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1 Introduction

Patterns are everywhere in nature [9, 5, 3, 4] and have yet been systematically studied for barely

a century [25]. Turing’s pioneering work [26] established a profound mathematical basis for pattern

forming phenomena, featuring the start of the systematical and still on-going research on the dynamics

of pattern forming systems within the mathematical community. The application of dynamical systems

techniques in evolutionary PDEs, initially developed as methods to solve problems arising in delayed

differential equations and generalized to be applicable to general evolutionary PDEs by mathematicians

including J. K. Hale and D. Henry in 1970’s-1980’s [18, 14], has become one of the main tools in this

field.

The mathematical illustration of the formation mechanisms of patterns is concerned primarily with

the existence of solutions representing patterns, their defects and their interfaces, together with their

qualitative properties, such as linear and nonlinear stability, instabilities, bifurcations, etc. In this

particular lecture notes, we focus on the existence of patterns, their defects and interfaces in infinite

domains. As for the stability aspect, we refer to the excellent pieces [22, 6] and also Margaret’s lecture

notes for this workshop.

2 Infinite domains VS finite domains

A natural question is: In real world, almost all the physical systems are of finite scales, then why

do we bother to even talk about infinite domains? Well, for patterns “away from boundary”, the

intrinsic structure is the “ideal patterns” in the corresponding infinite domain, which gives rise to the

existence of patterns in bounded domains; see [27] for a rigorous treatment. To illustrate the intuition,

a prototype example is the second order ODE,

utt = u(1− u),

which admits a homoclinic orbit and a family of periodic orbits within the homoclinic orbit, correspond-

ing respectively to the “ideal pattern” on the whole real line and the periodic patterns in periodic finite

intervals,
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3 Examples

In this section, we utilize two examples to show the procedure of extracting “ideal patterns” from

finite-domain patterns spotted in nature and science.

Example 3.1 (grain boundaries in the Rayleigh-Bénard convection [23]) The Rayleigh-Bénard

convection is the phenomenon when the temperature difference between two plates overcomes the vis-

cosity of the fluid in between, there is an onset of instability, yielding convection rolls, together with its

defects. One of the defects is the so-called grain boundaries; see Figure 3.1.

Figure 3.1: As a terminology initially from solid state physics(left), grain boundaries(middle, right) are one of
the basic defects(middle) observed in the Rayleigh-Bénard convection.

To study grain boundaries, the model here is the Swift-Hohenberg equation on the whole plane,

∂tu = −(1 + ∆)2u+ µu− u3, (3.1)

where u(t, x, y) depends on (x, y) ∈ R2 and time t ∈ R, and µ is a real parameter. Simple bifurcation

analysis shows the existence of solutions ur(kx; k, µ) which are spatially periodic ur(ξ; k, µ) = ur(ξ +

2π; k, µ), and even in ξ for µ > 0, small. We refer to these stationary periodic patterns as roll solutions

and denote rotated roll patterns as

uϕr (x, y; k) := ur(k(x cosϕ− y sinϕ); k, µ), (3.2)

with ϕ ∈ [0, 2π).

Grain boundaries are stationary solutions to (3.1), that are asymptotic to roll solutions of different ori-

entation as x → ±∞. In the simplest case that we shall be interested in, here, they possess an additional

reflection symmetry x �→ −x and periodic in y. This can be seen as a maximal symmetry assumption

for a grain boundary, since the pattern imposed by asymptotic roll solutions with different angles ac-

comodates such a reflection symmetry and periodicity. In all, assuming y-direction wavenumber k and

rescaling y, the grain boundary solutions satisfy






−(1 + ∂2
x + k2∂2

y)
2u+ µu− u3 = 0,

u(x, y + 2π) = u(x, y), u(−x, y) = u(x, y),

limx→±∞ |ugb(x, y)− u±ϕ
r (x, y; k)| = 0.

