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DIAMONDS, LARGE CARDINALS, AND ULTRAFILTERS*

Ak Lhino Kanamori

That Jensen's Diamond Principle can be decided by sufficiently strong
large cardinal hypotheses has been known for quite some time. Here, we pro-
vide a Teisurely discussion of the results and questions concerning this gen-
eral theme, with particular focus on a strong variant of Diamond and ultra-
filters over a measurable cardinal.

Henceforth, we will denote by « a regular uncountable cardinal, and by
E a stationary subset of x consisting of 1imit ordinals. Diamond gor E 1s:

OK(E} : There is a sequence (s |ecE), where s,Ca, such that:
for any XCk, {e€E| XNa=S,} is stationary in «.

OK is simply this principle where we take E=x. Jensen [Jen] established
that if v=1L, then OK (E) holds for every « and E; he first dsolated
these principles in his famous proof of the failure of Souslin's  Hypothesis
in L. These principles have turned out to be vef‘y convenient and useful for
consistency results, as they encapsulate in succinct form a significant as-
pect of constructibility. It is quite noteworthy that sufficiently strong
large cardinal axioms about some k, axioms antithetical to v=L1, also im-
ply OK , roughly because they impose a uniform superstructure on the power
set. (In what follows, we assume a familiarity with the basic facts about
the well-known large cardinal axioms; see [Jec] or [KM] for details.) Let us
take a look at the weakest natural such axiom, formulated by Jensen and Kunen
[JKI =

* This was requested, but not the topic of the author's talk at the confer—
ence.
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DEFINITION: « is subtfe iff whenever (s [a<k) with s,Ca and closed
unbounded cCx are given, there are o <@ both in ¢ such that SpNe = Sy

Subtlety is a natural weakening of the better known concept of ineffa-
bility, which figures prominently in the study of the Generalized Kurepa's
Hypothesis in L (see [Jen]). We provide the proof due to Kunen (see [JK])
of the next result for a later generalization:

PROPOSITION 1: I§ « 4is subtle, then OK_ holds .

Proof: Define (s ,c ) for limit ordinals a<k by induction as follows:
Suppose that we have already provided for «<g. If there is an SCB and a
closed unbounded C<f such that a€c implies SnNa # S, » et us call this
the nontrivial case and set (S, ,c.) = one such pair (5,c). Otherwise, set

g BB
sﬁ,::ﬁ? =(¢,8).

Let us now show that <Scx | a<k) verifies OK: Assume to the contrary
that there is an XCk and a closed unbounded cCk such that «€c implies
XNe #5 . Let € consist of the limit points of ¢. Notice that for any
BEC, a € cNP implies (XNB)Na = XNa # S,» so that the existence of the
pair (XNp,cNB’) insures that the nontrivial case of the definition oc-
curred at f. However, by subtlety, let « <@ both in C satisfy 5,3 Na =5
and Cs Na = C . (Both of these conditions can be met, by applying subtlety
to a closed unbounded subset of C consisting of ordinals closed under the
Godel pairing function.) The latter implies «€cC so that SgNe#S,, a
contradiction. e

It is well-known that « 1is measurable implies x 1is ineffable, which in
turn implies that « is subtle. Thus, all these hypotheses imply OK.

In the direction of weaker axioms, although the least subtle cardinal is
not weakly compact (since the subtlety of « has a Ht description over
(VK,E? ), it is known that there are many weakly compact cardinals below any
subtle cardinal. The following is a prominent open question in this area:

QUESTION 1: 1§ x 48 weakfy compact, does 0!‘c hotd?

It is likely that the answer .is.no, and efforts of Woodin have shown that it
is consistent to have a Mahlo cardinal k so that OK fails.

In the direction of stronger versions of OK , Baumgartner [B1] obser*ved
that the ineffability of « denies the principle now commonly known as OK
There is a sequence (S [a<k), where s CP(e) and Is | =lel, *such that
for any XSk, {«|XNa €5 } contains a closed unbounded set. 0:«: implies

0, and it is shown in [B1] that if V=L, then « is ineffable iff O
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fails. Thus, the ineffability of k makes a fine distinction between OK and
*

e
K

It is another direction of strengthening OK which s the main concern
of this article: We investigate the possibilities for OK (Cofi), where A<k
is regular and

cm’i= {e<k | cf(a) =2}.

[:of?:c is certainly a natural stationary set to consider, but the questions
raised seem to be complicated and difficult.

We first provide some correlating characterizations. By a Ladder &ystem
we mean an indexed set {t, | «€x} for some set X of limit ordinals such
that each t, 1s a cofinal subset of a of ordertype cf(a). Ladder systems
figure prominently in the study of weak versions of OK » for example in She-
lah [S]. The first part of the following is a well-known result from Ostas-
zewski [0].

PROPOSITION 2:

(a) 0 _(E) iff ™=« and PRINCIPLE PI: there is a Ladden system

{ta |« €E} such that for any unbounded XCk, there 44 an «€E  such
that t, XK.

