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The n-huge cardinals were given cursory treatment in [SRK], and this paper is
a brief venture into their further study. Specifically, Vopgnka's Principle,
which is also discussed in [SRK] and can be construed as a universal-algebraic
principle, is generalized in direct analogy to Baumgartner's n-subtle and n-inef-
fable cardinals to yield new principles which cascade up aldngside the n-huge
cardinals. That Baumgartner's work 1ifts so neatly into a context of elementary
embeddings is quite interesting. [t should be mentioned that the direct w-ary
analogues of both his generalized ineffability concepts and the principles to be
discussed in this paper are refuted in ZFC for similar reasons: roughly, the
Axiom of Choice imposes a structural restriction on the universe by disallowing

infinite exponent partition relations.

The results of this paper are indeed to be theorems of ZFC, although some
initial discussion of the background material is better carried out formally in
Kelley-Morse set theory. In general, the letters «,B,v,... denote ordinals
whereas «x,A,U,... are reserved for cardinals. Vﬁ denotes the collection of sets
of rank <a . By Jj : V-=M is meant an elementary embedding of the set theore-
tical universe into some inner model M . All elementary embeddings will be non-
trivial (i.e. will shift some ordinal), and in the context of a fixed embedding j,

<0 denotes the critical point (i.e. the least ordinal moved); for each integer n

“n+1

= j(mn) whenever defined; and « = sup{ «_ | newld

In the paper [SRK] we discuss several strong properties of large cardinal
character formulated via elementary embeddings. Various natural motivating ideas
are involved, and as a result a satisfying picture is presented of a superstruc-
ture of stronger and stronger principles over ZFC, ultimately delimited by a well-
known result of Kunen. Kunen[K]]established that whenever j : V -+ M , there is
an X g_xw so that X & M . In particular, there is no j : ¥V >V . Define ¥
to be n-huge iff there isa j: VM with critical point « , so that nH-g;M,
i.e. M is closed under arbitrary sequences of length Ko Thus, « is measura-
ble iff « is 0O-huge, and the main interest lies in the cases n > 0 . The
n-huge cardinals form into a hierarchy of weaker principles approaching Kunen's

result, but not yet known to be refutable in ZFC . They are consistency~wise

L

“This was not the topic of the author's talk at the conference.

R RS,



much stronger than supercompactness {see [SRK]), and can be considered its gener-
alizations through the imposition of stronger closure conditions on the range
inner models of elementary embeddings. I-huge cardinals have already been used to
establish the consistency of interesting set thecoretical phenomena: (a) the
existence of a non-trivial wy-saturated ideal over w;(Kunen[K2], Laver has ampli-
fications); and (b) the G.C.H. holding below W, yet failing there (Magidor
[M]). With so little experience invoiving the n-huge cardinals (especially for

n > 1), one should perhaps be duly cautious about asserting their consistency; but
at any rate, it would seem that if they are inconsistenct, an entirely new argu-
ment beyond Kunen's is needed to show this. It is to be pointed out that n-huge-
ness is equivalent to the existence of an ultrafilter of a certain kind, and thus
can be reduced formally to an existential statement in ZFC . indeed, the methods
of [SRK] easily establish that such an ultrafilter can be retreived from an ele-

mentary embedding of a sufficiently large initial portion of the universe:

Lemma 1: |If there is a j : Va > VB with critical point «k so that K < a,

then k 1is n-huge.

Llet us now turn to the other thematic source for the present paper. The sub-
tle and ineffable cardinals were first isolated in the context of Jensen's work on
the Generalized Kurepa's Hypothesis in L . Baumgartner[B] formulated the follow-

ing generalizations: For any positive integer n, « s n-subtle (respectively,

n-ineffable) whenever < 551---Bn | By Bena® 3 <« > is such that Sﬁl---ﬁqg; B1,
then for every closed unbounded C C x , there isa YgC so that iY[ = n4i

(respectively, stationary in « ) so that given any ap <...< @, in ¥,

g =agMS . (Actually, Baumgartner's original definitions were
ag...u v o

| 1o
s!Ightl: ;ifferent, but a?e equivalent to the ones given; this is made explicit in
4.2 of [B] for subtlety, and the argument for n-ineffability is similar.) The
subtle cardinals are just the 1-subtle cardinals, and the ineffable cardinals, the
1-ineffable cardinals. All these various cardinals are inaccessible, but compa~
tible with V = L .
Let us temporarily indicate by « o (l)g the proposition that whenever

