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A motivating example: 
Light Sensitive RD-system

• ClO2-I-Malonic Acid (CDIMA)- gel 
on top of well-stirred mixture 

• Light suppresses Turing instability 

• Mask speed selects pattern and 
mediates defects 

• Experimental model for growing 
domains 

• Modeled by a moving reaction-
diffusion system 

with constant velocity. Thus, the illuminated zone (with no
patterns) decreases its size at the expense of the nonillumi-
nated region (in which patterns can arise).

All the experiments shown here are performed in the
absolutely unstable domain [35,36], which means that the
velocity of the moving boundary of illumination (!) is
smaller than the spontaneous spreading velocity of the
Turing pattern, estimated as !spon! 1:8" 0:1 mm=h for
the concentrations used. Under these circumstances, the
pattern always arises close to the moving boundary.
Ongoing experiments in the convective unstable domain
reveal other interesting behavior, which is outside the
scope of this Letter.

Quasi-one-dimensional experiments are performed to
investigate the dependence of the wavelength of the pattern
on the growth velocity in a simple configuration. For this
quasi-one-dimensional experiment we use a concentration
of #MA$0 % 1 mM, which produces a pattern composed of
hexagonal spots with an intrinsic wavelength value of " %
0:51" 0:05 mm.

The geometry of the nonilluminated region in which
patterns can form is carefully selected. In fact, the system

is two dimensional but the length of one (transverse)
dimension is short and fixed to be slightly larger than
1 full intrinsic wavelength of the Turing pattern. The other
(longitudinal) dimension of the nonilluminated domain is
continuously growing.

This geometry only allows the development of a single
array of spots as shown in Fig. 2. The results of these quasi-
one-dimensional experiments reveal that the wavelength of
the Turing spot pattern depends on the moving boundary
velocity. Figure 2(d) shows that the wavelength decreases
with the growth velocity.

In the two-dimensional experiment, the fixed transverse
dimension of the nonilluminated area is significantly larger
than the intrinsic wavelength of the Turing patterns, and
therefore the Turing patterns can develop in a full two-
dimensional space. The concentration of malonic acid used
in the two dimensional experiments is #MA$0 % 1:2 mM,
which spontaneously produces stripes without preferential
ordering [21] and with " % 0:54" 0:05 mm.

Stripes parallel to the growing axis arise in the system
for relatively small values of the growth velocity [! %
0:21" 0:01 mm=hin Figs. 3(a) and 3(b)]. The wavelength
of the stripes is equal to the intrinsic wavelength of the
spontaneously formed labyrinthine stripes, " % 0:54"
0:05 mm. The length of the stripes increases with the speed
of the moving boundary.
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FIG. 2. Turing pattern formation in a quasi-one-dimensional
system with moving boundary. (a)–(c) Snapshots of Turing
patterns taken at intervals of 2 h. The shaded (nonilluminated)
domain is growing from left to right. The velocity of the moving
boundary is ! % 0:62" 0:02 mm=hThe bar in (c) corresponds
to 1 mm. (d) Plot of the wavelength versus the moving boundary
velocity for the experiments. (e) Wavelength vs velocity for the
numerical simulations in the one-dimensional system.

FIG. 3. Turing pattern formation in a two-dimensional system
with moving boundary. Snapshots at two different times for
different velocities of the moving boundary: (a),(b) ! %
0:21 mm=h; (c),(d) ! % 0:43 mm=h; and (e),(f ) ! %
1:26 mm=h. The boundary between the illuminated and non-
illuminated zones moves from left to right. Size of each snap-
shot: 3:8 & 6 mm.
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We have performed one-dimensional and two-dimensional experiments and simulations to study the
formation of patterns in a system that grows continuously in one direction. Depending on the growth
velocity, three basic spatial configurations can be obtained: stripes that are parallel, oblique, or
perpendicular to the growth direction. The dependence of the wavelength on the growth velocity has
also been observed. Our results illustrate the importance of these growth mechanisms in determining the
final configuration of chemical and biological pattern-forming processes.
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Over the past decades, chemical reaction-diffusion sys-
tems have been used to model pattern formation mecha-
nisms observed in nature [1–5]. This was Alan Turing’s
main focus when he launched the field more than half a
century ago [6]. Turing showed that relatively simple, pure
reaction-diffusion systems can produce stationary patterns
in time and periodic in space [7,8]. These Turing patterns
are commonly used as chemical models to understand
symmetry breaking processes that occur in biology [9–15].

Living biological systems develop, change, and interact
with their environment [16–18]. In the past, the majority of
experimental studies on pattern formation in reaction-
diffusion systems have been performed with static domains
(i.e., systems with fixed sizes and fixed parameter condi-
tions) [19–21]. But since living organisms develop under
the continuous influence of external changes [22], the final
shape of a living tissue (such as in somitogenesis and skin
patterning) is strongly influenced by environmental varia-
tions [5,13,23,24]. The most relevant of these mechanisms
is growth, which is obviously present in almost every living
system [16]. The effects produced by the boundary shape
and by the dynamical growth have been studied numeri-
cally and theoretically [25–30]. In this Letter, we focus
on pattern formation in reaction-diffusion systems under
controlled (longitudinal) axial growth in one- and two-
dimensional media. We study experimentally and numeri-
cally how the growth velocity influences the wavelength of
the pattern. The dependence of the spatial configuration on
the velocity of the moving boundary is also reported. Our
results reveal a rich, complex, and rather surprising behav-
ior of the patterns when the boundary growth velocity is
modified.

Experiments are performed using the chlorine dioxide,
iodine, malonic acid (CDIMA) [31–33] reaction in a ther-
mostated, one-sided, continuously fed unstirred reactor
(CFUR) at 4" 0:5 #C. The patterns are observed in an
agarose gel (2% agarose, 0.3 mm thickness, 20 mm diame-
ter). Reagents are fed into a continuously fed stirred tank
reactor (CSTR) placed underneath the gel CFUR layer. A

nitrocellulose membrane (Schleicher and Schnell, pore
size 0:45 !m) and an anapore membrane impregnated
with 0.5% agarose gel (Whatman, pore size 0:2 !m) are
placed between the CSTR and the gel layer to avoid
convection in the CFUR. Initial concentrations inside
the CSTR were $I2%0 & 0:45 mM, $ClO2%0 & 0:1 mM,
$poly'vinyl alcohol(%0 & 10 g=l and $H2SO4%0 & 10 mM,
and two different concentrations for the malonic acid (MA)
due to experimental requirements.

Because of the sensitivity to light of the CDIMA reac-
tion, the effect of growth can be easily introduced into the
system [34]. High light intensity suppresses the pattern and
low light intensity allows Turing patterns to develop in the
gel. A moving image is projected from a video projector
(Hitachi CP-X327) computer controlled onto the gel (see
Fig. 1). Images were recorded by a CCD camera connected
to a computer for further analysis.

