Submitted to Bernoulli

On the estimation rate of Bayesian PINN for
inverse problems

YISUN'*, DEBARGHYA MUKHERJEE®*#and YVES ATCHADE?"?

1Deparlment of Mathematics and Statistics, Boston University, Boston, USA, ®atchade @bu.edu

Solving partial differential equations (PDEs) and their inverse problems using Physics-informed neural networks
(PINNGs) is a rapidly growing approach in the physics and machine learning community. Although several archi-
tectures exist for PINNs that work remarkably in practice, our theoretical understanding of their performances is
somewhat limited. In this work, we study the behavior of a Bayesian PINN estimator of the solution of a PDE
from n independent noisy measurement of the solution. We focus on a class of equations that are linear in their
parameters (with unknown coefficients 64 ). We show that when the partial differential equation admits a classical
solution (say ux), differentiable to order 8, the mean square error of the Bayesian posterior mean is at least of
order n~2P/(28+d) Furthermore, we establish a convergence rate of the linear coefficients of 64 depending on
the order of the underlying differential operator. Last but not least, our theoretical results are validated through
extensive simulations.
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1. Introduction

We consider a class of inverse problems that consists in estimating the parameters of a partial differ-
ential equation from noisy measurements of the solution. Specifically, let Q c R™ be a bounded open
domain with a smooth boundary equipped with a probability measure v. For j > 1, let L>(Q,R/,v)
denote the L2-space of R/-valued functions on &, i.e.

def

L>(QR/,v) = {f:QHR"':/Hf(x)ll% v(dx)<oo}.
Q

We consider a differential equation with parameter 6 € R that aims to find a smooth function u €
L*(Q,R, v) satisfying

Hou + 0" Hyu = f, with initial/boundary condition Bu =0, (1.1)

for some known function f € Lz(Q, R,v), and a pair of differential operators Hj : L2(Q, R,v) —
LZ(Q, R,v) and H; : LZ(Q,R, V) — LZ(Q, Rd,v). The operator Hj is typically (although not nec-
essarily) the "time" partial derivative, and the operator B : Lz(Q,R, V) — L2(Q,Rd1 ,v) imposes the
boundary/initial conditions. A large class of differential equations (linear and nonlinear) that are linear
in their parameters can be written in this form. A classical example of such an inverse problem arises
from the heat equation as elaborated below:

Example (Heat equation). Given L > 0,7 > 0, and parameter 6 € R, consider the heat equation u; —
Ouxx =0 on (0, L), with time domain (0, T), initial condition u(0,-) = g(+), and boundary condition
u(-,0) =u(-, L) =0. Here u; (resp. uyy) denotes the partial derivative of u with respect to ¢ (resp. the

second order partial derivative of u with respect to x). With Q = (0,T) x (0, L), this equation can be
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written as Hou — OH u = f, where Hou = us, Hiu = uxx, and f = 0. The boundary/initial condition
operator is given by

U{r=0y — 8
Bu = U{x=0}
U{x=L}

where u ;—¢y is the map u ;o) (x) = u(0,x), with similar definition for u{,—oy and u(,—r. Hered =1,
dy=3.

Let (04, u4) be a tuple that satisfies the PDE (1.1). We assume to observe some noisy measurements
of u, as noted below:

H1. We have n i.i.d. random locations and observations (8;,Y;) € Q X R, where

Y Isi N (ua(s0),0?),

where uy : Q — R is the unique solution of the pde (1.1) with 6 = 0y, for some unknown vector 6 €
R4, Here, N(m, vz) denotes the univariate Gaussian distribution with mean m and variance v?. The
variance parameter o> is assumed to be known. Throughout we write P for the joint distribution of
(s1,Y1),...,(Su,Yn), and P, for their corresponding empirical measure.

Our goal is to estimate (64,u,) using the noisy measurements. Over the last few years, physics-
informed neural network (PINN) has taken the numerical pde literature by storm ((24, 30, 33, 40), and
(8) for an extensive review of the literature). In the setting of H1, the approach consists of estimating
ux by regression while explicitly using the information that the true function u, is the solution of
a PDE. In this paper, as typically done in the PINN literature, we resort to a sieve-based approach

for estimating u, i.e., we consider a sequence of increasingly complex parametric models. Hence let

def . . . .
F = {uw, W € R?} be a function class, where uy : € — R is a function with parameter W € R?. Due

to their superior empirical performances, uy is typically taken as a deep neural network, and we follow

that practice, although our results can be applied more broadly. Given the data D e {(si,Yi), 1 <i <
n}, PINN in its frequentist formulation estimates jointly 6 and W by minimizing the loss function

1 < 1
797 Z (Y; —uw(si))* + > {al |f = Houw — 0" Hiuwl3 + azlﬂuwlg} , (1.2)
i1

for some regularization parameters A > 0, and @1,a; > 0, where | - |, denotes the L?-norm on the
appropriate function space. In this work, we approach the problem from a Bayesian perspective. Hence,
starting from a standard Gaussian prior for § € R, and a sparsity inducing prior density ITj for W € RY
(see Section 1.5 below for our choice of Ij), we define the informative PINN prior distribution for
(6, W) as the probability measure on R¢ x RY with density proportional to

A 1
(0, W) = Ip(W)exp (_5 {011 |f — Houw — 0" Hyuwl3 + 02|BMW|§} - 5||9||§) . (1.3)

For appropriately large choices of A, any realization (6, W) from the PINN prior distribution (1.3)
produces (6,uw) that is biased toward solving the pde (1.1). Rigorous general results (not specific
> PINN) of thi _ . . P L )
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conditional distribution of W given 6 in (1.3) produce uw that approximately solve the pde (1.1) for
the given 6. This corresponds to the initial PINN methodology of (24).

For some convenience in the analysis, we will use the prior (1.3) with a; =1, and @, =0. Since the
parameter 6 does not appear in the boundary condition, the case a; > 0 (although useful in practice)
does not induce any fundamentally new behavior, and at the expense of more involved notations, our
analysis can be easily modified to handle a, > 0. Given the observed data D, the data generating model
postulated in (H1), and the PINN prior distribution (1.3), we thus consider the posterior distribution

T1(d6, dW|D) «

16113

L~ 2 A T 2
exp —ﬁ;(n—w(si)) = 51f = Houw — 6" Huwl3 ~ =2 | To(dW)de.  (1.4)

1.1. Main contributions

We study the behavior of the posterior distribution (1.4) as n — oo (and g — o). We consider the case

where the operator H def (Hoy,H,) is a differential operator that involves derivatives up to order T,
for some 7 > 0. Under some additional regularity conditions, we establish in Theorem 3.1 that when
the true pde solution u, is a classical solution that possesses derivatives up to order 8 > 7, the mean
square error of the posterior mean of 6 under (1.4) satisfies (up to log terms that we ignore),

2

E < n—2(,3—‘r)/(m+2,8), (1.5)

H/ 91D (49| D) - 6,
Rd

2

where I1(?) is the §-marginal of (1.4). In fact we obtain this rate by showing that the 2-Wasserstein
distance between IT1(¢) (the posterior distribution of €) and the Gaussian distribution N(O*,/I’IZ*)
converges to zero at the rate given above (see Section 2 for the definition of X, ). Our simulation results
suggest that, in general, this convergence does not hold in the total variation metric. We also show in
Theorem 2.2 that the pde solution u, is estimated at a rate at least as fast as the nonparametric minimax
optimal rate:

E [/ luw — M*|%H(W) @wio)| < n—2,8/(m+2/3)’
R4

where IT(") denotes the W-marginal of (1.4). We conjecture that the PINN posterior distribution ac-
tually converges faster than the nonparametric minimax rate. Indeed, in a limiting case of an infinitely
strong PINN prior, we construct an estimator which, although computationally intractable in general,
achieves the parametric rate n~ 12 (Theorem 2.3).

1.2. Related work

Despite their popularity, the theoretical aspects of PINN-related methods remain under-studied. Most
of the existing theoretical literature on PINN deals with the forward problem of estimating u for a
given 6, when the L?-norm | - |, is replaced by a Monte Carlo approximation ((17, 20, 29)). The
objective in this line of work is to derive the mean square error of the PINN solution as a function
of the Monte Carlo sample size. More related to our work, (19) considers a PINN inverse problem
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(or small-magnitude noise) data regime. Furthermore, they assume a continuous space observation
model, which is substantially different from the framework considered here.

Inverse problems as related to differential and partial differential equations have a long history that
predates the current PINN literature ((18, 25, 36)). In particular, we note the close similarity between
the PINN methodology and the approach by (36). The estimation rate in pde-driven inverse problems
has been extensively studied in statistics in recent years ((9, 13, 21, 22, 31)). However, none of these
results are directly applicable to our setting or PINN more generally, since in this literature, the forward
map is typically assumed known and is not parametrized as in PINN.

A Bayesian version of PINN was proposed and studied in ((37)) from an empirical viewpoint,
where the authors noted a certain robustness of Bayesian PINN to measurement noise. However, no
theoretical analysis is proposed.

A related version of the inverse problem considered in this work assumes that 6 is high-dimensional
and sparse ((6, 7)). The goal is then to estimate 6 under a sparsity assumption. These physics discovery
problems can be viewed as high-dimensional versions of the problem investigated here. Thus, our work|
serves as a stepping-stone toward a theoretical understanding of high-dimensional physics discovery
inverse problems.

1.3. Outline of the paper

We close the introduction with a description of the function class ¥ = {uw, W € R4}, the prior distri-
bution ITy for W, and a description of the main notations that we use throughout the paper. Section 2
deals with the estimation rate for u,. A Bernstein-von Mises theorem for the marginal distribution of
0 is discussed in Section 3. Section 4 presents our numerical illustrations of the theoretical findings.