(b) © (E) 446 0. and PRINCIPLE PZ: there is a Radden system {t, | acE}
such that for any stationary XCk, there is an «€E such that t, CX.

Proof: For (a), the forward direction is straightforward; it is well-known
that OK implies k=g . '

For the converse, let {ta | «€E} verify P1, and using «“=k, Tet
<T£] E€x) enumerate the bounded subsets of « so that each set occurs co-
finally often. Setting s = U{TE[ E€t } for a«€E, we show that

(s, | «€E) verifies 0 (E) :

Given any XCx and closed unbounded cCk, first define ordinals En
for n<k by induction as follows: With Ec for £<n already provided,

let v = sup ic » finda p>y such that pec, and finally let gn >p
<
such that T, =XNp. By Pl, there is an «€E such that tag{anl n<e}.
n

By construction, « = sup t, € C, and moreover S, = XNa .

For (b), the forward direction is again straightforward. For the con-
verse, let <SE| E<k} verify 0, and {t [a€E} verify P2. Setting
A, =U {S£| Efta} for a€E, we show that (a, |a€E) verifies OK (E)
Given any XCk and closed unbounded cCk, S = {£<k|xNE = S&:} is sta-
tionary, so §=5Sn¢ is also stationary. By P2, let « €E such that tagg.
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Then a€C, and moreover A, =XNa, o
The following seems unresolved:
QUESTION 2: Does P2 imply P1?

We next formulate an appropriate strengthening of subtlety for deriving
0 (E):

DEFINITION: « is E-subtle 4§ there is a ladder system {t |a€E} such
that whenever (S | £<k) with S£C£ and closed unbounded CCx are giv-
en, there are cx<B such that «<E, taU{ﬁ}gc, and 5JS NE = SE for
avery EEta.

This is not a very natural concept; rather, it should be regarded as the
appropriate hypothesis for generalizing Proposition 1:

PROPOSITION 3: If « 4s E-subtle, then OK(E) holds .

Proof: let {t [«€E} be as in the definition of E- subtle. We will define
sets <Sa,ca) for a<k by induction so that, setting 4 =u [SEJ E€t ]
for e€E, (A la€E)  will verify ¢ <(E) . Suppose that we have already
provided for rr<15' . If there is an SCB and a closed unbounded cCg such
that « € cNE implies sne #uU {s | E€t t=a , let us call this the non-
trhivial case, and set (s, ,cﬁ) such a pair (s,c). Otherwise, set <Sﬁ,cJS ) =
(.87 .

Let us now show that (a |e€E) verifies 0 E). Assume to the con-
trary that there is an XCk and closed unbounded CCk such that « € ¢NE
implies Xne = A, . Let T consist of the Timit points of c. Notice that
forany B€C, «€ (cNE)NE implies (XNB) Ne = xNe # A, SO that the
existence of the pair (XNB,cNBY dnsures that the nontrivial case of the
definition occurred at 8 . However, by E-subtlety et «<f with «cE ,

t, U{} T, and s ﬁ"'=5£ and C nEg _CE for every F,Et (Again,both
cf these conditions can be met by app1y1ng E-subtlety to a c‘losed unbounded
subset of C consisting of ordinals closed under the Godel pairing function.)
Thus, SgNe = U {S | E€t )= A, » but also the condition on the C; in-
sures that aEcﬁ . Th1s is a contradiction. a

Before proceeding further, we quickly recall the relevant notation and
concepts from the theory of ultrafilters over a measurable cardinal (see Ka-
namori ([Ka] for further details). By a «-ultragilter is meant a (nonprinci-
pal) x-complete ultrafilter over K, i.e. a witness to the measurability of
k. If U is such an ultrafilter, jU denotes the corresponding ultrapower
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embedding, and if f 1is a function with domain «x, then [1=]U denotes the
ultrapower equivalence class of f, and f,(U) ={x | fi(x)€vu}, a «k-ultra-
filter if f is not constant (mod U). id: Kk =k denotes the identity
functionon x; a k-ultrafilter U is nowmal £44 :’Td]U =k, i.e. the
identity map is the least nonconstant function (mod U). We henceforth denote
by C, the closed unbounded filter over k; it is well-known that a nor-
mal k-ultrafilter extends the filter Ce Moreover, for any k-ultrafilter U,
those functions f: x —= k such that f,(U) 1is a k-ultrafilter extending C.
are important in the structural study of the ultrapower of k via U: they
are the beginnings of the "skies". Finally, if U is any k-ultrafilter, then
in the inner model L([U], every x-ultrafilter has only a finite number of
skies and the set c_U{Cof,} cannot be extended to a k-ultrafilter. The
following result applies just beyond this minimal relative consistency:

PROPOSITION 4: 1§ X is negular, A<k, and C U{Cof.} can be extended
to a k-ulthafilten, then PRINCIPLE P3: There is a fadder system {t, | a<k
and cffe) =2} such that for any closed unbounded CCk, there is an &<k
with cfla) =X such that t CcC.