(3.3)
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Example 3.2 (pearling in the amphiphilic morphology [21]) Amphiphilic materials are typically

small molecules which contain both hydrophilic and hydrophobic components. This class of materials

includes surfactants, lipids, and block copolymers. Their propensity to spontaneously assemble network

morphologies, such as bilayers, pores, micelles, pearled partterns, end-caps and junctions, has drawn

scientific attention for more than a century, [1]. We study pearled patterns here; see Figure 3.2.
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examples throughout this paper and elsewhere;39 how-
ever, none are as conspicuous as those depicted in this
blend. These beadlike deformations occur with a char-
acteristic periodicity, which appears to be damped in
the long central portions of the cylinders. Short cylinders
with one and two beads can be seen in Figure 8A (short
and long arrow, respectively). Cylinders with one, two,
and three undulations are marked in Figure 8A. Figure
8B show branched portions of a cylindrical micelle with
quantized undulations apparently dictating the arm

lengths. Multiple undulating branches in Figure 8C
highlight the localization of such features near the
junctions and ends. These aggregates are stable, as
heating the sample to 50 °C for a few days did not
produce any noticeable change in the assembled mor-
phologies. A comparison of OB9-1/OB1-3 shown in
Figure 4B and OB9-1/OB1-5 presented in Figure 8
shows a transition from mainly spherical micelles to
mainly cylindrical micelles over a very narrow composi-
tion range.

Blends around wPEO*. Recently, we discovered
network formation in aqueous dispersions of OB9-4
(wPEO ) 0.34 and NPB ) 170) (see Figure 9A). As a part
of the present study, we attempted to mimic this
network structure by blending OB9 diblock copolymers
with greater (wPEO > 0.34) and lesser (wPEO < 0.34)
compositions. For example, we blended equimolar mix-
tures of OB9-1 and OB9-6, resulting in an average
composition of !wPEO ) 0.34", identical to OB9-4. To our
surprise this premixed blend self-assembles into a
potpourri of delicate looking objects with bilayer, cylin-
drical, and complex junction structural elements, fre-
quently mixed within individual moieties. These un-
usual structures are evident in all the cryo-TEM images
taken from this mixture; Figure 9C displays many of
the prevalent features. Perhaps the most striking is the
octopus (or jelly fish)-like micelles, which are composed
of a flat bilayer with protruding cylindrical micelles
along the edges. These octopus-like entities are common,
although they occur with a variable number of cylindri-
cal arms. Several examples are shown in Figure 10
containing 4, 5, 6, 7, 8, 9, 10, and 14 arms attached to
the flat central portion. In all these octopus-like ag-
gregates the cylindrical arms are symmetrically dis-
tributed along the circumference of the central flat
bilayer as is evident in Figures 9C and 10. Occasionally,
these objects appear to be folded on a side with the
cylindrical arms protruding from a hemispherical bi-
layer cap. Obviously, the confinement created by the

Figure 8. Cryo-TEM images from mixture OB9-1/OB1-5
depicting undulations and distended spherical end caps on
wormlike cylindrical micelles. Short cylinders with an undula-
tion (short arrow) and two undulations (long arrow) and
cylinder ends with one, two, and three beads are marked
correspondingly in (A). Panels B and C show branching with
quantized undulations fixing the segment length between
junctions. Two types of hyperbolic (saddle) surfaces character-
ize these morphologies (see Figure 13).

Figure 9. Cryo-TEM micrographs from three dispersions with identical compositions, !wPEO ) 0.34"; the molecular weight
distribution broadens from A to B to C. (A) A network fragment from OB9-4, a single component dispersion. This picture is
reproduced from ref 7. (B) Blend OB9-11/OB9-15. A bimodal distribution of component compositions (wPEO ) 0.39 and 0.30) breaks
the network. (C) A broader distribtion (wPEO ) 0.24 and 0.42, OB9-6/OB9-1) produces a variety of morphologies including vesicles,
wormlike micelles, and a new type of hybrid particle referred to as an octopus. Two of these objects, comprised of cylindrical arms
radiating from a single bilayer, are evident in this image, one with 11 and one with 4 arms.
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Fig. 5. TEM characterization of the intermediaire UC structure. (a) Micrograph of the annealed specimen c {wp = 0.05,
αB/A = 0.25, CS = 1.37} showing micron-long, multi-layered assemblies formed by aligned, sphere-looking objects, “pearls”,
appearing in light grey with a darker outer rim. It can be noticed (especially between the two arrows) that the pearls contained
in two adjacent pearling cylinders are out-of-phase, as can be expected if epitaxy exists between the initial hexagonal phase
of cylinders, and the final cubic phase of individual spheres. (b) TEM micrograph of the annealed specimen b {wp = 0.05,
αB/A = 0.25, CS = 0.34} showing pearling cylinders, with characteristic wavelength of the instability of ca. 48 nm. (c) Sketch
of the TEM micrograph (b) with the interpretation of the contrast in terms of a core-shell structure.

