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Characters of the talk

Delone sets < first part of the talk
Delone multi sets

tilings

functions

\ certain measures (such as )  g(x)d,)

second part of the talk

these are not necessarily periodic, but “close to” periodic

(several interpretations for “close to”)



Outline of the talk

On Delone sets and the
corresponding dynamical systems

On a general treatment of characters
INn the previous slide



What are Delone sets?

X: a metric space

D C X is called a Delone set it it is

relatively dense in X

and

uniformly discrete



What are Delone sets?

X: a metric space

D C X is relatively dense in X if

dR > 0 such that DN B(z, R) # () for any z € X.

-xample
lattices in X = R? are relatively dense in X.

Non-example

{£2™ |n=1,2,3,...} is not.



What are Delone sets?

X: a metric space

D C X 1s uniformly discrete if

inffl?,yED,fB#y p(CE, y) > 0.

-xample
lattices in X = R? are uniformly discrete.

Non-example

{(n+1/n|neZ\{0}}UZ is not.



What are Delone sets?

X: a metric space

D C X is called a Delone set if it is

relatively dense in X

(3R > 0 such that DN B(z,R) # 0 for any x € X)

and

uniformly discrete (infy yep oy p(z,y) > 0)

-Xample

lattices in X = R? are Delone sets.



An example of non-periodic

Delone set
ZQ

non-periodic, but “close to” periodic



Dynamical systems tor Delone
sets

D: a Delone set in R¢

QDI{D-FSE‘CBERd}
.closure with respect to a “local” topology

Remark

® Often Qp compact (henceforth assume this)

® VD' € Qp is a Delone set



Dynamical systems tor Delone
sets

D: a Delone set in R¢

QDI{D—I—SL"SIJERd}

.closure with respect to a “local” topology

QOp xR?> (D',z)— D' +z € Qp

.continuous action R? ~ Qp



Dynamical systems tor Delone
sets

Op xR?> (D',z) — D' +z € Qp
.continuous action R? ~ Qp

~ collection of operators a,: C(2p) — C(Q2p)
(az(f)(D') = (D' — z))
f € C(Qp) \ {0}:simultaneously eigenfunction for all

~» f is called an eigenfunction

for the dynamical system (Qp, R%)



Dynamical systems tor Delone
sets

f € C(Qp) \ {0}:simultaneously eigenfunction for all o,

~» f 1s called an eigenfunction

for the dynamical system (Qp, R%)

R? 5 z +— the eigenvalue for a,

is a continuous character for R? called eigencharacter
(an element of (R¢) = R%)



A Known result

D: weakly repetitive <= (Qp,R%) minimal

every orbit is dense,

a condition on the dynamical system

every finite pattern repeats with a bounded gap,
a condition on distribution of patterns in D
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> every finite pattern repeats with a bounded gap,
E’ a condition on distribution of patterns in D
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A new result(N)
D: weakly repetitive

Then the following two conditions are equivalent:

(1) 0 € R? is a limit point of the set of all eigencharacters.

(a condition on the dynamical system)

(2) for any R1, R > 0 and € > 0, there are L1, Ly > 0

such that
(i) |R; — L;| < € for each 7 = 1,2, and
(ii) D admits (L1, Lo)-stripe structure.

(a condition on the distribution of patterns)




A new result(N)
D: weakly repetitive

(2) for any Ry, Re > 0 and € > 0, there are L1, Ly > 0

such that
(i) |R; — L;| < € for each 7 = 1, 2, and

(ii) D admits (L1, Ls)-stripe structure.

i.e. there exist a € R? with ||a]| = 1 and R > 0 such that,

1 1 |
2L5° 2L5

— (D —z) N B(0,R) # (D — y) N B(0, R)

(z —y,a) ¢ L1Z + |




A new result(N)




Outline of the talk

On Delone sets and the
corresponding dynamical systems

On a general treatment of characters
INn the previous slide



The operation of cutting off

X : a metric space

C(X): the set of all closed subsets of X

UD(X): the set of all uniformly discrete subsets of X

the operation of “cutting off”:

UD(X) x C(X) 3> (D,C) —» DNC € UD(X)



The operation of cutting off

the operation of “cutting off”:

UD(X) x C(X) > (D,C) = DN C € UD(X)

(1) for any D € UD(X) and C4,C5 € C(X), we have
Dﬂ(01ﬂ02) = (DﬂCl)ﬂCQ
(2) for any D there is Cp € C(X) such that,

DNC=D < C>Cp
for any C' € C(X).



