2y?) . a-2y+y2}
y = + ,
219 (1-y) (a-y?) 9 (a-y?) 3(1-y)
1- a-2y+y?) Cos[Theta] a-2 2 2 (a-y?
0.0, 0 y o} {_( ) o yey' o ( )}};
2 (a-3y2+2y3) 3(1-y) 3(1-y) 1-y

Computation of the metric inverse.
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inversenetric =Sinplify[lnverse[nmetric]l];

metric =Sinplify[metric];
inversenetric =Sinplify[inversenetricl;

Definition of the Christoffel Symbols. Notation: Christoffel[i,j,k]:=\Gamma”i_{j,k}.

Christoffel =Christoffel =Table]
Sinplify[(1/2) *Sum[(inversenmetric[[ii, sS]1]) = (D[metric[[ss, jj1], coord[[kk]]] +
Dirmetric[[ss, kk]], coord[[jj]11]1-D[netric[[jj, kk11, coord[[ss1]]).
{ss, 1, dinmension}]], {ii, 1, dimension}, {jj, 1, dimension}, {kk, 1, dinmension}];

listaffine : = Table[{ToString[T[i, j, k11, Christoffel [[i, j, k]1},
{i, 1, dimension}, {j, 1, dinension}, {k, 1, dinmension}]

Definition of the Curvature. Notation: Curvatureli,j,k,[:=R"i_{jkl}.

Curvature = Curvature =
Tabl e[Sinplify[D[Christoffel [[ii, jj, I11], coord[[kk]]] -D[Christoffel [[ii, jj, kk]1,
coord[[ll1]1] +Sum[Christoffel [[ss, jj, Il1]Christoffel [[ii, kk, ss]] -
Christoffel [[ss, jj, kk]] Christoffel [[ii, Il, ss]1], {ss, 1, dinension}]],
{ii, 1, dimension}, {jj, 1, dimension}, {kk, 1, dimension}, {ll, 1, dinmension}];

Li st Curvature : = Tabl e[l f [UnsameQ[Curvature[[i, j, k, 11], 01,
{ToString[R[i, j, k, 111, Curvature[[i, j, k, 111}1,
{i, 1, dimension}, {j, 1, dinension}, {k, 1, dinmension}, {l, 1, dinmension}]
Tabl eForm[Partition[Del eteCases [Fl atten[Li stCurvature], Null ], 2], Tabl eSpaci ng » {2, 2}]

Computation of the covariant derivative for the curvature. Notation: CovCurvature[i,j,k,m,p]=R{m}_{\ ijk;p}
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CovCurvature = CovCurvature = Tabl e[D[Curvature[[m i, j, k]], coord[[p]]] +
Sum[Curvature[[t, i, j, kl]] «Christoffel [[m p, t]], {t, 1, dinension}] -
Sum[Curvature[[m t, j, k]] «Christoffel [[t, p, i]], {t, 1, dinension}] -
Sum[Curvature[[m i, t, k]] «Christoffel [[t, p, j1], {t, 1, dinension}] -
Sum[Curvature[[m i, j, t]1] «Christoffel [[t, p, k]], {t, 1, dinension}],
{i, 1, dimension}, {j, 1, dinension}, {k, 1, dinmension},

{m 1, dinmension}, {p, 1, dinension}];

Computation of the Ricci curvature RicCiy, = R'm|k. This step is not needed for the computations related to the WCS form;
we just did this to confirm the metric is Einstein with Einstein constant 4.

Ri cci = Tabl e[Sum[Curvature[[kk, ii, kk, jj11, {kk, 1, di nension}],
{ii, 1, dimension}, {jj, 1, dinmension}J;

Ricci2 = Tabl e[
Sum[D[Christoffel [[Kk, j, i]1], coord[[kk]]] -D[Christoffel [[kk, kk, i]1], coord[[j]1]]+
Sum[Christoffel [[kk, kk, s1] Christoffel [[s, j, i]1]-
Christoffel [[s, i, kk]] Christoffel [[kk, j, s11, {s, 1, dinmension}],
{kk, 1, dinmension}], {i, 1, dinension}, {j, 1, dinmension}];

Sinplify[Ricci2-4xmetric] // Tabl eForm

O O O oo
O O O oo
O O O oo
O O O oo
O O O oo

1.3 The symbols

Computation of the symbols for the connection.

