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1 Introduction

Some number theorists would say that Number Theory is the study of Gal(Q/Q). This is just a
fancy way of saying that number theory is the study of solutions of polynomial equations in Z (or
Q). How much is known? Let’s see:

Polynomials in one variable: If g € Q is a solution of:

aX"+ X"+ . . +a,=0

then p divides a, and ¢ divides ag. So this case is easy.

Linear equations in two variables: ax + by = d; this was solved two thousand years ago, by
FEuclid, etc. We just need to find the ged of a and b.

Quadratic equations in two variables: ax?+ bry+ cy? = d; solvable by parametrization of the
curve (this is, projection into P1(Q)).

Cubic equations in two variables: NO IDEA! no general procedure is known.

2 Elliptic Curves

Definition 1. An elliptic curve over a field K is a non-singular projective scheme of dimension 1
(a curve) and genus 1, together with a point defined over K, the origin O.

Having said this formal definition, we forget about it right away. For the following we consider a
rather naive definition of ellitpic curve. For us an elliptic curve over K will be any non-singular
cubic curve

E: f(x,y,2) = ax® 4+ bx’y + cxy® + dy® + ex’z + fryz + gy’z 4+ ha2? + jy2® + k22 =0, (1)

with coefficients in K, and we require the existence of (at least) a point in E, which we call the
origin, or O.



Remark: A curve C': f(z,y,z) = 0 is singular at a point P € C' if and only if
0f/0x(P) = 0f /0y(P) = 8f/02(P) =0

The equation in (1) is projective, given by a homogeneous polynomial. Most of the time we de-
homogenize the equation, by doing the change of variables

x/z— X, ylz—Y
and we obtain

E: f(X,Y)=aX? +bX%Y +cXY2+dY3 +eX? + fXY + gY? +hX +4jYV + k=0, (2)

However we should not forget that there might be some points of £ “at infinity”, i.e. points that
had z = 0. The following proposition is a considerable simplification:

Proposition 1. Let E be an elliptic curve defined over K, with char(K) # 2,3. Then there exists
a rational change of variables so that E has a Weierstrass equation of the form

Y2=X3+AX+B, ABecK

The origin O has (projective) coordinates [0,1,0], and this is the unique point at infinity.

3 The Group Structure

Let E be an elliptic curve defined over Q with Weierstrass equation
Y?2=X3+AX+B, ABecQ

Actually, using a suitable change of coordinates we can assume that A, B € Z. First, we try to find
all solutions with integer coefficients. Siegel proved the following result:

Theorem 1. Let E/Q be an elliptic curve of the form y*> = 2% + Az + B with A,B € Z. Then E
has only finitely many solutions with integer coefficients.

Moreover, Alan Baker gave an algorithm to find these integral solutions (we will not discuss his
method here).

Next, we are interested in finding all points of E with rational coordinates. We denote this set by

E@Q) ={(z,y) € E|x,y € Q}

It turns out that this set has a beautiful structure and it forms a group. The (addition) group
law is defined as follows. Given P,Q € E(Q), let £ be the line PQ. Since E is given by a cubic
equation, there is a unique third point of intersection in £N F, which is also defined over Q (why??)
LNE={PQ,R}
We define
R=—-(P+Q)
and P + (@ is then the second point of intersection of the vertical line through R with F.



Lo and behold! (E,+) is a group. This is the greatest tool of all when we want to find points
defined over Q. Given any two points P, @ € E(Q) the addition in the group gives us a new point,
also defined over Q (notice that this follows from the construction of P 4+ Q). Even if we just have
a single point P € F(Q), we can find 2P,3P,4P, ... (in order to construct 2P we take the tangent
line to E at P, and look for the third point of intersection, which will be —2P).

Now we know E(Q) is a group, so the natural question to ask is: what is the structure of this group?
The answer is the following:

Theorem 2 (Mordell-Weil). E(Q) is a finitely generated abelian group.

Proof. The proof of this theorem is fairly involved. The main two ingredients are the so called
“weak Mordell-Weil theorem” (see below), the concept of height function for abelian groups and
the “descent” theorem. See [2], Chapter VIII, page 189. O

Remark: The Mordell-Weil theorem is true for elliptic curves over: QQ, any number field K, any
finite field F,, for F(T') (with F' any of the fields mentioned before)...