A typical experiment is performed as follows: at the start
of the experiment, high intensity homogeneous illumina-
tion is applied to the entire system and the pattern is sup-
pressed. Hence, the initial condition for all the experiments
is the homogeneous steady state. Then the light from the
video projector is blocked (masked) in a rectangular area.
The size of the rectangular opaque mask image increases
with time along the longitudinal direction, while the trans-
verse dimension remains unchanged. The boundary be-
tween the illuminated and nonilluminated regions moves

v

CFUR

Light Intensity

Turing
Steady
State

FIG. 1. Schematic of the experiment. A moving opaque mask
image creates a growing shadow domain where Turing patterns
can develop. In the illuminated domain the pattern is suppressed.
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• u - order parameter, measures state of system  

•    -bifurcation/“onset parameter:  

• First developed for Rayleigh-Benard convection 

• Subsequently used as a “normal form” model many phenomena:  

• other fluid systems, plant phyllotaxis, liquid crystals, crystallization, etc…  

• Some similar behavior to reaction-diffusion systems 

• Nice starting point because much is rigorously known:  

• Existence/stability of homogeneous patterns:  

• Fronts, slow-dynamics, localized patterns

860 M. C. Cross and P. C. Hohenberg: Pattern formation outside of equilibrium

FIG. 1. Schematic picture of Rayleigh-Benard convection
showing Quid streamlines in an ideal roll state.

secondary
instability

1

1

convection

unstable roll
convection,

/
/
/
/
/
/
/
/
/

/
/
/
/

/
conduction

q

FIG. 2. Schematic stability diagram for Rayleigh-Benard con-
vection showing the Rayleigh number R vs the wave vector q.
Dashed line: instability of uniform conducting state to growth
of convecting solution with wave vector q (neutral stability, N).
Solid lines: various secondary instabilities of the nonlinear con-
vecting state. Near threshold the Eckhaus (E) and zig-zag (Z)
instabilites are common to many systems. The solid line bounds
the domain of stable spatially periodic ideal nonlinear solutions.
For a more accurate representation see Fig. 32 below.

perpositions of rolls forming hexagons or squares are also
possible.
The critical Rayleigh number R, is the minimum value

of R at which the conducting state becomes unstable to
disturbance of the velocity U of the form

5v -exp(iq. x),
for some wave vector q in the horizontal plane. As men-
tioned above, the value iq~ =q =qo at which the instabili-
ty at R, occurs is of order of the inverse plate separation
(specifically, q0=3. 117/d). The instability of the con-
ducting state to disturbances with q&qo occurs for larger
R. Indeed, when q & qo the rolls are Aat and involve ex-
cess horizontal motion with a dissipative contribution to
R, (q) proportional to q at small q. For q)qo, the
rolls are tall and thin and the excess vertical shear and
horizontal temperature gradient lead to a critical Ray-
leigh number R, (q) growing as q . It is useful to
represent the domain of stability of the conducting state
in terms of the function R, (q) as in Fig. 2 (dashed curve).
For R )R, (q) a convecting solution grows, and it turns

out that stationary solutions exist in general for R not
too large. The existence of stationary convecting states
does not, however, guarantee their physical relevance;
they must also themselves be stable to infinitesimal dis-
turbances. Under rather general physical conditions it
may be shown (see Busse, 1978) that near threshold hexa-
gons and squares are unstable to rolls, and periodic roll
solutions remain stable inside a smaller domain, delimit-
ed by the solid curve in Fig. 2. The region of stable roll
convection is often referred to as the "Busse balloon, "
named after F. Busse who identified the many secondary
instabilities, beyond which different types of convecting
states are seen; either more complicated stationary roll
patterns or time-dependent states which may be periodic
or nonperiodic. A simple example of a secondary insta-
bility occurs when the convective Row reduces the tem-
perature gradient in the central portion of the cell, leav-
ing boundary layers near the top and bottom plate which
experience a strong gradient. The thinner layers may
themselves be the source of an instability to convective
rolls at a shorter wavelength, which are generally orient-
ed perpendicular to the original ones.
Figure 2 refers to a laterally infinite system in which a

continuum of periodic states, labelled by the wave vector
q, can be defined. For a finite system, of lateral width L,
the solutions must satisfy specific lateral boundary condi-
tions which greatly complicate any concrete calculation.
Roughly speaking, however, we can say that the effect of
the lateral boundaries is to quantize the wave vectors in
units of ~/L, i.e., the continuum of solutions is reduced
to a discrete set.
The spatially periodic stationary roll states we have

discussed up to now are of particular interest because of
their relative theoretical simplicity. Experimentally, or-
dered states are only obtained under special conditions,
e.g. for R just above threshold, or in containers of
prescribed shape. In particular, rolls tend to align per-
pendicular to the sidewalls, so parallel rolls are most easi-
ly obtained in cells which are long and thin. A system
which avoids even the small distortion due to the short
sidewalls is an annular geometry, which is well represent-
ed by a one-dimensional model. In contrast to the above
cases, "natural" patterns which arise spontaneously when
R is suddenly raised above R, are spatially disordered.
In Fig. 3 we show examples of such structures obtained
in experiments and in numerical simulations. Some of
these patterns can be thought of as being made up of
domains of periodic structures pieced together by
different kinds of interfaces or defects. Other cases are so
disordered that they bear very little resemblance to a
periodic roll structure. We will see in subsequent sec-
tions that defects play a crucial role in determining both
the dynamics of pattern formation and the structure of
the patterns which are obtained at large times under
steady external conditions.
From a physical point of view, an appealing feature of

hydrodynamic instabilities in general, and convective
Aow in particular, is that once quantities are expressed in
terms of dimensionless numbers, such as the Rayleigh
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We’ll consider the Swift-Hohenberg equation
ut = �(1 +�)2u+ µ0u� u3, u : Rn ! R,

µ0 u ⌘ 0 stable/unstable for µ0 7 0

[SH-’77], [Cross, Hohenberg ’93]
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Swift-Hohenberg equation

• Much known about system at onset  

ut = �(1 +�)2u+ µ0u� u3, u : Rn ! R,

Turing instability: insert                  into linear equation yields u = reik·x+�t

|k|

Re{�}

µ0 % 0 =)

Bifurcation of family of “roll”/stripe equilibrium 
states in nonlinear equation

� = �(1� |k|2)2 + µ0
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FIG. 1. Schematic picture of Rayleigh-Benard convection
showing Quid streamlines in an ideal roll state.
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FIG. 2. Schematic stability diagram for Rayleigh-Benard con-
vection showing the Rayleigh number R vs the wave vector q.
Dashed line: instability of uniform conducting state to growth
of convecting solution with wave vector q (neutral stability, N).
Solid lines: various secondary instabilities of the nonlinear con-
vecting state. Near threshold the Eckhaus (E) and zig-zag (Z)
instabilites are common to many systems. The solid line bounds
the domain of stable spatially periodic ideal nonlinear solutions.
For a more accurate representation see Fig. 32 below.

perpositions of rolls forming hexagons or squares are also
possible.
The critical Rayleigh number R, is the minimum value

of R at which the conducting state becomes unstable to
disturbance of the velocity U of the form