Proof: It was first shown by Ketonen [Ke] that if the hypothesis obtains,
then there is a k-ultrafilter U QCKU{CofE} for which moreover there is an
increasing sequence ([fE]U | £<x) cofinal in [id]U such that fg*(U)ch.

Hence, X = {a<x | sup fE(cx) =a} €U, and if we set ¥, = {fg(cr) | E<n}
<)

for «€Xx, then for any closed unbounded cCk, CE fE*(U) for each E<X,

so that {e€X| taEC} € U. Thus, P3 has been verified. m|

The following seem unresolved:
QUESTION 3: TDoes P3 imply P27

QUESTION 4: 1Is it consdistent fo have a measurabfe cardinal k at which P3
fails? )

Interestingly enough, P3 for «k =, is denied by the Proper Forcing
Axiom — see 3.4 of Baumgartner [B2].

The following result will show that a strengthening of the ultrafilter
hypothesis used within the proof of Proposition 4 (where we take all the
fg*(U}‘s to be the same normal ultrafilter N) will imply OK(Coft):

THEOREM 5: (i) — (i) — (ii1) — (iv), whexe:

(1) There is a nommal k-ultragilfter W and a Ladder system {r. | @<k and
cfla) =2} such that if we set fele) = Eth element of t ,  then
@ | e<x and X€N} s a k-complete {ilter base.
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(1) « 48 Cofs-subtle.

gama A

(i11) 0 (cof ) .

(iv) There i85 a Ladden system {ta | «<k and cf(a) =AY such that L4 we
set Fg(a)=£ th element of t,» then: whenever {Fgl E<A} ane
uniform k-complete 4iltens, then {f'(x)| E<A and xe€ Fg} 4 a

2
k-complete f{lLten base,

Proof: (i) — (ii). Suppose that E<k) with Sggi and closed un-
bounded cCk are given, If we set § = “SE | i<:c>}N > then by normality
Sg[id]N=x, and j (s) Nk =s. Thus, x=£g<K\5ﬂg=sg}6N, and
also by normality, CEN. By hypothesis, ¥ = Eﬁ FE‘ (XN¢) 1is nonempty, so
Tet « be a member. If B is any member of XNC above @, then clearly
taU{ﬁ}gC, and Sﬁ"“é',=5"7&',=5E

(1) — (ii1) s Proposition 3.

for every £€ t,

(iii) — (iv). By using a bijection: A xg < «, we can invoke OK(CoFi}
in the form: There is a sequence (a |a<k and cfle) =1) with A Cxa
such that: for any X CAxk, f{e<k|cfle)=A and XN Q xa) =%} is
stationary in k. Now, choose a ladder system {t, |[a<k and cfle) =2} in
such a way that the Eth of t, isin AN {€}xa 4§ this is possible.

To verify (iv), let {FE[ £<\} be as hypothesized. It suffices to es-
tabhsh that if XEEF’ for each £<x, then E o ‘ (X ) is nonempty. By
0 (Cof ) » S={a<k]| cfle) =2 and X nNna =Aarw!{g}><cc) for every £ <)}
15 statwnary. Also, cCc={a<k | cfle) =2 and there is a seguence
(s,(E) | £<x>  cofinal in « with S (E)EX } 1is unbounded and closed under
the taking of lenght X sequences. Thus, it 1s not hard to see that snc+#¢,

and if @ is in this set, then fE(aJEKg for every £<A. .

Although we have elaborated the proof, (i) — (1i1) should be accredited
to Kunen, and (iii) — (iv) to Solovay. Since (iv) — (i) when x is meas-

urable by taking the ¥ 's

£ to be a fixed normal ultrafilter, we have:

COROLLARY 6: 14 « s measuwrable, then (i) — (iv) are equévalent.

It is certainly consistent with the measurab1hty of « that 0 {EI holds
for every stationary EC«k, since this is so in Lul, where U is any k-
ultrafilter, by the usual constructibility argument. Also, it is consistent
with the supercompactness of that OK{E) holds for every stationary ECk by

standard arguments involving adding a Cohen subset of « through upward Easton
forcing.
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In the forcing construction of Gitik [G] starting from a measurable car-
dinal « such that o(k) =A%, it is true that whenever {U€| E<A} are k-ul-
trafilters, there is a k-ultrafilter v such that for every &<i, f_. (V) =
UE for some f£: Kk — & and moreover, ({fg]v[ E<\} s cofinal in [id]v.
Hence, 5(iv) holds in a strong sense.

Related to Question 3 is:

QESTION 4: 1s it comsistent to have a measwwable carndinal « such that
0_(Cofl)  gails for some A <k?

It is well-known that OK(Coft) implies that the filter generated by
N s . . .

CKLJ{COfK} is not 2°-saturated. Gitik has established that it 1is consis-

tent to have a measurable cardinal « at which the filter generated by

CKLJ[S} is K+—saturated, where S Q_Cofz for some A<k, but he could
not render S = Cofﬁ.
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