The operation of cutting off

(1) for any D € UD(X) and C4,C5 € C(X), we have
Dﬂ(ClﬂCg) = (DﬂCl)ﬂCQ
(2) for any D there is Cp € C(X) such that,

DNC=D < C >Cp
for any C € C(X).

(3) if there is a continuous group action I' ~ X,
Y(DNC)=(yD)n(C)
for any D € UD(X),C € C(X),v € T.



Recall: Characters of the talk

Delone sets

Delone multi sets
tilings
functions

certain measures (such as )  g(x)d,)



Characters of the talk

the set of...

Delone sets C the set of all uniformly discrete sets

Delone multi sets
C the set of all tuples of uniformly discrete sets

tilings C the set of all patches

functions

certain measures (such as )  g(x)d,)



Characters of the talk

the set of all uniformly discrete sets
the set of all tuples of uniformly discrete sets

the set of all patches

the set of functions

the set of certain measures (such as )  g(x)d;)

These admits an operation of “cutting oft”

with the three conditions satisfied

—the three conditions become the axiom




The definition of pattern space

X : a metric space
C(X): the set of all closed subsets of X

continuous group action I' ~ X

Definition
A non-empty set II is called a pattern space over (X, I')
if there is an operation
IIxC(X)>(P,C)—PnNnCell
and an action I' ~ 11

with the three conditions.




The definition of pattern space

Definition
A non-empty set II is called a pattern space over (X, I

if there is an operation
IIxC(X)>(P,C)—PNnCell

and an action I' ~ II such that

(1) PNC1)NCy=PnN(CyLNCy)
for any P € Il and C1,C9 € C(X)

(2) for any P € II there is C'p € C(X) such that

PNC =P <= CDCp

(3) Y(PNC)=(HP)N(HC)

forany P €I, C € C(X) and vy € T’




Examples of pattern space

the set of all uniformly discrete sets
O the subshift of all Delone sets

the set of all tuples of uniformly discrete sets
O the subshift of all Delone multi sets
the set of all patches

O the subshift of all tilings

the set of functions

the set of certain measures (such as ) g(x)d;)



Recall: a kKnown result

D: weakly repetitive <= (Qp,R%) minimal

every orbit is dense,

a condition on the dynamical system

every finite pattern repeats with a bounded gap,
a condition on distribution of patterns in D



A new result(N)

R? < T' < R? x O(d): a closed subgroup
P: an element of a pattern space over (R%,T")

(with a mild assumption)
P: weakly repetitive <= ({2p,[') minimal

i

every orbit is dense,

a condition on the dynamical system

every finite pattern repeats with a bounded gap,
a condition on distribution of patterns in D



Recall: a result by the author

D: weakly repetitive Delone set in R®

Then the following two conditions are equivalent:

(1) 0 € R? is a limit point of the set of all eigencharacters.

(a condition on the dynamical system)

(2) for any R1, R > 0 and € > 0, there are L1, Ly > 0

such that
(i) |R; — L;| < € for each 1 = 1,2, and
(ii) D admits (L1, Lo)-stripe structure.

(a condition on the distribution of patterns)




Main result

P: an element of a pattern space over (R%, R%)
(with a mild assumption)

Then the following two conditions are equivalent:

(1) 0 € RY is a limit point of the set of all eigencharacters.

(2) for any R1, R > 0 and € > 0, there are L1, Ly > 0

such that
(i) |R; — L;| < € for each ¢ = 1,2, and

(ii) D admits (L1, Lo)-stripe structure.

(a condition on the distribution of patterns)




Thank you for your attention.