1.4. The function class ¥ = {uw}

Although our results apply widely, we follow the PINN literature and focus on the case where the
function class ¥ is constructed using neural networks. Let & > 0 be the depth of the network. Let
(pe, ..., po) be asequence of integers representing the sizes of the layers of the network, with pg = m,
and pg =1. For 1 <i <¢, let A; : RPi — RPi be a component-wise application of a 1-Lipschitz
function a; : R — R. For B € RPi*Pi-1 'and b € RPi, we set

def

W) (2) S Ai(Bz+b), ZERP. (1.6)

We consider functions uw of the form
uw (X) =\P§§§{w§ o---o\yévlf,wl (x), xeR™, (1.7)
with parameter W = (Wg,we, ..., Wi, wy), where W; € RPi*Pi-1 and w; € RPi, and where f o g is

the composition of f with g. For convenience, and by vectorization we view W as an element of R9,
where

¢
def
g = Y pill+pio).
i=1

We assume that the activation functions a, are of class C*, which implies that uw is of class C®. The

\




1.5. The prior distribution Il

We use sparsity to control the complexity of the function class {uw, W € R7}. We use a version of]
the spike-and-slab prior distribution taken from (2). We set S def {0, 1}4. To construct the prior Iy,

we first define a pair of random vectors (A, W) € S x RY as follows. Let A ; iid Ber((1 +¢"“*1)™1),
1 < j < g, for some sparsity parameter u > 1, where Ber(«a) denotes the Bernoulli distribution with
parameter « € (0,1). Given A € S, the components of W are independent with joint density on R?
given by

[1 _iw2 po -Low2
W 1_[ Ee 27 1_[ Ee 277,

JiA=1 JiA;=0

for some given parameter py > 1. We denote Iy the joint distribution of (A, W), and we let Iy (our
prior on R?) be the distribution of W © A, where for a,b € R?, a © b denotes the component-wise
product of @ and b. By construction, for any measurable function f : R? — R, we have

def

My(f) & /R I o(an) = /S P W)y (dA W)

1.6. Notation

For @ > 1, || - ||« denotes the £®-norm on finite-dimensional Euclidean spaces (R?, R", R<, etc, —

which space should be clear from the context), and we use a'b to denote the inner product between

o . . def
two finite dimensional vector a,b. As usual, we allow @ = +oo (resp. @ = 0), by defining ||a||« =

max)<;j<g |a;| (resp. |alop is the number of non-zero components of a). Given a matrix A, Amin(A)
(resp. ||Allop) denotes its smallest (resp. largest) singular value.

Let Q c R™ be as above with a probability measure v (typically the uniform measure on Q). Given
an integer j > 1, L>(Q, R/, v) denotes the Hilbert L>-space of R/-valued functions with inner product

i )y & /Q AT AHEv(dx), andnorm | £l €V, ).

; def
For f: Q =R/, we set |fle = sup,eq |lf (%) ]lco-
We use multi-index derivatives: given k= (k1,..., k,,), where k; > 0 is an integer,

Dl & O
8x]f' . Bx,’;m

where |[K| = ; k;. Given 8> 1, we set

D¢ —_ D«
|M|C:B déf Z |D(IM|oo+ Z su | M(y) B_u;'tj(x”
a:|al<|B) ala=18) ¥y —xll;

where | 3] is the largest integer strictly smaller than 8. |u|;s is the Holder norm of u. We set Ch(Q)
(resp. CP(Q, b)) as the set of all function u : Q — R with finite Holder norm (resp. with Holder norm
bounded by b).
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to the next. Similarly, ¢y, c1, efc. denote problem-dependent constants (that do not depend on the sam-
ple size n or the model size g). Specifically, these constants typically depend on the noise parameter
o2, the dimension d, and the true parameter 8,. We will also use ¢ to denote a generic constant that de-
pends on cg, ¢, efc., and that we do not track. The actual value of ¢ may change from one appearance
to the next.

2. Estimation rate of u,

'We maintain throughout the basic assumption that the operator H = (Hy, H;) is a differential operator
of order 7 > 0, in the sense that for all 8 > 7, and for u,v € Cﬁ(Q),

|Hu —Hvl|, < Cokmax |D¥u - D%, (2.1)

k<7t

for some absolute constant Cy.
Because the pde equation is linear in 8, and the log-prior is quadratic in 6, it is straightforward to
integrate out 6 from the posterior distribution (1.4). We first introduce some appropriate notations to

do this. For W € RY, we define fiy e f = Houw. Let dy € R? be the vector with j-th component
given by

def / =
(@w); = (fw, (Hiuw);),
and where (Hjuw); denotes the j-component of Hiuw . We define @, € R4 similarly, replacing uw
by ux. Let Ty € R*4 given by
def 1 .
Ew)jx = ((Hiuw);, (Hiuw)i) + zl{j:k}, 1<j.k<d.
We define 3 similarly by replacing uw by ux. Given u € L?>(€, R, v) we define

def . _ T 2 l 2
I () = min, [If Hou — 6 711u|2+/lI|9I|2]- (2.2)

It is easy to check that J (uw) = | fw|§ - (I);VZ;VI ®yw, and we can integrate out 6 from the posterior
distribution (1.4) to obtain the marginal distribution of W given by

(W)

[I(W|D) <
(WD) det(Zw)

exp (—271_2 Z]:(Yi —uw(si)* - %j(uw)) : (2.3)

At times, when the distinction is needed we will write II'W) to denote (2.3). We make the following

. . . def
basic assumption on the function class = {uw, W e R9}.

H2. 1 For all Wy € RY, and r > 0, we can find Lw,,, > 1 such that if Wi,W, € RY satisfy
max (||W; — Woll2, [|Wa — Wyl|2) < r, then it holds

|uu —uvvl < Lw. , |IWi=W>||>
{Uw; Wa oo Wo,r Y1 il
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2. For all W € RY, uw has derivatives to the order T, and there exists k > 0 and a constant c| such
that for all Wi, W, € RY, such that luw, — uw,|e < &, we have

max |DkuW1 - DkuwziDo <cie”.
k: [k|<T

The local Lipschitz condition imposed in H2-(1) is known to hold for most deep neural net archi-
tectures with Lipschitz activation functions (see e.g. Proposition 6 of (34)). Specifically, if uw is a
deep neural network as constructed in Section 1.4 with 1-Lipschitz activation functions, then with
Wi, W, € R? satisfying max(||W; — Wy|l2, [|W2 — Wyll2) < r, Proposition 6 of (34) and some easy
calculations yield
luw, — uw, oo < Ly, r W1 = Wal2,
with
(IWollo + )%\ €
Lwy,r = suplIxll2 | V& [1+=——=] . (2.4)
xeQ ¢

where £ is the depth of the DL function.

Since we aim to solve pdes, it is natural to require the function uw to be smooth. H2-(2) further
requires a Holder-type assumption on the differential operator D¥ over the function class #. This
assumption is less common in the literature, and we check its validity in Theorem 2.4.

Let € : N — R be a nonincreasing function such that for all s > 1
min {{uw — x|, WER?L: ||W]||p < s} < €(s). (2.5)

€(s) defines the approximation skills of the function class {uw } at the sparsity level s, and is a nonin-
creasing function of s. Of importance are sparsity levels s > 1 at which the approximation error €(s)

matches the statistical error:
1
€(s) < Uﬂw. (2.6)
n

We make the following assumption.

H3. There exists € : N — R such that (2.5) holds. Given n and q, let so > 2 be the smallest integer

. def . . .
satisfying (2.6), and €y = €(so). We assume that there exists Wy € R, with ||[Wyllo < so that satisfies
luwy — x| < €0, and

min (Amin(zwo), Amin(z*)) > (, 2.7

for some absolute constant Cy. Furthermore, we assume that lim,,_,« €y =0, and

(IWolleo + 1) +log (Ls(l)/z/eo) < Csulog(q), (2.8)

def

; bsol oy where L Ly 1 is as in H2




We recall that we aim to estimate u, by the sieve method, i.e., we approximate u, by a collection
of functions ¥ = #,,, where the size of the function class typically grows with the sample size n. The
assumption that €y — 0 as n — oo in H3 highlights the relationship between the sample size n and the
model size: given n, we assume that the model ¥ is chosen such that its approximation error at some,
sparsity level s can match (or be smaller than) the statistical error at sparsity level s.

There has been a flurry of research activities in recent years to derive precise estimates on €(s)
for various DL function classes, using various norms ((4, 16, 27, 38)). For example for piecewise
polynomial activation functions, and uw as defined in Section 1.4, it is known (see e.g. (16, 39))
that at the sparsity level s, and depth & = O (log(s)), ¥ can approximate a function u, € C8(Q) with
precision (1/s)8/™. This yields

e(s) S (1/s)Pm.
In that case, solving for s¢ in (2.6) yields

_m__ _B_

m+2 m+23

S0 ~ " , and €y~ M .
log(g) n

In the high-dimensional setting considered here where ¢ is typically much larger than n, (2.8) is
typically satisfied.

Ultimately, we need some assumptions on the stability of the pde operator H as presented below:

H4. With k as in H2-(2), there exists an absolute constant Cy such that for all € > 0, if luw —ux|> < &,
then |Huw — Hux |y < CaeX.

H4 is similar to H2-(2) and both can be checked in a similar way if u, is a classical solution.
Indeed, if the pde solution u, is a classical solution, and u, € CP (Q) for some B > 7, then by (2.1),
and Theorem 2.4 below, H4 holds with k =1 —7/8.

Given s > 0, and constant C, we set T et \/(2 +u)(1+s)log(g), and

def Cnfg
Fs=TFsc = quw €F - IWlo < 5. [Wleo < 75, T (uw) < —— .

where J is as defined in (2.2). We show below that the PINN posterior distribution puts high proba-
bilities on the sets Fy. Specifically, the following theorem is proved as Lemma A.3 in Section A.2.