Si gmaM nusConn [XF_] : =
-1/2xTable[Sum[ (-2 Curvature[[jj, kk, mm 111] - Curvature[[jj, mm kk, 1171] +
Curvaturef[[jj, Il, mm Kkk]1) *XF[[mm]] Dot Garma [[II 1], {II, 1, dinmension},
{mm 1, dinmension}], {jj, 1, dinmension}, ({kk, 1, dinension}];
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Si gmaZer oConn [XF_] : =
Tabl e[Sum[Christoffel [[[j, mm kk]]*XF[[nmm]], {mm 1, dinmension}],
{jji, 1, dinension}, {kk, 1, dinmension}i;
Si gmaM nusConn [XF_] : = Sinplify[-1/2xTable][
Sum[ (Curvature [[jj, I, mm kk11) *XF[[mm]] *DotGanma [[I|l 1], (I, 1, dinension},
{mm 1, dimension}], {jj, 1, dimension}, {kk, 1, dinension}]l];

Computation of the symbols for the curvature.

Si gmaM nusCurOne [XF_, YF_]1 := 1/2 xTable]

Sum[ (2 » CovCurvature[[kk, Il, nn, jj, mm]] + CovCQurvature[[Il, kk, nn, jj, mm]] +
CovCurvature[[nn, ||, Kk, jj, mm]1) *XF[[mm]] « YF[[II 1] » Dot Gamma [[nn]],
{nn, 1, dinension}, {mm 1, dinension}, {lI, 1, dinension}] +
Sum[YF[[Il]]* (2«Curvature[[jj, kk, Il, mm]] +
Curvature[[jj, Il, kk, mm] + Curvature[[jj, mm |I, kk]]) %

(Sum[D[XF[[mm]], coord[[nn]]] *DotGanma [[nn]], {nn, 1, dinmension}] +
Sum[Christoffel [[mm ee, ff]]+«DotGamma[[ee]] »XF[[ff]],
{ee, 1, dinension}, ({ff, 1, dinmension}]), {mm 1, dinension},
{1, 1, dimension}], {jj, 1, dinension}, {kk, 1, dinmension}];
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Si gmaZeroCur [XF_, YF_] :=
-Tabl e[Sum[Curvature[[jj, kk, mm 1111 «*XF[[mm]] *=YF[[II]], {nmm 1, dinmension},
{1, 1, dinmension}], {jj, 1, dinension}, {kk, 1, dinension}];
Si gmaM nusCurOne [XF_, YF_] := 1/2 xTable[

Sum[ (2 » CovCurvature[[kk, Il, nn, jj, mm]] + CovCurvature [[Ill, kk, nn, jj, mm]] +
CovCurvaturef[[nn, |l, kk, jj, mm]]) *XF[[mM]] = YF[[Il]] *DotGammal[[nn]],
{nn, 1, dinmension}, {mm 1, dinmension}, {Il, 1, dinension}] +
SUm[YF[[lIl1] % (2%Curvature[[jj, kk, I, mm] +
Curvature[[jj, Il, kk, mm]] + Curvature[[jj, mm I, kk]1) *

(SUM[D[XF[[mm]], coord[[nn]]] *DotGamma[[nn]], {nn, 1, dinension}] +
Sum[Christoffel [[mMm ee, ff]] «*DotGammma[[ee]] »XF[[ff]],
{ee, 1, dinension}, ({ff, 1, dimension}]), {mm 1, dinmension},
{1, 1, dimension}], {jj, 1, dimension}, ({kk, 1, dinmension}];
Si gmaM nusCur [XF_, YF_] := SigmaM nusCur One [XF, YF] - Si gnmaM nusCur One [YF, XF];

2. Evaluation of the relative Wodzicki-Chern-
Simons form on a cycle in LM associated to the
fiber action.
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InitializeAction = Mdul e[ {Dotgam},

Dot 1 = O;
Dot 2 = O;
Dot 3 = 0O;
Dot 4 = O;
Dot 5 = PAl pha;

(» The vector fields =x)
X1 =1; X2=0; X3=0; X4 =0; X5=0;
Y1L=0; Y2=1; Y3=0; Y4=0; Y5=0;

Z1=0; Z2=0; Z3=1; 24 =0; 25 =0;
W =0, W=0; WB=0; Wi =0; W =1;

The next two matrices contain all the permutations of the fields X,Y,Z,W and T and their corresponding sign. They will be
used to compute the evaluation of each permutation of the basis vector fields that contribute to the CSW form.