5v -exp(iq. x),
for some wave vector q in the horizontal plane. As men-
tioned above, the value iq~ =q =qo at which the instabili-
ty at R, occurs is of order of the inverse plate separation
(specifically, q0=3. 117/d). The instability of the con-
ducting state to disturbances with q&qo occurs for larger
R. Indeed, when q & qo the rolls are Aat and involve ex-
cess horizontal motion with a dissipative contribution to
R, (q) proportional to q at small q. For q)qo, the
rolls are tall and thin and the excess vertical shear and
horizontal temperature gradient lead to a critical Ray-
leigh number R, (q) growing as q . It is useful to
represent the domain of stability of the conducting state
in terms of the function R, (q) as in Fig. 2 (dashed curve).
For R )R, (q) a convecting solution grows, and it turns

out that stationary solutions exist in general for R not
too large. The existence of stationary convecting states
does not, however, guarantee their physical relevance;
they must also themselves be stable to infinitesimal dis-
turbances. Under rather general physical conditions it
may be shown (see Busse, 1978) that near threshold hexa-
gons and squares are unstable to rolls, and periodic roll
solutions remain stable inside a smaller domain, delimit-
ed by the solid curve in Fig. 2. The region of stable roll
convection is often referred to as the "Busse balloon, "
named after F. Busse who identified the many secondary
instabilities, beyond which different types of convecting
states are seen; either more complicated stationary roll
patterns or time-dependent states which may be periodic
or nonperiodic. A simple example of a secondary insta-
bility occurs when the convective Row reduces the tem-
perature gradient in the central portion of the cell, leav-
ing boundary layers near the top and bottom plate which
experience a strong gradient. The thinner layers may
themselves be the source of an instability to convective
rolls at a shorter wavelength, which are generally orient-
ed perpendicular to the original ones.
Figure 2 refers to a laterally infinite system in which a

continuum of periodic states, labelled by the wave vector
q, can be defined. For a finite system, of lateral width L,
the solutions must satisfy specific lateral boundary condi-
tions which greatly complicate any concrete calculation.
Roughly speaking, however, we can say that the effect of
the lateral boundaries is to quantize the wave vectors in
units of ~/L, i.e., the continuum of solutions is reduced
to a discrete set.
The spatially periodic stationary roll states we have

discussed up to now are of particular interest because of
their relative theoretical simplicity. Experimentally, or-
dered states are only obtained under special conditions,
e.g. for R just above threshold, or in containers of
prescribed shape. In particular, rolls tend to align per-
pendicular to the sidewalls, so parallel rolls are most easi-
ly obtained in cells which are long and thin. A system
which avoids even the small distortion due to the short
sidewalls is an annular geometry, which is well represent-
ed by a one-dimensional model. In contrast to the above
cases, "natural" patterns which arise spontaneously when
R is suddenly raised above R, are spatially disordered.
In Fig. 3 we show examples of such structures obtained
in experiments and in numerical simulations. Some of
these patterns can be thought of as being made up of
domains of periodic structures pieced together by
different kinds of interfaces or defects. Other cases are so
disordered that they bear very little resemblance to a
periodic roll structure. We will see in subsequent sec-
tions that defects play a crucial role in determining both
the dynamics of pattern formation and the structure of
the patterns which are obtained at large times under
steady external conditions.
From a physical point of view, an appealing feature of

hydrodynamic instabilities in general, and convective
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u(x, t) =
p

4(µ0 � )/3 cos(|k|x1) +O(|µ0 � 2
|
3/2),  = |k|2 � 1, |k| ⇠ 1

[CrossHohenberg’93]

µ0

|k|

Rotational invariance -> all orientations of stripes are solutions

up(x1) =
p

4(µ0 � )/3 cos(|k|x1) +O(|µ0 � 2
|
3/2),

up(k · x; k)

0 < µ0 ⌧ 1



Swift-Hohenberg equation
ut = �(1 +�)2u+ µ0u� u3, u : R2 ! R,



• Inhomogeneity changes stability of trivial state for 

Quenched Swift-Hohenberg equation

x� ct ? 0
ut = �(1 +�)2u+ µ(x� ct)u� u3, µ(⇠) = �µ0sgn(⇠)



• Main question: How does the in-homogeneity control, or select, patterns? 

• Similar behavior to experimental RD system
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with constant velocity. Thus, the illuminated zone (with no
patterns) decreases its size at the expense of the nonillumi-
nated region (in which patterns can arise).

All the experiments shown here are performed in the
absolutely unstable domain [35,36], which means that the
velocity of the moving boundary of illumination (!) is
smaller than the spontaneous spreading velocity of the
Turing pattern, estimated as !spon! 1:8" 0:1 mm=h for
the concentrations used. Under these circumstances, the
pattern always arises close to the moving boundary.
Ongoing experiments in the convective unstable domain
reveal other interesting behavior, which is outside the
scope of this Letter.

Quasi-one-dimensional experiments are performed to
investigate the dependence of the wavelength of the pattern
on the growth velocity in a simple configuration. For this
quasi-one-dimensional experiment we use a concentration
of #MA$0 % 1 mM, which produces a pattern composed of
hexagonal spots with an intrinsic wavelength value of " %
0:51" 0:05 mm.

The geometry of the nonilluminated region in which
patterns can form is carefully selected. In fact, the system

is two dimensional but the length of one (transverse)
dimension is short and fixed to be slightly larger than
1 full intrinsic wavelength of the Turing pattern. The other
(longitudinal) dimension of the nonilluminated domain is
continuously growing.

This geometry only allows the development of a single
array of spots as shown in Fig. 2. The results of these quasi-
one-dimensional experiments reveal that the wavelength of
the Turing spot pattern depends on the moving boundary
velocity. Figure 2(d) shows that the wavelength decreases
with the growth velocity.

In the two-dimensional experiment, the fixed transverse
dimension of the nonilluminated area is significantly larger
than the intrinsic wavelength of the Turing patterns, and
therefore the Turing patterns can develop in a full two-
dimensional space. The concentration of malonic acid used
in the two dimensional experiments is #MA$0 % 1:2 mM,
which spontaneously produces stripes without preferential
ordering [21] and with " % 0:54" 0:05 mm.

Stripes parallel to the growing axis arise in the system
for relatively small values of the growth velocity [! %
0:21" 0:01 mm=hin Figs. 3(a) and 3(b)]. The wavelength
of the stripes is equal to the intrinsic wavelength of the
spontaneously formed labyrinthine stripes, " % 0:54"
0:05 mm. The length of the stripes increases with the speed
of the moving boundary.
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FIG. 2. Turing pattern formation in a quasi-one-dimensional
system with moving boundary. (a)–(c) Snapshots of Turing
patterns taken at intervals of 2 h. The shaded (nonilluminated)
domain is growing from left to right. The velocity of the moving
boundary is ! % 0:62" 0:02 mm=hThe bar in (c) corresponds
to 1 mm. (d) Plot of the wavelength versus the moving boundary
velocity for the experiments. (e) Wavelength vs velocity for the
numerical simulations in the one-dimensional system.

