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0.1 Introduction

Consider the following decimal expansion:

¢ = ™10 = 262537412640768743.999999999999250072597 ...

Thus, £ is an integer to 12 decimal places. This is a very interesting re-
mark since we actually know that ¢ is a transcendental number, due to the
Gel’fond-Schneider theorem ( €™ is transcendental whenever « is algebraic
over Q of degree at least 2 ).

However, this is no curious coincidence. The fact that £ is so close to a
rational integer has a beautiful explanation that involves a deep theorem in
the theory of elliptic curves, namely the fact that the j-invariant of an ellip-
tic curve with complex multiplication by the field K is an algebraic integer
in this field.

Let K=Q(+/—163). As we will see ( section 1.2 ), given a quadratic
imaginary field K, there is an elliptic curve with complex multiplication by
K. In our case:

Fies : y? +y = o3 — 2174420z + 1234136692

In addition to this, it is a well known fact that Q(1/—163) is the “last”
quadratic imaginary field with class number 1, i.e. K is a P.I.D.. The theory
of complex multiplication ( Theorem 2.(c) ) tells us that j(FE163) satisfies
[Q(j(F163)) : Q] < hg = 1, therefore j(E143) € Q. And the strongest
statement ( Theorem 6 ) implies that j(Ei63) € Rr, where L=Q(j(FE)),
and, in our case L=Q, so R; = Z. Hence:

J(Ei63) € Z

Next, recall that for an elliptic curve E/C there is a lattice in C of the
form A =< 1,7 >, so that E/C = C/A. In our case,

14++v—1
Eig3/C=C/ <1, %63 >

Notice that j(E) has a g-expansion, depending on 7:
§(q) = 1/q + 744 + 196884q + 21493760¢> + ..., where q = e*™"

If we substitute 7 = Hv.-163 5163, then ¢ = —e ™V163 ~ —3.809-1071% is very

small. Thus, j(Eie3) ~ 1/q + 744, so 744 — j(E163) =~ —1/q = £ = €™V163
must be very close to be a rational integer.



1.1 Basic Definitions and Theorems

Definition 1. Let E be an elliptic curve. The endomorphism ring of £
1s the set:

End(E) = Hom(E,E) ={¢ : E—FE, morphisms.t.¢(0) =0}  (1.1)

The basic theory of complex multiplication tells us that End(E)®Q is
isomorphic to a quadratic imaginary field, and End(F) is an order in that
field.

Definition 2. If End(E)=R C C, and K = R®Q, then we say that the
elliptic curve E has complex multiplication by R ( or complex multiplication

by K ).

The following theorem plays a fundamental role in the theory of elliptic
curves.

Theorem 1. (Uniformization Theorem) Let E/C be an elliptic curve.
Then there exists a lattice A C C and an isomorphism:

¢ : C/A—E(C), ¢(2) = (p(z,A), ¢/ (2, 1)) (1.2)

Using the Uniformization theorem and the theory of complex multipli-
cation, it can be proved that for F/C isomorphic to C/A ( call it Ey ):

End(Ep)={acC : aACA} (1.3)

Next, we consider the set of all elliptic curves with a fixed endomorphism

ring.

Definition 3. ELL(R) __{Elliptic curves with End(E)~R}

{Isomorphism over C}

1.2 The group action induced by CL(R)

Let K be a quadratic imaginary field. Is there any elliptic curve E €
FELL(Rk)?. The answer is yes. For this, let 9 be a non-zero fractional ideal
of K, ¥ C K C C, in particular ¥ is a lattice in C. Moreover:

End(Ey) = {aeC:ad C9}
= {aecK:av C ¥}, sinced CK

= Rk, since 9 is fractional ideal.



Hence, Ey € ELL(Rxk). Since homothetic lattices give isomorphic ellip-
tic curves, it turns out that Fy = E)y for any non-zero A € C. Therefore it
is enough to look at equivalence classes of ideals, i.e. ¥ € CL(Rk). In other
words, there is a well defined map:

CL(Rx) — ELL(Rg) (1.4)

¥ — By
Furthermore, this induces a simply transitive action of CL(Rg) on ELL(Rk).

Proposition 1 (Simply transitive action). Let A be a lattice with Ep €
ELL(Rg), and let 9, 0 be non-zero fractional ideals of K.

