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Introduction①

It is well known that if

I is a finite index set.

For all i ∈ I, ϕi : Rd → Rd is contractive and similitude
(i.e. ∃ri ∈ (0, 1) s.t. ∀x, y ∈ Rd, |ϕi(x)− ϕi(y)| = ri|x− y| ).
S := {ϕi : Rd → Rd|i ∈ I} satisfies Open Set Condition
(i.e. ∃U ⊂ Rd : open s.t.
∀i, j ∈ I (i ̸= j), ϕi(U) ⊂ U and ϕi(U) ∩ ϕj(U) = ∅).

then,
∃1K ⊂ Rd : non-empty compact s.t. K =

∪
i∈I

ϕi(K).

The Hausdorff dimension of K is the unique t ≥ 0 satisfying∑
i∈I

rti = 1.

Both the Hausdorff measure of K and the packing measure of K is
positive and finite.
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Introduction②

But, recently D. Mauldin and M. Urbanski studied “limit sets of
conformal iterated function system (for short, CIFS) with infinitely
many mappings”.

And, they introduced an example of CIFS with “strange properties”
(the Hausdorff measure of the limit set is zero)

( D. Mauldin, M. Urbański (1996) ).

In this talk, we introduce “a family of CIFSs with infinitely many
mappings related to complex continued fractions”.

The limit set of each system in the family also has the strange
properties and the Hausdorff dimension of the limit set is real analytic
and subharmonic function of the parameter.
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Notation

Let X be a non-empty compact subset of Rd.
Let I be an at most countable index set and we set
S := {ϕi : X → X|i ∈ I}.

we set I∗ :=
∪∞

n=1 I
n.

For each w = w1w2w3 · · · ∈ I∞(= IN) and n ∈ N,
we set w|n := w1 · · ·wn.

For each n ∈ N≥1 and w = w1w2 · · ·wn ∈ In, we set
ϕw := ϕw1 ◦ ϕw2 ◦ · · · ◦ ϕwn .

If ϕ : X → X is differentiable, |ϕ′(x)| denotes the norm of the
derivative of ϕ at x ∈ X with respect to the Euclidean metric on Rd
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IFS S and limit set J

Definition 1

Let X ⊂ Rd be non-empty and compact.
We say that S := {ϕi : X → X : injective |i ∈ I} is an iterated function
system (for short, IFS) if there exists c ∈ (0, 1) such that, for all i ∈ I and
for all x, y ∈ X, |ϕi(x)− ϕi(y)| ≤ c|x− y|.

Using the property of IFS, we can define the limit set of IFS.

Definition 2

Let S be a IFS. The limit set of S is defined by

J :=
∪

w∈I∞

∩
n∈N

ϕw|n(X).

J =
∪
i∈I

ϕi(J). But, in general, J is not compact.
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Definition of CIFS

Definition 3

Let X ⊂ Rd be non-empty, compact and connected. Let I be at most
countable (|I| ≥ 2). An IFS S is called a conformal iterated function
system (for short, CIFS) if S satisfies the following conditions.

1 Confomality : there exist ϵ > 0 and V ⊂ Rd open and connected
such that X ⊂ V and, for each i ∈ I, ϕi extends to C1+ϵdiffeo. on V
and is conformal on V .

2 Open Set Condition (OSC): For all i, j ∈ I (i ̸= j),
ϕi(Int(X)) ⊂ Int(X) and ϕi(Int(X)) ∩ ϕj(Int(X)) = ∅.

3 Bounded Distortion Property (BDP): there exists K ≥ 1 such
that, for all x, y ∈ V and for all w ∈ I∗, |ϕ′

w(x)| ≤ K · |ϕ′
w(y)|.

4 Cone Condition : for all x ∈ ∂X, there exists Con(x, u, α): open
cone with a vertex x, a direction u, an altitude|u| and an angle α
such that Con(x, u, α) ⊂ Int(X).

Kanji INUI (Kyoto University) CIFS of complex continued fractions 29 June 2018 7 / 15



IFS S and limit set J

Definition 1

Let X be non-empty compact metric space.
We say that S := {ϕi : X → X : injective |i ∈ I} is an iterated function
system (for short, IFS) if there exists c ∈ (0, 1) such that, for all i ∈ I and
for all x, y ∈ X, |ϕi(x)− ϕi(y)| ≤ c|x− y|.

Using the property of IFS, we can define the limit set of IFS.

Definition 2

Let S be a IFS. The limit set of S is defined by

J :=
∪

w∈I∞

∩
n∈N

ϕw|n(X).

J =
∪
i∈I

ϕi(J). But, in general, J is not compact

Kanji INUI (Kyoto University) CIFS of complex continued fractions 29 June 2018 3 / 15



Definition of CIFS

Definition 3

Let X ⊂ Rd be non-empty, compact and connected. Let I be at most
countable (|I| ≥ 2). An IFS S is called a conformal iterated function
system (for short, CIFS) if S satisfies the following conditions.

1 Confomality : there exist ϵ > 0 and V ⊂ Rd open and connected
such that X ⊂ V and, for each i ∈ I, ϕi extends to C1+ϵdiffeo. on V
and is conformal on V .