FIG. 3. Turing pattern formation in a two-dimensional system
with moving boundary. Snapshots at two different times for
different velocities of the moving boundary: (a),(b) ! %
0:21 mm=h; (c),(d) ! % 0:43 mm=h; and (e),(f ) ! %
1:26 mm=h. The boundary between the illuminated and non-
illuminated zones moves from left to right. Size of each snap-
shot: 3:8 & 6 mm.
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Outline

• 1-D patterns 

• Spatial dynamics:  

Center manifold, invariant foliations,  heteroclinic bifurcations, and 
Melnikov integrals 

• 2-D patterns and beyond: 
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In this talk, we’ll focus on1-D patterns:
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1-D patterns in Swift-Hohenberg

c > cinv : pattern selected by 
unstable homogeneous state 

behind inhomogeneity.

c < cinv : pattern wants to invade 
faster than you’re letting it
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Fast speeds:
ut = �(1 + @2

x)
2u+ µ(x� ct)u� u3

[RG, Scheel; to appear]

Look for small amplitude solutions with onset multiple scaling:

Study for speeds near detachment point

Thm: For                     sufficiently small, there exists a pattern forming front with wavenumber     ✏ and 4� c̃ > 0

µ0 = ✏2, c = ✏c̃, 0 < ✏ ⌧ 1

c ⇠ cinv = 4
p
µ0

k = 1 + ✏�̃, �̃ = �̃(4� c̃, ✏)
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Our approach: spatial dynamics
• Study pattern-forming front solutions as heteroclinic orbits of a non-autonomous dynamical 

system with spatial variable,                as evolution variable. 

• Connect roll solution at              with trivial solution at  

• (center-manifold reduction): Use onset scaling to look for small, bounded solutions, -> use 
center-manifold techniques to get leading order dynamics.  

• (Shooting): Overlay phase spaces         to find intersection of relevant invariant manifolds 

• (persistence/transverse unfolding): Invariant foliations to lift leading order dynamics to full 
infinite-dimensional system 

ξ = x − ct

⇠ ? 0
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But first: the homogeneous equation
• “Propagating fronts and the center-manifold theorem” [Eckmann, Wayne, ’91]*: 

• Look for solutions of the form: 

•

ut = �(1 + @2
x)

2u+ ✏2µ̃0u� u3
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Roll solutions: 

u(x, t) = W (x, x� ct), with W (x, ⇠) = W (x+ 2⇡/k, ⇠) k = 1 + ✏�̃

up(kx; k)
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*See also [Haragus,Schneider ’99, Doelman et. al 2003, Faye,Holzer 2015 ]

Theorem: For c̃ > 4µ̃0 > 0, and 0 < ✏ ⌧ 1, and a family of wavenumbers k
in a neighborhood of 1, there exists a traveling front solution, connecting a roll
up(kx; k) to the homogeneous (unstable!) equilibria u = 0.
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Homogeneous equation

• Write these higher order equations as first order systems in phase space 

• Look for bounded solutions (in  ), near origin 

• Hence need to study spectrum of each      for  

—> Look for heteroclinic orbits between equilibria

X = (Xn)n2Z, Xn = (Wn, @⇠Wn, @
2
⇠Wn, @

3
⇠Wn)

T
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<latexit sha1_base64="mhFijpZsEeHbclfcXSS8rUE9tKQ="></latexit><latexit sha1_base64="mhFijpZsEeHbclfcXSS8rUE9tKQ="></latexit><latexit sha1_base64="mhFijpZsEeHbclfcXSS8rUE9tKQ="></latexit><latexit sha1_base64="mhFijpZsEeHbclfcXSS8rUE9tKQ="></latexit>

Mn =

0

BB@

0 1 0 0
0 0 1 0
0 0 0 1
A B C D

1

CCA , Fn(X) = (0, 0, 0,
X

p+q+r=n

Xp,0Xq,0Xr,0)
T ,

<latexit sha1_base64="qZsW+McTRdSqyKuvMtSJaBOhwLw="></latexit><latexit sha1_base64="qZsW+McTRdSqyKuvMtSJaBOhwLw="></latexit><latexit sha1_base64="qZsW+McTRdSqyKuvMtSJaBOhwLw="></latexit><latexit sha1_base64="qZsW+McTRdSqyKuvMtSJaBOhwLw="></latexit>

E0 = �1
n=0C4

<latexit sha1_base64="hfgmuCarD4kxo5EydhOchZ9APCs="></latexit><latexit sha1_base64="hfgmuCarD4kxo5EydhOchZ9APCs="></latexit><latexit sha1_base64="hfgmuCarD4kxo5EydhOchZ9APCs="></latexit><latexit sha1_base64="hfgmuCarD4kxo5EydhOchZ9APCs="></latexit>

ξ

Mn ϵ ∼ 0

W (x, ⇠) =
X

n2Z
Wn(⇠)e

�inkx, up(kx) =
X

n

Sne
�inkx

<latexit sha1_base64="pgnAg4YR5alWOFN9PqY9bKl9wKo="></latexit><latexit sha1_base64="pgnAg4YR5alWOFN9PqY9bKl9wKo="></latexit><latexit sha1_base64="pgnAg4YR5alWOFN9PqY9bKl9wKo="></latexit><latexit sha1_base64="pgnAg4YR5alWOFN9PqY9bKl9wKo="></latexit>

[�(1 + (ikn+ @⇠)
2)2 + ✏c̃@⇠ + ✏2µ̃0]Wn(⇠) =

X

p+q+r=n

Wp(⇠)Wq(⇠)Wr(⇠)
<latexit sha1_base64="D5aT5biiiDDB+HqKNVSzSXfm53Y="></latexit><latexit sha1_base64="D5aT5biiiDDB+HqKNVSzSXfm53Y="></latexit><latexit sha1_base64="D5aT5biiiDDB+HqKNVSzSXfm53Y="></latexit><latexit sha1_base64="D5aT5biiiDDB+HqKNVSzSXfm53Y="></latexit>

• Fourier transform:  

• Coupled system of ODEs:



Spectral information
Spectrum of linearization 

about origin:
O(✏)O(✏1/2) O(✏1/2)

n=-1,1 Fourier subspaces

0 < ✏ ⌧ 1

C

✏ = 0

spec(M) ⇢ iR

Inf. many, double evals

Center manifold theorem [EW,’91]:  After symmetry reduction, there exists a two-dimensional invariant 
manifold, tangent to the       -eigenspace, with leading order dynamics: O(✏)
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Dynamics on center manifold and fronts
• After a normal-form transformation         ,               , and rescaling time                     

we obtain the dynamics:

dq

d⇣
= p+O(✏), (p, q) 2 C2

dp

d⇣
=

1

4

�
�µ̃0q � c̃p+ 3q|q|2

�
+O(✏),
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P0 - roll solution
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• Equilibrium P0 corresponds to a periodic orbit.