Theorem 2.1. Assume HI-H4. Let Let €y, Wy be as in H3. We can find an absolute constant C such
that with s = C||Wy||o, it holds,

[N

ne,

E [ (Fs,clD)] =1 - Coe 202,

=]

[N

for some absolute constant Cy
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To highlight this point, we note that if a function u € L?>(Q,R,v) solves the pde equation (1.1)
(without the initial/boundary condition) for some parameter 6, say, then

=_9"[1-=32 0< —=2.
J A ( A ”) - A

Hence with the size of 8 remaining bounded, and for A large, functions that approximately solve the
pde equation (1.1) satisfies J (1) < C/A for some constant C. Theorem 2.1 thus implies that for A
large, the PINN posterior distribution inherits the inductive bias of the prior and restricts the search
of a solution for the nonparametric regression problem on approximate solutions of the pde (1.1). The
rate of convergence of PINN, therefore, depends mainly on the complexity of the function class ¥, as
measured, for instance, by its covering number. The next assumption models the metric entropy of F.

H5. Given s > 2, let 3 < b < o be such that

Sup |u — txleo < b. (2.9)
ueFy

There exists Vi = V| (s) and V, =V, (s) = 6b such that for all 0 < € < 75,
V2
log N (&, Fs. Il - lleo) < Vilog (=] (2.10)

where N (&, Fs, || - |lo) denotes the e-covering number of ¥y in the Lo norm.
The following result establishes the rate of convergence of the PINN posterior and is proved in
Section A. We assume that the prior parameter A > 0 is taken such that

1041134 < Csne !+

. @2.11)

for some absolute constant C5. We also impose the following mild technical condition: there exists an
absolute constant Cg such that

Cone?
d (1og (|24 llp) + 1612 ) < == @.12)

Theorem 2.2. Assume HI-H5, (2.11), and (2.12). Then we can find absolute constants C and M > 1

such that with
Vi log(V:
s=Cso, and r’<2(b+0) M, (2.13)

where V| =V|(s), Vo =Vs(s) are as defined in H5, it holds for all n large enough,

E[II({W e€RY : |uw —uxlr>Mr} | D)] <c (e—"%z/(wz) +e 1°g<V2W>/C) ,

where ¢ is a constant that depends only on ¢y, cs and 0.
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2.1. Minimax nonparametric rate

Bounding the metric entropy of the function class ¥ in a way that leverages the pde information
J (uw) < Cneé/(ﬂo-z) has proved challenging. However, we note that ¥ C {uw € F : ||W]|g <
s, IW|leo < 75}, and the metric entropy of this latter set is straightforward to bound using H2-
(1). See also ((16, 27)). Indeed, for all W,W’ in the ball {W € RY : |[W]lop < s, [|Wl|le < 75},

max (||W|l2, [IW’|l2) < s'/27,. Hence by H2-(1), |uw —uwr|eo < Ls"/?||W=W’||e, where L= Ly 1.

The size of all the (¢’ = £/Ls'/?)-cover of all the 7,-balls of all the s-sparse subspaces of R in the
infinity-norm is bounded from above by
[z
s &

log N (e, % || - lleo) < s10g(¢) + slog (1 +

It follows that

k]

2s1/2‘rSL)

and H5 holds with

b}

A 0 (120°1) 1+ )

for some constant ¢ that depends only on u, and sup, g ||X||2, Where & denotes the depth of the neural
network class. Hence, with s = Csy,

Vi(s)=s=Cso, and log(VnVa(s)) < log(n) +¢log(q),

where £ is the depth of the neural network. Furthermore, we have seen in Remark 2 that if u, is a
classical solution and u, € C?(Q), then for piecewise polynomial activation at depth £ = O (log(p)),

we have
(i)
S0 ~ .
log(q)

As a result, up to log terms that we ignore, we obtain the estimation rate

lﬁzﬁ
m¥
r< [0 <2 ,
~“Nn~\n

Hence, Bayesian PINN estimates u, at least at the nonparametric minimax rate n~Bl(m+2B) that is, at
the optimal rate achievable when u, is known only to be 8-smooth ((32)) without any PDE constraint.
'We note that our metric entropy calculations of the function class ¥ are rather crude, as they ignore the
inductive bias induced by the PINN prior. Thus, the PINN posterior distributions likely enjoy a faster
convergence rate than the abovementioned nonparametric minimax rate. To understand this, consider
the limiting case when A = +co, i.e., the prior put all the mass on {f € L2(Q,R,v) : J (u) =0}, that
is, the set of functions that are solutions of the pde equation Hou + 6T Hyu = f for some 6 € R?. In the
subsequent section, we show that estimating u, at a parametric rate (up to a log factor) is possible in
this limiting case
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2.2. Estimation at the parametric rate

We assume that 6, belongs to a compact set ® ¢ R?, and for each 6 € © the pde equation (1.1) (in-
cluding the initial/boundary condition) admits a unique solution ug € C#(Q) for some given and fixed
8. Furthermore we assume that the map I' : ® — CP(Q) that maps § — uy is Lipschitz. Specifically,

H6. There exists a constant L > 0 such that:
[T(01) —=T(62)|eo < L|IO1 = 62|l V 61,0, €0.
def

Let I'(®) = {T'(0), 6 € ®}. Under the data generating process assumed in H1, we consider the
constrained empirical risk minimization estimator

3 . BN
4 =argmin,crg) - Z ;- “(Si))2 . (2.14)
i=1

The following theorem is proved in Section A.7.

Theorem 2.3. Assume HI, and H6. Then any solution ii of (2.14) satisfies

i —uy2=0, (glog (g)) .

It is immediate from the above theorem that | — ux|, = O p(\/g ) (up to a log factor) which is the

standard parametric rate for estimating a d dimensional parameter. The estimator i is typically not
computable since it requires solving the pde for each 6 € ®. But the rate in Theorem 2.3, in light of
Theorem 2.1, suggests that the PINN posterior distribution may actually have a convergence rate faster
than the nonparametric minimax rate. More research is needed on this issue.
Regarding Assumption 6, one may replace the L, norm in the assumption by any L, norm without
hurting the rate, but to translate the complexity of ® to I'(®), we believe that some sort of smoothness
assumption is necessary. Whether one can do entirely without Assumption 6 is an intriguing question
that we leave for future research.

2.3. Checking Assumption H2-(2)

We end this section with a result showing that sufficiently smooth functions typically satisfy H2-(2).
The proof is given in Section A.6. We recall that Q is a bounded open subset of R™, and we write

B(x, @) to denote the Euclidean ball of R centered at x and with radius . We define int, (2) def {xe
Q: B(x,) c Q}. We recall also that C#(Q, b) denotes the ball with radius 4 in the Holder space
CR(Q).

Theorem 2.4. Given e >0, B> 1, integer T € [0, 8), and M > 0, define

ol )“’f

IML—T)
\ =Vt p T)

/
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Forall u,ii € CP(Q, M) such that SUPeq U(x) =i (X)|o < & and for all multi-indexk = (ky, ..., k),
with |k| < 7, we have

k _ Kk ~ z p-T
sup |D u(x)—D u(x)|ooSCMﬁ8 B,
inﬂtd(Q)

for some constant C that depends only on T and .

We note that @ | 0 as M T co. Hence if u,ii € CB(Q, M) for some well-chosen Q > Q, and
Sup,.co lu(x) —ii(x)|e < & then by taking M > My large enough such that Q C int5 (), we get

k Kk ~ z B;T
sup |D u(x)—D u(x)|ooSCMﬁs B

xeQ

3. A Bernstein-von-Mises theorem for the #-marginal

Given u € R?, and A € R?*¢ symmetric and positive definite, we write N(u, A)(+) as the probability
measure of the Gaussian distribution N(u, A). Given W € RY, let

ow x5 oy (3.1)

It is then easy to see from (1.4) that the conditional distribution of 6 given W is N(fy, Z;V‘ /). For

clarity’s sake we will write IT(?) (resp. ITT(")) to denote the marginal distribution of 8 (resp. W) under
(1.4). We have

.1
n® (o) :/Rq [N (ew,zzwl) (~)] ™) (aw|D).
We set

m® () €N (0*, -3 )( ). (3.2)

We investigate the proximity between I1(?) and Hig) for n large, using the 2-Wasserstein metric
that we denote W. The following result is established in Section A.5.

Theorem 3.1. Assume HI-HS5 and the notations of Theorem 2.2. Then, for all n large enough, we have
E [Wg(n“’), ni‘”)] <c (FK + e G20 4 Vi 1°g<V2W)/C) :

for some constant c. In particular,

E ‘/ ull® (du|D) - 64
Rd

2
] (P 2RO g Wk €

For DL functions with sufficiently smooth piecewise polynomial activation functions, and for
ux € CP(Q), we have seen above that r < n=8/(m+28) "and by Theorem 2.4, k = (8 — 7)/B. With

these we conclude from Theorem 3.1 that the estimation rate of 0, afforded by B-PINN is at least
=2(B-7)/(m+2p3) o o - o - Re .
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equation is linear in 6. Therefore, the bottleneck in estimating 6 is the difficulty of estimating u and its
derivatives up to order 7. As shown above, for a function u € C#(Q), PINN estimates these derivatives
at the nonparametric minimax rate n~2(B=7)/(m+2B) Hence, the obtained estimation rate for 0,. As
conjectured above, PINN likely estimates u, at a rate faster than the nonparametric minimax rate. If
true, this would translate to a faster estimation rate for 8,. More research is needed on this point.

