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Definition (C*-algebra)

A Banach space A is a C*-algebra.

& A Is a C-algebra with an involution
A 3 x> x* € A such that

o |lxyll < llxllliyll,

o |Ix*x|| = |Ix||* (C*-condition),

o (ax + By)" = ax”® +By*,

o (xy)* =y™x*, (x*)" =X
foralla,B € C, x,y € A.

We always assume that a C*-algebra A has a
unit (i.e. multiplicative identity) 14 € A.

o X: compact Hausdorff space.

CX):={f: X - C| fiscontinuous}
o H: Hilbert space over C.

L(H):={x: H—> H | xis abounded linear}
o (Matrix algebra) A: C*-algebra.

M, (A) := {[ai,j]'.l a;; € A}

5,j=1

Definition (Positivity)

A: C*-algebra, x € A.
x20:x=yyforsomey € A.
Definition (Completely positive map)
Alinear map ¢: A — B Is unital.

L = ()D(IA) = 13.

A linear map ¢: A — B Is positive.

& x > 0implies p(x) > 0forall x € A.

@ Is completely positive (c.p.).

2= Mn(A) = [ai,j] — [‘P(ai,j)] € Mn(B)

IS positive for every n € N,

Definition (Nuclearity)
A separable C*-algebra A is nuclear.

o dpit A -» M, (C),y;: M,,(C) > A
sequences of unital c.p. maps such that

lim||x — ¢i(pi(x))|]| = 0 (Vx € A).
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o Finite dimensional C*-algebra M, (C).

o Commutative C*-algebra C(X).

o Direct sums and inductive limits of nuclear
C*-algebras.

Definition (Left regular representation)
I': discrete group. s €I

A, € B(¢*T) is defined by A,(f)(¢) := f(s~1o),
where f € £’T',t € I.

A1: T 35 » A, € B(T) is called left regular
representation.

Definition (Reduced group C*-algebra)

I': discrete group.

C*(T) := { Zserinite sum @sAs € B(ET) | a; € C]

C:(F) is a C*-algebra generated by {A}ser.

Definition (Amenabiliy)
I' Is amenable.

o du: °T" - C linear map s.t.
Q@ u(l) =1.

@ Vfell, f>0= u(f) >0.
@ Vs el,Vf € l™I, u(sf) = u(f).
where sf(¢t) := f(s~1t)

u is called an invariant mean of I

The followings are equivalent;
Q@ I' is amenable.
2] C;(I‘) IS nuclear.

Every discrete Abelian group I' is amenable.

Proof. If I' is an Abelian group, then Cj(l“) is commutative. Since every

commutative C*-algebra is nuclear, I' is amenable by the previous
theorem. O

Let F, be a free group generated by two
elements {a, b}. Then, F5, is nonamenable.
Therefore, C;(Fz) IS honnuclear.

Proof. Let A*,A—, B, B~ c F, be a set of reduced words which start
with a, a=1, b, b~1 respectively. For C := {1, b, b?,...},

Fy=A*UuA~u(B*\C)u (B~ UC)
= At UaA” = b‘l(B+\C)u(B‘ UC).
If u: £°F, — Cis an invariant mean,
1 =p() = plya+) + plya-) + pQx p+\¢) + ¥ B-uc)
= p(yg+) + plaxy 4-) + ﬂ(b_lX(B"'\C)) + p(xB-uc)
= ¥ A+ + Xga-) + B(Xp-1p+\c) + XB-UC)
= (1) + p(1) = 2.

Therefore, F» is not amenable. Nonnuclearity of C;(Fz) follows from
the previous theorem. O
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