Theorem 3 (Weak Mordell-Weil). E(Q)/mE(Q) is finite for all m > 2.

The Mordell-Weil theorem, together with the fundamental theorem of finitely generated abelian
groups, implies that for any elliptic curve E/Q the group of points has the following structure:

E(Q) >~ Etorsion(@) @ ZR

where Fiorsion(Q) denotes the set of points of finite order, and R is a non-negative integer which
is called the rank of the elliptic curve. It is not known how big this number R can get for elliptic
curves over Q. The largest rank known for an elliptic curve over Q is 24. However, conjecturally,
we expect that there are elliptic curves with rank arbitrarily high. Some “hope” in this direction
was given by the work of Shafarevich and Tate, who showed that this is true for curves over F,(T")
(see [8]).

Examples:



1. The elliptic curve E1/Q: y? = 2% + 6 has rank 0 and E1(Q) ~ 0.

2. Let By/Q: y? = 2% + 1, then E»(Q) ~ Z/6Z. The torsion group is generated by the point
(2,3).

3. Let E3/Q: y? = 23 +109858299531561, then E3(Q) ~ Z/3Z @ Z> (see my website for details,
math.bu.edu/people/alozano).

4. Let Fy/Q: y? + 1951/164xy — 3222367 /40344y = x3 + 3537 /16422 — 40302641/121032z, then
E4(Q) ~ Z'Y (again, see my web).

4 Torsion Points

We start by analyzing the torsion part of E. These are the points:
Eiorsion(Q) = {P € E | 3m € N such that mP = O}

Note that by the Mordell-Weil theorem FEyyrsion(Q) is a finite abelian group. So the first question
to ask is: what finite abelian groups are possible? The answer was given by Barry Mazur:

Theorem 4 (Mazur, [5],[6]). Let E/Q be an elliptic curve. Then the torsion subgroup Eiorsion(Q)
1s exactly one of the following groups:

Z/NZ with 1< N <10 or N =12

7/27.&7/2NZ 1< N <4

Moreover, all these groups occur.

Remark: The theorem implies that if the order of a point P € E(Q) is greater than 12 then
this point is actually not a torsion point (i.e. the point is of infinite order). Other than this, the
theorem, even though very interesting, is not of great help when actually trying to compute the
torsion of an elliptic curve E. The following theorem, proved independently by E. Lutz and T.
Nagell, gives a very efficient method to compute the torsion subgroup of an elliptic curve defined
over Q.

Theorem 5 (Nagell-Lutz Theorem). Let E/Q be an elliptic curve with Weierstrass equation:
v’ =23+ Ar+B, ABcZ

Then for all non-zero torsion points P we have:

1. The coordinates of P are in Z, i.e.

xz(P),y(P) € Z

2. If P is of order greater than 2, then

y(P)?  divides 4A3 +27B?



3. If P is of order 2 then
y(P)=0 and z(P)*+ Az(P)+B =0
Example: Let p € Z be a prime and let E3/Q: y? = 23 + p2. Since 23 + p? = 0 does not have
solutions in Q, there is no 2-torsion. Now,
4A% +27B% = 27p*

so if (,y) is a torsion point then z,y € Z and y? | 27p*, thus

y =+1, +p, +p%, +£3p, +3p?
It is clear that (0,4p) € E, and they can be checked to be points of order 3.
Definition 2. Let FE be an elliptic curve over Q given by a Weierstrass equation

v =23+Ax+B, ABeQ
We define A, the discriminant of E, to be

A = —16(44% 4+ 27B?)

(compare with Theorem 4.2)

5 Elliptic Curves over Finite Fields

Let F/Q be an elliptic curve. Assume that E has a (more general) Weierstrass equation:
y2 + a2y + asy = x> + CLQLEQ + aqx + ag

with coefficients in Z. Let p be a prime. By reducing each of the coefficients a; modulo p we obtain
the equation of a cubic curve E over the finite field F), (the field with p elements). Even though E

was a non-singular curve, F might have singular points.

Definition 3. IfE s a non-singular curve, we say that E has good reduction at p. Otherwise, we
say that E has bad reduction at p.