4. Numerical illustration

We illustrate the results above using the one-dimensional heat equation of Example 1. Extensive il-
lustrations of PINN and Bayesian PINN can be found in the literature ((8, 24, 37)). We focus here
on comparing PINN and an approach that does not directly exploit the PDE structure of the problem.
We consider the heat equation with L =, and 7 = 1. Hence Q = (0, 1) X (0, 7). We use the boundary
condition u(¢,0) = u(t,7) =0, and the initial condition u#(0,x) = sin(x). Given 6 the heat equation
has a unique solution ug(t,x) = sin(x)exp(—6¢). We set the true value of 8 to , = 0.5. The observed
data D is generated as follows: n sensor locations {s; = (#;,x;), 1 <i < n} are evenly distributed in Q,
yielding measurements

Yi =ug, (s;) + o€, where € ~N(0,1),

for some noise parameter o that we control. For the function class F = {uw}, uw : R*> — R is taken
to be a fully connected neural network with depth 4, width 64, and tanh activation function. The
resulting posterior distribution is

1 < , A 1,
I1(d0. dW| D) o exp —F;m—uw(si)) = 540(0.W) = 511613 | lo(dw)do.

where
(8, W) = |(uw)r = Ouw)xxl3 + luw (- 0) 3 + luw (-, )5 + luw (0,-) —sin()13,  (4.1)

where | - | denotes the function space L?-norm. Observe that A = 0 in the above posterior corresponds
to the estimation of W without the physics-informed prior (non-PINN estimation). Before presenting
the numerical results, we describe briefly our MCMC sampling method.

4.1. Approximation and MCMC sampling

In general, the L2-norm in the loss (4.1) is intractable and is typically replaced by a Monte Carlo or a
numerical quadrature approximation. Here we use Monte Carlo by drawing N = 10, 000 interior points
(si’), e, sl(\’,)) uniformly in Q to estimate the L? norm on €. For the L? norm along the boundaries

we draw two sets of B = 128 points (sibi), . ..,sg”')) for i = 1,2 uniformly on the time and space
boundaries respectively. Hence, we consider the approximate posterior distribution

T 1\ 2 Az Loz
I1(0, W|D) o Ty (W)exp _ﬁ;(yi_uW(si)) —zfo(G,W)—EHQHZ . 4.2)

where the loss (4.1) is replaced by
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N
fo(0.) = %; (w5 = 0 () (s™))
S PN (b1) RS (52)y _ i (02))
+E;(uw(sk ,0)) ;(uw(s )+EI;(MW(OS ) —sin(s! )). (4.3)

Given W, and as seen in Section 3, the posterior conditional distribution of 8 given W is
1
olW,D ~N(2;V‘<I>W,32;V‘) (4.4)

where in the particular case of this example

N N
1 . 1 ] J
S DY £ and 0w =5 w5 X (uw)x(sy”)

k=1

We sample from (4.2) using the approximate asynchronous sampler of (3). The algorithm is a data-
augmentation Metropolis-with-Gibbs sampler where the update of the sparsity support A given 6, W|
uses asynchronous sampling, and the update of W given 6, A is a sparse stochastic gradient Langevin

dynamics. Then 6 given W, A is sample from Gaussian N (Z Dy, , AZW ) using (4.4) where W) is

the component-wise product of W and A (a sparse neural network weight). A Pytorch implementa-
tion is available from the GitHub page https://github.com/x1iu-522/SA-cSGLD.

Throughout the experiment, we use 6 = 0.5, A =n and p = 1. For each instance of the posterior
distribution (4.2) under consideration, we run the aforementioned MCMC sampler until convergence
and keep running another 200, 000 iterations. We then record every 20th sample, resulting in a total
of K =10,000 samples, denoted by {GA(")}EZ1 . The mean and standard deviations of the marginal
posterior distribution of 6 are then approximated respectively by

def % def | 1 % 2
< .= g(k) — A
= kE: , and oy = E (0K —pug)”.

k=1

In this section, assuming that the MCMC sampler has converged, we take the distribution of the
samples {6(K) }le to be I1(?) and we denote its normal approximation by I1(¢) def N(up, o-é). Since
the exact solution u, (¢,x) = sin(x)exp(—0.5¢) is known, we can compute the variance of the limiting
Gaussian distribution in Bernstein-von Mises theorem (Theorem 3.1)

1 T 1
1 #w(1-3) 1 1
Z*:// ((u*)xx(t,x))zdde—:—e)+—z0.993+—
o Jo n 2 n n

Hence the limiting distribution in Theorem 3.1 denoted Hig) is

~ 1
' €N, ;z;l). 4.5)

4.2. PINN versus non-PINN comparison

In this section, we compare PINN to a two- step approach (denoted by non- PINN) that does not drrectly
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estimating u but without the PINN prior. The resulting posterior is given by

A(WID) < Ty (Wyexp | -5 > (i — w512
i=1

We sample from this posterior distribution using the same MCMC algorithm described above. For
each MCMC draw W, we then subsequently solve for 8 by sampling from the Gaussian distribution

N (Z‘jvl Dy, %Z‘jvl) from (4.4). Hence, in the two-step approach, the PDE information is not used in

the first step for estimating u, but is used in the second step to recover 8 by the linear regression
model derived from (1.1). By contrast, PINN uses the PDE information and estimates (u, 8) jointly.
'We compare the two approaches under varying sample sizes and noise levels, as it allows us to observe
the contribution of the PINN prior £y(6, W).

Figure 1 provides a comparative analysis of the posterior distribution of 8 in the two approaches
(PINN and non-PINN) at a noise level of 10% (o = 0.025), across different sample sizes. Both meth-
ods exhibit improved parameter estimates as the sample size n increases, as indicated by the decreasing
bias and interquartile range (IQR). However, training with the PDE term generally yields more concen-
trated distributions of # with narrower IQRs, indicating greater stability and reliability in parameter
estimation. This demonstrates that incorporating the PDE term results in more accurate and robust
parameter estimates.

To further investigate the role of the PDE term in the recovery of 6, the root mean square er-
ror(rtMSE) and the Wasserstein-2 distance (W) are computed and summarized in Table 1 and Fig-

ure 2. The rMSE is defined as \/ % Zf: 1 (%) — 9*)2, whereas the W, metric is computed using the

ot .emd2_1d function from the POT library by (11) with the parameter p = 2. These metrics provide
a comprehensive comparison of the accuracy (rMSE) and distribution similarity (W;) between sample
6 and the true value 6™.

Table 1. Comparison of PDE and No-PDE under different noise levels

| | | rMSE | Wy, ml®y |

| NoiseLevel | n | PDE | No-PDE || PDE | No-PDE |
1% 50 || 0287 | 0352 || 0.0379 | 0.0699
1% 500 || 0.083 | 0.088 || 0.0018 | 0.0024
1% 1000 || 0.058 | 0.060 || 0.0008 | 0.0010
1% 5000 | 0.027 | 0.028 || 0.0002 | 0.0003
10% 500 || 0103 | 0140 || 0.0052 | 0.0131
10% 1000 || 0.080 | 0.116 || 0.0036 | 0.0078
10% 5000 || 0.031 | 0.040 || 0.0004 | 0.0008
10% 10000 || 0.023 | 0.031 || 0.0002 | 0.0007
25% 1000 || 0.094 | 0.377 || 0.0055 | 0.1387
25% 5000 [ 0.042 | 0.104 || 0.0011 | 0.0090
50% 5000 || 0129 | 0474 | 0.0147 | 0.2246

e A

Figure 2 and Table 1 illustrate the performance comparison of models trained with and without PDE

O %10010) (6 n NCreases o Nne
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Figure 1. Comparison between boxplots of sampled 6 from training with/without pde with different sample sizes
n at noise level = 10%. True 6* = 0.5 in the dotted line.

noise level decreases, the values of rMSE and W, distance decrease for both training methods, with
and without the PDE constraint. However, the PDE-constrained models perform better, demonstrating
lower rMSE and W, distances than corresponding models without PDE constraints. The difference in
performance becomes more noticeable at low sample sizes or high noise levels. This suggests that the
PDE constraint can help the model learn more effectively when there is insufficient information from
the data alone.

4.3. Posterior contraction Behavior

From the previous section and Table 1, we observed that the W) distance between 119 and the limiting
distribution Hie) given in (4.5) decays significantly as the sample size n increases, which is consistent
with the conclusion of Theorem 3.1. To further study this contraction behavior, we plot the histogram
of T1(?) (using samples from the MCMC sampler), its Gaussian approximation I1(¢) = N(u é,o%)

where u 4 and o are computed from the MCMC samples, and the limiting distribution Hig) , for var-
ious sample sizes (n = 500, 1000, 5000, 10000) at a noise level of 10% (o = 0.025). The perfect match

between I1(?) and [1(?) in Figure 3 suggests that the posterior distribution of 8 is approximately Gaus-
(6)

sian. However the persistent discrepancy between I1(¢) and I1,”’ suggests that the W» convergence
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Figure 2. Comparison between training with/without pde term. The number in each grid is the rMSE between
sampled 6 and 6*. The color represents W, distance Wz(l'[(e) , H,ﬁg))

to zero between I1(¢) and H,((G) (as established in Theorem 3.1 and illustrated above), likely do not

hold in total variation. For two probability measures P, Q with densities p, g respectively, their total

variation distance is TVD(P, Q) &

Table 2 a lower and an upper on the total variation distance between I1(?) and Hia) . We compute these
bounds by noting (see (10)) that for any two probability measures P, Q with densities p, g respectively
we have

% f |p(x) — g (x)| dx. To further illustrate this point we compute in

H2(P,0) < TVD(P,Q) < min (1, VKL(P|0)/2,NKL(Q|P) /2) , (4.6)

where in the univariate Gaussian case where P ~ N(u 1,0'12) with density p(x) and Q ~ N(u3, 0'22)
with density ¢(x), the Hellinger distance H(P, Q) is (see e.g. (23))

2 def 1 B 2 2000 (- m)?
w2, [ (Vo0 -Val) ar=1 012+o-2?eXp( 4(012%_%)),

and the K L-divergence is (see e.g. (26))

P() o), Gt mw)?
20} 2

Dxr(P10) % / p(x)log 22 gy =1og

q(x) 01

Using these formulas, the third and fourth column of Table 2 shows the left-hand side and right-
hand side of (4.6) respectively. From this table, we see, for instance, that at 10% noise level, the W,
distance decreases with the sample size, whereas the TVD lower and upper bounds do not. This lack of
TV convergence is because the posterior mean does not converge to 6, fast enough. Indeed, given two
univariate normal distributions N(u; 5 %) and N(us 5 %) as n — oo, their W, distance converges to
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0 as soon as |1, — H2,,| — 0, whereas their Hellinger distance (using the formula above) converges
to zero if and only if |u; ,, — p2 »| converges to zero faster than 1/+/n.