£ 2 [r:]n + § , there is a stationary subset S of A of order type X% so that S
is homogeneous fog f, i.e. |f[S1"] = 1 . Kunen established that K is ineffa-
ble iff « a3 (k)5 . It is weli-known that, deieting *, « - (), is a charac-
teri;;;ion of weak compactness, and that it implies the ostensibly stronger
principle : for every n € w and & <k, £ = (K)g .  Baumgartner showed that
k is n-ineffable iff « <3 (K)Q+] : that the n-ineffable cardinals below an n+i-
subtle cardinal k form a stationary subset of «x ; and hencer in contrast to
the weak compactness case, that « in (ﬂ)g does not imply « =5 (K)gH

In his further- rural study, Baumgartner goes on to show in a naturai



way that subtlety rather than ineffability seems to be the proper generalization

of inaccessibility. Recent results of Stavi also support this view.

Let us immediately proceed to some definitions. Throughout, ¢ is to be an

inaccessible cardinal, so Vr models ZFC .

Definition: A sequence < Mu | @ < x » of structures is called natural iff

each M = vf(a) » €, {a}, Ra > , where Ragg Jf(a) , and a < B <k implies
a < fla) j_f(B) £ K §

Through coding, we will also construe as natural those sequences where the
Ru is replaced by a finite number of relations. The specification of {a} in Mq
insures that whenever a < g and j : M& +—MB is elementary, | moves some ordi-
nal, since j(a) = 8 . In what follows, among all sequences < Mu | o <k > of
structures of the same similarity type so that each Ma £ VK , only the natural
sequences are considered, to give more definite form to the discussion; however,
it will be clear that this restriction is not an essential one. As in [B] and §6

of [SRK] a large cardinal property is defined not only for cardinals, but for
subsets of a cardinal generally:

Definitions: If n is a positive integer and X C k , X is Vop&nka-n-
subtle (respectively, Vopénka-n-ineffable) iff whenever < Ma |l a < x> is a

natural sequence, there is a Y C X so that |Y| = n+l (respectively, Y is sta-
tionary in k) and given any og <...< o in ¥ , there is an elementary embedding

j+M > M so that ap is the critical point and j(a,) = «, for every
o o i P+1

n-1 n
i<n.,

An initial comment is that this definition is already a self-refinement, that

the concept remains unchanged if '] : Mu > Ma ' is replaced by "j : MT + MG
n-1 n

for some y < & <« " : If the given sequence <M | @ < k> is such that Ma =

{ » _ define an auxillary sequence < ¥ | a <« > b N =
*Vglaj » &5 B0l By > s te ' ; o ! Y, -

{a} s> . Then if j : N - N, is such that
¥ Vf{a)+w' e, fak , Ry < Mg | #< a o y ¢
ag s the critical point with j(ai) =y for i <n, then J‘Mu | X 1 e
n- n-

MB has these same properties.
P 1t is clear that in the terminology of [SRK], « is Vop&nka-l-subtle iff

V | Vopenka's Principle, and that an X C « s Vopenka-1-subtle iff « = X s
n;t enforceable. Hence, these concepts can be considered generalizations, in
analogy to the n-subtle and n-ineffable cardinals. There is also a medium notion
of n-almost ineffablility which can be appropriately cast Into the present context.

A technical remark may be in order here: For n-ineffability, the stationary



C K could be required to have the property that whenever £, <...< Bn and
e < B in Y with < B, , then S =g, N .
1 < Bn all in ith B < B) en 51"'ﬁn B4 SB;---EH No such

freedom is possible in the present context. For n = 2 for instance, if

Y
B

By < él < By = Bz , then to require Mﬁg > Mﬁz with critical point B8; , i(gy) =

ﬁl , and 1(By) = éz would be impossible: The least fixed point above B; for
suchan i is n=sup{ i"(B;) | new}, but i(By) = By = B, implies that

n < By . Weare thus in a situation where n corresponds exactly to K, as in
the introduction, and Kunen's argument can be used to derive a contradiction.

The following development owes an obvious debt to [B] .

Definitions: For each n > 0,
K, # { Xc« | «-X is not Vop&nka-n-subtle } , and
G ={XCx | x-X isnot Vopénka-n-ineffable } .