Thus, for primes p of good reduction E is an elliptic curve defined over a finite field of p elements,
Z/pZ. Of course, an elliptic curve defined over a finite field is much easier to work with that those
defined over Q. For example, we could just use brute force to find all possible solutions to the
equation. By the way, the primes of bad reduction are easily found by looking at the discriminant
of the curve:

Proposition 2. Let E be an elliptic curve and let A be the discriminant of E. Then if p is a
prime of bad reduction then p | A.

Let E be an elliptic curve defined over a finite field F, with ¢ = p" elements (p € Z is a prime).
The following theorem gives a bound of the size of E(F,), denoted by Ny, i.e. the number points of
E defined over F,. This was first conjectured by Emil Artin (in his thesis!) and proved by Helmut
Hasse in the 1930’s.



Theorem 6 (Hasse).
| Ng—q—1[<2V4q

There are beautiful connections between the numbers N, the number of solutions modulo p, and
the global group E(Q). The most mysterious one is related to the Birch and Swinnerton-Dyer
conjecture, which relates the growth of these numbers to the rank of the elliptic curve. In the
following proposition we give an example of another interesting relationship.

Notation: Given a group G, we denote by G[m] the m-torsion of G, i.e. the points of order m.

Proposition 3. Let E/Q be an elliptic curve (as above) and let m be a positive integer such
that ged(p,m) = 1. If E(Fp) is a non-singular curve, then the map given by reduction modulo p
(coordinate by coordinate) N

E(Q)[m] — E(Fp)

1s injective. Moreover this map is a homomorphism of abelian groups.

Remark: This proposition is quite useful when trying to compute the torsion subgroup of E/Q.
Note that this can be reinterpreted as follows: for all primes p which not divide m,

E(Q)[m] — E(F,)

must be injective and therefore the number of m-torsion points divides the number of points defined
over [F,.

Example:
Let E/Q be given by
=23 +3
The discriminant of this curve is A = —3888 = —2%35. Recall that if p is a prime of bad reduction,
then p | A. Thus the only primes of bad reduction are 2,3, so F is non-singular for all p > 5.

Let p = 5 and consider the reduction of E modulo 5, E. Then we have
E(Z/5Z) = {0, (1,2),(1,3),(2,1),(2,4),(3,0)}
where all the coordinates are to be considered modulo 5 (remember the point at infinity!). Hence

Ns =| E(Z/57Z) |= 6. Similarly, we can prove that Ny = 13.

Now let ¢ # 5,7 be a prime number. Then we claim that E(Q)[q] is trivial. Indeed, by the remark
above we have

| E(Q)[q] | divides N5 = 6, N7 = 13
so | E(Q)[g] | must be 1.

For the case ¢ = 5 be know that | E(Q)[5] | divides N7 = 13. But it is easy to see that if E(Q)[p]
is non-trivial, then p divides its order. Since 5 does not divide 13, we conclude that E(Q)[5] must
be trivial. Similarly E(Q)[7] is trivial as well. Therefore F(Q) has trivial torsion subgroup.

Notice that (1,2) € E(Q) is an obvious point in the curve. Since we have proved that there is no
non-trivial torsion, this point must be of infinite order! In fact

EQ =Z
and the group is generated by (1,2).



6 The Free Part

So far we have been successful to provide a number of efficient methods to compute the torsion
part of E(Q). Remember that Mordell-Weil says that

E(@) = Etorsion ©® ZR

so it remains to show a way to find the points of infinite order, generators of the free part. This
turns out to be a really hard question.

One could hope, via naive thinking, that if the coefficients of the elliptic curve are “small” then the
generators should be “small” too, so we don’t have to look far. Unfortunately, this is far from the
true story. Bremner and Cassels showed that the elliptic curve

y? = 2° + 877z
has rank 1, and the x-coordinate of a generator P is given by

z = (612776083187947368101/7884153586063900210)>

We would like to compute the full Mordell-Weil group for some elliptic curves, or at least a subgroup
of finite index (this is, a set of points which generate a subgroup of rank R). Also, depending on
our interests, we might just want to compute R, the rank of the elliptic curve. In both cases, it is
enough to look at the weak Mordell-Weil group