40 — e 40 — e
= N9 mm N©
) 6
>‘3(;. n(*) >‘30 ﬂ(*)
= =
2 2
@ 20 v 20
o [a)
10 10
NI, RN .
0.2 0.3 0.4 0.5 0.6 0.7 0.2 0.3 0.4 0.5 0.6 0.7
n: 500 n: 1000
40 — fA® 40 — f[e
N = e
(g 6
>‘30 ne >‘3() ne
= £
2 2
@ 20 v 20
[a) [a)
10 ﬂ \\ 10
0 0
0.2 0.3 0.4 0.5 0.6 0.7 0.2 0.3 0.4 0.5 0.6 0.7
n: 5000 n: 10000

Figure 3. Histograms of sampled 6, denoted 11(9) in blue with its normal approximation 11(9) in red line and
target Gaussian distribution Hig) in orange with increasing sample size n at noise level 10%

Table 2. W, and upper and lower bound of TVD under different sample sizes and noise levels

Noise Level ‘ n H %) ‘ TVD Lower ‘ TVD Upper
1% 50 0.0377 0.149 0.482
1% 500 0.0018 0.090 0.372
1% 1000 || 0.0008 0.084 0.360
1% 5000 || 0.0002 0.099 0.387
10% 500 0.0051 0.176 0.515
10% 1000 || 0.0037 0.228 0.594
10% 5000 || 0.0004 0.156 0.485
10% 10000 || 0.0002 0.173 0.512
25% 1000 || 0.0054 0.270 0.637
25% 5000 || 0.0011 0.287 0.665
50% 5000 || 0.0148 0.616 1.000
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Appendix A: Proof of Theorem 2.2

We define
def def
Aw(y.9) S (y—uw(9)*, Ax(y.8) = (y —ux(s))*, (y.5) €ERXQ.
We recall that P, (f) =n~! 2y f(Yi,s;). It follows from (2.3) that for any set C C RY, we have
Jexp (—#Pn(AW — A+ RW) To(dW)

I(C|D) = ,
fra €% (—#Pn(AW = As) + R ) Tlo(dW)

(A1)

where

def (5 (1) | (2) . (1) def 1
Rw = Ry, + Ry, with Ry, = ) (logdet(Zw) — logdet(Z4)),
A
and Réé) dgf—zj(uw).

We break the proof into three parts. First, in Section A.1, we give a lower bound on the normalizing
constant of the posterior distribution as given in (A.l). Then we show in Section A.2 that the prior
distribution Iy has a good inductive bias, as it puts a high probability on W that is sparse. The third
part of the proof in Section A.3 establishes some deviation bounds for the empirical process of the
log-likelihood ratio. Then, we put all the pieces together in Section A.4.

A.1. Lower bound on the normalizing constant

Lemma A.1. Assume HI-H4. Let €y, 5o, Wy be as in H3. Then for all n large enough, with probability

—}1602/(20'2)

at least 1 — 2e , we have

n Cneg
/ exp ——2Pn(AW—A*)+RW IMo(dW) = C xexp |- |
R4 20 o
for some absolute constant C.
Proof. By definition of Wy, [uw, — x| < €. Let L def Lw,,1 > 1 beasin H2. Let Ag € {0, 1} denote

the sparsity support of Wy, and let

e 15 and VE(WERT: supp(W) = Ao, [W - Wolleo <1). (A2)
S

Lsy
Since 17s(])/2 <1, forall W € V, we have

1/2

1/2
W = Woll> < s5/*IW = Wollew < 53”0 < 1. (A3)

Using (A.3), and the Lipschitz assumption imposed in H2, we deduce that for all W € V,

172

- < - < <
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From the above display, and appealing to (2.1) and H2-(3) we further deduce that for all W € V,

| Huw — Huw,|» < Cy max |Dkuw — DXuw | < Cocyé€X. (A.5)
0 k |k|<7 0leo 0

In view of H4, we also deduce that for all W € V,

luw — tix|oo <269, and [Huw — Huyl|y < 2°Cyep. (A.6)
A10.1. Step 1. First we show that with probability at least 1 — 2¢ "%/ it holds
1
/ exp (=P, (Aw — Ay) + Rw | TIp (dW) > =41/ / RV (W), (A7)
Ra 202 2 Vv

To establish this, we recall that with & = (Y; — u«(s;)) /o, we have

BB = A =5 3w (s) — 0+ D i (51) = a(51)
i=1 i=1

202 202

Using (A.6), we note that for W € V,
1 n
) Z(”W(Si) —ux(s))? < A,
i=1

where

2
def 4n60

5 -

o
By Gaussian tail bounds, for all W € V,

JE if-( (50— tta(50)) > 2 fstn| < oxp [~ ) < -
o_i:1 i(UwS; U S; ) 1:n| S exp A <e .
Therefore, with Ew def {D: é Zl’.‘zl Eiluw (s)) —ux(s;)) < AJ2},

/ exp (_szn (Aw — Ay) + Rw) IIp(dW) > e™A / lgW (D)E(RWH()(dW),
RY 20 Vv
and with &y, denoting the complement of Ew, we obtain

-A

P / exp [ =Py (Aw — Ay) + Ry l'[o(dW)<e—/ RW T (dW) |s1:n]
R4Y 202 2 Vv

<P

/ Loy (D)W Tlg(aW) < 3 / RV TI (dW) |xl:n]
% 4%

:p[/ 18@(1))e7i’wno(dvv)>% / eRWI—Io(dWHXl:n]

LSV JV 1
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2 / 1 w A R
s P|— (uw (s;) —ux(s;)) > = |81, | eIy (dW
[y RV (dW) S (agf’( w(s) ~ux(8i) > 5 ISt 0(dW)
<2e A8,
which is (A.7).
A.1.0.2. Step 2. We now show that
2
R €&y
/e WHO(dW)ZcxeXp(—C—z). (A.8)
Vv o

Using the definition of Zy, we first note that for all Wi, W,
IZw; = Zw,llop < V2 (IHuw, |2 + [Huw,|2) [Huw, - Huw, |2
< V2 (2| Huw, |2 + | Huw, — Huw, |2) [ Huw, — Huw, |>. (A.9)
We combine this with (A.5) to obtain that for all W € V,
5w~ Zwgllop < 2Cocr (21Huwg o+ Cocref) e < 2.

for all n large enough, since €9 — 0, as n — co. Therefore, Weyl’s inequality, and Amin(Zw,) > C2
imply that for all W € V, and n large enough

C
Amin (ZW) 2 72 .

As a result of the last display, we can use a first order Taylor expansion of the log det to conclude that
forall WeV,

24172 2d
Cz ”ZW - Z*HF < C_ZHEW - z:v(”op

1
|1{€41/)| =I5 (logdet(Zw) — logdet(Z4))| <

4d
< G QClHuslz + [ Huw — Hus|z) [Huw — Husl|r

2KCad

<4
G

(2|'Hu*|2 + 2KC4€6() Eg <1,

again, for all n large enough. For W € V, let Jy be the L? projector on the linear space spanned by
the function {(Huw);, 1 <i <d} in L>(,R,v). Note that, since Amin(Zw) > C»/2, that sub-space]
is isomorphic to R¥, and by expressing the calculation in R, it easily follows that

~ 2
T g1 2
oz ow o fwly] < 7
where we recall that fiy = f — Houw. As a result, for W € V,

2 - _ 2 _ _
— +!|JWfW|§—|fWI§!= — +|1wa—fwli,

tCo tCo

@], =5 @w - /i3] <
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where the equality uses the fact that for all u € L>(Q,R,v), |u|§ = |qu|§ +|(Jw - ]l)u|§. By the
definition of the projector as closest element, and since fy = f — Houw = (Houx — Houw) + 6L Huy,

|Tw fw — fW|§ < |03 (Huw) - fW|§ < 2| Houy — Houw |3 + 2|05 (Huw) - 91(7{”*)@
< C(1+110413) %,

for some absolute constant C that depends only on « and C4. We conclude that for W € V,

2
@ _ A (12 T w1 2 2, 0k 1 Cng
R |_2(|f|2—<I>WEW<I>W)s & U+ I0RAG" < o v

where in the ast inequality we have used (2.11). Hence, there exists an absolute constant C, such that
for all n large enough,

Cneg

/ RV (dW) > Ce™ 202 (V). (A.10)
%

Lemma A.2 below gives the lower bound

1 S0 2 Ls(l)/z
Ho((V)Ziexp —SO(U+2)10g(q)—3(IIWo|Ioo+1) - solog el I B

which together with assumption (2.8) and the inequality in (A.10) yields

/ RV (dW) > ¢ X exp (—C
%

I’lEg
) +so(u+2)log(q)||.