These are filters which are naturally related to the introduced concepts
E} is improper, i.e. # ¢ Fn , iff k is not Vop&nka-n-subtle, and similarly for

Gn . In any case, if we admit improper filters, the following is always true:

Theorem 2: For each positive n , both Fn and Gn are norma! k-complete
filters over «. (Hence, Fn and Gn contain all closed unbounded subsets of x.)}

Proof: The last remark follows simply from the fact that a clesed unbounded
subset of k is in every normal filter over k . For definiteness, let us con-
sider Fn ; the argument for Gn is entirely similar. It suffices to show that
if { XY | vy <k} C F_, then the diagonal intersection Y= { § <x | vy <8
implies & ¢ XY } e Fo- (This in part would also establish x-completeness.)

Assume to the contrary that Y ¢ F . Thus, & =Y is VopEnka-n-subtle. Fix a

function F : (k- Y) =« so that F(8) <& and & ¢ XF(&)‘ For each =+ < x ,

since KY £ Fn , choose a natural sequence < E: | @« < x > so that : whenever
ag <...< Q. and there is a j : M; > MI with critical point ap and j{a,) =
n-1 n L
iy for i <n, then {ag,..., an} ¢ XY
Now define a natural sequence < i | @ < x > by
N =<V e, {ay , <M | y<a>, Flla-Y)>
o g(&3+m ? ] ’ g E | *
where Vg(a) is the union of the domains of Mi for y < a . Since by assump-
tion k - Y is Vopeénka-n-subtle, let g <...< o in « =¥ so that there is
i Tan + N with critical point a5 and j(a.) = a, for i <n
a1 a i i+]

Using F , we have that if p = F(ag) < ap , then Floy) = F(j(ag)) = j(Flag)) =

F(ae) =p, as ag was the first ordinal moved. One can now inductively proceed

to show that F(ai) =p for each 1 <n . Thus, fag,...,a }<C k- X yet
j|M§ : Mi > Mi is clearly elementary, a contradiction. {

n-1 n-1 n



The next several theorems connect the new concepts with the old.

Theorem 3: For any n >0, { a <« | ais (n-i)-huge } ¢ B o

Proof: This is immediate: Let Hn ={ a<x | ais (n=1)-huge } . If to

the contrary Hn ¢ Fn , then x = Hn would be Vop&nka-n-subtie. Letting M =

1

< Va+m , € 5 {a} > for « < x , there must be op <...< e inox - Hn so that

there is a J : M > M  with critical point oy and jla,) = a, for i< n.
A a i i+l

However, by Lemma 1 this implies that ag s (n-1)-huge, a contradiction. 4

Concerning the above for the case n = 1, the main thrust of §6 of [SRK]
was to prove something much stronger in the context of that paper:

{a<xk | v, E o is extendible } e Fy

Theorem 4: 1If « is Vop&nka-n-subtle {respectively, Vop&nka-n-ineffable),
then « is n-subtle (respectively, n-ineffable).

Proof: Assume « is Vop&nka-n-subtle; the ineffable case is similar. Given

e < § €y i <k > so that § d a closed
a sequenc TS | &1 B, < K t s sh, c B; an 2
unbounded C C x , we must find u«p <...< a_ so that 3 = 09 S .
- n Go...t';n_l (J‘.l...ﬂ‘f.n
To this end, let M& = < Vu+w , £ @} ; < 851"'ﬁn [ 81<...<5n Su>> .
Then < M | @ < x > is natural, so by hypothesis and Theorem 2, let ag <...< &
in C so that there is a |} : Ma -+ MO with critical point ag and j(ui) =
n-1 n
. . for i <n . Thus J(S ) =S . Also since § C dgs
i+] AgeeO ayeooo Ageest
a standard argument shows that j(S JNag =S . Hence,
Upseooe %) dg...dn_l
S = agM S , which was to be proved. %
CTRRRL Gpe.-Q

The following subsumes A5 in 58 of [SRK] .

Theorem 5: If n >0 and x is n-huge, then there is a normal ultrafilter

U over « so that whenever < Ma | @< k > is a natural sequence, there is an

X e U so that for any ap <...< o in X there is a j : Mu oL with criti-
n-1 n

cal point «p and j(ai) =a,, for 1 <n. In particular, x s Vop&nka-n-

ineffable.

Proof: The proof works by a sort of unravelling; we take the case n = 2
for notational definiteness, though the proof is completely general. Thus, let

j: VoM withcritical point « so that K2y C M. Define U by:

XelU iff Xce & e j(X) .