• Phase-invariance of the system under rotations (q, p) 7! ei✓(q, p) =)
ei✓P0 also an equilibrium

• Can conclude one parameter family of heteroclinics in leading order system

• Use normal hyperbolicity to show persistence for O(✏) pertubations (i.e.
full center-manifold dynamics)
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Backed to quenched system

• Now ODE’s are non-autonomous: 

• Perform the same analysis above for both  

• Obtain two center manifolds         ,         

• Find orbit, in       -dynamics, connecting     with stable 
manifold of origin in        -dynamics 

• Think of          as boundary or target set to shoot            at. 

ut = �(1 + @2
x)
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• Center-manifolds only intersect trivially 

• Need to use hyperbolic dynamics normal to center manifolds 

• Normal dynamics “foliated” by strong stable/unstable fibers, use these to find intersections  

• Describe invariant manifolds by fibers

Invariant manifolds and foliations
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• Find orbit, in       -dynamics connecting     with 
stable manifold of origin in        -dynamics
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Leading order system: overlay center manifolds

• One finds, to leading order, dynamics governed by the following system:
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Melnikov integrals and transverse unfolding
• Does the leading order intersection persist for  

• Intersection in real subsystem implies 1-D family of intersections, parameterized by 
rotations, connecting  

• Look for Transverse unfolding: append the equation          , study extended manifolds in  

• Showing non-vanishing of Melnikov integral, (with derivative in   ), implies transverse 
intersection of 

• Can conclude persistence of heteroclinic orbit, for      perturbations 

γ̃, ϵ ≠ 0?

W̃ s
r (0) and P := {ei✓P0 : (p, q) 7! ei✓(p, q)}

<latexit sha1_base64="p1PTwEGylibqPBKuWpKOXaqlKH4="></latexit><latexit sha1_base64="p1PTwEGylibqPBKuWpKOXaqlKH4="></latexit><latexit sha1_base64="p1PTwEGylibqPBKuWpKOXaqlKH4="></latexit><latexit sha1_base64="p1PTwEGylibqPBKuWpKOXaqlKH4="></latexit>

dim W̃ s
r (0) \ W̃ cu

l (P) = 1
<latexit sha1_base64="oBjjNqfztIB68goxMyYYfT/2gqc="></latexit><latexit sha1_base64="oBjjNqfztIB68goxMyYYfT/2gqc="></latexit><latexit sha1_base64="oBjjNqfztIB68goxMyYYfT/2gqc="></latexit><latexit sha1_base64="oBjjNqfztIB68goxMyYYfT/2gqc="></latexit>

�̃0 = 0
<latexit sha1_base64="2mnOYGbCYhDjr+2wxmEiEpop18k="></latexit><latexit sha1_base64="2mnOYGbCYhDjr+2wxmEiEpop18k="></latexit><latexit sha1_base64="2mnOYGbCYhDjr+2wxmEiEpop18k="></latexit><latexit sha1_base64="2mnOYGbCYhDjr+2wxmEiEpop18k="></latexit>

W̃ s
r,ext(I ⇥ 0) = {(�̃, (p, q)) : �̃ 2 I, (q, p) 2 W̃ s

r (0)}, W̃ cu
l,ext(I ⇥ P) = {(�̃, (p, q)) : �̃ 2 I, (q, p) 2 W̃ cu

l (P)}
<latexit sha1_base64="V1mCAx7OfdcK79+6ULuBMSCPrmo="></latexit><latexit sha1_base64="V1mCAx7OfdcK79+6ULuBMSCPrmo="></latexit><latexit sha1_base64="V1mCAx7OfdcK79+6ULuBMSCPrmo="></latexit><latexit sha1_base64="V1mCAx7OfdcK79+6ULuBMSCPrmo="></latexit>

R⇥ C2
<latexit sha1_base64="DsIIB3R5zd5ounn1MgpC1n3zBUg="></latexit><latexit sha1_base64="DsIIB3R5zd5ounn1MgpC1n3zBUg="></latexit><latexit sha1_base64="DsIIB3R5zd5ounn1MgpC1n3zBUg="></latexit><latexit sha1_base64="DsIIB3R5zd5ounn1MgpC1n3zBUg="></latexit>

γ̃
W̃ s

r,ext(I ⇥ 0) \ W̃ cu
l,ext(I ⇥ P)

<latexit sha1_base64="aRrzPvN+Ao4IAJJnaFgaaZAXaT8="></latexit><latexit sha1_base64="aRrzPvN+Ao4IAJJnaFgaaZAXaT8="></latexit><latexit sha1_base64="aRrzPvN+Ao4IAJJnaFgaaZAXaT8="></latexit><latexit sha1_base64="aRrzPvN+Ao4IAJJnaFgaaZAXaT8="></latexit>

⟹ non-transverse intersection

✏, �̃
<latexit sha1_base64="iKiOP+bCiRW7bQlBLQLp1cTyTJ4="></latexit><latexit sha1_base64="iKiOP+bCiRW7bQlBLQLp1cTyTJ4="></latexit><latexit sha1_base64="iKiOP+bCiRW7bQlBLQLp1cTyTJ4="></latexit><latexit sha1_base64="iKiOP+bCiRW7bQlBLQLp1cTyTJ4="></latexit>



Write as a real system: q = qr + iqi, p = pr + ipi
<latexit sha1_base64="F4SLwXSDbVkl8hZMWupk8D7z0cs="></latexit><latexit sha1_base64="F4SLwXSDbVkl8hZMWupk8D7z0cs="></latexit><latexit sha1_base64="F4SLwXSDbVkl8hZMWupk8D7z0cs="></latexit><latexit sha1_base64="F4SLwXSDbVkl8hZMWupk8D7z0cs="></latexit>

q̇r = pr,
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Want to track how invariant manifolds split for          ,   

Dimension counting implies intersection is non-generic: 2 + 2 - 1 = 3  

�̃ 6= 0
<latexit sha1_base64="9YcljEaABbNJjnXPue4PkZKR2d4="></latexit><latexit sha1_base64="9YcljEaABbNJjnXPue4PkZKR2d4="></latexit><latexit sha1_base64="9YcljEaABbNJjnXPue4PkZKR2d4="></latexit><latexit sha1_base64="9YcljEaABbNJjnXPue4PkZKR2d4="></latexit>

W̃ s
r (0)

<latexit sha1_base64="EI7K5OWrX5fQnmFWWN1b0M1pOtA="></latexit><latexit sha1_base64="EI7K5OWrX5fQnmFWWN1b0M1pOtA="></latexit><latexit sha1_base64="EI7K5OWrX5fQnmFWWN1b0M1pOtA="></latexit><latexit sha1_base64="EI7K5OWrX5fQnmFWWN1b0M1pOtA="></latexit>

2-D

U⇤(0)
<latexit sha1_base64="Q38ilhwlmzB8DW/nmJAiCpHpGAU="></latexit><latexit sha1_base64="Q38ilhwlmzB8DW/nmJAiCpHpGAU="></latexit><latexit sha1_base64="Q38ilhwlmzB8DW/nmJAiCpHpGAU="></latexit><latexit sha1_base64="Q38ilhwlmzB8DW/nmJAiCpHpGAU="></latexit>