From the definition of sq in (2.6), we have

2
Nne,
so(u+2)log(q) < 6u(so - 1)log(q) < 6—,
(oa

which then yields (A.8). The lemma follows from (A.7) and (A.8). O
‘We show here that the prior Il has good contraction properties.
Lemma A.2. [. Given s,r >0, define

W(s,r) W eRT: [Wlo <5, and Wil <r}.

Ifr> \/(1 +5)(2+u)log(g), we have

Iy (W(s,r)) = 1- qu(1+s).

2. Assume q > N2n. Fix Wy € R? with sparsity support Ay. Given r > 0, let

V(Wo,r) E (W e RY : supp(W) = Ag, |W = Wolles <7}
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Mo (V(Wo.1)) = 36x0 (~s0(u+2)10g(g) = 2 (Wolle +r)? + solog(r))

where so = ||Wollo.

Proof. 1. Let W€ be a short for R? \ W(s, ). Let Ty denote the joint of (A, W) in the definition of]
Iy (see Section 1.5). Then

I (W) =Tlo([Allo > ) + Z Iy (A) X o (|A © Wlleo > 7|A).
A:l[Allo<s

If (A, W) ~ IIg, then A is an ensemble of iid random variables drawn from the Bernoulli distri-
bution with success probability (1 +¢“*')~!. Hence

q 1 J qu+1 q-j
<)

j>s

q 1 J 1 s+l
<205 =(5)
S V/\g" q

where we use (?) < g/, and ¢¥ > 2. Given Ay = 1, Wy ~ N(0, 1). Therefore, P(|W,| > t) <

2¢~"*12 for all ¢ > 0. Hence by union bound, for ||Allp < s, and since r > /(1 +5)(2 +u) log(q),
we obtain

, 2
o (JA® Wlleo > | A) < 27 /2og(s) < =
qu(]+s)

We conclude that

T (‘W€) < (A.11)

qu(+s)”
2. We write V as a short for V (W, r). We have
(V) =Tlo(Ag)Tlo (A © W = Wolleo < 7|A = Ag).
Since log(1 —x) > —2x for all 0 < x < 1/2, for g* > 2/log(2), we have

_ 1 A0 llo 1 qa-lAollo
HO(AO):(1+qu+1) (1_ 1+qu+1)

1 [1Aollo 1
() el i)

1 [1Aollo 2q 1 1 [1Aollo 1 1 S0
(7)ol zalam) )
qu+ 1+qu+ 2 qu+ 2 qu+

If U ~N(0,1), and 7 > 0, then for all a, and ¢ > |a],

. t
P(lU-al<t)2P(c<U<c+t)=D(c+1) - D(c) 2 e*(‘”)z/z?,

VLT
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where @ is the cdf of the standard normal distribution. We use this inequality with ¢ = |[|Wp||co,
and we the assumption g > V2x, we deduce that

Iy (JA©W = Wolleo < r|[A=Ag)

\%

1 50 2
(=5 (Woll +1)? + solog(r)
Hence

_ 1 1 S0
Mh0) 2 5 (5] 0 (=AWl 172 510,

as claimed.

A.2. Ignorability of unsuitable weights

Given integer s > 0, 7 def V(2 +u)(1 +5)log(g), and a constant C, we define that
def Cneg
Wo(s,C) = SWeR?: ||W|o<s, and ||W]|e <715, and T (uw) < o2 |
o

Our next result shows that the prior Iy puts most of its probability mass on Wy (s, C).
Lemma A.3. Assume HI-H4. Let sq, €9, Wy be as in H3. We can find an absolute constant C such that,
with
s =Csy, (A.12)
it holds,

[N]

L€,

E [T (Wo(s,O)ID)] > 1 - Coe 27,

<

for some absolute constant C.
Proof. For any measurable set A C RY, we have

J 00 (~2Pa(Aw = Au) + Rey ) To(dW)

fr € (~ 2B (Aw = A + R ) Tlg(dW)

II(A|D) =

By Lemma A.1, we can find an absolute constant Cy, such that for all n large enough, and with

2
ﬂ déf nEO

202’

LCOB
Co

E[II(A|D)] < 2¢7"%/2%) E[ / exp (—%Pn(Aw—A*)MW)Ho(dW)]-
A o
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By Fubini’s theorem, the expectation on the right hand side of the last display is

/ eRVE
A

By conditioning on s;.;, we see that the expectation inside the last integral is equal to 1 for all W.
Hence,

exp (—#Pn(AW - An)] o (dW).

Cop
E[IT (A|D)] < 2¢7"%/ 27 4 eC—

/ eRW Iy (dW). (A.13)
0 A

By definition, we have Ry = —% (logdet(Zw) — logdet(24)) — A9 (uw)/2. For all W € RY, we have

1 d
) (logdet(Zw) — logdet(XZ4)) < 5 log (n]|Z«llop) < C15, (A.14)

where the second inequality uses (2.12). We note also that J (uw) > 0. As a result (A.13) becomes

eCoB

E[I1(A|D)] < 2e "%/ (2% 4 -
0

/e—%ff(uwmo(dW), (A.15)
A

for some possibly different absolute constant Cy. We apply this with A = Wy(Csg,C)¢ ={W e RY :
T (uw) >2CBJAL U [ Wo(s) N{W eRY: J (uw) <2CB/A}]. For C = 1+ Cy,
eCoB

1
E [IT (‘W (s)¢|D)] sze-"foz/@‘fz)+C—e—"f§/<202>+c— / Ty (dW),
0 0 W(s)©

where W(s) ={WeR?Z: ||W|p<s, and ||W||e < 75}. Lemma A.2-(1) shows that TTo(“W(s)¢) <
4exp(—uslog(q)). As aresult, by taking s = Csg with C > Cy + 1, we have

Cneg (Co+ 1)ne§
>
202~ 202

uslog(g) = Cusglog(q) >

9’

and we COHClude that
E II((WO(s)(’lz))I < Ze ”50/(20 ) F—e ”60/(20 )<( X e ”50/(20 )
CO

for some absolute constant C.

A.3. Deviation bounds

The last ingredient of the proof is a concentration inequality for the empirical process of the log-
likelihood ratio that we derive next. The proof is based on Theorem 5.11 of (12) that we first present.
For any random variable X, its k-Bernstein norm p, is defined as:

pe(X) < \/2K2E [e‘«ﬁ - @} . (A.16)

Y L K—j
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We recall that we say a random variable satisfies Bernstein condition with parameter (K, R) if:
1
E[1X|™] < 5mur<"'—21re2 Vm=273,...

It is immediate that if a random variable X satisfies Bernstein condition with parameters (K, R) then
ook (X) < V2R. Let X, X L'n iid. P, P, their empirical measure. Let G be a collection of real-valued
functions, where g(X) satisfies the Bernstein condition with parameters (K, R) for all g € G. Let

Hp o2k (u, G, P) denote the bracketing entropy of G with respect to the pseudo-metric prk .

Theorem A.4 (Theorem 5.11 of (12)). Suppose that g(X) satisfies the Bernstein condition with pa-
rameters (K, R) for all g € G. Then there exists a universal constant C such that for any a,Cy, Cy

atisfying:
R . [C1VnR?
Co (max {/ VHp 2k (4, G, P) du, R}) <a < min {T, SWR} (A.17)
0

and C* < C}/(Cy +1):

a2
P(SUPWE(Pn—P)nga <o TE R
geg

Given s > 0, we recall the definition

W(s)={WeW: ||[W]o<s, [Wllo <75}, where 74 = \/(2+u)(1 +s)log(q).
‘We also recall that
def 2 def 2
Aw(y,8) = (y —uw(s))”, Ax(y,8) = (y —ux(s)”, (y,8) ERXQ.

We use Theorem A.4 to obtain the following.

Lemma A.5. Assume HI-H2. Fix s > 1, and let F5, Vi = Vi(s) and V, = V,(s) = 6b be as in H2.

There exists an absolute constant My > 1 such that the following holds. For all M > My, Ay def

Mb~Vi1log(Van), and § > 0 such that

2v2 <AM 5o,
\Vn Vn
we have
2
Ay _AM
P sup [Vi(Pn - P)(Aw - Ay)| > L(Hf) <Ce T2,
WeW(s): luw—tuxr<6 2 b
for some absolute constant C.
Proof. We set
def
Z4(8)'= sup [Vi(B —B) (Aw ~ Ay)] -
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Recall that, by definition of Y, we have Y; = ux (s;) + 0o&; where &; ~ N(0, 1), (&;,s;) are independent,
and (&;,s;) ~ P. Therefore, we can simplify the difference (Aw — Ax)(&,s) as:

(Aw = Ax)(£,8) = (ux(s) — 1w (5))” +20°¢ (ux (8) = uw(s)) ,

and consequently, we can write:

Z,(8) < sup V(20 = B) (s () = i (s))?
WeW(s): luw—ux|a<é
+20 [V (B = B) (€10 () = £y (9))

WeW(s): luw—ux|r<6

=4Zn,l (6) + 2O-Zn,2(6) s

where Z,, 1(6) and Z,, »(6) can also be written as

n

1
7 ;(h(s» ~P(h))

n
, and Z,1(0) def sup
feFs

Zu1(6) <" sup
h€7‘{§

i

L f(&,Xq)
i3

i=

where Hs (2, f € Fs), and where Fs = {uw — uy : W € W(s), |uw — ttx|p < 6}, and Fs =
{(&,x) > Ef(x), feFs)

A3.0.1. (A) Deviation bound for Z,(6). ByH2-(1), |h|ew < b? forall h € Hs. There-
fore for f € ¥5, and m > 2, we have:

E[I£2(X)|™] < (b)™2E[|f2(X)|*] < (b*)"2(b5)* < %m!(bz)’"‘z(bé)?