(i) YA is a lattice in C;
(i) End(Eyp) = Rk ; o
(11i) Egp = Egp if and only if 9 = 0 in CL(Rk);

and this gives a well defined group action ¥ x Ex = Eg-1,. Moreover, this
action is simply transitive. In particular:

SELL(Rk) = 4CL(Ri) = hx (1.5)

Suppose E has complex multiplication, so End(E) is an order in C, thus,
there are two ways to embed it. So we must fix this embedding:

Lemma 1. Let F € ELL(Rk). There is a unique isomorphism
[[]: Rk — End(E)
such that [o]*w = aw, Yo € Rg, Yw € Qp.

From now on, always assume we are using this isomorphism.
Let E be an elliptic curve. For m € N, it is always possible to define the
torsion subgroup:
E[m]={P € E:[m]|P =0}

If £ has complex multiplication, there are other natural subgroups to look
at. Suppose E € ELL(Rk) and let ¥ be an integral ideal of Rx:

EW] ={P € E: [a]P = 0¥a € 0}



Moreover, if E(C) = C/A, then, by (1.3), Rk A = A, and since ¥ C Rk, we
have A C 9~'A. So there is a natural homomorphism:

C/A — C/97A

z — oz
which corresponds to a natural map:
Epn — 9% Ey (1.6)

Proposition 2. Let Ey € ELL(Rk), and let ¥ C Rk be an integral ideal.
Then:

(a) E[¥] = Ker(Eyn — 0 % Ey)
(b) E[V] is a free Ry /Y-module of rank 1.

1.3 j(E)eQ

Theorem 2.
(a) Let E/C be an elliptic curve, and let o : C — C be a field automor-
phism. Then, End(E° )~ End(E).

(b) If E € ELL(Rk) then j(E)c Q.

(¢) [QU(E)) : Q] < h.

Proof. (a) Let ¢ : E — E be an endomorphism of E. Since E? is defined
by letting o act on the coefficients of the Weierstrass equation for F, and
since ¢ is a morphism, we can define ¢? : E° — E? just by letting o act
on the coefficients of the defining equations for the morphism ¢. Then it is
trivial to check that the map:

End(E) — End(E?)
¢ — ¢
is an isomorphism.
(b) Let 0 €Aut(C). The j-invariant j(F) is given by a rational combina-

tion of the coefficients of F, and the Weierstrass equation of E? is given by
letting o act on the coefficients of the equation for E. Thus:

J(E?) = j(E)? (1.7)



By (a), we know that End(E°) = End(E) = Rk, so E? € ELL(Rk). Now,
Proposition 1 says that $#ELL(Rg) = $CL(Rk) = hg, in particular there
is a finite number of isomorphism classes of elliptic curves with complex
multiplication by K. Since the C-isomorphism class of an elliptic curve is
determined by its j-invariant, j(E)? can only take finitely many different
values as o ranges over Aut(C).

Hence [Q(j(E)) : Q] is finite ( < hg, which proves part (c) ), so j(E) is
an algebraic number over Q.

Q.ED.

1.4 Extension by torsion

First a technical lemma:

Lemma 2.

(i) Let E/C € ELL(Rk). Then ([a]g)° = [a°]gs Vo € Rg No € Aut(C).

(ii) Let L be a number field, let E be defined over L, and E € ELL(Rk).
Then every endomorphism is defined over LK.

Proof. (i) For this, we need to use that the map:
End(E°) — End(Qgs), w — w* (1.8)
is injective, and that for any a € R, o €Aut(C), and for w € Qp:
(([a])?)" (W) = ([0le)"w)? = (aw)” = a0 = ([a7]-)" (@) (1.9)

to deduce the desired result.

(ii) Let o €Aut(C) that fixes L. Since E is defined over L, there exists a
Weierstrass equation for E with coefficients over L. Since o fixes L, £7 = F.
So, by (i):

(la]p)” = [a%]gs = [7]E (1.10)
Now suppose o also fixes K, i.e. o fixes LK, then o = a Vo € Rk, and

(1.10) reads:
([e]r)? = [&]g, Vo that fiz LK (1.11)

Therefore, [o] is defined over LK.
Q.E.D.