0

dimR W̃ s
r (0) = 2

<latexit sha1_base64="TmHqXKQL7N7VLSK2mQzSHaEQk9s="></latexit><latexit sha1_base64="TmHqXKQL7N7VLSK2mQzSHaEQk9s="></latexit><latexit sha1_base64="TmHqXKQL7N7VLSK2mQzSHaEQk9s="></latexit><latexit sha1_base64="TmHqXKQL7N7VLSK2mQzSHaEQk9s="></latexit>

dimR W̃ cu
l (P) = 2

<latexit sha1_base64="33e/VdN6UqskfrOZUvr2i6KuFUI="></latexit><latexit sha1_base64="33e/VdN6UqskfrOZUvr2i6KuFUI="></latexit><latexit sha1_base64="33e/VdN6UqskfrOZUvr2i6KuFUI="></latexit><latexit sha1_base64="33e/VdN6UqskfrOZUvr2i6KuFUI="></latexit>

dimR W̃ cu
l (P) \ W̃ s

r (0) = 1
<latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="iQ3eSjAlJzngOmtV0CpaQZx43IA="></latexit><latexit sha1_base64="OMOU/JBakBB3zcEDcaFt3YuksaI="></latexit><latexit sha1_base64="OMOU/JBakBB3zcEDcaFt3YuksaI="></latexit><latexit sha1_base64="dk2d+BBPbl/0SqoDHcqmPFo6oIU="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit><latexit sha1_base64="MQ+NBdhjGQLdc/pARK+3JjLDEJ8="></latexit>

6= 4
<latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit><latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit><latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit><latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit>

6= 4
<latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit><latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit><latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit><latexit sha1_base64="YdzoHIR2KKzGTuyLqV/QcN4A4Uk="></latexit>

Not transverse!!!!!

dimR
h
TW̃ s

r (0) + TW̃ cu
l (0)

i
= 3

<latexit sha1_base64="P207M/Nyr21XKLjYH8//8g180zk="></latexit><latexit sha1_base64="P207M/Nyr21XKLjYH8//8g180zk="></latexit><latexit sha1_base64="P207M/Nyr21XKLjYH8//8g180zk="></latexit><latexit sha1_base64="P207M/Nyr21XKLjYH8//8g180zk="></latexit>



Consider variations about heteroclinic orbit

V⇣ = A(⇣)V +G(⇣, V ; c̃, �̃),

A(⇣) = DUF (⇣, U⇤(⇣); c̃, 0),

G(⇣, V ; c̃, �̃) = F (⇣, U⇤(⇣) + V ; c̃, �̃)� F (⇣, U⇤(⇣); c̃, 0)�A(⇣)V.
<latexit sha1_base64="7s/ic8mNqfD2UGdrfTYHN/v2s+o="></latexit><latexit sha1_base64="7s/ic8mNqfD2UGdrfTYHN/v2s+o="></latexit><latexit sha1_base64="7s/ic8mNqfD2UGdrfTYHN/v2s+o="></latexit><latexit sha1_base64="7s/ic8mNqfD2UGdrfTYHN/v2s+o="></latexit>

U = U⇤ + V
<latexit sha1_base64="p4YKS4gmwSj+xAUpqazVOLc07ZE="></latexit><latexit sha1_base64="p4YKS4gmwSj+xAUpqazVOLc07ZE="></latexit><latexit sha1_base64="p4YKS4gmwSj+xAUpqazVOLc07ZE="></latexit><latexit sha1_base64="p4YKS4gmwSj+xAUpqazVOLc07ZE="></latexit>

Construct exponential dichotomies for linear system: V⇣ = A(⇣)V,
<latexit sha1_base64="kutpjRzACYYfcVNB4Bmd1ecpiNc="></latexit><latexit sha1_base64="kutpjRzACYYfcVNB4Bmd1ecpiNc="></latexit><latexit sha1_base64="kutpjRzACYYfcVNB4Bmd1ecpiNc="></latexit><latexit sha1_base64="kutpjRzACYYfcVNB4Bmd1ecpiNc="></latexit>

�s/u
r (⇣, s) for ⇣, s > 0,

�cu/ss
l (⇣, s) for ⇣, s < 0

<latexit sha1_base64="H5Df/V3nuMDMlHUqIgiwjVG+y6k="></latexit><latexit sha1_base64="H5Df/V3nuMDMlHUqIgiwjVG+y6k="></latexit><latexit sha1_base64="H5Df/V3nuMDMlHUqIgiwjVG+y6k="></latexit><latexit sha1_base64="H5Df/V3nuMDMlHUqIgiwjVG+y6k="></latexit>

Ẽs/u
r (⇣) := Rg�s/u

r (⇣, ⇣), Ẽs/u
r (⇣) = TU⇤(⇣)W̃

s/u
r (0), ⇣ � 0,

Ẽss/cu
l (⇣) := Rg�ss/cu

l (⇣, ⇣) Ẽss/cu
r (⇣) = TU⇤(⇣)W̃

ss/cu
l (P0), ⇣  0.

<latexit sha1_base64="MFBbdUvbBWeW/UEj7ohz8gwvf+E="></latexit><latexit sha1_base64="MFBbdUvbBWeW/UEj7ohz8gwvf+E="></latexit><latexit sha1_base64="MFBbdUvbBWeW/UEj7ohz8gwvf+E="></latexit><latexit sha1_base64="MFBbdUvbBWeW/UEj7ohz8gwvf+E="></latexit>

Can describe invariant manifolds as graphs over dichotomies, in a neighborhood of         :

W̃ cu
l (P0) = {U⇤(0) + vl + h̃cu

l (vl, �̃) | h̃cu
l : Ẽcu

l (0)⇥ R ! Ẽss
l (0)},

W̃ s
r (0) := {U⇤(0) + vr + h̃s

r(vr, �̃) | h̃s
r : Ẽ

s
r(0)⇥ R ! Ẽu

r (0)}.
<latexit sha1_base64="hYuShxvpGEswbJpsnRe2aqRdz1g="></latexit><latexit sha1_base64="hYuShxvpGEswbJpsnRe2aqRdz1g="></latexit><latexit sha1_base64="hYuShxvpGEswbJpsnRe2aqRdz1g="></latexit><latexit sha1_base64="hYuShxvpGEswbJpsnRe2aqRdz1g="></latexit>

U⇤(⇣)
<latexit sha1_base64="bmQo559y/HIchPo0wBItB+GfAUc="></latexit><latexit sha1_base64="bmQo559y/HIchPo0wBItB+GfAUc="></latexit><latexit sha1_base64="bmQo559y/HIchPo0wBItB+GfAUc="></latexit><latexit sha1_base64="bmQo559y/HIchPo0wBItB+GfAUc="></latexit>