Although this might look like an assembly of packed, in-
dividual spheres, it is important to note that these pearls
are somewhat ordered, and aligned in a single direction.
Moreover, the fact that these pearls remain aggregated on
a micron-large scale, strongly suggests that they are not
individual, separate entities, but that they are linked to
each other. Figure 5b confirms this picture, as it captures
an isolated object made of slightly elongated pearls, not
completely detached from each other. This “pearling cylin-
der” appears in dark grey with a darker outer rim, over a
light background. It now seems natural to conclude that
the alignment visible in Figure 5a is simply reminiscent
of the initial cylinder axis: as a single cylinder is undergo-
ing the transition, the spheres created remain aligned onto
the initial cylinder axis. We schematically represent this
interpretation in Figure 5c. Considering that PAA is elec-
tronically denser than PS, the object visible in Figure 5b
can be understood as the photograph of a PS core sur-
rounded by an outer collapsed (i.e. dry) PAA shell. This
interpretation can be quantitatively confirmed. In the di-
rection perpendicular to the axis of the pearling cylin-
der, the drops have a radius of RM = 11.9 nm, which is
noticeably larger than either the initial radius of the PS
cylinders prior to annealing, or the final radius of the PS
spheres when the C → S transition has been completed.
Therefore, the visible object cannot be the PS core only.
For a core-shell micelle with a PS spherical core of radius
RS = 8.5 nm, the aggregation number g = 4πR3

S/3NCVS,

where NC = 44 is the number of styrene segments in the
core-forming PS block and VS = 0.166 nm3 is the volume
of a styrene, is found equal to 350 approximately. From
this, one can readily deduce the radius RM expected in
the dry state for the entire core-shell PS/PAA micelle, as
its total volume must obey 4πR3

M/3 = g(NCVS+NbVAA),
where Nb = 163 is the number of acrylic acid segments
in the PAA block and VAA = 0.081 nm3 is the volume of
an acrylic acid segment on the basis of PAA density given
in reference [3]. We compute that the micelle should have
a collapsed radius RM = 12.0 nm, in excellent agreement
with the measured outer radius of the pearling cylinder.

TEM therefore provides direct evidence that the UC
structure is actually made of undulated cylinders. It is
worth pointing out that, as is obvious from Figure 5a, in
particular in the region between the two arrows, the pearls
in two adjacent pearling cylinders are out-of-phase, as can
be expected if epitaxy exists between the initial hexago-
nal phase of cylinders, and a final cubic (BCC) phase of
individual spheres. Water-dispersed amphiphilic diblock
copolymers appear to share common traits with the melt
case, as far as the mechanics of a C → S structural transi-
tion goes. The structure of undulated cylinders, interme-
diate between cylinders and individual spheres, indeed re-
sembles the transitory structure proposed, and indirectly
observed, for the C → S transition with diblock copoly-
mers in the melt state [4,15–17]. This transition, pre-
dicted to appear due to the propagation of out-of-phase,
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Fig. 5. TEM characterization of the intermediaire UC structure. (a) Micrograph of the annealed specimen c {wp = 0.05,
αB/A = 0.25, CS = 1.37} showing micron-long, multi-layered assemblies formed by aligned, sphere-looking objects, “pearls”,
appearing in light grey with a darker outer rim. It can be noticed (especially between the two arrows) that the pearls contained
in two adjacent pearling cylinders are out-of-phase, as can be expected if epitaxy exists between the initial hexagonal phase
of cylinders, and the final cubic phase of individual spheres. (b) TEM micrograph of the annealed specimen b {wp = 0.05,
αB/A = 0.25, CS = 0.34} showing pearling cylinders, with characteristic wavelength of the instability of ca. 48 nm. (c) Sketch
of the TEM micrograph (b) with the interpretation of the contrast in terms of a core-shell structure.