Therefore the function class H satisfies the Bernstein condition with parameter (52, b6). The brack-
eting number of H s satisfies

Hpg 22 (uN2,Hs,P) <log N (u/2b,Fs, L) , (A.18)

for all 0 < u < b2. To see this fix some u > 0 and let {fiti<j<n be (u/2b)-cover of F5 with re-
spect to Lo, norm. Therefore, for any f € 5 there exists 1 < j < N such that || f — fjllco < 1u/2b.
Consequently, we have || f2 — fj2 lloo <2b(u/2b) =u. Now consider the collection of brackets {( sz -
u/Z,fj2 +u/2)}1<j<n. For this collection we have, p§b2 (sz +5 —sz + %) =p§b2(u) < (V2u)?, for
u < b2. Hence we have established (A.18).

We can then apply Theorem A.4 with a = Ap6/2, R =506, K = b2, Ci =1, Cg =2C, where C is
the absolute constant in Theorem A.4. The condition a > CyR is satisfied with M > My > 2Cy. For
0 < 2b, using H2-(4),

béd
/ A ;WB’sz(u,Wg,P)du = \/E/
0 0

bS/\N2
<V2 / VIog N (u/2b, Fs, Los) du
JO

bS/N2
\/7_{3,2b2 (M\/E, (]_{6, P) du
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5/2V2 Vs
< 2b+/2V) / log (—) du
0 u

2V2V:
<2b6yV| log( \/6_ 2| <2b64V; log (Vavh),

where the inequality before last follows from the following fact:

¢ f C f C
/ log(—) du <2c log(—) as soon as log (C/c) =2,
0 u c

which in our case is implied by V» > 6b. The last inequality uses & > 2V2/+/n.

Therefore the condition a > Cy fobé JHp 2p2 (u, Hs, P)du is satisfied with M > My > 4Cy. The

condition a < C;ynR?/(2K) boils down to Az /+/n < 8, whereas the condition a < 8R+/n boils down
to Apz/+/n < 16b which holds by assumption. Hence by Theorem A 4,

2
AM

Apo _AM
P (zn,l(&  dud ) cco ol
for some absolute constant C.

A3.0.2. (B) Deviation bound for Z,;(8). The argument is similar. Note that, for any
uw — ux € Fs, luw — ux|z < 8, and since the function uw — u, are bounded by b as assumed in H2,
we have:

E[I€£(X)I™] = E[IE™E[Juw (X) — ux(X)|™]
< E[l¢|™]p™ 267

1
< —m!b"™252,
2m

where the last inequality follows from the centered absolute moment of Gaussian random variables.
Therefore, all f € F satisfies the Bernstein condition with parameters (b, §).
The bracketing entropy satisfies,

Hp 2 (N2, F5.P) <log N (u/2,F5,Les) 0<u<s. (A.19)

To establish (A.19), fix u € (0,b], and let { f1, ..., fv} be a u/2 cover of F5 with respect to Lo, norm,
i.e.

. u

— Jjlloo < —-.
fseu%  min_ 1S = fillo < 5
Now consider the brackets {(&,x) = (£ fj(x) —ulél/2,&Ef;(x) +ulé|/2), 1 < j < N}. For any f, there

exists fj such that || f — f|l <u/2 due to the property of the covering set, and it follows that

e - "Bl ey <py 0+ M8

— V x.
2 2
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Furthermore, for any 1 < j < N, since E(|ué&|™) < u™m!/2 < b™ 2u’m!/2,

3 (£ (x) +ulé] /2= £ £7(x) +ul]/2) = p3,, (ulé]) < (V2u)?,

which implies (A.19).

Hence we can apply Theorem A.4 with a = Ap;6/2b, R=6,K=b,C| =1, Cé =2C, where C is
the absolute constant in Theorem A.4. All the conditions of Theorem A.4 can be checked as we did in
bounding Z,, | (5). We conclude that

2
Ayd _Am
P(Zn,2(6)>%)§Ce bl

for some absolute constant C. Combining the two bounds, we get
A2

Apmo o _m
P(Zn(5)>%(l+g))gCe cb?

for some absolute constant C, which implies the stated result. O

A.4. Finishing the proof

Proof. Let s, €y, and W be as in H3. Let s = Csq as in (A.12). We set 75 = \/(2 +u)(1+s)log(q),

def Cneg
Wo(s) = {WeRT: [W]lp<s, [[Wlle <75, T (uw) < o2 [

We set r &' 2Mo(b + o)y Vi log(Va/n) /n, where My is as in Lemma A.5. For j > 1, we set A; aef
bMojVilog(Vavn), rj dgjr. With C as in Lemma A.1, we set

def C 5
B = —ne;,
o2 0

and define
def . n -B
E=1{D: exp | ———=Pn(Aw — Ayx) + Rw | IIp(dW) < Ce™, or
R4 202

Ajqry
sup |\/Z(Pn—P)(AW—A*)|>M(1+%) for some jzl}.

WeW(s):rj<|uw—ux|2<rjq1 2

By Lemma A.1 and Lemma A.5, and for all n large enough

B(D € &) <2e7"%/C7) 1.0 Y oAV <00 1207 4 coVilosVaVIIC (A 00)
Iy

for some absolute constant C
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def .
We set B= {W eRY : |uw — ux|p > r}. We can write B N W (s) as Uj>1Bj, where

B (WeW(s): Mjr<luw —uxly <M(j+1)r}.

'We should point out that the union U B; is over a finite number of terms since B; = () for M jr > b.

Since II(B|D) < TI(Wp(s)|D) + 15(D) + 1gc (D)II(B N Wy(s)|D), taking expectation on both
sides, and using Lemma A.3, the definition of & and (A.20), yields for all n large enough,

E[I(B|D)] < Ce "6 /20%) 4 cp=Vilog(Vayn)/C

+§ZE

j=1

1gc (D) /B' exp (_%Pn(AW A0+ RW) Ho(dW)l ,

for some absolute constant C. We have

n n n
—P,(Aw — Ay) + Rw = ———o(uw,u - — (P, — P)(Aw - Ay) + Ry,
TSPa(Bw = A+ Rw = —seluwan) — 55 (Ba = BBw = Ad)

where

1
Ry = -3 (logdetZ, — logdetZy),
and satisfies, as we show in the proof of Lemma A.3
, d n”Z*”op
|Rw|s§1og(7 < Colog(q),

where the second inequality is our assumption (2.12). Hence, we can find an absolute constant C such
that for all n large enough

E[[I(B|D)] < Ce "%/ (20%) 4 co=Vilog(Vavn)/C

+§ZE

j=1

=Py —P)(Aw - A*)) o (dW)

792 . (A21)

n
lsc(i))/ exp(——zg(uw,u*)—
Bj 20

For W € Bj, and D ¢ &, the expression inside the exponential in the last display is bounded from
above by

nr? \/ﬁAj+lrj+l o nr?
e L ) e

with the choice of r. Since
nr% 2

23_40—2 < Ce_m,
iz

for some absolute constant C, we conclude that for all n large enough,

E[II(B|D)] <C (e_"foz/(z‘rz) + e~ Viloe(Vavm)/C +e_'”2/(4”2)) .

Hence the theorem O




A.5. Proof of Theorem 3.1

Proof. First, a simple coupling argument shows that
A~ 1 1
wim®, m?) < / W3 (Nww, SZw). N(s Zz;‘>)rI<W><dW|2>>. (A22)
R4

We recall (see e.g. (5)) that for symmetric and positive definite matrices Ay, Ay,

12
WB (NG, A NGz ) = i = T (22 (412221 )

1/2 1/2
<luz — I3 +1IA)% = AV,

where the inequality follows from Theorem 1 of ((5)). By the Hemmen-Ando inequality ((1) Proposi-
tion 2.1),

1AL = Aslr

1A = A5l < :
\//lmin (Al) + \//lmin(AZ)

Hence

2
IA1 — Azllg

W3 (N(1, A1), N2, A2)) < llpa = I3 +
(\/ﬂmin(/\l) + \//lmin(AZ))

(A.23)

We apply this bound, to conclude that there exists a constant ¢ (that we can take as d/Amax(Z«) such
that for all W € RY,

A1 1__ A C v _
W3 |N(Bw, ~Z3), N(6x, 32*5) < 0w = 04113+ 123 = 23 lp-
We consider the integrand of (A.22) under two scenarios.

A.5.0.1. Case 1: W is such that |uw —uxlp < Mr. By (A.9), and for W such that |uw —
x|z < Mr, for some absolute onstant C we have

12w — Z*”op < C(|Husla + (Mn)*) (Mr)X,
for all n large enough. So, since Amin(Z4) > C;, we conclude that for all such W under consideration,

and for all n large enough, Amin(Zw) > C/2.
For all W,

(éW - 9*)T7‘{1uw = é-‘ngl uw — 917’(1 Uy — Hl(ﬂluw - 7‘(114*)
=03, Huw — Houw — f + (Houw — Houw) — 05 (Hhuw — Hiuy).

Therefore

AT 2 2
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Since Ay minimizes 6 — | f — Houw — 0T Hiuw|> +110]13/4, we have

116113

|f = Houw — O Hiuw |3 < | f — Houw — 0L Hiuw |3 + —

L lox2
<ex|Huw — Huxl; + ——=

Using the above, and H4, we conclude that we can find a constant ¢ such that for W such that |uw —
Ux|p < Mr, it holds
(0w — 0.) " Hiuw|3 < cr™®

However, |(Ow — 0,)"Huw |3 = (Ow — 0,)T (Ew — (1/2)14) (8w — 64). And since Amin(Zw) > C/2
as seen above, and since A — oo, as n — oo, for all n large enough we have

|(Ow — 0,)THuw |3 > CllAw - 6413,

for some absolute constant C. In conclusion, for W such that |uw — ux|y < Mr, and for all n large

enough,
18w — 0413 < cr,

and

1
w2 N(9W, =), N(H*, 0

A.5.02. Case 2: W is such that |uw —ux|p > Mr,. Since the smallest eigenvalue of Xy
is at least 1/A4, there exists a constant ¢ such that for all W € R, we have

=5 =25 lop < cA.
Similarly,
18w — Oxll2 < 10w l2 + 116 ]l2,

and

s 1/25

10wlI3 = 6T, =0 2S5 120w < 403, Swlw = 10T, 2t dw < Al fwl? < 22(1 7 + [ Houw 3.