Define splitting distance: S(�̃, c̃) =
D
 ̃0, h̃

cu
l � h̃s

r

E

R4
,

<latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit><latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit><latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit><latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit>

dimR4Ẽs
r(0) \ Ẽcu

l (0) = 1, =)
h
Ẽs

r(0) + Ẽcu
l (0)

i?
= span{ 0}

<latexit sha1_base64="5M69LZl7QQiw8wiJDUmF9CzrUac="></latexit><latexit sha1_base64="5M69LZl7QQiw8wiJDUmF9CzrUac="></latexit><latexit sha1_base64="5M69LZl7QQiw8wiJDUmF9CzrUac="></latexit><latexit sha1_base64="5M69LZl7QQiw8wiJDUmF9CzrUac="></latexit>

P
<latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit>

R4
<latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit>

W̃ cu
l (P)

<latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit>

 0
<latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>

S(�̃, c̃)
<latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit><latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit><latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit><latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit>

W̃ s
r (0)

<latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit>

0

Want to study invariant manifolds near heteroclinic U⇤<latexit sha1_base64="pcC8GR9K42tKxKWUG0EW+UZWZ4c="></latexit><latexit sha1_base64="pcC8GR9K42tKxKWUG0EW+UZWZ4c="></latexit><latexit sha1_base64="pcC8GR9K42tKxKWUG0EW+UZWZ4c="></latexit><latexit sha1_base64="pcC8GR9K42tKxKWUG0EW+UZWZ4c="></latexit>



P
<latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit>

R4
<latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit>

W̃ cu
l (P)

<latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit>

 0
<latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>

Define splitting distance: S(�̃, c̃) =
D
 ̃0, h̃

cu
l � h̃s

r

E

R4
,

<latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit><latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit><latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit><latexit sha1_base64="QdyeuuKY61k9ceznNxRQiIFxSdg="></latexit>

S(�̃, c̃)
<latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit><latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit><latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit><latexit sha1_base64="2/kcM5gMnsUSmjVstW584PqSk8A="></latexit>

Can show 
@

@�̃
S(0, 0, 0) =

D
 ̃0, h̃

cu
l (0; 0)� h̃s

r(0; 0)
E

R4

=

⌧
 ̃0,

Z 0

�1
�ss

l (0, ⇣)@�Gd⇣ �
Z 0

1
�u

r (0, ⇣)@�Gd⇣

�

R4

6= 0
<latexit sha1_base64="8pZSKHaTSVpH2n8Xm0FtyEPPFeo="></latexit><latexit sha1_base64="8pZSKHaTSVpH2n8Xm0FtyEPPFeo="></latexit><latexit sha1_base64="8pZSKHaTSVpH2n8Xm0FtyEPPFeo="></latexit><latexit sha1_base64="8pZSKHaTSVpH2n8Xm0FtyEPPFeo="></latexit>

“Melnikov integral”

W̃ s
r (0)

<latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit>

0

(…using adjoint variational equation:                 ) ⇣ = A(⇣)⇤ 
<latexit sha1_base64="7nXkmkQhGQF/kRbI6nka+nZsP/M="></latexit><latexit sha1_base64="7nXkmkQhGQF/kRbI6nka+nZsP/M="></latexit><latexit sha1_base64="7nXkmkQhGQF/kRbI6nka+nZsP/M="></latexit><latexit sha1_base64="7nXkmkQhGQF/kRbI6nka+nZsP/M="></latexit>



@�̃S 6= 0 =)
<latexit sha1_base64="movlV95EdvFlyimWj1/MunUd/Hg=">AAALG3icpZbPb9MwFMczfm7h1wZHLoEKiQMa7YSA46Rd4NKNsV9aU02O47RW7cSznUFl5cxfwZ/AFf4AbogrB678JdhpaJKuzgpEav2a93nf9/xqOwkYwUK22z+XLl2+cvXa9eUV98bNW7fvrK7dPRBJyiHahwlJ+FEABCI4RvsSS4KOGEeABgQdBqMt4z88Q1zgJN6TY4b6FAxiHGEIpL51svrAZyfKl8QfAEpB5r31/Bidem </latexit><latexit sha1_base64="movlV95EdvFlyimWj1/MunUd/Hg=">AAALG3icpZbPb9MwFMczfm7h1wZHLoEKiQMa7YSA46Rd4NKNsV9aU02O47RW7cSznUFl5cxfwZ/AFf4AbogrB678JdhpaJKuzgpEav2a93nf9/xqOwkYwUK22z+XLl2+cvXa9eUV98bNW7fvrK7dPRBJyiHahwlJ+FEABCI4RvsSS4KOGEeABgQdBqMt4z88Q1zgJN6TY4b6FAxiHGEIpL51svrAZyfKl8QfAEpB5r31/Bidem </latexit><latexit sha1_base64="movlV95EdvFlyimWj1/MunUd/Hg=">AAALG3icpZbPb9MwFMczfm7h1wZHLoEKiQMa7YSA46Rd4NKNsV9aU02O47RW7cSznUFl5cxfwZ/AFf4AbogrB678JdhpaJKuzgpEav2a93nf9/xqOwkYwUK22z+XLl2+cvXa9eUV98bNW7fvrK7dPRBJyiHahwlJ+FEABCI4RvsSS4KOGEeABgQdBqMt4z88Q1zgJN6TY4b6FAxiHGEIpL51svrAZyfKl8QfAEpB5r31/Bidem </latexit><latexit sha1_base64="movlV95EdvFlyimWj1/MunUd/Hg=">AAALG3icpZbPb9MwFMczfm7h1wZHLoEKiQMa7YSA46Rd4NKNsV9aU02O47RW7cSznUFl5cxfwZ/AFf4AbogrB678JdhpaJKuzgpEav2a93nf9/xqOwkYwUK22z+XLl2+cvXa9eUV98bNW7fvrK7dPRBJyiHahwlJ+FEABCI4RvsSS4KOGEeABgQdBqMt4z88Q1zgJN6TY4b6FAxiHGEIpL51svrAZyfKl8QfAEpB5r31/Bidem </latexit>

Invariant manifolds split with non-zero “speed” in �̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>

Can conclude that invariant manifolds in extended system intersect transversely
d

d⇣
V = A(⇣)V +G(⇣, V ; c̃, �̃)

d

d⇣
�̃ = 0

<latexit sha1_base64="WlOvwJP/dIBOS9hZQzaK38jMrDI="></latexit><latexit sha1_base64="WlOvwJP/dIBOS9hZQzaK38jMrDI="></latexit><latexit sha1_base64="WlOvwJP/dIBOS9hZQzaK38jMrDI="></latexit><latexit sha1_base64="WlOvwJP/dIBOS9hZQzaK38jMrDI="></latexit>