Although this might look like an assembly of packed, in-
dividual spheres, it is important to note that these pearls
are somewhat ordered, and aligned in a single direction.
Moreover, the fact that these pearls remain aggregated on
a micron-large scale, strongly suggests that they are not
individual, separate entities, but that they are linked to
each other. Figure 5b confirms this picture, as it captures
an isolated object made of slightly elongated pearls, not
completely detached from each other. This “pearling cylin-
der” appears in dark grey with a darker outer rim, over a
light background. It now seems natural to conclude that
the alignment visible in Figure 5a is simply reminiscent
of the initial cylinder axis: as a single cylinder is undergo-
ing the transition, the spheres created remain aligned onto
the initial cylinder axis. We schematically represent this
interpretation in Figure 5c. Considering that PAA is elec-
tronically denser than PS, the object visible in Figure 5b
can be understood as the photograph of a PS core sur-
rounded by an outer collapsed (i.e. dry) PAA shell. This
interpretation can be quantitatively confirmed. In the di-
rection perpendicular to the axis of the pearling cylin-
der, the drops have a radius of RM = 11.9 nm, which is
noticeably larger than either the initial radius of the PS
cylinders prior to annealing, or the final radius of the PS
spheres when the C → S transition has been completed.
Therefore, the visible object cannot be the PS core only.
For a core-shell micelle with a PS spherical core of radius
RS = 8.5 nm, the aggregation number g = 4πR3

S/3NCVS,

where NC = 44 is the number of styrene segments in the
core-forming PS block and VS = 0.166 nm3 is the volume
of a styrene, is found equal to 350 approximately. From
this, one can readily deduce the radius RM expected in
the dry state for the entire core-shell PS/PAA micelle, as
its total volume must obey 4πR3

M/3 = g(NCVS+NbVAA),
where Nb = 163 is the number of acrylic acid segments
in the PAA block and VAA = 0.081 nm3 is the volume of
an acrylic acid segment on the basis of PAA density given
in reference [3]. We compute that the micelle should have
a collapsed radius RM = 12.0 nm, in excellent agreement
with the measured outer radius of the pearling cylinder.

TEM therefore provides direct evidence that the UC
structure is actually made of undulated cylinders. It is
worth pointing out that, as is obvious from Figure 5a, in
particular in the region between the two arrows, the pearls
in two adjacent pearling cylinders are out-of-phase, as can
be expected if epitaxy exists between the initial hexago-
nal phase of cylinders, and a final cubic (BCC) phase of
individual spheres. Water-dispersed amphiphilic diblock
copolymers appear to share common traits with the melt
case, as far as the mechanics of a C → S structural transi-
tion goes. The structure of undulated cylinders, interme-
diate between cylinders and individual spheres, indeed re-
sembles the transitory structure proposed, and indirectly
observed, for the C → S transition with diblock copoly-
mers in the melt state [4,15–17]. This transition, pre-
dicted to appear due to the propagation of out-of-phase,

Figure 3.2: (top left) primitive membranes [8]; (top middle) diblock copolymer [28]; (top right) diblock copolymer
[19]; (bottom) Copolymers [7]

Models of amphiphilic mixtures, such as [24] and [13], have been proposed. The functionalized Cahn-

Hilliard (FCH) free energy; see [20, 12, 10], is a special case of these earlier models that supports stable

network morphologies. In FCH model, extended pearled solutions can be viewed as small-amplitude

modulations to stationary extended bilayers; see [21, 11, 17] for details.

4 Toolbox

To rigorously prove the existence of patterns in infinite domains, we briefly introduce the “spatial dy-

namics” toolbox. The primary idea is to recast the original PDE into an infinite-dimensional dynamical

system by viewing one of the spatial variable as the new “time variable”, which is reduced to an ODE

system by a center manifold reduction. A normal form analysis usually follows to reveal the local

dynamics of the reduced ODE system near the bifurcation. Pattern solutions typically corresponds to

3



particular solutions such as equilibria, periodic solutions, etc, in the normal form system. Persistence

arguments may be applied to push the results back to the whole reduced ODE system. For spatial dy-

namics, see [23, 21, 16] for concrete examples; For center-manifold-reduction and normal form analysis,

see the excellent book [15] and the fantastic paper [2].

References

[1] P. Alexandridis and B. Lindman, Amphiphilic block copolymers: self-assembly and applica-

tions, Elsevier, 2000.

[2] V. Arnold, Matrices depending on parameters, Uspehi Mat. Nauk, 26 (1971), pp. 101–114.

[3] P. Ball, Nature’s patterns: a tapestry in three parts. Branches, Oxford University Press, Oxford,

2009.

[4] , Nature’s patterns: a tapestry in three parts. Flow, Oxford University Press, Oxford, 2009.