Standard arguments show that U is a normal ultrafilter over «

Now let < M | @ < « > be a natural sequence. For a < B <«x, define

X ={y<x  ereisan i : M, »M withcritical point o, i(a) = B, and
af g Y



i(B) =y} , and Ya {8 | X _eU} . Finally, set:

aB
k
<Mﬂ 1 a <Ky > = ji< Mu ! a < g >)
%k . .
<M | a<ky > = J%< M| a<x>)
o a
Tk .
< MC!'. | a <Ky > = i3(< M(‘}, I a < g >)
< X;B | a < B <ky> = j(< XGB | a < B <k )

Yu|(3<r:>)

il
| I
—
Fal

%
<Y | a < Ky >
o

Claim: T={a <« | Y, evU }elU.

Firstly, note that for a < B < k , we have xuﬁ e U iff ke j(XaB) iff

M E "there is an {1 : M; > M: with critical point a , i{a) =8, and i(B) = "
%

iff there is an | : MB - MK with critical point o , i{a) =B , and i(R) =« .

(This last equivalence follows since M; = MB for 8 <x , and such an i is

just a set (of ordered pairs of elements in M) of cardinality < x < kp , and

thus would exist in M just in case it (really) exists.) Hence, by elementarity,
for o < B < k;, we have sz e j(U) iff there is an i : ME # M:? with
critical point o, i(a) =8, and i(B) = «; . (Again, an absoluteness remark
applies here, since such an | has cardinality < k; .)

Secondly, note that it follows for « < x , that Yu e U iff ke

ot
F

j)
XzK e j(U) iff there isan i : M: +—Mil with critical point R ila) =k,
and i(k) = x; . Hence, by elementarity, for « <k, we have Y; e ju) iff
there is an | : Mit »—ME:* with critical point a , i(a) = k; , and i(ky) = g .
(Once again, an absoluteness remark applies.)

s b
wal

Finally, TeU iff xe j(T) iff v; e j(U) iff there isan i :M

ok L B “1

M with critical point « , i{k) = k; , and i(ky) = ky . But there is such
2 *k

an i, to wit j!Mrl . Thus, the claim is proved.

The normality of U 1is now applied twice. For any o e T , since YG =
{8 Xog € U} eU, the diagonal intersection Y = {y e ¥ | B<y & 8¢ Y,
implies v ¢ XGB } € U . Again by normality, it follows that

T={BeT|]a<p & necTimlies B¢ L Le ¥ .

But now we are done, since if apg < a; < ap in T, then ay ¢ ?ﬂo and a; € Y&G
so that ap € X by definition, i.e. there is an i : ¥ =+ M with critical
g2} &1 2
point ag, i(eg) = o , and i(e) = ay . 4

The next technical theorem is similar to 4.1 of [B] .

Theorem 6: Suppose X < x is Vop®nka-n-subtle, < M& | « < k » a natural
sequence, and Y = { u ¢ X | there is a normal ultrafilter U, over a and an X

e U so that whenever cg <...<a in Xa , there isa j: M M with
o 4



critical point ag and j(ai) = i for i <n Y. Then X - Y is not
VopEnka-n-subtle.

Proof: Assume to the contrary that X - Y 1is Vop&nka-n-subtle. Define
e, {a} , <M, |Bsa>, (<N

<H |a<k> by N = B < a>}>,

“Ve(a)to ? : B |
where Vf(a) is the domain of M& . Then by Vop¥nka-n-subtlety, there are

. - = . _ ’; ‘ﬁ' - - ) " ,
ag <...<a in X=-Y and a j : Mﬁ Iu with critical peint «of and
n-1 n
» - & < .
J(ai) LI for i <n

We are now in an analogous position to that of Theorem 5, and can conclude
the proof by showing that ag € Y , yielding a contradiction. The main features
for the reduction to the proof of Theorem 5 for the illustrative case n = 2 are
as follows:

(1) Let @ correspond to «; for i <2, and define U, XuB, Y,, and T as
before.

(ii) Get the characterizations of membership of these sets in U in terms of
the existence of embeddings. A crucial point is that if j{< | o <ay ») =
< Mz I o < ag > ,*then by elementarity on the last, singleton component of the
Na's we have < M; | a K@y >= < M{_t l @ < ay >, so that "starring" the natural
sequence is not necessary. Also, the absoluteness considerations about the
various embeddings 1 still apply.