W̃ s
r,ext(I ⇥ 0) = {(�̃, (p, q)) : �̃ 2 I, (q, p) 2 W̃ s

r (0)},
W̃ cu

l,ext(I ⇥ P) = {(�̃, (p, q)) : �̃ 2 I, (q, p) 2 W̃ cu
l (P)}

<latexit sha1_base64="twiHzx8SiS7qrJee32oN0e2xXZw="></latexit><latexit sha1_base64="twiHzx8SiS7qrJee32oN0e2xXZw="></latexit><latexit sha1_base64="twiHzx8SiS7qrJee32oN0e2xXZw="></latexit><latexit sha1_base64="twiHzx8SiS7qrJee32oN0e2xXZw="></latexit>

Hence, under      -perturbations one can find a     nearby with an intersection 

Functional analytic view point:

@�̃S 6= 0 =)
<latexit sha1_base64="FPZVNEc9GYsxev1O2+Ui2UlpyFs="></latexit><latexit sha1_base64="FPZVNEc9GYsxev1O2+Ui2UlpyFs="></latexit><latexit sha1_base64="FPZVNEc9GYsxev1O2+Ui2UlpyFs="></latexit><latexit sha1_base64="FPZVNEc9GYsxev1O2+Ui2UlpyFs="></latexit>

P
<latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit><latexit sha1_base64="v0iqOFJ1JKVT+HV2TVOtz3X2Urg="></latexit>

R4
<latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit><latexit sha1_base64="smHE0y6VV+QDA9kM/rbv5sFCzig="></latexit>

W̃ cu
l (P)

<latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit><latexit sha1_base64="e33SW2XX1fkEg6Ub3ModXqxOTy0="></latexit>

 0
<latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit><latexit sha1_base64="EekPqibmM3Blbd9LAE5sOyj0ep8="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>W̃ s

r (0)
<latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit><latexit sha1_base64="P5P/KcgdRZPjvI/YR7ZGGlOLARo="></latexit>

0

S
<latexit sha1_base64="2p6+WrIxXiI5axWiiGNFKPHA5xs="></latexit><latexit sha1_base64="2p6+WrIxXiI5axWiiGNFKPHA5xs="></latexit><latexit sha1_base64="2p6+WrIxXiI5axWiiGNFKPHA5xs="></latexit><latexit sha1_base64="2p6+WrIxXiI5axWiiGNFKPHA5xs="></latexit>

Implicit function thm: Solve S(�̃, c̃) = 0 for �̃ near (0, c̃)
<latexit sha1_base64="DCaRKwSopGdPDyv0jN8N8h/NlJc="></latexit><latexit sha1_base64="DCaRKwSopGdPDyv0jN8N8h/NlJc="></latexit><latexit sha1_base64="DCaRKwSopGdPDyv0jN8N8h/NlJc="></latexit><latexit sha1_base64="DCaRKwSopGdPDyv0jN8N8h/NlJc="></latexit>

✏, c̃
<latexit sha1_base64="DPLIRAZ9PHWyr8G6/HYFlc7pNPI="></latexit><latexit sha1_base64="DPLIRAZ9PHWyr8G6/HYFlc7pNPI="></latexit><latexit sha1_base64="DPLIRAZ9PHWyr8G6/HYFlc7pNPI="></latexit><latexit sha1_base64="DPLIRAZ9PHWyr8G6/HYFlc7pNPI="></latexit>

�̃
<latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit><latexit sha1_base64="lLZZsJr4CnFArmLb8M+cUoY85Rc="></latexit>



Conclude existence

• Use foliations to lift intersection in full system   

• Existence of pattern forming front to PDE with wavenumber 1 + ✏�̃(c̃)
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A little bit about 2-D phenomenon
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-100 -50 0 50
x

8π

4π

0

4π

8π

y

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

What orientations and wavenumbers of stripes are selected for each quenching speed?



t=500,  c =2
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• Homog. State u = 0 is stable unstable for  

•          system possesses family of  roll solutions 

Thm: Assume 1-D pattern exists with c > 0 with wavenumber kx* and is “generic,” then there exists 
slanted pattern nearby with transverse wavenumber ky~ 0 with
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Oblique Stripes
ut = �(1 +�)2u+ µ(x� ct)u� u3, (x, y) 2 R2, t 2 R,
µ(⇠) = �µ0 sgn(⇠).

Oblique stripesParallel stripes

x� ct ? 0

µ ⌘ µ0 up(kxx; kx), up(✓; kx) = up(✓ + 2⇡; kx)

kx(ky) = k⇤x + d k2y +O(k4y)

kx

ky

“Angle-selection”

up(kxx+ kyy; |k|), |k|2 = k2x + k2y

utr*

[RG, Scheel; to appear]

Note: no onset condition required.



Functional analytic approach

• Look for solutions 

• Core/Far-field decomposition 

• Insert into equation, obtain nonlinear operator, want to perturb from   

• Use exponential weights to recover Fredholm properties 

• Use preconditioning Fourier multiplier to regularized the singular limit ky ->0.

⌧

⇠

�

⇠

|w|

u = u(kx(x� ct), kyy � !t) =: u(⇣, ⌧)

0 = �(1 + (kx@⇣)
2 + (ky@⌧ )

2)2u+ µ(⇣)u� u3 + cu⇣ + !u⌧ (⇣, ⌧) 2 R⇥ T

u = w(⇣, ⌧) + u⇤
tr(⇣, ⌧ ;k

⇤) + �(⇣)[up(⇣ + ⌧ ; |k|)� up(⇣ + ⌧ ; k⇤x)],

(w, kx, ky) = (0, k⇤x, 0)



• What orientations and wavenumbers of stripes, parameterized by k= (kx,ky) can be selected 
by a quenching interface for each speed c?

“Moduli” spaces - numerical continuation

Each point on surfaces represents a striped pattern

t=500,  c =2

-100 -50 0 50
x

8π

4π

0

4π

8π

y

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8
t=500,  c =2.5

-100 -50 0 50
x

8π

4π

0

4π

8π

y

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

t=500,  c =0.5
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“Moduli” spaces - progress

[RG,Scheel ’14, ’18]

[RG, et. al. ’16] 
[Beekie et. al. ’17]

[Weinburd, 
Scheel ’17] 
[Morrissey, 
Scheel ‘15]

[Monteiro, Scheel, ’16,’17]

[RG,Scheel ’14]

Compares well with linear predictions (pulled 
fronts) at cinv(ky)

Rigorous results

Formal predictions or results in other systems



Other interesting topics
• Other systems: Reaction-Diffusion, Cahn-Hilliard, etc… 

• Stability of these patterns 

• Modulational equations/dynamics 

• Other types of patterns: hexagons, zig-zags, non-planar interfaces

Reaction-Diffusion



Summary
• Growth/quenching mechanisms are an interesting way to mediate patterns in nature 

• Mathematics can help: 

• Dynamical systems theory (center-manifold, heteroclinic bifurcation theory, Melnikov 
integrals) gives powerful tools to illuminate the underlying structure/mechanisms of 
pattern formation in these models 

• There is much more to be done, using a variety of tools and approaches: 

• Rigorous theorems 

• Formal asymptotics 

• Numerical continuation 



Thanks!
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