[5] , Nature’s patterns: a tapestry in three parts. Shapes, Oxford University Press, Oxford, 2009.

[6] M. Beck, A brief introduction to stability theory for linear PDEs, 2012.

[7] D. Bendejacq, M. Joanicot, and V. Ponsinet, Pearling instabilities in water-dispersed

copolymer cylinders with charged brushes, The European Physical Journal E, 17 (2005), pp. 83–92.

[8] I. Budin and J. Szostak, Physical effects underlying the transition from primitive to modern

cell membranes, Proceedings of the National Academy of Sciences, 108 (2011), pp. 5249–5254.

[9] M. Cross and P. Hohenberg, Pattern formation outside of equilibrium, Rev. Mod. Phys., 65

(1993), pp. 851–1123.

[10] S. Dai and K. Promislow, Geometric evolution of bilayers under the functionalized cahn–hilliard

equation, Proceedings of the Royal Society A: Mathematical, Physical and Engineering Science,

469 (2013).

[11] A. Doelman, G. Hayrapetyan, K. Promislow, and B. Wetton, Meander and pearling of

single-curvature bilayer interfaces in the functionalized Cahn-Hilliard equation, Submitted.

[12] N. Gavish, G. Hayrapetyan, K. Promislow, and L. Yang, Curvature driven flow of bi-layer

interfaces, Physica D: Nonlinear Phenomena, 240 (2011), pp. 675 – 693.

[13] G. Gompper and M. Schick, Correlation between structural and interfacial properties of am-

phiphilic systems, Phys. Rev. Lett., 65 (1990), pp. 1116–1119.

[14] J. Hale, Asymptotic behavior of dissipative systems, vol. 25 of Mathematical Surveys and Mono-

graphs, American Mathematical Society, Providence, RI, 1988.

[15] M. Haragus and G. Iooss, Local bifurcations, center manifolds, and normal forms in infinite-

dimensional dynamical systems, Universitext, Springer-Verlag London Ltd., London, 2011.

4



[16] M. Haragus and A. Scheel, Grain boundaries in the Swift-Hohenberg equation, European J.

Appl. Math., 23 (2012), pp. 737–759.

[17] G. Hayrapetyan and K. Promislow, Spectra of functionalized operators arising from hyper-

surfaces, Z. Angew. Math. Phys., to appear.

[18] D. Henry, Geometric theory of semilinear parabolic equations, vol. 840 of Lecture Notes in Math-

ematics, Springer-Verlag, Berlin, 1981.

[19] S. Jain and F. S. Bates, Consequences of nonergodicity in aqueous binary peopb micellar dis-

persions, Macromolecules, 37 (2004), pp. 1511–1523.

[20] K. Promislow and B. Wetton, Pem fuel cells: A mathematical overview, SIAM Journal on

Applied Mathematics, 70 (2009), pp. 369–409.

[21] K. Promislow and Q. Wu, Existence of pearled patterns in the planar functionalized cahn-

hilliard equation, Submitted.

[22] B. Sandstede, Stability of travelling waves, North-Holland, Amsterdam, 2002, pp. 983–1055.

[23] A. Scheel and Q. Wu, Small-amplitude grain boundaries of arbitrary angle in the swift-

hohenberg equation, ZAMM - Journal of Applied Mathematics and Mechanics / Z. Angew. Math.

Mech., 94 (2014), pp. 203–232.

[24] M. Teubner and R. Strey, Origin of the scattering peak in microemulsions, The Journal of

Chemical Physics, 87 (1987), pp. 3195–3200.

[25] D. W. Thompson, On Growth and Form, Cambridge University Press, Cambridge, England,

new ed., 1942.

[26] A. Turing, The chemical basis of morphogenesis, Philosophical Transactions of the Royal Society

of London. Series B, Biological Sciences, 237 (1952), pp. 37–72.

[27] P. van Heijster and B. Sandstede, Planar radial spots in a three-component FitzHugh-

Nagumo system, J. Nonlinear Sci., 21 (2011), pp. 705–745.

[28] J. Zhu and R. Hayward, Wormlike micelles with microphase-separated cores from blends of

amphiphilic ab and hydrophobic bc diblock copolymers, Macromolecules, 41 (2008), pp. 7794–7797.

5


	Introduction
	Infinite domains VS finite domains
	Examples
	Toolbox