Permu = Li st Pernmutations = Pernutations [{XField, YField, ZField, WField, TField}];
SignPermu = {-1, 1, 1, -1, -1, 1, 1, -1, -1, 1, 1, -1, -1, 1,1, -1, -1, 1, 1, -1, -1, 1, 1,
-1,1, -1, -1, 1,1 -1, -1, 1,1 -1, -1, 1,1 -1, -1, 1,1, -1, -1, 1, 1, -1, -1,

i, -1, 1,1, -1, -1, 1,1 -1, -1, 1,1 -1, -1, 1,1, -1, -1, 1,1, -1, -1, 1, 1, -1,
i, -1, -1, 1,1 -1, -1, 1,1 -1, -1, 11 -1, -1, 1,1, -1, -1, 1, 1, -1, -1, 1,
-1 11 -1, -1, 1,1 -1, -1, 11 -1, -1, 1, 1, -1, -1, 1, 1, -1, -1, 1, 1, -1}%;

2. 1ThecontributionfromTr o_1 (w) A oy (Q) A o9 (V)

Cl ear [Zer oM nusOneTernl, Zer oM nusOneTernR2, Zer oM nusOneTer n8B ]

Definition of the 5-form Tr o1 (w) » 0p (R) » op (Q) using the expressions above for the symbols. The 1/120 factor is
added after the evaluation of the pullback.

Zer oM nusOneTerml [TF_, WF_, XF_, YF_, ZF_1:= Sum[SigmaM nusConn [TF][[mm jj 1] *
Si gmaZer oCur [WF, XFI1[[jj, ii]1] »SigmaZeroCur [YF, ZF][[ii, mm]],
{ii, 1, dimension}, {jj, 1, dimension}, {mm 1, dimension}]
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Fi nal = Apply[ZeroM nusOneTerntl, Permu, {1}];

Dot Gam = << GamnmaDot 5. dat ;
XFF = << S1xS2XFi el d. dat ;
YFF = << S1xS2YFi el d. dat ;
WFF = << S1xS2ZFi el d. dat ;

Fin=Sum[Final [[j]1]=*SignPermu[[j]1], {j, 1, Length[SignPernmu]}];

Tot al Conputation = Sinplify[Fin]

32 (-1+a)2PAlphay Sin[Theta]

3 (—1+y)5

Tot al Conput ati on = Tot al Conputation %1 /120

4 (-1+a)2PAl phay Sin[Theta]

45 (-1 +y)°®
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Tot al Conput ati onOne = I ntegrate[Total Computation, {Theta, 0, Pi}]

8 (-1+a)2PAlphay

45 (-1 +y)°®

Functi onSi gma = Tot al Conput ati onOne;
FunctionSigma = Sinplify[lntegrate[FunctionSigm, y]]

2 (-1+a)?PAlpha (1-4vy)

135 (-1 +y)*?

2 (-1+a)?PAlpha (1-4vy)

Tot al Conput ati onFunction[y_]: =
135 (-1 +y)*

5t
o
—
<
I
n

1/2@1-1 -Sgrt[1-172/3]);
Rooty1l +1;

5t
o
—
<
N
n
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FunctionPl ot =
Si nplify [Tot al Conmput ati onFuncti on [Rooty2] - Tot al Conput ati onFuncti on [Rootyl] /.
a->3xRootyl”"2-2xRooty273] /.1 -> 2

1

45 [3-212“/9-312]
8 PAl pha 23 [14415\/9_312 +252 2% (_5+\/9-3/\2 ) - 108 [3”/9-3/\2 ) -
108 23 (3“/9-3/\2 +16 28 (3“/9-3/\2 ] +9 22 (57+17\/9—3A2 ])

4

FunctionPlot = Si nplify[FunctionPIot /. {\/9-312 5> (3n)/(2p), A~ (3q)/(2p)}]
1

6 PAl phag® (-2 p (16 p®-57 p* q* + 54 p> ¢* + 315 p? ¢* - 27 @°) +
5 p? (np+2p2—3q2)4

n(-16p®+51p*q®-54p>q®+189p?q*+162pg°®+27q°))

in[7oj= Total Contribution[p_, q_]:= Nbdule[{n}, n=9Sqrt [4p”r2-3q9g"2];
1
5 p2 (np+2p2-3q2)4
n(-16 p®+51p*qg®-54p°q®+189 p?q* +162pg° +279°)) *
274 % Pi N x (q/ (3q"2—2p"2+p*n))]

6 PAl pha q® (-2 p (16 p®-57 p* g® + 54 p® q° + 315 p? g* - 27 ¢°) +
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in[741:= Total Contri bution[7, 3]

1849 PAl pha n*
22050

out[74]= -

in[73}= Total Contribution[19, 5]

312 481 PAl pha =*
36 843 660

Out[73]= —

Conclusion: We compute that the WCS integral over S?x S® for the metric described in Gauntlett et al. is nonzero.