Theorem 3 (Abelian extension generated by torsion points).
Let E € ELL(Rk), and let L = K(j(E), Etors), where Eyops is the set of
coordinates of torsion points. Then L is an abelian extension of K(j(E)).

Proof. Put H=K(j(E)), and Ly, = K(j(E), Elm]) = H(E[m]). L is the
compositum of all L,,, when m runs over N, so it is enough to show that
L,,/H is an abelian extension.

Next, notice that E is defined over H, and Gal(K/H) acts on E[m]:

[m|P =0 = [m](P?) = ([m]P)’ =0, Vo € Gal(K/H) (1.12)
and we can define a representation by:

p:Gal(K/H) — Aut(E[m]) = GLy(Z/mZ) (1.13)
o — plo), plo)(T) =T

By Lemma 2.ii every endomorphism of F is defined over H ( K C H,
so HK=H ). By Lemma 2.i, [a]” = [a?], so if « € Rx and o fixes H then
[a]? = [a]. Thus:

([a]T)° = [a]°T? = [a]T?, Yo € Gal(Ly,,/H), T € E[m], a € Rg

So, if « = mf € mRy, then ([mfB|T)? = [Bm|T? = [B][m]T? = 0. There-
fore, p induces an injection:

¢ : Gal(Ly,/H) — Autg, /g, (E[m]) (1.14)

Last, Proposition 2.(b) says that E[m] is a free R /mR-module of rank
one, so:

Aut gy (Elm]) = (Rie fmRi)* (1.15)

and, clearly (Rx/mRg)* is an abelian group. Therefore Gal(L,,/H) is
abelian.
Q.E.D.

1.5 Criterion of Néron-Ogg-Shafarevich

In this section, we use the following notation:
K local field, complete with respect to a discrete valuation v
R the ring of integers of K
M the maximal ideal of R
k  the residue field or R



Definition 4. Let = be a set on which Gal(K/K) acts. We say that = is
unramified at v if the action of I, on Z is trivial, i.e. (¢ = ( Vo € I,

V¢ e E.

Theorem 4 (Criterion of Néron-Ogg-Shafarevich).
Let E/K be an elliptic curve. The following are equivalent:

(a) E has good reduction over K;

(b) E[m] is unramified at v for all m>1, (m,char(k))=1;

(¢) The Tate module T}(E) is unramified at v for some (all) I, I char(k);
(d) E[m] is unramified at v for infinitely many integers m>1, (m,char(k))=1.

Corollary 1. Let E/K be an elliptic curve. Then E has potential good
reduction if and only if the inertia group I, acts on Ti(E) through a finite
quotient for some prime l#char(k).

Proof of Corollary. (=) Assume that E has potential good reduction. By
definition, there exists a finite extension of K, K’, such that £/K’ has good
reduction. We can extend K’ so K’/K is a Galois finite extension.

Let v’ and I, be the corresponding valuation and inertia group for K.
Then the theorem above ( (a)=-(c) ) implies that T;(F) is unramified at v’
for all 1, 1#£char(k )=char(k’) ( since k’is a finite extension of k). So I,/ acts
trivially on T;(E) VI #char(k’). Thus I, — T;(FE) factors through the finite
quotient I, /1.

(<) Let l#char(k), and assume [, — Tj(F) factors through a finite
quotient, say I,/J. Let K’ be the fixed field of J, then KJ/KI” is a finite
extension, so we can find a finite extension K’/K so that K =KK".

So the inertia group of K’ is equal to J, and J acts trivially on T;(FE).
Hence the criterion ( (c¢)=-(a) ) implies that E has good reduction over K”,

and since K’/K is finite, £ has potential good reduction.
Q.E.D.

Proposition 3. Let E/K be an elliptic curve. Then E has potential good
reduction if and only if its j-invariant is integral ( i.e. j(E)ER ).

Proof. (<) Assume char(k)#2, it is easy to prove that we can extend K to
a finite extension K’ so that F has a Weierstrass equation:

E:y =z(x—-1)(z—-X) X#0,1 (1.16)



Since we are assuming j(E )€R, and:
(1=X1-=X)*=43X2(1-=X1%*=0 (1.17)

then A € R and A # 0,1 modM’ ( = A’ € (R)* ). Hence E/K’ has good
reduction, i.e. E has potential good reduction.