We deduce that for all W such that |uw — ux|» > Mr, we have

2
A (o
w3 (N(ew, ==

-1 o? -1 2
3 N(Ow T2 | < e 1+ [Houw )

for some constant c. Given the behaviors of the W, distance between N(dy, %Z‘j‘}) and N(04, %Z;l)
obtained in the cases above, we return to (A.22) to write

W2 11O < % 4 e /Rq (1 + |ﬂ0uw|§) 1wy s oo,y TV (@W]D).

Taking the expectation on both sides and with a similar argument as in the proof of Theorem 2.2 yields

E[W%(H(”),er))] Sc(r2k+/lefn€02/(20'2) + eV log(VQ\ﬁ)/C)7
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which is the stated bound. Il

A.6. Proof of Theorem 2.4

Proof. The result is based on a generalization of Markov’s polynomial inequality due to (14) Theorem
1. The result shows that differential operators are bounded operators when restricted to polynomials,
and an upper on their norms is given.

Let X,Y be a real Banach space with norms || - ||x, and || - ||y respectively. A function P: X — Y
is a homogeneous polynomial of degree d > 0 if P(x) = L(x,---,x), where L is a linear symmetric
map from X X---x X to Y (for d =0, these are constant functions on X). A function P: X — Y is

———

d times
a polynomial of degree d is P = Z;lzo Pj, where P; is a homogeneous polynomial of degree j. We
let p4(X,Y) be the set of all polynomials P: X — Y with degree at most d. When Y =R, we write

0a(X). If f: X — Y has Frechet derivatives to order k we write V(¥) f(x) to denote its k-th order
Frechet derivative, and for z € X, V(5 f(x) - z def V&) £(x)(z,...,z). Furthermore, we set

IV F@IE sup VP (0,2l

z€X:|lzllx <1

Let T,;(t) = cos(d arccos(t)), t € [—1, 1] denote the Chebyshev polynomial of degree d, and Tg(lj ) (1)
its j-th order derivative. The following lemma is due to (14) Theorem 1.

Lemma A.6. For P € 94 (R™), and k > 1, let PX) denote the k-th order derivative of P. We have

sup PPN <TH () x sup [P,

R R
def
where || P (x)[| S supy 1, <1 IPF () (3, -, 9)].

We turn to the proof of Theorem 2.4. Let @ = @ as defined in the statement of the theorem, and fix
xg € intq (). The function u has derivatives to the order | 3] at xo. By Taylor approximation we have,
for all z € R™, with ||z]|, < 1, setting r def 1Bl -1,

u(xg+az) =

o alBl 1
u(xg) +aVu(xp) -z+---+ —'V(r)u(xo) -7+ — (1 =1 VDY (xo + atz) - ZPldr
r! r: 0

18
= u(xo) +aVulxg) - z++ -+ %V(Lﬁj)u(xo) B4R (2),

where, using the fact that u € CP (Q, M), the remainder satisfies

L8] 1
|R.(2)| = QT ’/ (1-0)" (V(Lﬁ“u (x0 + atz) —V(Lm)u(xo)) -zPlar
' lJo

1Bl p1 _ MaP
<O [ -0 Mo B P e <
rl Jo B!
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A similar expansion holds for i. And since xg + az € Q, we have |u(xg + az) — i(xg + az)| < &.
Therefore, setting

P(2) € u(xo) - i(xo) + @ (Vu(xo) - Vii(xp)) - 2

L8]
L g (LB (8D
o —— B (V u(xg) -V u(xo))
we conclude that
2MaP
sup |P(2)| < e+ ——— (A.24)
Z€R™M: ||z[L <1 LB]!

We note that the function z — P(z) is infinitely differentiable polynomial of degree | 3] on R™, and
for0<7<|[B],and y eR™,

18]
VP yT = Z

o (Vu(f ) (xo) = V! (xo)) : (zj -7 yT) . (A.25)

On the other hand, the function x — V(T y(x) : Q— L(R™ x --- x R™;R) has derivatives to order
18] -7 and (VO VD u(xg)-y/)-xT = VD y(x0) - (y/,x7). Setting k = | 8] — 7, its Taylor expansion
at xo yields

VOuxy + az) = V(T)u(x0)+aV(T+l)u(x0)~z+--~+C]z—I:V(LﬁJ)u(x0)~zk+R'(z),
0(2)
and
k
VDixe + az) = V(T)ﬂ(xo)+aV(”1)ﬂ(xo)-z+-~~+%V(L'BJ)IZ(x0)‘zk+I§'(z).
0(2)

Using the same calculations as above, we check that the remainders R’ and R’ satisfy

,6‘77'

sup IR @I+IIR () < (LﬂJ Y

z€R4: ||z[l2<1

Using the last display, and noting that & (Q(z) — O(z)) = V{7 P(z) given in (A.25), it follows that for
all z in the unit ball,

2MaP-7
(LBl-nv

Therefore, by Markov’s polynomial inequality (Lemma A.6), for all z in the unit ball

19T+ a2) - Vi + 02l < VP + 8
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IV u(xo+az) - VP d(xg +az)|| <

(7)
TL;J(D( ZMCVB) 2MaP~T

PR VT A (VIS T
A -7
= — + B s
a
where
oM xT 7 (1)
() B 18] 2M
S T T (7 T
With the choice
TA 1B Te|B]! 1B
a=|—— < | = ,
[5s) = (zpen)
we get

T B-7
IV u(x0) -V ii(xo)| < CMBe P,

for some constant C that depends only on 7 and 8. In fact, C can be taken as

(7) .
o2 Pls M (ﬂ—f) P B

-7 | .

s (D-

A.7. Proof of Theorem 2.3

We start with a lemma that establishes that the covering number of I'(®) grows polynomially near 0,
which consequently implies that I'(®) has a finite VC dimension. This effectively proves that ['(®) is
a finite-dimensional subset of C#(Q), serving as a cornerstone of our main theorem.

Lemma A.7. Given any € > 0, we have:
c\d
N(eT(©), L) <C(5)°,
€
for some constants C,c > 0.

Proof. Recall that © is a compact subset of R4, which implies vol(®) < co. Therefore, from the stan-
dard covering number calculation, we have:

vol(®) (3\4 . (3\?
N“&“meﬁﬂ‘ﬁt)’

where B is the unit ball (centered at the origin) in R (e.g., see Theorem 14.2 of Yihong Wu’s lecture
notes, ECES598, Spring 2016). We next claim that:

N (6,T(0), L) < N(e/L,©, Ls)
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which will complete the proof. To show this, suppose {61, ...,8,} are the center of (e/L)-covers of
0,ie.

sup mm ||9] -0l <e€/L.
feo <]

where n=N(€/L,0, L,). Now consider the images corresponding to these 6’s, meaning, {y{,...,¥Yn}
where y; =T'(0;). Then we have:

sup min [|[T'(6;) -T(0)]|ew <L sup m1n ||9 -0l <L(e/L)=¢€.
fe@lsjsn

Hence, the proof of the lemma is complete with ¢ =3L. O

Proof of Theorem 2.3. We use the standard rate theorem (e.g., see 3.2.5 of (35)) to establish the con-
vergence rate of | — u*|§. Define, for simplicity, M (u) = E[(Y — u(s))?] and M, (u) = (1/n) ¥, (Y; —
u(s;))?. Therefore, from (2.14) we have i is the minimizer of M), (u) over I'(®). Furthermore, we have:

M(u) — M(uy) = |u— uxl3.

To establish the rate of convergence, we need to find the modulus of continuity function ¢, (5) that
satisfies:

_ a0

: Vi

sup  |[(Mp(u) = M () — (Mp(us) = M(uy))|

[u—tsx|r<6

Let & © (¥; — ux(s:)) /o Some simple algebra yields:

(M () = M () = (Mo (1) = M ()|

=[P = P) () = 10 (51 + (B ~ PIECu(S) — 0 (9))|
<[ = P)(9) — a (9] + 0 (B = IE(u(s) = wa(5)]

Therefore, by symmetrization we have (using (1, . . .,7,) i.i.d Rademacher random variables):
El sup  |[(Mn(u)—M(u)) — (Mp(ux) - M(u*))ll
[u—tx|2<6
<E| sup [Py -B)u(s) - ua(9)?]| +0B| sup |<Pn—P>§<u<s)—u*(s>>|]
[u—ux|2<6 lu—tts|2 <6
1 1
<2B| sup |- > miu(si) —ux(s)?|[+0B| sup —Z&(u(s»—u*(si))H
|lu—uxlp<é i |lu—uxlp<é n i
1
<2BE| sup (= > mi(u(s) —ux(s)|| +0E| sup Zfl(u(sl —u*(sl»l
lu—uxlr<s |55 lu—txlr <5 |

<C (6 glog (9) + glog (2))
n 0 n 0




Here, in the second last inequality, we use Leduox-Talagrand contraction inequality. The last line
follows Dudley’s chaining bound and some standard calculations (e.g., proof of Theorem 8.7 of (28)).
Therefore, a valid choice of ¢, () is:

én(6) = Cy | 64/dlog (%) + %log (%)

Therefore, we conclude that || — u||> = O ,(6,) where J,, satisfies:

VN2 > ¢u(6,) .

Some simple algebra yields that a valid choice for &, is v/(d/n) log (n/d), which completes the proof.
O
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