E(Q)/2E(Q)

This is still hard to compute, but can be embedded in an easier (but bigger) cohomological group,
the Selmer group S®(E/Q) (see Appendix A for group cohomology, see Appendix B for the Selmer
group). There is an exact sequence:

0 — E(Q)/2E(Q) — SP(E/Q) — TS(E/Q)[2] — 0

where T'S(E/Q) is the Tate-Shafarevich group (see Appendix B). So, if we could compute the
Selmer group, we could give a bound of the weak Mordell-Weil group, or even compute it! This
process, computing S®(E/Q) is usually known as 2-Descent. The algorithm was first explained
by Birch and Swinnerton-Dyer, who used it to provide evidence for their celebrated conjecture (see
[9]). Later on J. Cremona implemented the algorithm in a much more efficient way, and a program
can be found online, mwrank (see [11]).

Note that the map “multiplication by 2” (denoted [2]) is an isogeny of any elliptic curve, this
is, an endomorphism of the group E(Q). If E’ is another elliptic curve, and ¢: E — E’ is any
other 2-isogeny (group homomorphism together with another homomorphism (;AS: E’ — FE such that
do¢p= [2]), then we can compute another Selmer group for ¢, S?(E/Q), which fits in a similar
exact sequence:

0 — E'(Q)/¢(EQ)) — S*(E/Q) — TS(E/Q)[¢] — 0



Moreover, putting E'(Q)/¢(E(Q)) and E(Q)/¢(E'(Q)) together, we may be able to reconstruct
the weak Mordell-Weil group, by using the following exact sequence:

~

E'(Q)[¢]

— sEQp — FQAEQ) — BEQ)/2EQ) — BQ)/H(F @) —0

7 2-Descent

Let E/Q be an elliptic curve. We assume that E contains a 2-torsion point P (2P = O). The
algorithm can be done in general but this case is much easier for the exposition. By a change of
variables, we can assume P = (0,0) and E has Weierstrass equation:

E:y?* =23+ a2® + bx = x(2* + az + b)
Define also the auxiliar elliptic curve E':
E':Y?2=X%-2aX%+ (a® — 40)X
Then there exists a 2 isogeny:

2 b— 2
¢: E—E, ¢x,y)= (;,W)

. . Y2 Y(a®—4b— X?)
. E/ E X.Y)=
¢: , XY) <4X2’ 8X2 >

Let S = {primes dividing 2b(a® — 4b)} and define
Q(S,2) = {x € Z: ordy(z) = 0 ¥p not in S,ord,(x) =0 or 1 Vp € S}/{Z?}
For each d € Q(5,2) define the following homogeneous spaces:
Ca(w, 2): dw? = d? — 2ad2® + (a® — 4b)2*

Cqd (W, Z): dW? = d* + 4adZ* + 16b2*

There are maps:
¥: Cg — B (z,w) = (d/2%, —dw/2?)

V' Cf — B W(Z,W) = (d/2°, —dW/Z°)
and injective maps:

§: E'(Q)/o(B(Q)) — Q(S,2), 4§(0) =1, §(0,0) =a*—4b, §(X,Y) =X

& E(@)/&(El(@)) - Q(Sa 2)7 6(0) =1, 6(070) =b, 5(x,y) =T

such that
(p(P)) =d, 5’(¢’(P’)) =d, VPe(Cy; VP eC



Theorem 7 (2-Descent). With notation as above

S*(E/Q) = {d € Q(S,2) : C4(Q,) # 0 Vp € S, Ca(R) # 0}

Moreowver,
E(Q)/o(E'(Q)) = {d € Q(S,2) : C has a rational point}

E'(Q)/¢(EQ)) = {d € Q(S,2) : Cyq has a rational point}
If we denote the order of these groups by ni,n} then the rank R of the elliptic curve E is

ninj

2ft —
4

As a summary, given E/Q we construct the homogeneous spaces Cy and C,;'. These spaces have
points over Q if and only if £ has points, and the points in the homogeneous spaces map to points
on FE via the maps 1)’ and ¢ o 1.

8 Appendix A: Group Cohomology

Let G be a group and let M be a (left) G-module. The 0 cohomology group of the G-module M
is

HY(G,M)={me M:Vo € G, om=m}

which is the set of elements of M which are G-invariant, also denoted by M.