2 Open Set Condition (OSC): For all i, j ∈ I (i ̸= j),
ϕi(Int(X)) ⊂ Int(X) and ϕi(Int(X)) ∩ ϕj(Int(X)) = ∅.

3 Bounded Distortion Property (BDP): there exists K ≥ 1 such
that, for all x, y ∈ V and for all w ∈ I∗, |ϕ′

w(x)| ≤ K · |ϕ′
w(y)|.

4 Cone Condition : for all x ∈ ∂X, there exists Con(x, u, α): open
cone with a vertex x, a direction u, an altitude|u| and an angle α
such that Con(x, u, α) ⊂ Int(X).

Kanji INUI (Kyoto University) CIFS of complex continued fractions 29 June 2018 7 / 15



Pressure functions

Definition 4

Let S be a CIFS. The pressure function of S is defined by

P (t) := lim
n→∞

1

n
log

∑
w∈In

||ϕ′
w||t ∈ (−∞,∞] (t ≥ 0),

where ||ϕ′
w|| := sup

x∈X
sup

h∈Rd,|h|=1

|ϕ′
w(x)h|.

P (0) = log |I|.
If ∃t0 ≥ 0 s.t. P (t0) < ∞, then ∀t ≥ t0 P (t) < ∞.

P is strictly decreasing and continuous on {t ≥ 0|P (t) < ∞}.
limt→∞ P (t) = −∞.
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Graph of pressure functions

log |I|P

t

Figure: if |I| is finite.

∞
P

t

Figure: if |I| is infinite.

In addition,

If ϕi is similitude, P (t) = log
∑

i∈I r
t
i , ( ri is similitude ratio of ϕi).
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Known results ①

Theorem (D. Mauldin, M. Urbański 1996)

Let S be a CIFS and let J be the limit set of S. Then,

if there exists t ≥ 0 s.t. P (t) = 0, then dimH(J) = t.

In general, dimH(J) = inf{t ≥ 0| P (t) < 0}.
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Known results ②

We set X := {z ∈ C||z − 1/2| ≤ 1/2}.
We denote by Hs the s-dimensional Hausdorff measure.

We denote by Ps the s-dimensional packing measure.

Theorem (D. Mauldin, M. Urbański 1996)

Let S be an IFS on X defined by
S := {ϕ(a,b)(z) := 1/(z + a+ bi)|(a, b) ∈ N× Z}.
Let J be the limit set of S and h be the Hausdorff dimension of J . Then,
we have 1 < h < 2.

Theorem (D. Mauldin, M. Urbański 1996)

Let S := {ϕ(a,b)(z) := 1/(z + a+ bi)|(a, b) ∈ N× Z} on X.
Let J be the limit set of S and h be the Hausdorff dimension of J . Then,
we have Hh(J) = 0 and Ph(J) > 0.
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Family of IFSs of generalized complex continued fractions

We set A1 := {τ = u+ iv ∈ C | u ≥ 0, v ≥ 1} (parameter space).

And, we set X := {z ∈ C||z − 1/2| ≤ 1/2} and I := N2.

Definition 5

For all τ ∈ A1,
we set Sτ := {ϕ(a,b)(z) := 1/(z + a+ bτ)|(a, b) ∈ I} on X.

{Sτ}τ∈A1 is called the family of IFSs of generalized complex
continued fractions.

Proposition 6

We have that {Sτ}τ∈A1 is an “analytic” family of CIFSs with “good
properties”.

We denote by Jτ the limit set of Sτ (τ ∈ A1).

We denote by hτ the Hausdorff dimension of Jτ (τ ∈ A1).
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Main results①

We denote by Jτ the limit set of Sτ (τ ∈ A1).

We denote by hτ the Hausdorff dimension of Jτ (τ ∈ A1).

Theorem A

Let {Sτ}τ∈A1 be the family of IFSs of generalized complex continued
fractions. Then, we have the followings.

For all τ ∈ A1, 1 < hτ < 2.

lim
τ→∞,τ∈A1

hτ = 1

(i.e. for all ϵ > 0, there exists M > 0 such that, for all τ ∈ A1 with
|τ | ≥ M , we have |hτ − 1| < ϵ).

τ 7→ hτ is continuous on A1

and τ 7→ hτ is real-analytic and subharmonic on Int(A1).

⇝we have max{hτ |τ ∈ A1} = max{hτ |τ ∈ ∂A1}.
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Main results②

We denote by Jτ the limit set of Sτ (τ ∈ A1).

We denote by hτ the Hausdorff dimension of Jτ (τ ∈ A1).

We denote by Hs the s-dimensional Hausdorff measure.

We denote by Ps the s-dimensional packing measure.

Theorem B

Let {Sτ}τ∈A1 be the family of IFSs of generalized complex continued
fractions. Then, we have the following.

For all τ ∈ A1, Hhτ (Jτ ) = 0 and Phτ (Jτ ) > 0.
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Main results②
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Future works and reference

Future work

Generalization of these CIFSs ( or families of CIFSs ).
⇝ Conformal graph directed markov system.

Are there any other example with some strange properties?
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