(=) Assume that E has potential good reduction, so there exists K’ so
that E/K’ has good reduction. Let A’, ¢4’ the usual quantities associated
to the Weierstrass equation over K.

Since E/K’ has good reduction, A’ € (R')*, and so j(E ):(CZ—/,)3 € R.
But since F is defined over K, j(E )€K, so j(F )e KR = R.

Q.E.D.

1.6 Integrality of the j-invariant

The strategy of the proof is the following. We will prove that for all prime
ideals p of Rk, j(F) is p-integral, i.e. j(E) € R, and j(E) € (R, = Rk.
In order to show that it is g-integral, we use the Criterion of Néron-Ogg-
Shafarevich to prove that E has potential good reduction over K, and then
use Proposition 3 to deduce the desired result.

Theorem 5. Let L be a number field and E/L an elliptic curve with complex
multiplication. Then E has potential good reduction at every prime of L.

Proof. By Lemma 2.ii, we can consider a finite extension of L so that every
endomorphism is defined over that extension. Assume L has this property,
so Endy(E) # 7.

Fix a prime p of L. Let L, be the completion of L at g, and, consider as
usual R, M, p=char(R,/M,), 1 prime #2, p. Also, let Lpab be the maxi-

mal abelian extension of Ly,; I, is the inertia subgroup for G=Gal(L,,/Ly,),
and I,% the inertia for G“b:Gal(fpab/Lp).

Since Endy(E) # Z then also Endy,(E) # Z, and we can apply Theo-
rem 3 to deduce that the action of G on T;(E) is abelian, so, in particular,
I, acts through the quotient Ipab. Moreover, local class field theory says
that there is an isomorphism I, p“b = R,*. This is very useful since we can



write the exact sequence:

| Ry — Ry — (Ry/M,)* — 1 (1.18)
12
Ipab

where R*,1 = {u € R," : wu=1 (mod M)}. R*,1 is a pro-p group, that is,
it is the inverse limit of finite groups of p-power order, since it is isomorphic
to the formal multiplicative group G, (M,).

Similarly, if we fix a basis for Tj(E), we have Aut(T;(E)) = GLo(Z;),
and there is an exact sequence:

I [x:
Aut(Ty(E)) — Aut(E[l])

where GL2(Z;);1 is the group of matrices congruent to the identity matrix
modulo 1, and it is also a pro-1 group, since it is isomorphic to the additive
group Ms(lZ;).

We can put all diagrams together, and fit the map I, — Aut(T;(E)) in
the following fashion:

Ipab
2
1 — Ry — R,* — (Ry/My)* — 1 (1.20)
!
1 — GLo(Z)) — Aut(T(E)) — GLy(Z/IZ) — 1

Next consider the images of R*,; and GL2(Z;): in Aut(T;(E)) by fol-
lowing diagram (1.20). The images are pro-p and pro-1 groups, respectively,
and since there can be no non-trivial homomorphism from a pro-p group to
a pro-1 group ( p#l by assumption ), those groups must have trivial inter-
section in Aut(T;(E)). But the image of GLa(Z;)1 is Ker(Aut(T;(E)) —
GL2(Z/IZ)), therefore there is an injection:

Image(R*,1 — Aut(T)(E)) — GL2(Z/IZ)



and GL2(Z/IZ) is obviously finite. But, since also (R,,/M,)* is finite, it fol-
lows that Image(R," — Aut(T}(E))) is finite ( since it consists of finitely
many cosets of Image(R*,1 — Aut(T}(E))).

Hence the image of I, in Aut(7;(E)) is finite, so I, acts through a finite
quotient. Finally, by Corollary 1 to the Criterion of Néron-Ogg-Shafarevich,
E has potential good reduction at .

Q.E.D.

Theorem 6 (INTEGRALITY OF THE j-INVARIANT). Let E/C
be an elliptic curve with complex multiplication. Then j(E) is an algebraic
integer, j(E)e Ry, where L=Q(j(F)).

Proof. By Theorem 2, j(E) is an algebraic number, so we can find a Weier-
strass equation for F with coefficients in L = Q(j(E)).

Theorem 5 says that F has potential good reduction at every prime g
of L, and Proposition 3 concludes that j(FE) is integral at every prime p of
L,ie. j(F) € R, Vp. Hence j(E) € (R, = Ry.

Q.E.D.
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