(iii) Conclude that T ¢ U and as before, complete the proof with two appli-

A

cations of normality. 4

For the notion of a In-indescribable cardinal, see Lévy[L] . Again follow-

ing [B], let us call an X C x IR-indescribable iff whenever RCV _, ¢ is
n , and < VK : B RB |== ¢ , then there is an 8 ¢ X so that <V, 6, ¢, RIW >

¢ . Lévy showed that for each m,n > 0,

0 . . .
Hi={Xcx ]| x=X is not fin-indescribable }

; ] ) . . m
is a normal k-complete filter over « (improper just in case k is not lin-
indescribable). The next corollary is the exact analogue of 7.2 in {81, and the
proof is essentially unchanged;two filters are said to be coherent if the filter

generated by their union is a (proper) filter.

Corollary 7: For any n >0, « is Vop¥nka-n-ineffable iff H} and P
are coherent.

Proof: If «k is Vop&nka-n-ineffable, then Gn is a (proper) filter
extending Fn . Also, it is well known that if Y c « is n-ineffable, then Y
is Tl-indescribable (see 7.1 of [B]) . Suppose now that X C k is in Hy, i.e.
« = X is not Tb-indescribable . Then k = X 1is not n-ineffable, and by the
relativized version of Theorem 4, «k = X is not VopEnka-n-ineffable . Hence,

X e G . Thus % and F_ are coherent, both being extended by ¢ .



For the converse, first note that « is both Vop&nka-n-subtle and nb—
indescribable, else either Hﬁ or Fn would already be improper and hence they
would be incoherent. Assume now that < M, | @ < x > js a natural sequence.
Then since K is VopEnka=-n=subtle, it follows easily from Theorem 6 that Y =

{ a <k | @ is inaccessible and there is a set X_  stationary in ¢ so that

a
whenever @p <,..< Gn in Xu , there is a J : MG | > Mﬁ with critical point
n- n
2y and j(ai) By for 1 <nl} is a member of Fn i
By the assumption of coherence, we must have that Y s Hﬁ-indescribable.
Let ¢ be : vX3C(whenever oy <...< @ in X, thereisa j : ¥ M
) o
n-1 n
with critical point ag and j(ai) = for | <n, then C is closed

unbounded and CNX =@ ). Clearly, ¢ is 13 in < M& | « <« >, and

< VK o B g 8 Mu | a <xk>>F ¢ iff < Ma | @ < x> is a counterexampie to the
Vopgnka-n-ineffability of « . HNow if Ma = g Uf(a) ,eas > for o < x , then
D={a <k | fia > a } is closed unbounded in « , as ¥ is inaccessible,
Hence, D € Hb, so that YN D 1is still a TN}-indescribable subset of «

But if < UK s & y B Mﬂ | @ <« «>> F ¢, there must bea B e YND so that

< UB o B oy Mq i a <k >N UB » F= $ . As B e D, < Mu ! a < K > f1V8 =

< Mu | @ < 8 >, thus contradicting the existence of the stationary )((1 . Hence,
< VK ; € 5 < Ma | o< K > > !ﬂ 2 . Since < Mq I 6 < v > was arbitrary, it
follows that «x is Vop&nka-n-ineffable, -

The paper is now concluded with some observations which first motivated it.

The very strong principle '"‘there is a j : me + V“w“’ though very close to the
proposition proved inconsistent by Kunen, has thus far evaded all attempts to
prove its inconsistency. With kg the critical point of j and U the normal
ultrafilter over kg corresponding to j as in Theorem 5, the proof of that
theorem indicates that whenever n <m < w , Hn g;tingg U . In fact, by taking
a countable intersection, we have that: whenever < Mu l a < Kk > is a natural
sequence, there is an S ¢ U so that for any n and «g <...< o in S, there
isa J: M“n-l > Man with critical point o, and j(ui] =%y for 1 <n

We can appropriately abstract this property and call a cardinale VopZnka-Ramsey

iff the above property holds for « with ™S ¢ [/'' replaced by 'S is statienary
in k", Then a Vopé&nka-Ramsey cardinal would in particular be Ramsey, and we

have the version of Ramseyness appropriate for the present context. The author
has so far been unsuccessful in pushing these methods far enough to show the

inconsistency of such w-ary properties with ZFC
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