A map ¢: G — M is said to be a crossed homomorphism (or 1-cocycle) if
p(af) = d(a) + ag(P)
for all o, 8 € G. If we fix m € M, the map p: G — M defined by
pla) = am—m

is clearly a crossed homomorphism, said to be principal (or 1-coboundary). We define the following
groups:

ZY G, M) = {¢: G — M: ¢ is a l-cocycle}
BYG,M) = {p: G — M: pis a l-coboundary}

Finally, the 15! cohomology group of the G-module M is defined to be the quotient group:
HY(G,M) = Z(G,M)/B'(G, M)

The following proposition is very useful when trying to compute cohomology groups:

Proposition 4. Let G be a group and let A, B,C be G-modules related by an exact sequence:
0—-A—-B—-C—=0

Then there is a long exact sequence in cohomology:

0— H°G,A) — H(G,B) — H(G,C) — H(G,A) - H'(G,B) — H' (G, C)



9 Appendix B: The Selmer and Tate-Shafarevich groups

Given an elliptic curve E we can define two very interesting and important groups, the Selmer
group and the Tate-Shafarevich group, which together provide a measure of the failure of the Hasse
principle for elliptic curves, by measuring whether the curve is everywhere locally soluble. Here we
present the construction of these groups.

Let E, E' be elliptic curves defined over Q and let Q be an algebraic closure of Q. Let ¢: E — E’ be
an non-constant isogeny (for example, we can let £ = E’ and think of ¢ as being the “multiplication
by n” map, [n]: E — FE). The following standard result asserts that ¢ is surjective over Q:

Theorem 8. Let C1,Cy be curves defined over an algebraically closed field K and let
Y: C1 — Oy

be a morphism (or algebraic map) of curves. Then v is either constant or surjective.

Proof. See [7], Chapter 11.6.8. O

Since ¢: E(Q) — E’(Q) is non-constant, it must be surjective and we obtain the following exact
sequence:

0— EQ)¢] — E(Q) — E'(Q) — 0 (1)

where E(Q)[#] = Ker¢. Let G = Gal(Q/Q), the absolute Galois group of @, and consider the
i"-cohomology group H'(G, E(Q)) (we abbreviate by H'(G, F)). Using equation (1) we obtain the
following long exact sequence (see Proposition 1 in Appendix A: Group cohomology):
0 — H(G,EQ)¢) — HG,E) - H(G,E') — (2)
~ HY(G.BQI¢]) — H'(G.E) - H'(G, E)

Note that ~ ~
H°(G, BE(Q)[¢]) = (E@Q)[¢))° = E(Q)[¢]

and similarly
H°(G,E) = E(Q), HG,E)=E(Q

From (2) we can obtain an exact sequence:

0— E'(Q)/4(EQ) — H' (G, E(Q)[¢]) — H'(G,E)[¢] — 0

We could repeat the same procedure but this time for £, E defined over Qj,for some prime number
p, and obtain a similar exact sequence but with coefficients in @@, which relates to the original in
the following commutative diagram (here G), = Gal(Q,/Q)):

0— E'(Q)/6(E(Q) — HYG,EQ)¢]) — H'(G,E)¢]—0

! ! !
0 — E'(Q)/¢(E(Qp) = H'(Gp, B(Q)l¢]) — H'(Gp, E)[g] =0



The goal here is to find a finite group containing E'(Q)/¢(E(Q)). Unfortunately H'(G, E(Q)[4])
is not necessarily finite. With this purpose in mind, we define the ¢-Selmer group:

$*(E/Q) = Ker <H1<G, E@)[¢]) — [[ (G, E))

Equivalently, the ¢-Selmer group is the set of elements v of H 1(G, E(Q)[¢]) which image 7, in
HY(Gp, E(Q)[¢]) comes from some element in E(Q),).

Finally, by imitation of the definition of the Selmer group, we define the Tate-Shafarevich group:

TS(E/Q) = Ker (Hl(G, E) - [[H' (G, E))

p

The Tate-Shafarevich group is precisely the group that measures the Hasse principle in the elliptic
curve F. It is unknown if this group is finite.
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